CHAPTER I

ORDER - PRESERVING TRANSFORMATION SEMIGROUPS
ON PARTIALY ORDERED SETS WHICH ARE NOT CHAINS

In this chapter, we study regularity of order — preserving. transformation
semigroups PTor(X), Tor(X), Ior(X), Uor(X), Vor(X) and Wor(X) where X is a
partially ordered sets which is not a chain.

Let X be a partially ordered sets which is not a chain. There are
two main results in this chapter. The first one is to prove that if § is one of
PToe(X), Ior(X), Uop(X), and Wop(X}, then S is regular if and only if X is
isolated. The second one is to give some necessary conditions and some
sufficient conditions for X such that Tp(X) is regular.

The following lemmas are required.

Lemma 3.1. Let X be a partially ordered sets which is not a chain. If X is
not isolated, then X contains a subposet of the forms

I:.c,v or e c .

Proof. Since X is not isolated, there exists @ € X such that a is not an isolated
point of X. Then there exists b:eX such that a<b or b <a. Without loss of
generality, we assume that a <b. Let M be a maximal chain of X containing a-
and b. Since X is not a chain, M= X. Let c € X—M. By maximality of M, the
subposet M U{c} is not a chain of X. Hence for all x, y € M,

x <y implies that x £ cor c ¢ y *)
Caﬁe 1: ¢ is not comparabie with any element of M. Then

b .
is a subposet of X.



Case 2: d<c for some de M. If for every x e M, d <x implies that x <c,
then MU {c} is a chain which contradicts the maximality of M. Thus there
exists e € M such that d<e and e¢c. Since d, e e M and d<c, by (%),

c¢ e. Hence e and ¢ are not comparable. Therefore
i
AVA

Case 3: ¢ <d for some d e M. If for x € M, x <d implies that ¢ <x, then
Moy {c} is a chain which is a contradiction since M is a maximal chain

c

is a subposet of X.

containing g and b. Consequently, there exists e € M such that e <4 and
c+¢e Since d eeM and c<d, by (*), e £ ¢. Therefore ¢ and ¢ are not

comparable. Hence
d

75V

The lemma is completely proved. [

is a subposet of X.
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Lemma 3.2. If X is a partially ordered set containing a subposet of the forms

; A \
b £ . or b/\c .

then any of PIop(X), lop(X), Uor(X) and Woe(X) is not regular.

Proof. Let S be PTonX), Iop(X), Uop(X) or Wop(X).
Case '1: X contains
A

as a subposet. Let a € PT(X) be such that da={b,c}, Va={a,d), ba=a

and ca=b. Then a € S. Suppose that afa= a for some S S. Then a=ba=

bafa=(aP)a and b=ca=cafa=(bf)a which implies that af=» and bF=rc.
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Since b<a and c ¢ b, § is not order — preserving, a contradiction. Hence a is
not a regular element of S.

Case 2: X contains

c

A
as a subposet. Let a € PT(X) be such that Aa={a,c}, Va={a,bd}, aa=a
and ca=b. Then a € §. Suppose that there exists § e § such that afia= a.
Then a=aa=aagfa=(af)a and b=ca=cafa=(bfa, so af=a and bf=c.
This implies that # is not order — preserving since b <a but a ¢ c. Therefore @
is not a regular element of §. |
Case 3: X contains

a

AN

as a subposet. By Case 2, Tpp((X, <)) is not regular. By Proposition 1.5 (2),

Tor(X) is not regular.

Hence the lemma is proved. O

Theorem 3.3. Ler X be a partially ordered set which is not a chain and let §
be PTop(X), Iop(X), Uor(X) and Wop(X). Then S is regular if and only if X
is isolated.

Proof. If X is isolated, then PTop(X) = PT(X), Ioe(X) = I(X), Uon(X) = UX) and
Wor(X) = W(X), 50 S is a regular semigroup.

On the other hand, assume that X is not a chain and X is not isolated .
By Lemma 3.1, X contains a poset of the forms

a VC a ,
Ib < a or /\c .

By Lemma 3.2, § is not regular. 7



Theorem 3.4. Let X be a partially ordered set containing disjoint components
C, and C, with |Cy|> 1, then Tpp(X) is not regular.

Proof. Since [Cy|> 1, there exist @, b € C; such that a<b.

Define a e I(X) by
a if x € C,

xa=3b if x € C,
x if x e X - (CGu()
Then a € TopX). Suppose @ = afa for some B € Top(X). Let ¢ € Cs. Then
a=aa=aafa= (@fia and b = ca = caoffa = (bf)a which imply that af e C,
and bf € C;. Since Cy and C; are disjoint components, af and b§ are not

comparable. It is a contradiction since 8 e To(X) and a <b. Hence « is not

regular in Top(X).

Theorem 3.5. If a partially ordered set X contains a subposet of the forms
b d

a
Y c
- id or b .
then Tpp(X) is not regular.

Proof. First, let X have the subposet

c
d
Define a: X2 X by aa=c, ba=a, ca=d and da=d, ie.,

b b

' ‘\ c veree(®)
d d

and for x € X—{a, b, c, d},
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x if x > a and x > b,
c Iif x > a and x ¥ b,
xa= . au-u(“)
a if x ¥ a and x > b,
d if x » a and x ¥ b

To show that a is order — preserving, let y, z € X be such that y <z. Because
of that x <y, the following cases are all possible cases.
Case 1: y, z€ {a, b, c, d}. By (*), ya<za.
Case 2: y=a and z ¢ {a, b, ¢, d}. Then z>a>c. By (*), ya=c and By
(**),
za € {z, c¢}. Then ya <€ za.
Case 3: y=band z¢ {a, b, ¢, d}. Then z>b. By (*), ya=a If z>a, then
by (**), za=z>a=ya If z ¥ a, then by (**), za=a=ya.
Case 4: y=c ordand z ¢ {a, b, ¢, d}. Then z2>d. By (*), ya=d. By (**),
zae {2, a, ¢, d}, 50 zasd= ye. .
Case 5: z=a and y¢ {a, b, c, d}. Then y<a and za=c. Since a3 b, y 3 b.
Therefore y 3 a and y # b. Then ya=d<c=za.
Case 6: z=band y ¢ {a, b, c, d}. Then y<b and za=a. Since y % b, ya e
{c, d}. Therefore ya<za. l
Case 7: z=c or d and y ¢ {a, b, c, d}. Then y<a and za=d. Since a # b,
y % b We have that y 3 @ and y ¥ b. Then ya=d=:za. |
Case 8: y>aand z¢ {a, b, c, d}. Then z>a, s0 za<€ {z, ¢}. If y> b, then
z>b 50 ya=y<z=za. If‘y:i b, then ya=c<a<z, so yas<:za.
Case 9: y3aand z¢ {q, b, ¢, d}.
Subcase 9.1: y>b and z>a. Then z>b. Thus ya=a<z=:za.
Subcase 9.2: y>b and z ¥ a. Then z> b. Thus ya=a=za.
Subcase 9.3: y ¥ b, z>a and z> b, Thus ya=d<a<z=:za
Subcase 94: y 3 b, z>a and z 3 b. Thus ya=d<c=za
Subcase 9.5; y ¥ b, z ¥ a and z>b. Thus ya=d<a=za.
Subcase 9.6; y ¥ b, z ¥ a and z ¥ b. Thus ya=d=za.

Next, to show that o is not regular, suppose it is.
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Then a=afa for some S e Top(X). Since ¢ ~=aa=aafa=(cHa and
a=ba=bafa=(af)a, by (*) and (**), cf=a or (¢cf>a and cf # b) and
af=b or (af ¥ a and afi> b). Then case that cf=a and af=5 can not occur.
because @ and b are not comparable. If cf=a, aff ¥ a and afi> b, then |
¢B + aP, so a=ch=aP>b, a contradiction. If cB>a, cB % b and af=b, then
a<cf<af=>, a contradiction, If cf>a, cf# b, af ¥ a and afi> b, then
a<cf<ap, a contradiction. Hence a is not regular, so Top(X) is not a regu]ar_
semigroup, |
If X contains a subﬁoset of the form
d
¢
b,

then by the above proof, Tor((X, <)) is not regular and hence by
Proposition 1.5 (2), Top(X) is not regular. [

Lemma 3.6. If a partially ordered set X contains a subposet of the forms
a d

¢ l/b c‘\b
d or a ,
then Top(X) is not regular.

Proof. First, let X have the subposet

Define a: X — X as follows: aa=a, ba=c, ca=da=d, ie.,

S

b— b e (*)

Ld

and for xe X-{a, b, c, d},
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x if x > a and x > b,
a if x > a and x ¥ b,
xa = . . 0---(. *)
¢c if x 3 a and x > b,
d if x # a and x 3 b

To show that a is order — preserving, let y, z € X be such that y <z. Because
of that y <z, the following cases are all possible cases.
| Case 1: y, z€ {a, b, ¢, d}. By (*), yasza.
Case 2: y=a and z ¢ {a, b, c, d}.. Then z>a. By (%), ya=a' and by (*¥),
za € {a, z}, so ya < za.
Case 3: y=b and z ¢ {a, b, ¢, d}. Then z>b. By (*), ya=c. By (*%), we
have that z>a implies za=z>a>c>ya and z ¥ @ implies za=c=ya..
Case 4: y=cordand z ¢ {a, b, ¢, d}. Then z>d By (*), ya=d. By (**),
za € {z, a, c, d}, thus zazya.
Case §: z=g and y ¢ {a, b, ¢, d). Then y<a and za=a. Since y ¥ a,
ya € {c, d). Then ya<za. .
Case 6: z=b and y¢ {a, b, c, d}. Then y<b and za=c. Since b ¥ a, y ¥a.
Then y # aandy ¥ b. Therefore ya=d <c=za.
Case 7: z=cordand y¢ {a, b, ¢, d). Then y<a and za=d. Since a 3 b,
y # b We have that y # a and y ¥ b. Then ya=d=za. |
Case 8: y>a and z¢ {a, b, ¢, d). Then z>a, so zae {z, a}. If y>b, then
z>b. 50 ya=y<z=za. If y ¥ b, then ya=a which implies that ya<:za
Case 9: y¥aand z¢ {a, b, é, d}.
- Subcase 9.1: y>b and z>a. Then z>b. Thus ya=c<a<z=:za
Subcase 9.2: y>b and z ¥ a. Then z>b. Thus ya=c=za.
Subcase 9.3: y ¥ b, z>a and z>b. Thus ya=d<a<2=za.
Subcase 9.4: y ¥ b, z>a and z ¥ b. Thus ya=d<a=:za
Subcase 9.5; y ¥ b, z ¥ a and z>b. Thus ya=d<c=:za
Subcase 9.6; y ¥ b, z % a and z ¥ b. Thus ya=d=za
Next, to show that a is not regular, suppose it is.
Then a=afa for some f € Tpop(X). We have that cf<af
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Since a=aa=aafa=(aP)a, af=a or (afp>a and af ¥ b). Since c=ba=
bafa=(cP)a, cf=b or (cf # a and cBf>b). The case that af=a and cf=b
can not occur because a and b are not comparable. If af=a, lcﬂ # a and
cf>b, then b<cf <afi=a, a contradiction. If af>a, af # b and cf= ), then
af ¥ c¢f, so cf=af and therefore a <af=cf=>, a contradiction. If aff>aq,
af # b, cf¥a and cf>b, then b<cfi<apf, a contradiction. |

This proves that 7pp(X) is not a regular semigroup.

If X contains a subposet of the form

’

then by the above proof, Tor((X, <)) is not regular and hence by
Proposition 1.5 (2), Top(X) is not regular. [

Theorem 3.7. If a partially order'ed set X contains a subposet of the forms

a c e
) W and {a, e} has no lower bound in X

b d
(ii) a/\/\e and {a, ¢} has no upper bound in X,

then Top(X) is not regulay.

or

Proof. First, let X contain a subposet
a c
NVAVA

where {a, e} has no lower bound in X and let this subposet be denoted by Y.

e

If X is not connected, by Lemma 3.4, Top(X) is not regular. If X contains a

subposet of the forms
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p q | _ 5
YK L
s P \g , 5 or

by Lemma 3.5 and Lemma 3.6, Top(X) is not regular. Assume that
(1) X is connected -
and

(2) X does not contain subposet of the forms

P q S
s P q , ¥5 and .

By (1) and (2),
(3) for xeX x is a maximal element or a minimal element of X
Define a'X-—-)be aa=a, ba=da=ca=5, ea=c, ie,

@\/
and xa=b for all x € X- Y, Then .
xa=b if x is a minimal element of X
and L™
| xae {a, c, b} if x is a maximal element of X, |
If y, z€ X are such that y <z, then by (3), ¥ is a minimal element and z is a
maximal element of X, so by (*), ya<za.

Suppose their exists f € Top(X) such that a= afa. Then a=ag=
aafa= (af)a and ¢ =ea=eafa=(cf)a which imply that gf=a and cf=e.
Since b <a, bf<ap, so bf<a. Since b<c, bf<ch so bfise. Then bB is
lower bound of {a, e}, a contradiction. Hence a is not regular, so TopX) is
not regular.

If X contains a subposet of the form (ii), by the above proof
Tor({X, <opp)) is mot regular. By Proposition 1.5 (2), Top(X}is not regular. [
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Theorem 3.8. Let X be a partially ordered set and M(X) and m(X) denote the
set of all maximal elements of X and minimal elements of X, respectively. If
(i) X=MX)om(X) and (ii) for x e m(X) and y € M(X), x <y, then -Toe(X) is
regular. '

Proof. Let a € Top(X). Since a is order - preserving and for x € m(X) and
y e M(X), x<y, it follows that
() if xe VanM(), then xa* ~M(X) =3 and

(i) if x € Varm(X), then xa™ n m(X) = 3.
For x € Va, choose d; € xa which satisfies the following properties

(1) If x e M(X), choose d;. € M(X).

(2) If x e m(X), choose d; € m(X).
(1) and (2) can be obtained because of (i) and (ii). Define §: X - X by

d_ if x e€Va,
xf= N
x if x & Va.

Then for x € X, xafla=d..a=xa. thus a=afa. To show that g is
order - preserving, let x, y € X be such that x<y. Then x € m(X) and

¥ € M(X).

Case 1: x¢ Va and y ¢ Va. Then xa=x<y=jya.

Case 2: xeVa and y ¢ Va. Then 3=y € M(X). By (2), d. € m(X). Then
xf=d. <y=yp.

Case 3: x¢Va and y e Va. Then xf=x € m(X), By (1), d, e M(X). Then
xf=x<d,=yp.

Case 4: x €V and y € Va. Then d: € m(X) and d, € M(X). Thus xf=d, <d,
=yB O

Theorem 3.9. Let X be a partially ordered set. If X has a maximum element
a and a minimum element b such that for all distinct x, y € X - {a, b},

x and y are not comparable, then Top(X) is regular.



32

Proof, Let a € Top(X). Since a is order — preserving, we have that
(@) if ae Va, then a € ac” and
(ii) if b € Va, then b € ba'.
For x € Va, choose d. € xa' which satisfies the following properties
(1) If x=a, then d.=a.
(2) If x=>5, then d.=b.
(1) and (2) can be obtained because of (i) and (ii), respectively.
Define f: X —> X by

_Jd, if x e Va,
L™ A

(")
For x € X, xafa = (d..)a=xa, so a= afa.

| To show that g is order — preserving, let ¥, z € X be such that y<z.
Then y=b or z=a.
Case 1: z=a. If z¢ Vo, then by (%), z=z=a. If z € Va, then by (1) and
(™), z8=d,=a. Since a is the maximum element of X, yf<zp.
Case 2: z#a. Then y=b. If y¢ Va, thenby (*), yf=y=5. If y € Va, then
by @) and (*), ¥4 =d,=b. Since b is the minimum element of X, yf<zf.
Hence S is order — preserving.

This proves that Top(X) is regular. [

Example. For each n e N, let X,= {1, 2, 3,...,n}. Under the natural partial
order, X, is a finite chain for e&ery n e N, so Top(X,) is regular fo_r all ne N.
Define the partial order <4 on N by

a<4b if and only if a | 5.
The pictures of (Xi,<y), (N2, <4), (N3,<4) and (Xi, <) are as follows:

X, <) 1
2
(X2, <) 11

2 3

(X, ) \/



and

2\/3
(X4, <) 1
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Since (X, <q) and (X2, <) are finite chains, Top((X;, <) and Top((X:, <y} are

regular, By Theorem 3.6, Top((Xe, <3} is not regular. By Theorem 3.8,

Tor((Xs, <) is regular. Hence we have that for n € N, Top((Xn, <)) is regular

if and only if n<3.

Example. For each ne N, let Y,={(x,»)lx, y e {1, 2, 3,...,n}}.
Define the partial order < on N xN by

(@, b)<(¢,d) if and only if a<c andb<d,
The pictures of (Y1, <), (F2,<) and (Y3, <) are as follows:

(1, <) (1,1)
(2,2)
(Y2, <) (1,2) 2,1)
and (1,1)

s, <o)

Then Top((Y;, <)} is regular and by Theorem 3.9, Tox((Y:, <)) is regular.
By Theorem 3.6, Toe((Ys, <)) is not regular. Hence we have that for n € N,
Tor((Yn, <)) is regular if and only if n<2.
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