CHAPTER 1

PRELIMINARIES

Let § be a semigroup. An element a of S is said to be regular if
a=aba for some b € S. If every element of S is regular, then S is said to be
a regular semigroup.

For any set A, we let /, denote the identity map on .A. If a: 4B,
then for Cc A, let alc denote the restriction of o to C.

Let X be a set. A partial transformation of X is a map from a
subset of X into X. The empity transformation of X is the partial transformation
with empty domain and it is denoted by 0. For a partial transformation a of X,
let Az and Va denote the domain and the range of a respectively. Let PT(X)
be the set of all partial transformations of X. For & B € PT(X), define the
product aff as follows: If VaﬁAﬁ=¢, let af=0. If VarAf= ¢, let af be
the composition of the maps @j(pzma9.1 and B Pamas.. Then PT(X) is a
semigroup having 0 and [y as its zero and identity, respectively and for o, f ¢
PT(X), Aaf=(Vanaf)e’ c Aa, Vafi=(Var ABS< VB The semigroup
PT(X) ié called the partial transformation semigroup on X.

By a sransformation semigroup on X, we mean a subsemigroup of
PTX).

| By a transformation of X, we mean a map of X into itself Let 7 (X
be a set of all transformations of X, that is,
IX) = {@ePTX) | da=X}.
Then 7{X) is a subsemigroup of P7(X) containing /y and it is called the full
transformation semigroup on X, |
Let /(X) be the set of all 1-1 partial transformations of X, that is,
IX) = {ae PTX) | a is 1-1.}.
Then /(X) is a subsemigroup of PT(X) containing 0 and /y, and it is called the
1-1 partial transformation semigroup or the symmetric inverse semigroup on X,

We have that for a € J(X), a=aqd'q, a'=q'ac’, Aa'= Va, Va'= Aa,



aa' = 1,, and a’a=1Ip,

It is well-known that PI(X), I{X) and I(X) are all regular.

The shift of a e PT(X) is defined to be the set {x € da | xa=x) and
it is denoted by s(a). For a e PT(X), a is said to be almost identical if s(a)
is finite. |

From the definition of shift, the following two propositions are obtained

and they will be used later. The first one clearly holds.

Proposition 1.1. Let X be a set. Then the following statements hold.
() For a ePT(®), Aa- Vacs(a).
(2) For a e PT{X), if s(a) is finite, then for each x € Va, ia"' is
finite and {x € Va [xa’ = {£}} is finite.

Proposition 1.2, Let X be a set. Then the following statements hold.
(1) If a € PI(X), then for every a eVa-s(a)a, ad’ ={a}.
(2) If a elX), then s(a’) =s(ag)a

Proof. (1) Let ae PT{Xj and a e Va-s(a)a. Let x € aa’. Then xa=a. Since
a ¢ s(d)a, x ¢ s(a). Therefore xa=x which implies that x =a. This proves that
ad' ¢ {a). Since a € Va, aa” = ¢. It follows that aa™ = {a}.

(2) Let @€ J(X). From (1) we have that-ao’ =a for all a € Va-s(a)a.
This implies that s(a™)C s(@)a since da™ = Vo This proves-that s(8”) c s(8)8
for all B &/(X). Then s(a)=s((¢')') ¢ (a’)a?; 5o s(@ag s(aVa'la=s(a?)

since a'a=1lp. O

Let X be a setand let
U(X) = the set of all almost identical partial transformations of X,
V(X) = the set of all almost identical transformations of X
and
W(X) = the set of all almost identical 1-1 partial transformations of X,
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Then
UX) = {ae PT(X) | s(a) is finite.},
V) = {ae T(X) | s(a) is finite.}
and
W(X) = {ael(X) | s(a) is finite.}.
We have that 0, Iy € U(X), Ixe V(X) and 0, 1y € W(X). In fact, U(X), (X)
and W(X) are regular seﬁﬁgroups.
The following notations- will be used.
R = the set of real numbers,
R’ = the set of positive real numbers,
Z = the set of integers
N = the set of positive integers and
Z = the set of negative integers.
In this research, the partial order on any subset of R always mean the natural
paxﬁal order on R if we do not define a particular partial order for it.
Let X and Y be partially ordered sets. A map @: X—Y is said to
be order - preserving 1f for all @, beX, a<bh in X implies ap<bgp in Y.
We call @ map ¢ an order - isomorphism from X onto Y if @ is a bijection
from X onto Y and ¢ and ¢@” are order - preserving. X and Y are said to be
order - isomorphic if there exists an order - isomorphism from X onto Y.
Then the following statements hold.
(1) X is a finite chain if and only if X is order - isomorphic to
{1,2,3,...,n} for some positive integers 7. '
(2) X is order - isomorphic to a subset of Z if and only if X is
one of the four following forms:
{x1, X2, X3,..., Xs} where n€ N and x;<x;<x3<...<Xp,
{x:| i € N} where x; <x, if i<},

{x;] ieZ } where x,<x if i<j

{x;| i € Z} where x;<x; if /<.



Let X be a partially ordered set. An element a of X is said to be
a.h isolated point if for every x € X, x<a or x2a implies x=qa. X is said to
be isolated if every point of X is isolated. For 4 C X, let inflA), sup(4),
min(4) and max(A) denote the infimum, the supremum, the minimum element
and maximum element of A, respectively if they exist. By a subposet of X, we
mean a partially ordered set ¥ such that ¥ cXand fora be¥ asbin?Yif
and only if a<b in X. By a chain of X we mean a subposet of X which is a
chain. For g, b€ X, let a<'b denote a<b or b<s a X is said to be conmnected
if for all a, b € X, there exist x;, x;, X3,....% € X such that a<*x; <x, <" x; <*
.2 x, < b. By a component of X, we mean a maximal connected subposet
of X.
A transformation semigroup on X is said to be order - preserving if
all of its elements are order - preserving. For a transformation semigroup S(X)
on X, let :
Sor(X) = {a e S(X)| @ is order - preserving.}
which is a subsemigroup of S(X) if it is nonémpty. Then PTon(X), Tor(X),
Ior(X), Uor(X), Vor(X) and Wor(X) are subsemigroups of PT(X), T(X), I(X),
UX), V(X) and W(X), respectively and
UorX) = {a € PTop(X) | (@) is finite.},
Vor(X) = {a € Top(X) | s(a) is finite.}
and
Wor(X) = {a € Iop(X) | s(a) is finite.}.
In general, PTop(X), Tor(X), los(X), UoX), Vor(X) and Wor(X) need not be
regular. It will be shown in Chapter II and Chapter III
The following statements are known.

Proposition 1.3 ([3)). If X is a finite chain, then Tou(X) is regular.

Proposition 1.4 ([1)). If X is a finite chain, then Ior(X) is reguiar.



Let (X, <) bé a partially ordered set. Define the partial order <.y,
on X as follows: For x, y € X,
x<upy if and only if y<x.
W;: call <, the opposite partial order of <. Then we have that for a e
PT(X), a is order - preserving with respect to < if and only if a is

order — preserving with respect to <, Hence following propositions hold.

Proposition 1.5. Ler (X, 5 be a partially ordered set and <o, the opposite
partial order of <

1. PTop((X <)) = PIop({X ,Spn)) and PTon((X,S) is regular if
and only if PTo((X,S,,)) is regular. "

2. Tor((X,x)) = Tor((X,<pp)) and Tou((X,5)) is regular if and
only if Tor((X ,Sop)) is regular.

3. Io((X,S)) = Ioo((X,Sop) and Iop((X,)) is regular if and only
if Tor((X ,Spp) is regular.

4. U <)) = Uok(X .Sp)) and Uop((X,S) ‘is regular if and
only if Uor((X,Sop) is reg-ular.‘

5 Vorl(X.5)) = Vorl(X . Sp)) and Vor(X,S) lis regular if and

only if Vorl(X,Sp) is regular.

6. Wor((X.5)) = Worl(X ,Sp)) and Wop((X ) is regular if and

only if Wop((X <)) is regular.

It

For any set A4, let |4] denote the cardinality of A.
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