
¡ÒÃ·íÒãË‰àÊ¶ÕÂÃ´‰ÇÂ¡ÒÃ»„Í¹¡ÅÑºÊíÒËÃÑºá¢¹ËØˆ¹Â¹µŒ¢‰ÍµˆÍà´ÕÂÇáººÍˆÍ¹µÑÇ : á¹Ç·Ò§ÃÐººÁÔµÔÍ¹Ñ¹µŒ

¹Ò§ÊÒÇ¨Ôµâ¡ÁØ· Êˆ§ÈÔÃÔ

ÇÔ·ÂÒ¹Ô¾¹¸Œ¹Õéà»“¹ÊˆÇ¹Ë¹Öè§¢Í§¡ÒÃÈÖ¡ÉÒµÒÁËÅÑ¡ÊÙµÃ»ÃÔ­­ÒÇÔÈÇ¡ÃÃÁÈÒÊµÃÁËÒºÑ³±Ôµ

ÊÒ¢ÒÇÔªÒÇÔÈÇ¡ÃÃÁä¿¿„Ò ÀÒ¤ÇÔªÒÇÔÈÇ¡ÃÃÁä¿¿„Ò

¤³ÐÇÔÈÇ¡ÃÃÁÈÒÊµÃŒ ¨ØÌÒÅ§¡Ã³ŒÁËÒÇÔ·ÂÒÅÑÂ

»•¡ÒÃÈÖ¡ÉÒ 2545

ISBN 974-17-1008-9

ÅÔ¢ÊÔ·¸Ôì¢Í§¨ØÌÒÅ§¡Ã³ŒÁËÒÇÔ·ÂÒÅÑÂ



FEEDBACK STABILIZATION OF ONE-LINK FLEXIBLE ROBOT ARMS :

AN INFINITE-DIMENSIONAL SYSTEM APPROACH

Miss Jitkomut Songsiri

A Thesis Submitted in Partial Fulfillment of the Requirements

for the Degree of Master of Engineering in Electrical Engineering

Department of Electrical Engineering

Faculty of Engineering

Chulalongkorn University

Academic Year 2002

ISBN 974-17-1008-9



ËÑÇ¢‰ÍÇÔ·ÂÒ¹Ô¾¹¸Œ ¡ÒÃ·íÒãË‰àÊ¶ÕÂÃ´‰ÇÂ¡ÒÃ»„Í¹¡ÅÑºÊíÒËÃÑºá¢¹ËØˆ¹Â¹µŒ¢‰ÍµˆÍà´ÕÂÇáººÍˆÍ¹µÑÇ :

á¹Ç·Ò§ÃÐººÁÔµÔÍ¹Ñ¹µŒ

â´Â ¹Ò§ÊÒÇ¨Ôµâ¡ÁØ· Êˆ§ÈÔÃÔ

ÊÒ¢ÒÇÔªÒ ÇÔÈÇ¡ÃÃÁä¿¿„Ò

ÍÒ¨ÒÃÂŒ·Õè»ÃÖ¡ÉÒ ¼Ù‰ªˆÇÂÈÒÊµÃÒ¨ÒÃÂŒ ´Ã. ÇÑªÃ¾§ÉŒ â¢ÇÔ±ÙÃ¡Ô¨

¤³ÐÇÔÈÇ¡ÃÃÁÈÒÊµÃŒ ¨ØÌÒÅ§¡Ã³ŒÁËÒÇÔ·ÂÒÅÑÂ Í¹ØÁÑµÔãË‰¹ÑºÇÔ·ÂÒ¹Ô¾¹¸Œ©ºÑº¹Õéà»“¹ÊˆÇ¹Ë¹Öè§

¢Í§¡ÒÃÈÖ¡ÉÒµÒÁËÅÑ¡ÊÙµÃ»ÃÔ­­ÒÁËÒºÑ³±Ôµ

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .¤³º´ÕÇÔÈÇ¡ÃÃÁÈÒÊµÃŒ
(ÈÒÊµÃÒ¨ÒÃÂŒ ´Ã.ÊÁÈÑ¡´Ôì »’­­Òá¡‰Ç)

¤³Ð¡ÃÃÁ¡ÒÃÊÍºÇÔ·ÂÒ¹Ô¾¹¸Œ

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .»ÃÐ¸Ò¹¡ÃÃÁ¡ÒÃ
(¼Ù‰ªˆÇÂÈÒÊµÃÒ¨ÒÃÂŒ ´Ã.à´ÇÔ´ ºÃÃà¨Ô´¾§ÈŒªÑÂ)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .ÍÒ¨ÒÃÂŒ·Õè»ÃÖ¡ÉÒ
(¼Ù‰ªˆÇÂÈÒÊµÃÒ¨ÒÃÂŒ ´Ã. ÇÑªÃ¾§ÉŒ â¢ÇÔ±ÙÃ¡Ô¨)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .¡ÃÃÁ¡ÒÃ
(ÍÒ¨ÒÃÂŒ ´Ã. ÊØªÔ¹ ÍÃØ³ÊÇÑÊ´ÔÇ§ÈŒ)



§

¨Ôµâ¡ÁØ· Êˆ§ÈÔÃÔ: ¡ÒÃ·íÒãË‰àÊ¶ÕÂÃ´‰ÇÂ¡ÒÃ»„Í¹¡ÅÑºÊíÒËÃÑºá¢¹ËØˆ¹Â¹µŒ¢‰ÍµˆÍà´ÕÂÇáººÍˆÍ¹µÑÇ

: á¹Ç·Ò§ÃÐººÁÔµÔÍ¹Ñ¹µŒ (FEEDBACK STABILIZATION OF ONE-LINK FLEXIBLE

ROBOT ARMS: AN INFINITE-DIMENSIONAL SYSTEM APPROACH)Í. ·Õè»ÃÖ¡ÉÒ: ¼Ù‰ªˆÇÂ

ÈÒÊµÃÒ¨ÒÃÂŒ ´Ã. ÇÑªÃ¾§ÉŒ â¢ÇÔ±ÙÃ¡Ô¨, 46Ë¹‰Ò, ISBN 974-17-1008-9

§Ò¹ÇÔ·ÂÒ¹Ô¾¹¸Œ¹Õéä´‰ÈÖ¡ÉÒÇÔ¸Õ¡ÒÃÍÍ¡áººµÑÇ¤Çº¤ØÁ ÊíÒËÃÑºÃÐººá¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇ

«Öè§ÊÒÁÒÃ¶¨íÒÅÍ§áººä´‰´‰ÇÂ¤Ò¹áººÍˆÍ¹µÑÇ ·ÕèÁÕ»ÅÒÂ¢‰Ò§Ë¹Öè§ÂÖ´µÔ´¡ÑºÁÍàµÍÃŒ áÅÐ»ÅÒÂÍÕ¡¢‰Ò§Ë¹Öè§

à»“¹ÍÔÊÃÐ â´ÂÁÕÁÇÅ¨Ø´µÔ´ÍÂÙˆ ÃÐºº¹ÕéÊÒÁÒÃ¶ºÃÃÂÒÂä´‰´‰ÇÂÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂÍÍÂàÅÍÃŒ-áºÃŒ¹ÙÅÅÕ

¡Ñºà§×èÍ¹ä¢àÃÔèÁµ‰¹áÅÐà§×èÍ¹ä¢¢Íºà¢µ «Öè§ÊÒÁÒÃ¶¨Ñ´ãË‰ÍÂÙˆã¹ÃÙ»áººÃÐºº¤Çº¤ØÁÁÔµÔÍ¹Ñ¹µŒä´‰ à»„ÒËÁÒÂ

ã¹¡ÒÃ¤Çº¤ØÁ¤×Í ¡ÒÃËÒµÑÇ¤Çº¤ØÁ·ÕèÊˆ§ÊÑ­­Ò³¼ˆÒ¹·Ò§¤ÇÒÁàÃˆ§àªÔ§ÁØÁ¢Í§ÁÍàµÍÃŒ áÅ‰ÇÊÒÁÒÃ¶·íÒãË‰

ÃÐººÁÕàÊ¶ÕÂÃÀÒ¾àªÔ§àÊ‰¹¡íÒ¡Ñº à¾×èÍÅ´¡ÒÃá¡Çˆ§¢Í§ÁÇÅ·Õè»ÅÒÂá¢¹ â´Â¡®¡ÒÃ¤Çº¤ØÁ´Ñ§¡ÅˆÒÇÍÂÙˆã¹

ÃÙ»¢Í§¼ÅÃÇÁàªÔ§àÊ‰¹¢Í§¡ÒÃàºÕèÂ§àº¹·ÕèµíÒáË¹ˆ§»ÅÒÂ ¡Ñº¿’§¡ŒªÑ¹¹ÑÅàªÔ§àÊ‰¹¢Í§¡ÒÃàºÕèÂ§àº¹¢Í§á¢¹

¼Å¡ÒÃ¾ÔÊÙ¨¹ŒáÊ´§ãË‰àËç¹ÇˆÒ µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§¢Í§ÃÐººÇ§Ç¹»”´ä´‰¡ˆÍ¡íÒà¹Ô´¡Öè§¡ÅØˆÁáººË´µÑÇ ¡ÒÃ

ÇÔà¤ÃÒÐËŒàÊ¶ÕÂÃÀÒ¾·ÕèÇÔà¤ÃÒÐËŒàªÔ§Êà»¡µÃÑÁ¤ˆÍ¹¢‰Ò§¨Ð·íÒä´‰ÂÒ¡ à¹×èÍ§¨Ò¡à«µÊà»¡µÃÑÁ¢Í§µÑÇ´íÒà¹Ô¹

¡ÒÃ»”´ã´æ äÁˆ¨íÒà»“¹µ‰Í§ÁÕáµˆ¤ˆÒà©¾ÒÐ áµˆ¨Ò¡¡ÒÃÍÒÈÑÂ·ÄÉ®Õº·¡ÒÃ½’§ã¹¢Í§â«âºàÅ¿ áÅÐ·ÄÉ®Õº·

¢Í§ÍÒÃŒà«ÅÒ ·íÒãË‰àÃÒÊÒÁÒÃ¶¾ÔÊÙ¨¹Œä´‰ÇˆÒÊà»¡µÃÑÁ¢Í§µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§ »ÃÐ¡Íºä»´‰ÇÂ¤ˆÒà©¾ÒÐ·Õè

à»“¹àÍ¡à·ÈáÅÐÁÕÀÒÇÐÃÒ¡«íéÒ¨íÒ¡Ñ´à·ˆÒ¹Ñé¹ áÅÐ¾ÔÊÙ¨¹ŒµˆÍÁÒÇˆÒ¤ˆÒà©¾ÒÐ·Ñé§ËÁ´ÍÂÙˆ·Ò§«‰ÒÂ¢Í§ÃÐ¹Òºà»”´

àªÔ§«‰Í¹ «Öè§áÊ´§ãË‰àËç¹ÇˆÒ ÃÐººÇ§Ç¹»”´ÁÕàÊ¶ÕÂÃÀÒ¾áººàªÔ§àÊ‰¹¡íÒ¡ÑºµÒÁ·Õèµ‰Í§¡ÒÃ

ÀÒ¤ÇÔªÒ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ÅÒÂÁ×Íª×èÍ¹ÔÊÔµ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ÊÒ¢ÒÇÔªÒ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ÅÒÂÁ×Íª×èÍÍÒ¨ÒÃÂŒ·Õè»ÃÖ¡ÉÒ . . . . . . . . . . . . . . . . . . . . . . . .

»•¡ÒÃÈÖ¡ÉÒ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ÅÒÂÁ×Íª×èÍÍÒ¨ÒÃÂŒ·Õè»ÃÖ¡ÉÒÃˆÇÁ . . . . . . . . . . . . . . . . . . . .



¨

##4270246921: MAJOR ELECTRICAL ENGINEERING

KEY WORD: FLEXIBLE ROBOT ARM / INFINITE-DIMENSIONAL SYSTEM / SEMIGROUP
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This thesis concerns the design of an infinite dimensional control system for a

flexible robot arm. In this work, we consider this system as a flexible beam that is clamped

to a motor at the one end and free at the other end. A mass is also attached to the free

end of the beam. The mathematical model can be described by an Euler-Bernoulli partial

differential equation, with initial and boundary conditions. To reduce the vibration of the

tip mass, we apply a feedback through the angular acceleration of motor. The control law

is a linear combination of the tip deflection and a linear functional of the beam deflection.

We show that the infinitesimal generator of the closed-loop system generates a contraction

semigroup. Since the spectrum of a closed operator need not have only the eigenvalues,

it is rather difficult to analyze the stability of the system using the spectral analysis

approach. However, by using the Sobolev Imbedding theorem and Arzela’s theorem, we

can prove that the spectrum consists only of isolated eigenvalues with finite multiplicity.

Besides, those eigenvalues lie in the open left half of the complex plane. We then prove

that the closed loop system is asymptotically stable.
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¤íÒÍ¸ÔºÒÂÊÑ­ÅÑ¡É³Œ

Hm(0, l) = {u ∈ L2(0, l) | Dαu ∈ L2(0, l), 0 ≤ |α| ≤ m}
H2

0 (0, l) =
{
u ∈ H2(0, l) | u(0) = u′(0) = 0

}
H = L2(0, l)

Cm(Ω) =

{
φ ∈ C(Ω) | Dαφ µˆÍà¹×èÍ§º¹ Ω, 0 ≤ |α| ≤ m

}
C∞(Ω) =

⋂∞
m=0 Cm(Ω)

C∞
c (Ω) =

{
φ ∈ C∞(Ω) | φ ÁÕà«µ¤íéÒ¨Ø¹¡ÃÐªÑºº¹ Ω

}
Cm

B (Ω) =
{

φ ∈ Cm(Ω) | Dαφ ÁÕ¢Íºà¢µº¹ Ω, 0 ≤ |α| ≤ m
}

Cm(Ω) =

{
φ ∈ Cm(Ω) | Dαφ ÁÕ¢Íºà¢µáÅÐµˆÍà¹×èÍ§àÍ¡ÃÙ»º¹ Ω, 0 ≤ |α| ≤ m

}
Cm,λ(Ω) =

{
φ ∈ Cm(Ω) | |Dαφ(x)−Dαφ(y)| ≤ K|x− y|λ, 0 < λ ≤ 1 x, y ∈ Ω, 0 ≤ |α| ≤ m

}
ρ(A) à«µá¡‰»’­ËÒ¢Í§µÑÇ´íÒà¹Ô¹¡ÒÃ A

σ(A) Êà»¡µÃÑÁ¢Í§µÑÇ´íÒà¹Ô¹¡ÒÃ A

L(X, Y ) à«µ¢Í§µÑÇ´íÒà¹Ô¹¡ÒÃÁÕ¢Íºà¢µ¨Ò¡ X ä»ÂÑ§ Y



º··Õè 1

º·¹íÒ

á¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇ ä´‰ÃÑº¤ÇÒÁÊ¹ã¨ã¹¡ÒÃ¹íÒÁÒãª‰á·¹á¢¹ËØˆ¹Â¹µŒáººá¢ç§à¡Ãç§ÁÒ¡¢Öé¹

à¹×èÍ§¨Ò¡ÁÕ¹íéÒË¹Ñ¡àºÒ ·íÒãË‰ÁÕ¤ÇÒÁ¤ÅˆÍ§µÑÇÊÙ§áÅÐãª‰¾ÅÑ§§Ò¹ã¹¡ÒÃ¢Ñºà¤Å×èÍ¹µíèÒ áµˆÍÂˆÒ§äÃ¡çµÒÁ ¼Å

¨Ò¡¤ÇÒÁÍˆÍ¹µÑÇ ·íÒãË‰¤ÇÒÁáÁˆ¹ÂíÒ¢Í§µíÒáË¹ˆ§»ÅÒÂá¢¹Å´Å§ ¨Ö§µ‰Í§ÁÕµÑÇ¤Çº¤ØÁ·ÕèÊÒÁÒÃ¶¢¨Ñ´ËÃ×Í

Å´¡ÒÃÊÑè¹¢Í§»ÅÒÂá¢¹ä´‰ á¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇ¹Ñé¹ÊÒÁÒÃ¶ºÃÃÂÒÂ¾ÄµÔ¡ÃÃÁ¡ÒÃà¤Å×èÍ¹·Õèä´‰´‰ÇÂ

ÊÁ¡ÒÃÍ¹Ø¾Ñ¹¸ŒÂˆÍÂ «Öè§àÁ×èÍ¨Ñ´ãË‰ÍÂÙˆã¹ÃÙ»áºº¢Í§ÊÁ¡ÒÃ»ÃÔÀÙÁÔÊ¶Ò¹ÐáÅ‰Ç ¨Ð¾ºÇˆÒà»“¹ÃÐººÁÔµÔÍ¹Ñ¹µŒ

á¹Ç·Ò§Ë¹Öè§ã¹¡ÒÃÍÍ¡áººµÑÇ¤Çº¤ØÁ¤×Í ÍÍ¡áººâ´Âãª‰áºº¨íÒÅÍ§·Õè»ÃÐÁÒ³Å§ÁÒà»“¹ÁÔµÔ¨íÒ¡Ñ´ «Öè§ã¹

ºÒ§¤ÃÑé§ÍÒ¨·íÒãË‰à¡Ô´»’­ËÒ·ÕèÇˆÒ àÁ×èÍàÃÒÍÍ¡áººµÑÇ¤Çº¤ØÁº¹áºº¨íÒÅÍ§ÁÔµÔ¨íÒ¡Ñ´áÅ‰Ç àÁ×èÍ¹íÒä»ãª‰ã¹

¡ÑºÃÐººà´ÔÁ ÍÒ¨äÁˆÊÒÁÒÃ¶·íÒãË‰ÃÐººÁÕàÊ¶ÕÂÃÀÒ¾ä´‰ ËÃ×Í·ÕèàÃÕÂ¡ÇˆÒ ”spillover effect” «Öè§áÊ´§ãË‰

àËç¹ÇˆÒ¡ÒÃÍÍ¡áººµÑÇ¤Çº¤ØÁº¹áºº¨íÒÅÍ§ÁÔµÔ¨íÒ¡Ñ´·Õè¶Ù¡»ÃÐÁÒ³¹Ñé¹ äÁˆÊÒÁÒÃ¶ÃÑº»ÃÐ¡Ñ¹àÊ¶ÕÂÃÀÒ¾

º¹ÃÐººà´ÔÁàÊÁÍä» â´ÂÁÕº·¤ÇÒÁ·ÕèáÊ´§µÑÇÍÂˆÒ§¤×Í Bontsema áÅÐ Curtain [1] «Öè§ä´‰áÊ´§ãË‰àËç¹

ÇˆÒ spillover effect¹Ñé¹¨Ðà¡Ô´¢Öé¹àÁ×èÍ¡ÒÃ»ÃÐÁÒ³¹Ñé¹à¡Ô¹ÊˆÇ¹à¼×èÍ¤ÇÒÁ¤§·¹¢Í§µÑÇ¤Çº¤ØÁ ¡ÒÃÍÍ¡áºº

µÑÇ¤Çº¤ØÁÊíÒËÃÑºãª‰¡ÑºÃÐººÁÔµÔÍ¹Ñ¹µŒâ´ÂµÃ§¨Ö§à»“¹ÍÕ¡á¹Ç·Ò§Ë¹Öè§·Õè¹ˆÒ¨Ð¾Ô¨ÒÃ³Ò áÁ‰ÇˆÒ¨ÐÁÕ¤ÇÒÁÂØˆ§

ÂÒ¡«Ñº«‰Í¹ÁÒ¡¡ÇˆÒ¡çµÒÁ

1.1 §Ò¹ÇÔ¨ÑÂ·Õè¼ˆÒ¹ÁÒ

»’¨¨ØºÑ¹§Ò¹ÇÔ¨ÑÂà¡ÕèÂÇ¡Ñºá¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇ ä´‰¶Ù¡µÕ¾ÔÁ¾ŒÍÂÙˆÍÂˆÒ§á¾ÃˆËÅÒÂ ·Ñé§¡ÒÃÍÍ¡áºº

µÑÇ¤Çº¤ØÁ·ÕèÍÒÈÑÂáºº¨íÒÅÍ§ÁÔµÔ¨íÒ¡Ñ´áÅÐáºº¨íÒÅÍ§ÁÔµÔÍ¹Ñ¹µŒ µÑÇÍÂˆÒ§¢Í§áºº¨íÒÅÍ§ ·Õèä´‰¨Ò¡ÇÔ¸Õáºº

á¼¹ÊÁÁµÔ (assumed mode method)ä´‰á¡ˆ Wang áÅÐ Vidyasagar [2] ËÃ×Í BellezzaáÅÐ¤³Ð [3] à»“¹µ‰¹

ÊíÒËÃÑºµÑÇÍÂˆÒ§¢Í§áºº¨íÒÅÍ§ÇÔ¸ÕªÔé¹»ÃÐ¡Íº¨íÒ¡Ñ´ (finite element method)ä´‰á¡ˆ Pota [4] à»“¹µ‰¹ ¹Í¡

¨Ò¡¹Õéáºº¨íÒÅÍ§·Õè¾Ô¨ÒÃ³ÒÊÁ¡ÒÃáÊ´§¾ÅÇÑµ¢Í§ÃÐºº ã¹ÃÙ»ÊÁ¡ÒÃÍ¹Ø¾Ñ¹¸ŒÂˆÍÂ¹Ñé¹ ä´‰á¡ˆ Luo áÅÐ

¤³Ð [5], CannonáÅÐ Schmitz [6] áÅÐ SakawaáÅÐ¤³Ð [7] à»“¹µ‰¹

ÊíÒËÃÑº§Ò¹ÇÔ¨ÑÂ·Ò§´‰Ò¹·ÄÉ®ÕÃÐººÁÔµÔÍ¹Ñ¹µŒ ·Õè¹íÒä»»ÃÐÂØ¡µŒ¡ÑºÃÐººá¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇ

¹Ñé¹ÁÕËÅÒÂº·¤ÇÒÁ àªˆ¹ ChenáÅÐ¤³Ð [8] «Öè§·íÒ¡ÒÃ¾Ô¨ÒÃ³Ò¤Ò¹ÍÍ¡à»“¹ªÔé¹àÅç¡æàÃÕÂ§¡Ñ¹ â´Â·ÕèáµˆÅÐ

ªÔé¹¨ÐáÊ´§ä´‰´‰ÇÂÊÁ¡ÒÃÍ¹Ø¾Ñ¹¸ŒÂˆÍÂ áÅÐÁÕÊÁ¡ÒÃ¢Íºà¢µ·Õèà¡ÕèÂÇà¹×èÍ§¡Ñ¹¡ÑºªÔé¹ÂˆÍÂ·ÕèµÔ´¡Ñ¹ ÊíÒËÃÑºµÑÇ

¤Çº¤ØÁ ãª‰¡ÒÃ¤Çº¤ØÁ·Õè¢Íº·Õè»„Í¹¡ÅÑº¤ÇÒÁàÃçÇ¢Í§¡ÒÃàºÕèÂ§àº¹¢Í§¤Ò¹ áÅÐÁÕ¡ÒÃ¾ÔÊÙ¨¹ŒàÊ¶ÕÂÃÀÒ¾

áººàÅ¢ªÕé¡íÒÅÑ§â´Âãª‰ÇÔ¸ÕµÑÇ¤Ù³¾ÅÑ§§Ò¹ (energy multiplier method)µˆÍÁÒ Sakawa áÅÐ Luo [9] ä´‰

¾Ô¨ÒÃ³Ò¡ÒÃºÔ´¢Í§¤Ò¹´‰ÇÂ á·¹·Õè¨Ð¾Ô¨ÒÃ³Ò¡ÒÃàºÕèÂ§àº¹¢Í§¤Ò¹à¾ÕÂ§ÍÂˆÒ§à´ÕÂÇ´Ñ§àªˆ¹ã¹º·¤ÇÒÁ

Í×è¹æ ã¹ÊˆÇ¹¡ÒÃÇÔà¤ÃÒÐËŒÃÐººä´‰ÍÒÈÑÂ·ÄÉ®ÕÃÐººÁÔµÔÍ¹Ñ¹µŒ áµˆã¹¡ÒÃÍÍ¡áººµÑÇ¤Çº¤ØÁä´‰»ÃÐÁÒ³

ÃÐººà»“¹áºº¨íÒÅÍ§ÁÔµÔ¨íÒ¡Ñ´ â´Âä´‰ãË‰àËµØ¼Åã¹¡ÒÃ»ÃÐÁÒ³ÇˆÒ¼ÅµÍºã¹âËÁ´ÊÙ§æ ¨ÐÁÕ¢¹Ò´àÅç¡Å§
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áÅ‰Çãª‰µÑÇ¤Çº¤ØÁáººàËÁÒÐ·ÕèÊØ´ Morgül [10] ä´‰ÁÍ§»’­ËÒ¡ÒÃ¤Çº¤ØÁá¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇÍÍ¡à»“¹

ÊÍ§áºº¤×Í »’­ËÒµÒÁÃÍÂ¡Ñº»’­ËÒàÊ¶ÕÂÃÀÒ¾ «Öè§µˆÒ§¡Ñ¹µÃ§·Õè»’­ËÒáÃ¡¾Ô¨ÒÃ³Ò¡ÒÃµÒÁÃÍÂ¢Í§

ÁØÁÁÍàµÍÃŒ´‰ÇÂ µÑÇ¤Çº¤ØÁã¹ [10] áºˆ§ä´‰ÍÍ¡à»“¹ÊÍ§ÊˆÇ¹ ¤×ÍÊˆÇ¹·Õèà»“¹µÑÇ¤Çº¤ØÁ·Õè¢Íº ¡ÑºµÑÇ

¤Çº¤ØÁ·Õè¡ÃÐ·íÒ¡ÑºÊˆÇ¹á¢ç§à¡Ãç§ áÅÐ¡®¡ÒÃ¤Çº¤ØÁ¢Í§µÑÇ¤Çº¤ØÁ·Õè¡ÃÐ·íÒº¹ÊˆÇ¹á¢ç§à¡Ãç§ÊÒÁÒÃ¶áºˆ§

ä´‰ÍÍ¡à»“¹ÊÍ§ÊˆÇ¹àªˆ¹¡Ñ¹¤×Í ¡®·ÕèµÑé§ÁÒà¾×èÍãË‰ÊˆÇ¹á¢ç§à¡Ãç§áÅÐÊˆÇ¹ÍˆÍ¹µÑÇ¹Ñé¹äÁˆÁÕ¼ÅµˆÍ¡Ñ¹ ¡ÑºÍÕ¡¡®

·ÕèÁÕÊÁºÑµÔµÃ§¢‰ÒÁ¡Ñº¡®áÃ¡ à¾×èÍ·íÒãË‰ÊÑ­­Ò³¤Çº¤ØÁÊÒÁÒÃ¶Êˆ§¼Å¶Ö§ÊˆÇ¹ÍˆÍ¹µÑÇ´‰ÇÂ ÊíÒËÃÑº¡®áÃ¡

ä´‰¾ÔÊÙ¨¹ŒÇˆÒÊÑ­­Ò³ÍÍ¡ÁÕ¤ˆÒÅÙˆà¢‰ÒÊÙˆÈÙ¹ÂŒáººàÅ¢ªÕé¡íÒÅÑ§ ÊˆÇ¹¡®ËÅÑ§¹Ñé¹ãª‰ÇÔ¸ÕµÑÇ¤Ù³¾ÅÑ§§Ò¹ã¹¡ÒÃ¾ÔÊÙ¨¹Œ

àÊ¶ÕÂÃÀÒ¾ ÍÂˆÒ§äÃ¡ç´Õáºº¨íÒÅÍ§·Õèãª‰ã¹º·¤ÇÒÁ¹ÕéµˆÒ§¨Ò¡áºº¨íÒÅÍ§·Õèãª‰ã¹ [6, 7] «Öè§ã¹ Xu áÅÐ

Bailleul [11] ¡çä´‰ãª‰áºº¨íÒÅÍ§àªˆ¹à´ÕÂÇ¡Ñº [10] â´Âãª‰áÃ§ºÔ´à»“¹µÑÇ¤Çº¤ØÁÃÐººãË‰ä»ÍÂÙˆ·Õè¨Ø´ÊÁ´ØÅ«Öè§

äÁˆÁÕ¡ÒÃàºÕèÂ§àº¹¢Í§¤Ò¹ áÅÐ¤ˆÒ¤ÇÒÁàÃçÇ¢Í§ÁØÁÁÕ¤ˆÒ¤§·Õè ¹Í¡¨Ò¡¹Ñé¹áÊ´§ãË‰àËç¹ÇˆÒ¨ÐÁÕ¤ˆÒ¤ÇÒÁàÃçÇ

¢Í§ÁÍàµÍÃŒ¤ˆÒË¹Öè§·ÕèäÁˆÊÒÁÒÃ¶ËÒáÃ§ºÔ´·Õè·íÒãË‰ÃÐººÁÕàÊ¶ÕÂÃÀÒ¾ä´‰

Luo [12] ä´‰àÊ¹Í¡ÒÃ¤Çº¤ØÁ·Õèãª‰¡ÒÃ»„Í¹¡ÅÑº¤ÇÒÁà¤ÃÕÂ´ (strain feedback) áÅÐáÊ´§¶Ö§

»ÃÐÊÔ·¸ÔÀÒ¾ã¹¡ÒÃÅ´¡ÒÃá¡Çˆ§ à¹×èÍ§¨Ò¡ÊˆÇ¹»„Í¹¡ÅÑº¨Ðà¾ÔèÁ¾¨¹Œ¡ÒÃË¹ˆÇ§à¢‰Òä»ã¹ÃÐºº ÍÂˆÒ§äÃ¡ç

µÒÁã¹º·¤ÇÒÁ¹Õéä´‰àÊ¹ÍµÑÇ´íÒà¹Ô¹¡ÒÃ·Õè¢Öé¹¡Ñº A (A-dependent operator)«Öè§¨ÐªˆÇÂã¹¡ÒÃ¾ÔÊÙ¨¹Œ¡ÒÃ

ÁÕ¨ÃÔ§ ¤ÇÒÁà»“¹ä´‰ÍÂˆÒ§à´ÕÂÇ áÅÐàÊ¶ÕÂÃÀÒ¾¢Í§¼Åà©ÅÂ ÊÑ­­Ò³¤Çº¤ØÁ¹Ñé¹¾Ô¨ÒÃ³Ò·Ñé§¨Ò¡áÃ§ºÔ´

áÅÐ¨Ò¡áÃ§´Ñ¹ÁÍàµÍÃŒ â´Âã¹áµˆÅÐ¡Ã³Õ¨Ðµ‰Í§¡ÒÃ»ÃÔÁÒ³·Õèãª‰ã¹¡ÒÃ»„Í¹¡ÅÑº·ÕèµˆÒ§¡Ñ¹ ã¹¡ÒÃãª‰áÃ§ºÔ´

à»“¹ÊÑ­­Ò³¤Çº¤ØÁ ¨Ðµ‰Í§ÊÒÁÒÃ¶ÇÑ´»ÃÔÁÒ³¡ÒÃà»ÅÕèÂ¹á»Å§¢Í§¤ˆÒ¤ÇÒÁà¤ÃÕÂ´ä´‰ ã¹¢³Ð·Õè¶‰Òãª‰áÃ§

´Ñ¹à»“¹ÊÑ­­Ò³¤Çº¤ØÁ ¡ÒÃÇÑ´ÊÑ­­Ò³¤ÇÒÁà¤ÃÕÂ´à·ˆÒ¹Ñé¹¡ç¾Íà¾ÕÂ§ «Öè§ã¹¡Ã³ÕËÅÑ§¹Õé¨Ð·íÒä´‰§ˆÒÂ¡ÇˆÒ

ã¹·Ò§»¯ÔºÑµÔ ¨Ø´·Õè¹ˆÒÊ¹ã¨¢Í§º·¤ÇÒÁ¹Õé¡ç¤×Í ¡ÒÃ»„Í¹¡ÅÑº´‰ÇÂµÑÇ´íÒà¹Ô¹¡ÒÃäÁˆÁÕ¢Íºà¢µ«Öè§à¾ÔèÁà·ÍÁ

Ë¹ˆÇ§ãË‰¡ÑºÃÐºº¹Ñé¹ ·íÒãË‰Å´¡ÒÃá¡Çˆ§ä´‰¨ÃÔ§ â´Â¡ÒÃÇÔà¤ÃÒÐËŒ¤ˆÒà©¾ÒÐ¢Í§ÃÐººÇ§»”´ «Öè§ä´‰·íÒ¡ÒÃ

ÇÔà¤ÃÒÐËŒã¹ÃÒÂÅÐàÍÕÂ´µˆÍÁÒã¹ Luo áÅÐ¤³Ð [5]

Luo áÅÐ¤³Ð [5] ä´‰¡ÅˆÒÇ¶Ö§·ÄÉ®Õ¤Çº¤ØÁÃÐººÁÔµÔÍ¹Ñ¹µŒ â´Âà¹‰¹¡ÒÃ»ÃÐÂØ¡µŒãª‰¡ÑºÃÐººá¢¹ËØˆ¹

Â¹µŒáººÍˆÍ¹µÑÇ ÊÔè§·Õèà¾ÔèÁàµÔÁ¨Ò¡ Luo [12] ¡ç¤×ÍÃÒÂÅÐàÍÕÂ´ã¹¡ÒÃÇÔà¤ÃÒÐËŒ·Ñé§ÊˆÇ¹¢Í§Êà»¡µÃÑÁáÅÐ

àÊ¶ÕÂÃÀÒ¾ ¡ÒÃ¾Ô¨ÒÃ³Ò¡ÒÃ¤Çº¤ØÁá¢¹ËØˆ¹Â¹µŒã¹á¹ÇÃÐ¹Òº (translating beam)áÅÐà¾ÔèÁàµÔÁ¡ÒÃ¤Çº

¤ØÁÃÐºº¼ÊÁ (hybrid system)«Öè§¤ÃÍº¤ÅØÁ¡Ã³Õ·Õè¨Ð¤Çº¤ØÁÁØÁ¢Í§ÁÍàµÍÃŒ´‰ÇÂ ¹Í¡¨Ò¡¹Ñé¹ÂÑ§àÊ¹Í¡ÒÃ

ãª‰ÍÑµÃÒ¢ÂÒÂáºº»ÃÑºµÑÇã¹¡ÒÃ»„Í¹¡ÅÑº¤ÇÒÁà¤ÃÕÂ´ ÍÂˆÒ§äÃ¡çµÒÁã¹ [5] ÂÑ§äÁˆä´‰ÃÇÁÁÇÅµÔ´·ÕèµíÒáË¹ˆ§

»ÅÒÂã¹ÊÁ¡ÒÃÃÐºº

Morgül [13] ä´‰¾Ô¨ÒÃ³ÒÃÐººá¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇ·ÕèÁÕÁÇÅµÔ´·ÕèµíÒáË¹ˆ§»ÅÒÂ áµˆäÁˆä´‰¤íÒ¹Ö§

¡ÒÃ¤Çº¤ØÁÁØÁÁÍàµÍÃŒ´Ñ§àªˆ¹ã¹§Ò¹Í×è¹æ·Õè¡ÅˆÒÇÁÒ ¡ÒÃ¤Çº¤ØÁ¨Ðãª‰µÑÇ¤Çº¤ØÁ·Õè¢Íº«Öè§»„Í¹¡ÅÑº»ÃÔÁÒ³

áÃ§à¤‰¹ áÅÐ¾ÔÊÙ¨¹ŒàÊ¶ÕÂÃÀÒ¾â´Âãª‰ÇÔ¸ÕµÑÇ¤Ù³¾ÅÑ§§Ò¹

ã¹ Guo [14] ä´‰ãË‰á¹Ç·Ò§ã¹¡ÒÃµÃÇ¨ÊÍºà§×èÍ¹ä¢¡ÒÃà»“¹µÑÇ´íÒà¹Ô¹¡ÒÃÃÔÊ« (Riesz Operator)

ÊíÒËÃÑºµÑÇ´íÒà¹Ô¹¡ÒÃàµçÁË¹ˆÇÂ áÅÐ»ÃÐÂØ¡µŒãª‰¡ÑºÃÐººá¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇ â´Â¡ÒÃãª‰µÑÇ¤Çº¤ØÁ·Õè

¢Íº áÅÐáÊ´§ãË‰àËç¹ÇˆÒàÇ¡àµÍÃŒà©¾ÒÐ¢Í§µÑÇ¡ˆÍ¡íÒà¹Ô´¡Öè§¡ÅØˆÁã¹ÃÙ»Ç§»”´¹Ñé¹¡ˆÍà»“¹ÁÙÅ°Ò¹ÃÔÊ« áÅÐä´‰

ãË‰ÃÙ»áººàªÔ§àÊ‰¹¡íÒ¡Ñº¢Í§¤ˆÒà©¾ÒÐ «Öè§·Ø¡µÑÇÁÕÊˆÇ¹¨ÃÔ§à»“¹¤ˆÒÅº ·íÒãË‰àÁ×èÍãª‰à§×èÍ¹ä¢¡íÒË¹´¢Íºà¢µ
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¡ÒÃà¨ÃÔ­àµÔºâµ (spectral growth determined condition)áÅ‰ÇáÊ´§ä´‰ÇˆÒÃÐººÁÕàÊ¶ÕÂÃÀÒ¾¨ÃÔ§

¨Ò¡º·¤ÇÒÁà¡ÕèÂÇ¡ÑºÃÐººÁÔµÔÍ¹Ñ¹µŒ ·Õè¹íÒÁÒ»ÃÐÂØ¡µŒ¡ÑºÃÐººá¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇ¹Ñé¹ àÃÒ

ÊÒÁÒÃ¶ÊÃØ»á¹Ç·Ò§¡ÒÃ¾ÔÊÙ¨¹ŒàÊ¶ÕÂÃÀÒ¾ä´‰´Ñ§µˆÍä»¹Õé

1. ¡ÒÃãª‰à§×èÍ¹ä¢¡íÒË¹´¢Íºà¢µ¡ÒÃà¨ÃÔ­àµÔºâµ (spectral growth determined condition)«Öè§¨Ð·íÒ¡ÒÃ

ÇÔà¤ÃÒÐËŒÊà»¡µÃÑÁ¢Í§ÃÐººâ´Â¨Ø´ÊíÒ¤Ñ­¡ç¤×Í¡ÒÃ¾ÔÊÙ¨¹ŒÇˆÒÃÐºº¹Ñé¹ÊÍ´¤Å‰Í§¡Ñºà§×èÍ¹ä¢¹Õé¨ÃÔ§ «Öè§

¶‰ÒÊÍ´¤Å‰Í§¨ÃÔ§áÅ‰Ç àÃÒ¨ÐÊÒÁÒÃ¶ÊÃØ»¤ˆÒ¢Íºà¢µ¡ÒÃà¨ÃÔ­àµÔºâµ¨Ò¡¤ˆÒÊˆÇ¹¨ÃÔ§·ÕèÁÒ¡·ÕèÊØ´¢Í§

Êà»¡µÃÑÁ â´Â¶‰Ò¤ˆÒ´Ñ§¡ÅˆÒÇÁÕ¤ˆÒ¹‰ÍÂ¡ÇˆÒÈÙ¹ÂŒ¡ç¨Ð·íÒãË‰ÊÃØ»àÊ¶ÕÂÃÀÒ¾áººàÅ¢ªÕé¡íÒÅÑ§ä´‰ (Guo [14])

2. ÇÔ¸ÕµÑÇ¤Ù³¾ÅÑ§§Ò¹ (Energy Multiplier method) «Öè§ÇÔ¸Õ¹ÕéÁÕËÅÑ¡¡ÒÃ¤ÃˆÒÇæ ÇˆÒ à»“¹¡ÒÃàÅ×Í¡

¿’§¡ŒªÑ¹ V (t) «Öè§à·ˆÒ¡Ñº¿’§¡ŒªÑ¹¾ÅÑ§§Ò¹ E(t) ºÇ¡¡Ñº¼Å¤Ù³ÃÐËÇˆÒ§¤ˆÒÊà¡ÅÒÃŒ¡Ñº¿’§¡ŒªÑ¹µÑÇ¤Ù³

ρ(t) â´ÂÃÐºº·ÑèÇä»¹Ñé¹¿’§¡ŒªÑ¹¾ÅÑ§§Ò¹ÁÑ¡¨ÐÍÂÙˆã¹ÃÙ»¿’§¡ŒªÑ¹¢Í§µÑÇá»ÃÊ¶Ò¹Ð «Öè§ÁÕ¤ÇÒÁËÁÒÂ

·Ò§¡ÒÂÀÒ¾ ÊˆÇ¹¿’§¡ŒªÑ¹µÑÇ¤Ù³¹Ñé¹ ¨Ðµ‰Í§àÅ×Í¡¢Öé¹à¾×èÍãË‰¾ÔÊÙ¨¹Œä´‰ÇˆÒ E(t) Å´Å§áººàÅ¢ªÕé¡íÒÅÑ§

¨Ò¡¤ˆÒàÃÔèÁµ‰¹ «Öè§¨Ð·íÒãË‰ÊÃØ»ä´‰ÇˆÒµÑÇá»ÃÊ¶Ò¹Ð¡íÒÅÑ§Å´Å§áººàÅ¢ªÕé¡íÒÅÑ§¨ÃÔ§ ÇÔ¸Õ¹ÕéÍÒ¨¨ÐÁÕ¢‰Í

¨íÒ¡Ñ´·Ò§´‰Ò¹¡ÒÃàÅ×Í¡¿’§¡ŒªÑ¹ ρ(t) «Öè§¢Öé¹ÍÂÙˆ¡ÑºËÅÒÂæÍÂˆÒ§ ·Ñé§·Ò§ÃÙ»áºº¢Í§ÃÐººáÅÐà§×èÍ¹ä¢

¢Íºà¢µ (ChenáÅÐ¤³Ð [8], Morgül [10], Morgül [13], Luo áÅÐ¤³Ð [5])

3. ¡ÒÃãª‰à§×èÍ¹ä¢º¹â´àÁ¹¤ÇÒÁ¶Õè ¹Ñè¹¤×Í¡ÒÃ¾ÔÊÙ¨¹ŒÇˆÒá¡¹¨Ô¹µÀÒ¾à»“¹ÊˆÇ¹Ë¹Öè§¢Í§à«µá¡‰»’­ËÒ áÅÐ

¹ÍÃŒÁ¢Í§µÑÇ´íÒà¹Ô¹¡ÒÃá¡‰»’­ËÒ·Õè·Ø¡æ¤ˆÒ λ ã´æ º¹á¡¹¨Ô¹µÀÒ¾¹Ñé¹ ÁÕ¤ˆÒ¢Íºà¢µ¨íÒ¡Ñ´áººàÍ¡

ÃÙ» «Öè§¨Ðä´‰ÇˆÒÃÐººÁÕàÊ¶ÕÂÃÀÒ¾áººàÅ¢ªÕé¡íÒÅÑ§ (Luo áÅÐ¤³Ð [5])

ÍÂˆÒ§äÃ¡ç´Õã¹§Ò¹ÇÔ¨ÑÂ·Õè¼ˆÒ¹ÁÒ ÊÔè§·ÕèÂÑ§¢Ò´ä»¡ç¤×Í¡ÒÃ¾Ô¨ÒÃ³Òáºº¨íÒÅÍ§ â´ÂÃÇÁ¾Ô¡Ñ´ÁØÁ¢Í§

ÁÍàµÍÃŒ áÅÐ¡ÒÃÃÇÁÁÇÅ·ÕèµíÒáË¹ˆ§»ÅÒÂäÇ‰ã¹áºº¨íÒÅÍ§´‰ÇÂ¾Ã‰ÍÁæ¡Ñ¹ ´Ñ§¹Ñé¹ã¹¡ÒÃ§Ò¹ÇÔ¨ÑÂ¹Õé¨ÐÈÖ¡ÉÒ

¡ÒÃ¤Çº¤ØÁÃÐººá¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇâ´Â¤íÒ¹Ö§¶Ö§à§×èÍ¹ä¢´Ñ§¡ÅˆÒÇ «Öè§¨ÐÈÖ¡ÉÒº¹¾×é¹°Ò¹¢Í§·ÄÉ®Õ

ÃÐººÁÔµÔÍ¹Ñ¹µŒ áÅÐàÊ¹Í¡®¡ÒÃ¤Çº¤ØÁÊíÒËÃÑº»’­ËÒ·ÕèµÑé§¢Öé¹

1.2 ¢Íºà¢µÇÔ·ÂÒ¹Ô¾¹¸Œ

1. ¨Ñ´ÃÙ»áºº»’­ËÒ¡ÒÃ¤Çº¤ØÁÃÐººá¢¹¡ÅáººÍˆÍ¹µÑÇ¢‰ÍµˆÍà´ÕÂÇ ãË‰ÍÂÙˆã¹ÃÙ»¢Í§ÃÐºº¤Çº¤ØÁÁÔµÔ

Í¹Ñ¹µŒ

2. àÊ¹Í¡ÒÃ¤Çº¤ØÁ»„Í¹¡ÅÑº ã¹ÃÙ»¼ÅÃÇÁàªÔ§àÊ‰¹¢Í§¡ÒÃàºÕèÂ§àº¹·ÕèµíÒáË¹ˆ§»ÅÒÂ¡Ñº¿’§¡ŒªÑ¹¹ÑÅàªÔ§

àÊ‰¹¢Í§¡ÒÃàºÕèÂ§àº¹¢Í§á¢¹ËØˆ¹Â¹µŒ «Öè§»„Í¹¡ÅÑº¼ˆÒ¹¤ÇÒÁàÃˆ§¢Í§ÁÍàµÍÃŒ ·Õè»ÃÐ¡Ñ¹àÊ¶ÕÂÃÀÒ¾

àªÔ§àÊ‰¹¡íÒ¡Ñº¢Í§ÃÐººÇ§Ç¹»”´·Õèä´‰

1.3 ¢Ñé¹µÍ¹¡ÒÃ´íÒà¹Ô¹§Ò¹

1. ÈÖ¡ÉÒ·ÄÉ®ÕÃÐºº¤Çº¤ØÁÁÔµÔÍ¹Ñ¹µŒ

2. ÊÃ‰Ò§áºº¨íÒÅÍ§¤³ÔµÈÒÊµÃŒ¢Í§á¢¹ËØˆ¹Â¹µŒ¢‰ÍµˆÍà´ÕÂÇáººÍˆÍ¹µÑÇ
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3. ¾Ô¨ÒÃ³ÒÃÐººÇ§Ç¹»”´àÁ×èÍ»„Í¹¡ÅÑº´‰ÇÂµÑÇ¤Çº¤ØÁ·ÕèàÊ¹Í¢Öé¹ áÅ‰Ç¨Ñ´ÃÙ»áºº»’­ËÒãË‰ÍÂÙˆã¹ÃÙ»ÃÐºº

¤Çº¤ØÁÁÔµÔÍ¹Ñ¹µŒ

4. ÇÔà¤ÃÒÐËŒÊÁºÑµÔ·Ò§¤³ÔµÈÒÊµÃŒ (mathematical property)¢Í§µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§¢Í§ÃÐººÇ§»”´´Ñ§

¡ÅˆÒÇ àªˆ¹ ¡ÒÃà»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ»”´ Êà»¡µÃÑÁ µíÒáË¹ˆ§¢Í§¤ˆÒà©¾ÒÐ

5. ÇÔà¤ÃÒÐËŒàÊ¶ÕÂÃÀÒ¾àªÔ§àÊ‰¹¡íÒ¡Ñº¢Í§ÃÐººÇ§»”´ â´Â¡ÒÃÇÔà¤ÃÒÐËŒàªÔ§Êà»¡µÃÑÁ

6. ÊÃØ»§Ò¹ÇÔ¨ÑÂ·Õè·íÒ áÅÐ¢‰Í´Õ¢‰ÍàÊÕÂ¢Í§µÑÇ¤Çº¤ØÁ·ÕèàÊ¹Í¢Öé¹

1.4 »ÃÐâÂª¹Œ·Õè¤Ò´ÇˆÒ¨Ðä´‰ÃÑº

1. ÊÃ‰Ò§¤ÇÒÁà¢‰Òã¨ÊÁºÑµÔ¢Í§áºº¨íÒÅÍ§·Ò§¤³ÔµÈÒÊµÃŒ¢Í§ÃÐººá¢¹ËØˆ¹Â¹µŒ¢‰ÍµˆÍà´ÕÂÇáººÍˆÍ¹µÑÇ

2. ä´‰µÑÇ¤Çº¤ØÁ·ÕèÊÒÁÒÃ¶ÃÑº»ÃÐ¡Ñ¹àÊ¶ÕÂÃÀÒ¾¢Í§ÃÐººá¢¹ËØˆ¹Â¹µŒ¢‰ÍµˆÍà´ÕÂÇáººÍˆÍ¹µÑÇ â´Â¾ÔÊÙ¨¹Œ

º¹áºº¨íÒÅÍ§ÁÔµÔÍ¹Ñ¹µŒ

1.5 â¤Ã§ÊÃ‰Ò§ÇÔ·ÂÒ¹Ô¾¹¸Œ

ÇÔ·ÂÒ¹Ô¾¹¸Œ©ºÑº¹Õé ä´‰áºˆ§ÍÍ¡à»“¹ 6 º·´‰ÇÂ¡Ñ¹ áÅÐà¾×èÍ¤ÇÒÁà¢‰Òã¨§ˆÒÂ ä´‰áºˆ§à¹×éÍËÒºÒ§ÊˆÇ¹äÇ‰·ÕèÀÒ¤

¼¹Ç¡ â´ÂáµˆÅÐº·ÁÕà¹×éÍËÒ ´Ñ§¹Õé

º··Õè 1 ¡ÅˆÒÇ¶Ö§º·¹íÒ ¤ÇÒÁà»“¹ÁÒáÅÐ¤ÇÒÁÊíÒ¤Ñ­¢Í§»’­ËÒ ¢Íºà¢µÇÔ·ÂÒ¹Ô¾¹¸Œ ¢Ñé¹µÍ¹¡ÒÃ

´íÒà¹Ô¹§Ò¹ áÅÐ»ÃÐâÂª¹Œ·Õè¤Ò´ÇˆÒ¨Ðä´‰ÃÑº

º··Õè 2 ÊÃ‰Ò§áºº¨íÒÅÍ§·Ò§¤³ÔµÈÒÊµÃŒ¢Í§ÃÐººá¢¹ËØˆ¹Â¹µŒ¢‰ÍµˆÍà´ÕÂÇ áººÍˆÍ¹µÑÇ

º··Õè 3 Í¸ÔºÒÂ¶Ö§·ÄÉ®ÕÃÐºº¤Çº¤ØÁÁÔµÔÍ¹Ñ¹µŒ

º··Õè 4 Í¸ÔºÒÂ¶Ö§¡ÒÃ¨Ñ´ÃÙ»áºº»’­ËÒãË‰ÍÂÙˆã¹ÃÙ»áººÃÐºº¤Çº¤ØÁÁÔµÔÍ¹Ñ¹µŒ ÊíÒËÃÑº¡ÒÃ»„Í¹¡ÅÑº

´‰ÇÂ¡®¡ÒÃ¤Çº¤ØÁ·ÕèàÊ¹Í¢Öé¹ áÅÐ¾ÔÊÙ¨¹Œ¡ÒÃ¡ˆÍ¡íÒà¹Ô´¡Öè§¡ÅØˆÁ

º··Õè 5 ¡ÅˆÒÇ¶Ö§¡ÒÃÇÔà¤ÃÒÐËŒàªÔ§Êà»¡µÃÑÁ¢Í§µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§¢Í§ÃÐººÇ§Ç¹»”´ áÅÐáÊ´§

¡ÒÃ¾ÔÊÙ¨¹ŒàÊ¶ÕÂÃÀÒ¾·Õèä´‰

º··Õè 6 ÊÃØ»áÅÐ¢‰ÍàÊ¹Íá¹Ð

ÀÒ¤¼¹Ç¡ ¡. ¡ÅˆÒÇ¶Ö§¹ÔÂÒÁáÅÐ·ÄÉ®Õ·Ò§¤³ÔµÈÒÊµÃŒµˆÒ§æ ·Õèãª‰ã¹§Ò¹ÇÔ·ÂÒ¹Ô¾¹¸Œ¹Õé



º··Õè 2

áºº¨íÒÅÍ§·Ò§¤³ÔµÈÒÊµÃŒ¢Í§á¢¹ËØˆ¹Â¹µŒ¢‰ÍµˆÍà´ÕÂÇáººÍˆÍ¹µÑÇ

ã¹º·¹Õé¨Ð¡ÅˆÒÇ¶Ö§¡ÒÃËÒáºº¨íÒÅÍ§·Ò§¤³ÔµÈÒÊµÃŒ¢Í§á¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇ ã¹·Õè¹Õé¨Ð¾Ô¨ÒÃ³ÒÇˆÒ

á¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇ»ÃÐ¡Íº´‰ÇÂ¤Ò¹¢Í§ÍÍÂàÅÍÃŒ-àºÍÃŒ¹ÙÅÕ ·ÕèÁÕ»ÅÒÂË¹Öè§µÔ´¡ÑºÁÍàµÍÃŒ áÅÐÍÕ¡

»ÅÒÂË¹Öè§ÁÕÁÇÅµÔ´ÍÂÙˆ áÅ‰Çãª‰ËÅÑ¡¡ÒÃ¢Í§áÎÁÔÅµÑ¹ ã¹¡ÒÃËÒÊÁ¡ÒÃ¾ÅÇÑµ¢Í§ÃÐºº

2.1 áºº¨íÒÅÍ§¢Í§á¢¹ËØˆ¹Â¹µŒ

¾Ô¨ÒÃ³Ò¤Ò¹áººÍˆÍ¹µÑÇ·ÕèÁÕ»ÅÒÂË¹Öè§µÔ´áººÂÖ´á¹ˆ¹ (clamped) ¡Ñºá¡¹Êˆ§¡íÒÅÑ§«Öè§¢ÑºãË‰ËÁØ¹â´Â

ÁÍàµÍÃŒ´Ñ§ÃÙ» 2.1 áÅÐÁÕÁÇÅµÔ´·Õè»ÅÒÂÍÕ¡¢‰Ò§Ë¹Öè§ ÊÁÁµÔÇˆÒ¤Ò¹¹ÕéÊÍ´¤Å‰Í§¡ÑºÊÁÁµÔ°Ò¹¢Í§ÍÍÂàÅÍÃŒ-

àºÍÃŒ¹ÙÅÕ ´Ñ§¹Õé

• äÁˆ¤Ô´¼Å¢Í§¡ÒÃà»ÅÕèÂ¹ÃÙ»à¹×èÍ§¨Ò¡áÃ§à©×Í¹

• ¤Ò¹ÁÕË¹‰ÒµÑ´¤§·ÕèµÅÍ´á¹Ç¤ÇÒÁÂÒÇ

• ¤ÇÒÁË¹Òá¹ˆ¹ÁÇÅµˆÍ¤ÇÒÁÂÒÇáÅÐ¤ˆÒ¤ÇÒÁÂ×´ËÂØˆ¹ÁÕ¤ˆÒ¤§µÑÇ

• ÁÇÅ·Õè»ÅÒÂ¤Ò¹¶×ÍÇˆÒà»“¹ÁÇÅ¨Ø´

ãË‰à¿ÃÁ X0Y0 à»“¹à¿ÃÁàÃÔèÁµ‰¹ (initial frame)áÅÐ X1Y1 à»“¹à¿ÃÁËÁØ¹ (rotating fram)â´Â·Õèá¡¹

X1 ¨Ðµ‰Í§ÊÑÁ¼ÑÊ¤Ò¹·ÕèµíÒáË¹ˆ§ x = 0 àÊÁÍ à¾×èÍãË‰ÊÍ´¤Å‰Í§à§×èÍ¹ä¢áººÂÖ´á¹ˆ¹ â´Â·Õè x à»“¹¾Ô¡Ñ´º¹

á¡¹ X1 ÁÕ¤ˆÒÃÐËÇˆÒ§ 0 < x < l ãË‰ w(x, t) à»“¹¾Ô¡Ñ´ã¹á¹Çá¡¹ Y1 «Öè§ÇÑ´º¹à¿ÃÁ X1Y1 ËÃ×Íà¿ÃÁËÁØ¹

áÅÐ θ à»“¹¾Ô¡Ñ´àªÔ§ÁØÁ¢Í§à¿ÃÁËÁØ¹à·ÕÂº¡Ñºà¿ÃÁÍ‰Ò§ÍÔ§

���
���
���
���

���
���
���
���

Initial Frame

Rotating Frame

τ(t)

θ(t)

Y1

X1

Y0

w(t)

m

l

X0

ÃÙ»·Õè 2.1: ¤Ò¹áººÍˆÍ¹µÑÇ·ÕèÁÕÁÇÅµÔ´·ÕèµíÒáË¹ˆ§»ÅÒÂ
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¡íÒË¹´ãË‰¤ˆÒ¤§µÑÇ·Ò§¡ÒÂÀÒ¾¢Í§ÃÐººà»“¹´Ñ§¹Õé

l ¤×Í ¤ÇÒÁÂÒÇ¢Í§¤Ò¹
E ¤×Í ¤ˆÒâÁ´ÙÅÑÊ¤ÇÒÁÂ×´ËÂØˆ¹¢Í§ÂÑ§ (Young’s elastic modulus)

I ¤×Í ¤ˆÒâÁàÁ¹µŒ¤ÇÒÁà©×èÍÂ¢Í§¾×é¹·ÕèË¹‰ÒµÑ´¢Í§¤Ò¹
ρ ¤×Í ¤ÇÒÁË¹Òá¹ˆ¹ÁÇÅµˆÍË¹ˆÇÂ¤ÇÒÁÂÒÇ¢Í§¤Ò¹
m ¤×Í ÁÇÅ·Õè»ÅÒÂ¤Ò¹
IH ¤×Í âÁÁ¹µŒ¤ÇÒÁà©×èÍÂ¢Í§á¡¹ÁÍàµÍÃŒ

ãË‰

y(x, t) = w(x, t) + xθ(t) (2.1)

àÃÒ¨ÐËÒÊÁ¡ÒÃ¾ÅÇÑµ¢Í§¤Ò¹áººÍˆÍ¹µÑÇ â´Âãª‰ËÅÑ¡¡ÒÃ¢Í§áÎÁÔÅµÑ¹ «Öè§ÁÕã¨¤ÇÒÁÇˆÒ “¡ÒÃ

à»ÅÕèÂ¹á»Å§¢Í§ÅÒ¡ÃÒ§à¨ÕÂ¹¢Í§ÃÐººã¹ªˆÇ§àÇÅÒ·ÕèÊ¹ã¨ t1 ¶Ö§ t2 ¨ÐÁÕ¤ˆÒà·ˆÒ¡ÑºÈÙ¹ÂŒ” ¡ÅˆÒÇ¤×Í

δ

∫ t2

t1

Ldt = 0 (2.2)

â´Â·Õè L à»“¹ÅÒ¡ÃÒ§à¨ÕÂ¹¢Í§ÃÐºº ´Ñ§¹Ñé¹ àÃÒ¨Ð¾Ô¨ÒÃ³Ò¾ÅÑ§§Ò¹µˆÒ§æ¢Í§ÃÐºº ´Ñ§¹Õé

1. ¾ÅÑ§§Ò¹¨Å¹Œ «Öè§»ÃÐ¡Íºä»´‰ÇÂ¾ÅÑ§§Ò¹¨Ò¡¡ÒÃËÁØ¹·Õèá¡¹Êˆ§¡íÒÅÑ§ ¡ÒÃÊÑè¹¢Í§¤Ò¹ áÅÐÁÇÅ·Õè

µíÒáË¹ˆ§»ÅÒÂµÒÁÅíÒ´Ñº

T = IHθ̇2(t) + ρ

∫ L

0

ẏ2(x, t)dx + mẏ2(l, t)

2. ¾ÅÑ§§Ò¹ÈÑ¡ÂŒ «Öè§à¡Ô´¨Ò¡¡ÒÃºÔ´¢Í§¤Ò¹

V =
∫ L

0

EIy′′2(x, t)dx

3. §Ò¹·Õè·íÒà¹×èÍ§¨Ò¡áÃ§ºÔ´

W = τθ

ãË‰ L = T − V + W à»“¹ÅÒ¡ÃÒ§à¨ÕÂ¹¢Í§ÃÐºº ¨Ðä´‰ÇˆÒ

L = IHθ̇2(t) + ρ

∫ L

0

ẏ2(x, t)dx + mẏ2(l, t)−
∫ L

0

EIy′′2(x, t)dx + τθ (2.3)

¨Ò¡ËÅÑ¡¡ÒÃ¢Í§áÎÁÔÅµÑ¹ àÃÒ¨íÒà»“¹µ‰Í§ËÒ¡ÒÃá»Ã¼Ñ¹¢Í§ÅÒ¡ÃÒ§à¨ÕÂ¹ δL à¹×èÍ§¨Ò¡ L à»“¹¿’§¡ŒªÑ¹

¢Í§ θ, θ̇, ẏ áÅÐ y′′ àÃÒÊÒÁÒÃ¶à¢ÕÂ¹ δL ã¹ÃÙ»

δL = IHθ̇δθ̇ + ρ

∫ L

0

ẏδẏdx + mẏ(l)δẏ(l)− EI

∫ L

0

y′′δy′′dx + τδθ (2.4)

à¹×èÍ§¨Ò¡µÑÇ´íÒà¹Ô¹¡ÒÃá»Ã¼Ñ¹áÅÐà¤Ã×èÍ§ËÁÒÂ»ÃÔ¾Ñ¹¸ŒÊÒÁÒÃ¶ÊÅÑº·Õè¡Ñ¹ä´‰ ´Ñ§¹Ñé¹

δ

∫ t2

t1

Ldt =
∫ t2

t1

δLdt

=
∫ t2

t1

{
IHθ̇δθ̇ + ρ

∫ L

0

ẏδẏdx + mẏ(l)δẏ(l)− EI

∫ L

0

y′′δy′′dx + τδθ

}
dt (2.5)
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à¹×èÍ§¨Ò¡ã¹ÊÁ¡ÒÃ (2.5) ÁÕ¾¨¹Œ¢Í§ δθ̇ , δẏ áÅÐ δẏ(l) ÍÂÙˆ ´Ñ§¹Ñé¹àÃÒ¨Ðãª‰¡ÒÃËÒ»ÃÔ¾Ñ¹¸ŒáººáÂ¡

ÊˆÇ¹ à¾×èÍäÁˆãË‰ÁÕ¾¨¹Œ¡ÒÃà»ÅÕèÂ¹á»Å§¢Í§Í¹Ø¾Ñ¹¸Œà·ÕÂº¡ÑºàÇÅÒÍÂÙˆã¹ÊÁ¡ÒÃ àªˆ¹à´ÕÂÇ¡Ñº¾¨¹Œ δy′′ àÃÒ

¨Ðà¢ÕÂ¹ãË‰ÍÂÙˆã¹ÃÙ»·ÕèäÁˆÁÕ¾¨¹Œ¡ÒÃà»ÅÕèÂ¹á»Å§¢Í§Í¹Ø¾Ñ¹¸Œà·ÕÂº¡Ñº¾Ô¡Ñ´ x áÅÐà¹×èÍ§¨Ò¡¡ÒÃá»Ã¼Ñ¹·Õè t1
áÅÐ t2 µ‰Í§à·ˆÒ¡ÑºÈÙ¹ÂŒ ¨Ò¡ (2.5) ¨Ðä´‰ÇˆÒ

δ

∫ t2

t1

Ldt = IHθ̇δθ
∣∣∣t2
t1
−
∫ t2

t1

IHθ̈δθdt + ρ

∫ L

0

ẏδydx

∣∣∣∣∣
t2

t1

−
∫ t2

t1

ρ

(∫ L

0

ÿδydx

)
dt

+ mẏ(l)δy(l)|t2t1 −
∫ t2

t1

mÿ(l)δy(l)dt

− EI

∫ t2

t1

y′′δy′
∣∣∣∣x=l

x=0

dt + EI

∫ t2

t1

(∫ L

0

y′′′δy′dx

)
dt +

∫ t2

t1

τδθdt

= −
∫ t2

t1

IHθ̈δθdt−
∫ t2

t1

(
ρ

∫ L

0

ÿδydx

)
dt−

∫ t2

t1

mÿ(l)δy(l)dt +
∫ t2

t1

τδθdt

+EI

∫ t2

t1

[−y′′(l)δy′(l) + y′′(0)δy′(0)] dt

−EI

∫ t2

t1

y′′′δy

∣∣∣∣x=l

x=0

dt− EI

∫ t2

t1

(∫ L

0

y′′′′δydx

)
dt

= −
∫ t2

t1

IHθ̈δθdt−
∫ t2

t1

(
ρ

∫ L

0

ÿδydx

)
dt−

∫ t2

t1

mÿ(l)δy(l)dt +
∫ t2

t1

τδθdt

+EI

∫ t2

t1

{−y′′(l)δy′(l) + y′′(0)δy′(0)− y′′′(l)δy(l) + y′′′(0)δy(0)} dt

−EI

∫ t2

t1

(∫ L

0

y′′′′δydx

)
dt

¨Ò¡ÊÁ¡ÒÃ (2.1) ¨Ðä´‰ y′(x, t) = w′(x, t) + θ(t) áÅÐ δy′(0) = δw′(0) + δθ ¨Ò¡à§×èÍ¹ä¢¡ÒÃµÔ´áººÂÖ´

á¹ˆ¹ ¨Ðä´‰ÇˆÒ w′(0) = 0, δw′(0) = 0 ´Ñ§¹Ñé¹ δy′(0) = δθ

àÁ×èÍ¨Ñ´¾¨¹ŒµˆÒ§æàÊÕÂãËÁˆ ¨Ðä´‰

∫ t2

t1

δLdt =−
∫ t2

t1

(
δθ
[
IHθ̈ − τ − EIy′′(0)

]
+
∫ L

0

(ρÿ + EIy′′′′) δydx

+δy(l) [mÿ(l)− EIy′′′(l)] + EIy′′(l)δy′(l) + EIy′′′(0)δy(0)
)

dt

(2.6)

¶‰Òã¹à¤Ã×èÍ§ËÁÒÂ»ÃÔ¾Ñ¹¸Œ¢Í§¾¨¹Œ·Ò§¢ÇÒÁ×Í¢Í§ÊÁ¡ÒÃ (2.6) à·ˆÒ¡ÑºÈÙ¹ÂŒ ¡ç¨Ð·íÒãË‰ÊÁ¡ÒÃ (2.6) à»“¹

¨ÃÔ§ áÅÐà¹×èÍ§¨Ò¡áµˆÅÐ¾¨¹Œã¹à¤Ã×èÍ§ËÁÒÂ»ÃÔ¾Ñ¹¸Œà»“¹ÍÔÊÃÐµˆÍ¡Ñ¹·Ñé§ËÁ´ ´Ñ§¹Ñé¹àÃÒ¨Ö§ÊÒÁÒÃ¶¡íÒË¹´ãË‰

áµˆÅÐ¾¨¹Œ¹Ñé¹à·ˆÒ¡ÑºÈÙ¹ÂŒµÒÁÅíÒ´Ñº´Ñ§¹Õé

• à¹×èÍ§¨Ò¡àÃÒÊÒÁÒÃ¶àÅ×Í¡ δθ ä´‰ÍÂˆÒ§ÍÔÊÃÐ ´Ñ§¹Ñé¹¨Ðä´‰ÇˆÒ

τ + EIy′′(0)− IHθ̈ = 0
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• à¹×èÍ§¨Ò¡àÃÒÊÒÁÒÃ¶àÅ×Í¡ δy ä´‰ÍÂˆÒ§ÍÔÊÃÐ ¨Ðä´‰ÇˆÒ

ρÿ + EIy′′′′ = 0

• à¹×èÍ§¨Ò¡àÃÒÊÒÁÒÃ¶àÅ×Í¡ δy(l) ä´‰ÍÂˆÒ§ÍÔÊÃÐ ¨Ðä´‰ÇˆÒ

mÿ(l) = EIy′′′(l)

• à¹×èÍ§¨Ò¡àÃÒÊÒÁÒÃ¶àÅ×Í¡ δy′(l) ä´‰ÍÂˆÒ§ÍÔÊÃÐ ¨Ðä´‰ÇˆÒ

y′′(l) = 0

• à¹×èÍ§¨Ò¡ y(0) = 0 ¨Ðä´‰ÇˆÒ δy(0) = 0

àÁ×èÍãª‰¤ÇÒÁÊÑÁ¾Ñ¹¸Œ y = w+xθ àÃÒÊÒÁÒÃ¶á»Å§ÊÁ¡ÒÃ·Ñé§ÊÕè¢‰Ò§µ‰¹ãË‰ÍÂÙˆã¹ÃÙ»¢Í§µÑÇá»Ã w áÅÐ

θ ´Ñ§¹Õé

ẅ(x, t) + EIw′′′′(x, t) + xθ̈(t) = 0 (2.7)

τ + EIw′′(0, t)− IHθ̈ = 0 (2.8)

m
[
ẅ(l, t) + lθ̈(t)

]
= EIw′′′(l, t) (2.9)

EIw′′(l) = 0 (2.10)

w(0) = w′(0) = 0 (2.11)

2.2 ÊÃØ»

ã¹º·¹Õéä´‰¡ÅˆÒÇ¶Ö§¡ÒÃËÒÊÁ¡ÒÃáÊ´§ÅÑ¡É³Ð·Ò§¡ÒÂÀÒ¾ ¢Í§ÃÐººá¢¹ËØˆ¹Â¹µŒ¢‰ÍµˆÍà´ÕÂÇáººÍˆÍ¹µÑÇ

â´Âãª‰ËÅÑ¡¡ÒÃ¢Í§áÎÁÔÅµÑ¹ «Öè§¾ºÇˆÒÊÒÁÒÃ¶ºÃÃÂÒÂ¾ÄµÔ¡ÃÃÁ¢Í§ÃÐºº ä´‰´‰ÇÂÊÁ¡ÒÃÍ¹Ø¾Ñ¹¸ŒÂˆÍÂ

ÍÑ¹´ÑºÊÕè ¾Ã‰ÍÁ´‰ÇÂà§×èÍ¹ä¢¢Íºà¢µÊÕèà§×èÍ¹ä¢ â´ÂÁÕ¤ÇÒÁÊÑÁ¾Ñ¹¸ŒÃÐËÇˆÒ§áÃ§ºÔ´¡Ñº¡ÒÃàºÕèÂ§àº¹¢Í§á¢¹

¼ˆÒ¹·Ò§¤ÇÒÁàÃˆ§¢Í§ÁØÁÁÍàµÍÃŒ ¨ÐàËç¹ÇˆÒÃÐººá¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇ à»“¹µÑÇÍÂˆÒ§Ë¹Öè§¢Í§ÃÐººÁÔµÔ

Í¹Ñ¹µŒ ´Ñ§¹Ñé¹ã¹º·µˆÍä» ¨Ð¡ÅˆÒÇ¶Ö§·ÄÉ®ÕÃÐºº¤Çº¤ØÁÁÔµÔÍ¹Ñ¹µŒ ·Õè¨Ð¹íÒä»»ÃÐÂØ¡µŒãª‰µˆÍä»



º··Õè 3

·ÄÉ®Õ¤Çº¤ØÁÃÐººÁÔµÔÍ¹Ñ¹µŒ

ÃÐººÁÔµÔÍ¹Ñ¹µŒ¤×ÍÃÐºº·ÕèàÁ×èÍà¢ÕÂ¹ã¹ÃÙ»»ÃÔÀÙÁÔÊ¶Ò¹ÐáÅ‰Ç ÁÕÁÔµÔ¢Í§»ÃÔÀÙÁÔÊ¶Ò¹Ðà»“¹Í¹Ñ¹µŒ ¡ÒÃÈÖ¡ÉÒ

ËÃ×Í¡ÒÃÇÔà¤ÃÒÐËŒÊÁºÑµÔµˆÒ§æ¢Í§ÃÐººÁÔµÔÍ¹Ñ¹µŒ¹Ñé¹ ÁÕ¤ÇÒÁÂØˆ§ÂÒ¡¡ÇˆÒÃÐºº·ÕèÁÕÁÔµÔ¨íÒ¡Ñ´ÂÔè§¹Ñ¡ ÃÐººÁÔµÔ

Í¹Ñ¹µŒ ÁÑ¡¨ÐÁÒ¨Ò¡ÃÐºº·ÕèÊÒÁÒÃ¶ºÃÃÂÒÂä´‰´‰ÇÂÊÁ¡ÒÃÍ¹Ø¾Ñ¹¸ŒÂˆÍÂ µÑÇÍÂˆÒ§àªˆ¹ ÊÁ¡ÒÃ¢Í§ÍØ³ËÀÙÁÔ

º¹á·ˆ§âÅËÐ ÊÁ¡ÒÃ¡ÒÃÊÑè¹¢Í§àÊ‰¹ÅÇ´ ËÃ×ÍÃÐººá¢¹¡ÅáººÍˆÍ¹µÑÇ ·ÕèºÃÃÂÒÂä´‰´‰ÇÂÊÁ¡ÒÃ¢Í§ÍÍÂ

àÅÍÃŒ-àºÍÃŒ¹ÙÅÕ áÅÐÊÁ¡ÒÃÃÐºº·ÕèÁÕ¡ÒÃ»ÃÐÇÔ§àÇÅÒ à»“¹µ‰¹

â´Â·ÑèÇä»àÃÒÊÒÁÒÃ¶¨Ñ´ÃÙ»áºº¢Í§ ÃÐººàªÔ§àÊ‰¹ÁÔµÔÍ¹Ñ¹µŒ ãË‰ÍÂÙˆã¹ÃÙ»¢Í§ »’­ËÒâ¤ªÕ¹ÒÁ¸ÃÃÁ

(abstract Cauchy problem)º¹»ÃÔÀÙÁÔºÒ¹Ò¤ (ËÃ×Í»ÃÔÀÙÁÔÎÔÅáºÃŒµ) Z ´Ñ§¹Õé

ż(t) = Az(t) + Bu(t), t ≥ 0

z(0) = z0 ∈ D(A)
(3.1)

àÁ×èÍ A à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ»”´ (closed operator)·ÕèÁÕâ´àÁ¹ D(A) Ë¹Òá¹ˆ¹ã¹ Z áÅÐ¨Ð¾ºÇˆÒ¼Åà©ÅÂ¢Í§

»’­ËÒ¹Õé¤×Í

z(t) = T (t)z0 +
∫ t

0

T (t− s)u(s)ds (3.2)

â´Â T (t) à»“¹ ¡Öè§¡ÅØˆÁ C0 (C0-semigroup) ¢Í§µÑÇ´íÒà¹Ô¹¡ÒÃÁÕ¢Íºà¢µº¹ Z («Öè§à»“¹¹ÑÂ·ÑèÇä»¢Í§

àÁ·ÃÔ¡«Œ eAt ã¹¡Ã³Õ¢Í§ ÃÐººàªÔ§àÊ‰¹ÁÔµÔ¨íÒ¡Ñ´) ´Ñ§¹Ñé¹¨Ö§ÁÕ¡ÒÃÈÖ¡ÉÒÊÁºÑµÔ¢Í§ÃÐººã¹¡ÅØˆÁ´Ñ§¡ÅˆÒÇãË‰

à»“¹ÃÙ»áºº áÅÐ¹íÒàÍÒ·ÄÉ®Õ¡Öè§¡ÅØˆÁÁÒãª‰ «Öè§¨ÐªˆÇÂãË‰ÁÕ¡ÒÃÇÔà¤ÃÒÐËŒ·Õèà»“¹¢Ñé¹à»“¹µÍ¹ áÅÐ¾ÂÒÂÒÁ¨Ð

ÇÔà¤ÃÒÐËŒãË‰¤Å‰ÒÂ¤ÅÖ§¡Ñº¡ÒÃÇÔà¤ÃÒÐËŒã¹ÃÐººÁÔµÔ¨íÒ¡Ñ´

ã¹ÊˆÇ¹¹Õé¨Ð¡ÅˆÒÇ¶Ö§·ÄÉ®Õ¾×é¹°Ò¹à¡ÕèÂÇ¡ÑºÃÐººÁÔµÔÍ¹Ñ¹µŒ â´ÂËÑÇ¢‰ÍáÃ¡¨Ð¡ÅˆÒÇ¶Ö§¹ÔÂÒÁµˆÒ§æ·Õè

à¡ÕèÂÇ¢‰Í§¡Ñº¡Öè§¡ÅØˆÁ ËÅÑ§¨Ò¡¹Ñé¹¨ÐãË‰à§×èÍ¹ä¢ã¹¡ÒÃ¡ˆÍ¡íÒà¹Ô´¡Öè§¡ÅØˆÁÊíÒËÃÑºÃÐºº·ÕèµÑé§¢Öé¹ áÅÐÊÁºÑµÔ¢Í§

¡Öè§¡ÅØˆÁ ´Ñ§ËÑÇ¢‰Í 3.1-3.2 «Öè§à»“¹¤ÇÒÁÃÙ‰¾×é¹°Ò¹·Ò§·ÄÉ®Õ¡Öè§¡ÅØˆÁ ÃÒÂÅÐàÍÕÂ´àÃ×èÍ§¹ÕéÊÒÁÒÃ¶´Ùä´‰

ã¹ [5, 15, 16, 17] áÅÐÊØ´·‰ÒÂã¹ËÑÇ¢‰Í 5.4 ¨Ð¡ÅˆÒÇ¶Ö§àÊ¶ÕÂÃÀÒ¾¢Í§¡Öè§¡ÅØˆÁ «Öè§¨ÐãË‰¹ÔÂÒÁáÅÐ

à§×èÍ¹ä¢ã¹¡ÒÃµÃÇ¨ÊÍº

3.1 ·ÄÉ®Õ¡Öè§¡ÅØˆÁ

¹ÔÂÒÁ 3.1 ãË‰ Z à»“¹»ÃÔÀÙÁÔÎÔÅáºÃŒµ ¡Öè§¡ÅØˆÁµˆÍà¹×èÍ§ÍÂˆÒ§à¢‰Á¢Í§µÑÇ´íÒà¹Ô¹¡ÒÃ (C0 semigroup of

operator)º¹»ÃÔÀÙÁÔ Z ¤×ÍÇ§ÈŒ (family) ¢Í§µÑÇ´íÒà¹Ô¹¡ÒÃÁÕ¢Íºà¢µ {T (t), t ≥ 0} º¹ Z «Öè§

1. T (t + s) = T (t)T (s)

2. T (0) = I
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3. ‖T (t)z0 − z0‖ → 0 àÁ×èÍ t → 0+ ∀z0 ∈ Z

â´Â ‖ · ‖ ã¹·Õè¹Õéà»“¹¹ÍÃŒÁã¹ Z

àÁ×èÍàÃÒÁÍ§¡Öè§¡ÅØˆÁÇˆÒà»“¹ÅíÒ´Ñº¢Í§µÑÇ´íÒà¹Ô¹¡ÒÃ T (·) àÃÒ¨ÐàËç¹ÇˆÒà§×èÍ¹ä¢ÊÍ§¢‰ÍáÃ¡à»“¹à§×èÍ¹ä¢
¢Í§¡Öè§¡ÅØˆÁ·ÕèàÃÒÃÙ‰¨Ñ¡¡Ñ¹´Õ ¹Ñè¹¤×Íµ‰Í§ÁÕàÍ¡ÅÑ¡É³Œ ÁÕÊÁºÑµÔ»”´áÅÐÁÕÊÁºÑµÔ¡ÒÃÊÅÑº·Õè ÊˆÇ¹à§×èÍ¹ä¢ÊØ´·‰ÒÂ
¹Ñé¹¤×Í¤ÇÒÁµˆÍà¹×èÍ§ÍÂˆÒ§à¢‰Á (strongly continuous)·Õè¨Ø´ t = 0 ¹Ñè¹àÍ§

·ÄÉ®Õº· 3.2 ¡Öè§¡ÅØˆÁµˆÍà¹×èÍ§ÍÂˆÒ§à¢‰Áº¹»ÃÔÀÙÁÔÎÔÅáºÃŒµ Z ¹Ñé¹¨ÐÁÕÊÁºÑµÔ´Ñ§¹Õé

1. T (t) µˆÍà¹×èÍ§·Ø¡æ t ∈ [0,∞)

2. 1
t

∫ t

0
T (s)zds → z àÁ×èÍ t → 0+ ∀z ∈ Z

3. ãË‰

w0 = inf
(

1
t

log ‖T (t)‖
)

(3.3)

â´Â ‖ · ‖ ¤×Í¹ÍÃŒÁ¢Í§µÑÇ´íÒà¹Ô¹¡ÒÃ

¨Ðä´‰ÇˆÒ

w0 = lim
t→∞

(
1
t

log ‖T (t)‖
)

4. ∀w > w0 ¨ÐÁÕ¤ˆÒ¤§·Õè M > 0, w > 0 ·Õè·íÒãË‰ ‖T (t)‖ ≤ Mewt ∀t àÃÒ¨ÐàÃÕÂ¡ w0 ÇˆÒà»“¹¤ˆÒ¢Íºà¢µ

¡ÒÃà¨ÃÔ­àµÔºâµ (growth bound)¢Í§¡Öè§¡ÅØˆÁµˆÍà¹×èÍ§ÍÂˆÒ§à¢‰Á

µˆÍÁÒàÃÒ¨Ðàª×èÍÁâÂ§ãË‰àËç¹ÇˆÒ¡Öè§¡ÅØˆÁ¹Ñé¹à¡ÕèÂÇ¢‰Í§ÍÂˆÒ§äÃ¡Ñº¤íÒµÍº¢Í§ÊÁ¡ÒÃÃÐºº (3.1) ·ÕèàÃÒµÑé§¢Öé¹
«Öè§µ‰Í§¹ÔÂÒÁµÑÇ´íÒà¹Ô¹¡ÒÃµÑÇË¹Öè§¤×Í

¹ÔÂÒÁ 3.3 µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§ (infinitesimal generator) A ¢Í§¡Öè§¡ÅØˆÁµˆÍà¹×èÍ§ÍÂˆÒ§à¢‰Á T (t) º¹
»ÃÔÀÙÁÔÎÔÅáºÃŒµ Z ¹ÔÂÒÁâ´Â

Az = lim
t→0+

1
t

(T (t)− I) z (3.4)

â´Â·Õè D(A) ¤×Íâ´àÁ¹¢Í§µÑÇ´íÒà¹Ô¹¡ÒÃ A ¡ç¤×Íà«µ¢Í§ z ·Õè·íÒãË‰ÅÔÁÔµ´Ñ§¢‰Ò§µ‰¹ÁÕ¨ÃÔ§

·ÄÉ®Õº· 3.4 ãË‰ T (t) à»“¹¡Öè§¡ÅØˆÁµˆÍà¹×èÍ§ÍÂˆÒ§à¢‰Áº¹»ÃÔÀÙÁÔÎÔÅáºÃŒµ Z ·ÕèÁÕµÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§à»“¹ A

¨Ðä´‰ÇˆÒ

1. ¶‰Ò z0 ∈ D(A) áÅ‰Ç ¨Ðä´‰ÇˆÒ T (t)z0 ∈ D(A), ∀t ≥ 0

2.
d

dt
(T (t)z0) = AT (t)z0 ·Ø¡¤ˆÒ z0 ∈ D(A) , t > 0

3.
dn

dtn
(T (t)z0) = AnT (t)z0 = T (t)Anz0 ·Ø¡¤ˆÒ z0 ∈ D(A) , t > 0

4. T (t)z0 − z0 =
∫ t

0
T (s)Az0ds ·Ø¡¤ˆÒ z0 ∈ D(A)

5. ¶‰Ò z ∈ Z ¨Ðä´‰ÇˆÒ
∫ t

0
T (s)zds ∈ D(A) áÅÐ A

∫ t

0
T (s)zds = T (t)z − z
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6. A à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃàªÔ§àÊ‰¹»”´

7.
⋂∞

n=1 D(An) Ë¹Òá¹ˆ¹ã¹ Z

¹ÔÂÒÁ 3.5 àÃÒ¨Ð¡ÅˆÒÇÇˆÒ T (t) à»“¹¡Öè§¡ÅØˆÁË´µÑÇ (contraction semigroup)¶‰Ò ‖T (t)‖ < 1 ,∀t ≥ 0

µˆÍä»¨Ð¹ÔÂÒÁ µÑÇ´íÒà¹Ô¹¡ÒÃá¡‰»’­ËÒ (resolvent operator)

¹ÔÂÒÁ 3.6 ãË‰ T (t) à»“¹¡Öè§¡ÅØˆÁÍÂˆÒ§à¢‰Á·ÕèÁÕ A à»“¹µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§ áÅÐÁÕ¢Íºà¢µ¡ÒÃà¨ÃÔ­àµÔºâµ
à»“¹ ω0 ¶‰Ò Reλ > ω > ω0 áÅ‰Ç ¨Ðä´‰ÇˆÒ λ ∈ ρ(A) áÅÐ

R(λ, A)z = (λI −A)−1z =
∫ ∞

0

e−λtT (t)zdt ∀z ∈ Z áÅÐ

‖R(λ, A)‖ ≤
M

ν − ω
â´Â·Õè ν = Reλ

3.2 ¡ÒÃ¡ˆÍ¡íÒà¹Ô´¡Öè§¡ÅØˆÁ

à¹×èÍ§¨Ò¡àÁ×èÍÁÕÃÐºº·ÕèàÃÒµÑé§¢Öé¹ÁÒÃÐººË¹Öè§¹Ñé¹ ÊˆÇ¹ãË­ˆàÃÒ¨ÐäÁˆ·ÃÒº¡ˆÍ¹ÇˆÒ¡Öè§¡ÅØˆÁ¤×ÍÍÐäÃ à¾ÃÒÐÊÔè§
¹Ñé¹ä´‰ÁÒ¨Ò¡¡ÒÃá¡‰ÊÁ¡ÒÃÃÐºº·ÕèàÃÒµÑé§¢Öé¹ «Öè§ÂˆÍÁ¨ÐÁÕ¤ÇÒÁÂØˆ§ÂÒ¡ ´Ñ§¹Ñé¹ã¹ÊˆÇ¹¹Õé¨Ðà»“¹¡ÒÃ¡ÅˆÒÇ¶Ö§
à§×èÍ¹ä¢¡ˆÍ¡íÒà¹Ô´¡Öè§¡ÅØˆÁ à»“¹ÊÔè§·ÕèºÍ¡ÇˆÒÃÐºº·ÕèàÃÒµÑé§¢Öé¹¹Ñé¹ÁÕ¤íÒµÍºËÃ×ÍäÁˆ

·ÄÉ®Õº· 3.7 (Hille-Yosida) à§×èÍ¹ä¢¨íÒà»“¹áÅÐà¾ÕÂ§¾Í·ÕèµÑÇ´íÒà¹Ô¹¡ÒÃàªÔ§àÊ‰¹»”´ A ·ÕèÁÕâ´àÁ¹ D(A)

Ë¹Òá¹ˆ¹ã¹ Z ¨Ðà»“¹µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§¢Í§¡Öè§¡ÅØˆÁµˆÍà¹×èÍ§ÍÂˆÒ§à¢‰Á T (t) ¤×Í ¶‰ÒÁÕ¨íÒ¹Ç¹¨ÃÔ§ºÇ¡
M,w ·Õè·íÒãË‰·Ø¡æ¤ˆÒ¨ÃÔ§ α > w áÅ‰Ç¨Ðä´‰ÇˆÒ α ∈ ρ(A) áÅÐ

‖R(α, A)r‖ ≤ M

(α− w)r
·Ø¡æ r ≥ 1 (3.5)

â´Â R(α, A) = (αI −A)−1 à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃá¡‰»’­ËÒ ¹Í¡¨Ò¡¹Õé¨Ðä´‰ÇˆÒ ‖T (t)‖ ≤ Mewt

ã¹¡Ã³Õ¢Í§¡Öè§¡ÅØˆÁË´µÑÇ ÂÑ§ÁÕà§×èÍ¹ä¢¡ÒÃ¡ˆÍ¡íÒà¹Ô´¡Öè§¡ÅØˆÁÍÕ¡à§×èÍ¹ä¢Ë¹Öè§¤×Í

¹ÔÂÒÁ 3.8 µÑÇ´íÒà¹Ô¹¡ÒÃàªÔ§àÊ‰¹ A ÁÕÊÁºÑµÔáºº¡ÃÐ¨ÒÂ (dissipative) ã¹»ÃÔÀÙÁÔÎÔÅáºÃŒµ Z ¶‰Ò
Re 〈Ax, x〉 ≤ 0 , ∀x ∈ D(A)

·ÄÉ®Õº· 3.9 (Lumer-Philips) ãË‰ A à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃàªÔ§àÊ‰¹·ÕèÁÕâ´àÁ¹ D(A) Ë¹Òá¹ˆ¹ã¹ Z ¶‰Ò A ÁÕ
ÊÁºÑµÔáºº¡ÃÐ¨ÒÂ áÅÐÁÕ λ0 > 0 ·Õè·íÒãË‰ R(λ0I − A) = Z áÅ‰Ç ¨Ðä´‰ÇˆÒ A à»“¹µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§¢Í§
¡Öè§¡ÅØˆÁË´µÑÇã¹ Z

·ÄÉ®Õº· 3.10 ãË‰ A à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ»”´·ÕèÁÕâ´àÁ¹ D(A) Ë¹Òá¹ˆ¹ã¹ Z ¶‰Ò

Re 〈Az, z〉 ≤ ω‖z‖2 ∀z ∈ D(A) (3.6)

Re 〈A∗z, z〉 ≤ ω‖z‖2 ∀z ∈ D(A∗) (3.7)

¨Ðä´‰ÇˆÒ A à»“¹µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§¢Í§¡Öè§¡ÅØˆÁ T (t) ·ÕèÊÍ´¤Å‰Í§¡Ñº ‖T (t)‖ ≤ eωt



12

3.3 àÊ¶ÕÂÃÀÒ¾

ÊÔè§·ÕèÊíÒ¤Ñ­·ÕèÊØ´ã¹¡ÒÃ¤Çº¤ØÁÃÐººË¹Öè§æ ¤×ÍàÊ¶ÕÂÃÀÒ¾¢Í§ÃÐºº áÅÐà¹×èÍ§¨Ò¡ã¹»ÃÔÀÙÁÔÁÔµÔÍ¹Ñ¹µŒ àÃÒ

ÊÒÁÒÃ¶àÅ×Í¡ãª‰¹ÔÂÒÁ¡ÒÃÅÙˆà¢‰Òä´‰ËÅÒÂáºº àÃÒ¨Ö§ÊÒÁÒÃ¶¹ÔÂÒÁàÊ¶ÕÂÃÀÒ¾ä´‰ËÅÒÂáºº ´Ñ§¹Õé

¹ÔÂÒÁ 3.11 ãË‰ T (t) à»“¹¡Öè§¡ÅØˆÁµˆÍà¹×èÍ§ÍÂˆÒ§à¢‰Á º¹»ÃÔÀÙÁÔÎÔÅáºÃŒµ Z àÃÒ¨Ð¡ÅˆÒÇÇˆÒ

1. T (t) ÁÕàÊ¶ÕÂÃÀÒ¾àªÔ§àÊ‰¹¡íÒ¡Ñº ¶‰Ò

‖T (t)z‖ → 0 àÁ×èÍ t →∞ , ∀z ∈ Z

2. T (t) ÁÕàÊ¶ÕÂÃÀÒ¾áººàÅ¢ªÕé¡íÒÅÑ§ ¶‰ÒÁÕ M ≥ 1 áÅÐ ω > 0 ·Õè·íÒãË‰

‖T (t)‖ ≤ Me−ωt

3. T (t) ÁÕàÊ¶ÕÂÃÀÒ¾ÍÂˆÒ§ÍˆÍ¹ ¶‰ÒÊíÒËÃÑº ∀x ∀y ∈ Z

〈T (t)x, y〉 → 0 , t →∞

µˆÍä»¨Ð¡ÅˆÒÇ¶Ö§ÇÔ¸Õ¡ÒÃµÃÇ¨ÊÍºàÊ¶ÕÂÃÀÒ¾ «Öè§ÁÕËÅÒÂá¹Ç·Ò§´‰ÇÂ¡Ñ¹ ·Ñé§¡ÒÃµÃÇ¨ÊÍº¨Ò¡

ÅÑ¡É³Ð¢Í§¡Öè§¡ÅØˆÁ ¨Ò¡µÑÇá¡‰»’­ËÒ áÅÐ¨Ò¡Êà»¡µÃÑÁ¢Í§µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§ «Öè§ÊÒÁÒÃ¶´ÙÃÒÂÅÐàÍÕÂ´

ä´‰ã¹ [5, 15, 16, 17, 18] â´Âã¹ÊˆÇ¹áÃ¡¨Ð¡ÅˆÒÇ¶Ö§àÊ¶ÕÂÃÀÒ¾àªÔ§àÊ‰¹¡íÒ¡Ñº¡ˆÍ¹´Ñ§¹Õé

·ÄÉ®Õº· 3.12 ãË‰ T (t) ¡Öè§¡ÅØˆÁµˆÍà¹×èÍ§ÍÂˆÒ§à¢‰Á·ÕèÁÕàÊ¶ÕÂÃÀÒ¾ÍÂˆÒ§ÍˆÍ¹ ¶‰ÒµÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§ A ÁÕ
µÑÇ´íÒà¹Ô¹¡ÒÃá¡‰»’­ËÒ·Õè¡ÃÐªÑºáÅ‰Ç¨Ðä´‰ÇˆÒ T (t) ÁÕàÊ¶ÕÂÃÀÒ¾àªÔ§àÊ‰¹¡íÒ¡Ñº´‰ÇÂ

·ÄÉ®Õº· 3.13 [5] ãË‰ T (t) à»“¹¡Öè§¡ÅØˆÁµˆÍà¹×èÍ§ÍÂˆÒ§à¢‰Á·ÕèÁÕ¢Íºà¢µáººàÍ¡ÃÙ»º¹»ÃÔÀÙÁÔºÒ¹Ò¤ X áÅÐ
ÁÕµÑÇ¡ˆÍ¡íÒà¹Ô´ A áÅ‰Ç ¨Ðä´‰ÇˆÒ

1. ¶‰Ò T (t) ÁÕàÊ¶ÕÂÃÀÒ¾àªÔ§àÊ‰¹¡íÒ¡ÑºáÅ‰Ç ¨Ðä´‰ÇˆÒ σ(A) ∩ iR ⊂ σc(A)

2. ¶‰Ò σ(A) ∩ iR ⊂ σc(A) áÅÐ σc(A) à»“¹à«µ¹Ñºä´‰ ¨Ðä´‰ÇˆÒ T (t) ÁÕàÊ¶ÕÂÃÀÒ¾àªÔ§àÊ‰¹¡íÒ¡Ñº

3. ¶‰Ò R(λ, A) à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº áÅ‰Ç T (t) ¨ÐÁÕàÊ¶ÕÂÃÀÒ¾àªÔ§àÊ‰¹¡íÒ¡Ñº ¡çµˆÍàÁ×èÍ Reλ < 0
ÊíÒËÃÑº·Ø¡æ λ ∈ σ(A)

·ÄÉ®Õº· 3.14 [16, 18] ãË‰ T (t) à»“¹¡Öè§¡ÅØˆÁ·ÕèÁÕ¢Íºà¢µáººàÍ¡ÃÙ»º¹»ÃÔÀÙÁÔºÒ¹Ò¤ X ·ÕèÁÕµÑÇ¡ˆÍ¡íÒà¹Ô´
à»“¹ A áÅÐ

1. σ(A) ∩ iR à»“¹à«µ¹Ñºä´‰

2. σP (A∗) ∩ iR = ∅

¨Ðä´‰ÇˆÒ T (t) ÁÕàÊ¶ÕÂÃÀÒ¾àªÔ§àÊ‰¹¡íÒ¡Ñº

µˆÍä»¨Ð¡ÅˆÒÇ¶Ö§¡ÒÃµÃÇ¨ÊÍºàÊ¶ÕÂÃÀÒ¾·Õèà¢‰Á¡ÇˆÒàÊ¶ÕÂÃÀÒ¾àªÔ§àÊ‰¹¡íÒ¡Ñº ¹Ñè¹¤×ÍàÊ¶ÕÂÃÀÒ¾áººàÅ¢ªÕé
¡íÒÅÑ§
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º·µÑé§ 3.15 ¡Öè§¡ÅØˆÁµˆÍà¹×èÍ§ÍÂˆÒ§à¢‰Á T (t) º¹»ÃÔÀÙÁÔºÒ¹Ò¤ Z ¨ÐÁÕàÊ¶ÕÂÃÀÒ¾áººàÅ¢ªÕé¡íÒÅÑ§ ¡çµˆÍàÁ×èÍ∫ ∞

0

‖T (t)z‖pdt < ∞ , ∀z ∈ Z p ∈ [1,∞)

º·µÑé§¹Õéà»“¹à§×èÍ¹ä¢·Ò§â´àÁ¹àÇÅÒ «Öè§à»“¹¡ÒÃµÃÇ¨ÊÍºº¹ÅÑ¡É³Ð¢Í§¡Öè§¡ÅØˆÁ ¨Ò¡º·µÑé§ 3.15 ã¹¡Ã³Õ·Õè
p = 2 ¹íÒä»ÊÙˆ·ÄÉ®ÕµˆÍä» «Öè§à»“¹ÊÁ¡ÒÃàÅÕÂ»Ù¹Í¿ã¹ÃÐººÁÔµÔÍ¹Ñ¹µŒ

·ÄÉ®Õº· 3.16 ¡Öè§¡ÅØˆÁµˆÍà¹×èÍ§ÍÂˆÒ§à¢‰Á T (t) º¹»ÃÔÀÙÁÔÎÔÅáºÃŒµ Z ¨ÐÁÕàÊ¶ÕÂÃÀÒ¾áººàÅ¢ªÕé¡íÒÅÑ§ ¡çµˆÍ
àÁ×èÍ ∃P ∈ L(Z) à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃºÇ¡á¹ˆ¹Í¹·Õè·íÒãË‰

〈Az, Pz〉+ 〈Pz,Az〉 = −〈z, z〉

ÊíÒËÃÑº·Ø¡æ z ∈ D(A)

¨Ð¾ºÇˆÒà§×èÍ¹ä¢·Ò§àÇÅÒ¹Ñé¹ àÃÒÊÒÁÒÃ¶µÃÇ¨ÊÍºä´‰ã¹¡Ã³Õ·ÕèàÃÒÊÒÁÒÃ¶ËÒ¡Öè§¡ÅØˆÁÍÍ¡ÁÒà»“¹
ÃÙ»áººÊÁ¡ÒÃä´‰ áµˆã¹·Ò§»¯ÔºÑµÔáÅ‰ÇàÃÒÍÒ¨¨ÐäÁˆ·ÃÒº¡Öè§¡ÅØˆÁ áµˆàÃÒ¨Ð·ÃÒºµÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§ «Öè§
àÃÒÊÒÁÒÃ¶·Õè¨Ð»ÃÐÁÒ³¢Íºà¢µ¢Í§µÑÇ´íÒà¹Ô¹¡ÒÃá¡‰»’­ËÒä´‰´Ñ§¹Ñé¹à§×èÍ¹ä¢µˆÍä»¨Ðà»“¹à§×èÍ¹ä¢º¹â´àÁ¹
¤ÇÒÁ¶Õè «Öè§à»“¹¡ÒÃµÃÇ¨ÊÍº¨Ò¡µÑÇá¡‰»’­ËÒ¹Ñè¹àÍ§

·ÄÉ®Õº· 3.17 [5, 16, 18] ãË‰ T (t) à»“¹¡Öè§¡ÅØˆÁµˆÍà¹×èÍ§ÍÂˆÒ§à¢‰Áº¹»ÃÔÀÙÁÔÎÔÅáºÃŒµ Z ·ÕèÁÕµÑÇ¡ˆÍ¡íÒà¹Ô´
¹‰ÍÂÂÔè§à»“¹ A áÅ‰Ç¨Ðä´‰ÇˆÒ T (t) ¨ÐÁÕàÊ¶ÕÂÃÀÒ¾áººàÅ¢ªÕé¡íÒÅÑ§ ¡çµˆÍàÁ×èÍ {λ | Reλ > 0} ⊂ ρ(A) áÅÐÁÕ
M > 0 «Öè§

M := sup
Reλ>0

‖R(λ, A)‖ < ∞

µˆÍä»áÊ´§ãË‰àËç¹à§×èÍ¹ä¢Ë¹Öè§·ÕèÊíÒ¤Ñ­¹Ñè¹¤×Í à§×èÍ¹ä¢¡ÒÃàµÔºâµ·Õè¶Ù¡¡íÒË¹´´‰ÇÂÊà»¡µÃÑÁ (spectrum-

determined growth condition)́ Ñ§¹Õé : ¹ÔÂÒÁ

S(A) = sup {Reλ | λ ∈ σ(A)} (3.8)

à§×èÍ¹ä¢ spectral-determined growth conditionà»“¹¨ÃÔ§àÁ×èÍ

ω0 = S(A) (3.9)

â´Â·Õè ω0 ¤×Í¤ˆÒ¢Íºà¢µ¡ÒÃà¨Ô­àµÔºâµ¢Í§¡Öè§¡ÅØˆÁµÒÁ (3.3)

¤ÇÒÁÊíÒ¤Ñ­¢Í§à§×èÍ¹ä¢¹Õé¡ç¤×Í ¶‰ÒÃÐººÊÍ´¤Å‰Í§¡çáÊ´§ÇˆÒ¶‰Ò S(A) ÁÕ¤ˆÒà»“¹Åº ¢Íºà¢µ¡ÒÃàµÔº

âµ¢Í§¡Öè§¡ÅØˆÁ¡ç¨ÐÁÕ¤ˆÒà»“¹Åº´‰ÇÂ ¹Ñè¹¤×Í ¡Öè§¡ÅØˆÁ T (t) ÁÕàÊ¶ÕÂÃÀÒ¾áººàÅ¢ªÕé¡íÒÅÑ§¹Ñè¹àÍ§

¨Ò¡·ÄÉ®Õº·¢Í§ Hille-Yosida àÃÒ¨ÐàËç¹ÇˆÒ¡Öè§¡ÅØˆÁã´æ¨ÐÊÍ´¤Å‰Í§¡Ñºà§×èÍ¹ä¢ S(A) ≤ ω0

àÊÁÍ áµˆ¨ÐÁÕ¡Öè§¡ÅØˆÁºÒ§µÑÇ·Õèà§×èÍ¹ä¢ spectral-determined growth conditionäÁˆà»“¹¨ÃÔ§ ÍÂˆÒ§äÃ¡ç

µÒÁ [15] ¡ÅˆÒÇÇˆÒ¡Öè§¡ÅØˆÁÊˆÇ¹ãË­ˆ·Õèä´‰¨Ò¡ÃÐºº·Ò§¡ÒÂÀÒ¾ÁÑ¡¨ÐÊÍ´¤Å‰Í§¡Ñºà§×èÍ¹ä¢¹Õé µÑÇÍÂˆÒ§¢Í§

¡Öè§¡ÅØˆÁ·ÕèÊÍ´¤Å‰Í§¡Ñº spectral-determined growth condition¤×Í
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• ¡Öè§¡ÅØˆÁ¡ÃÐªÑº (compact semigroup)

• ¡Öè§¡ÅØˆÁËÒÍ¹Ø¾Ñ¹¸Œä´‰ (differentiable semigroup)

• ¡Öè§¡ÅØˆÁÇÔà¤ÃÒÐËŒ (analytic semigroup)

3.4 ÊÃØ»

ã¹¡ÒÃÈÖ¡ÉÒ·ÄÉ®ÕÃÐººàªÔ§àÊ‰¹ÁÔµÔÍ¹Ñ¹µŒ ¹Ñé¹ ¨Ð¾ºÇˆÒÁÕ¤ÇÒÁáµ¡µˆÒ§¡Ñºã¹¡Ã³Õ¢Í§ÃÐººÁÔµÔ¨íÒ¡Ñ´ÍÂÙˆ

ËÅÒÂ´‰Ò¹´‰ÇÂ¡Ñ¹ ·ÄÉ®Õº·à¡ÕèÂÇ¡ÑºÃÐºº¤Çº¤ØÁã¹ÃÐººÁÔµÔ¨íÒ¡Ñ´ËÅÒÂ·ÄÉ®Õº· äÁˆà»“¹¨ÃÔ§ÍÕ¡µˆÍä»

àÁ×èÍ¹íÒÁÒãªˆ¡ÑºÃÐººÁÔµÔÍ¹Ñ¹µŒ â´Âà©¾ÒÐ·Ò§´‰Ò¹àÊ¶ÕÂÃÀÒ¾ ¡ÒÃÈÖ¡ÉÒ·ÄÉ®Õ¡Öè§¡ÅØˆÁ ¨Ö§à»“¹¾×é¹°Ò¹

·Õè¨íÒà»“¹ã¹¡ÒÃÇÔà¤ÃÒÐËŒÃÐºº ã¹º·µˆÍä»¨Ð¡ÅˆÒÇ¶Ö§¡ÒÃ¹íÒ·ÄÉ®ÕÃÐºº¤Çº¤ØÁÁÔµÔÍ¹Ñ¹µŒ ÁÒ»ÃÐÂØ¡µŒ¡Ñº

ÃÐººá¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇ ¡ÅˆÒÇ¤×Í¡ÒÃ¨Ñ´ÃÐººÇ§»”´ãË‰ÍÂÙˆã¹ÃÙ»¢Í§»’­ËÒâ¤ªÕ¹ÒÁ¸ÃÃÁ ¾ÔÊÙ¨¹Œ¡ÒÃ

¡ˆÍ¡íÒà¹Ô´¡Öè§¡ÅØˆÁ áÅÐ¾ÔÊÙ¨¹ŒàÊ¶ÕÂÃÀÒ¾áººàªÔ§àÊ‰¹¡íÒ¡Ñº



º··Õè 4

¡ÒÃ»ÃÐÂØ¡µŒ¡ÑºÃÐººá¢¹ËØˆ¹Â¹µŒ¢‰ÍµˆÍà´ÕÂÇáººÍˆÍ¹µÑÇ

ã¹º·¹Õé¨Ð¡ÅˆÒÇ¶Ö§¡ÒÃ¹íÒ·ÄÉ®ÕÃÐºº¤Çº¤ØÁÁÔµÔÍ¹Ñ¹µŒ ÁÒ»ÃÐÂØ¡µŒãª‰¡ÑºÃÐººá¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇ

â´Âã¹ËÑÇ¢‰Í 4.1 ¨Ð¡ÅˆÒÇ¶Ö§¡¯¡ÒÃ¤Çº¤ØÁ·Õèãª‰ã¹¡ÒÃ»„Í¹¡ÅÑºÃÐºº áÅÐáÊ´§¡ÒÃ¨Ñ´ÃÐººÇ§»”´·Õèä´‰¨Ò¡

¡ÒÃ»„Í¹¡ÅÑº´Ñ§¡ÅˆÒÇ ãË‰ÍÂÙˆã¹ÃÙ»áººÃÐººàªÔ§àÊ‰¹ÁÔµÔÍ¹Ñ¹µŒ ¨Ò¡¹Ñé¹¨Ð¾ÔÊÙ¨¹Œ¡ÒÃ¡ˆÍ¡íÒà¹Ô´¡Öè§¡ÅØˆÁË´µÑÇ

«Öè§à»“¹¼ÅÅÑ¾¸ŒËÅÑ¡ã¹º·¹Õé ã¹ËÑÇ¢‰Í 4.2 ´Ñ§·ÄÉ®Õº· 4.8

¨Ò¡º··Õè 2 ÊÁ¡ÒÃÍ¹Ø¾Ñ¹¸ŒÂˆÍÂ à§×èÍ¹ä¢àÃÔèÁµ‰¹ áÅÐà§×èÍ¹ä¢¢Íºà¢µ ·Õèãª‰ºÃÃÂÒÂ¾ÄµÔ¡ÃÃÁ¢Í§

ÃÐººá¢¹ËØˆ¹Â¹µŒ¢‰ÍµˆÍà´ÕÂÇáººÍˆÍ¹µÑÇ ¤×Í

ẅ(x, t) +
EI

ρ
w′′′′(x, t) = −xθ̈(t) 0 < x < l , t > 0 (4.1)

w(0, t) = w′(0, t) = w′′(l, t) = 0 (4.2)

m
[
ẅ(x, t) + lθ̈(t)

]
= EIw′′′(l, t) (4.3)

IHθ̈(t) = τ(t) + EIw′′(0, t) (4.4)

àÁ×èÍ EI, ρ, m, l, IH à»“¹¤ˆÒ¤§µÑÇ·Ò§¡ÒÂÀÒ¾¢Í§ÃÐºº

w(x, t) à»“¹¡ÒÃàºÕèÂ§àº¹¢Í§á¢¹·ÕèµíÒáË¹ˆ§ x áÅÐàÇÅÒ t

θ̈(t) à»“¹¤ÇÒÁàÃˆ§àªÔ§ÁØÁ¢Í§ÁÍàµÍÃŒ

τ(t) à»“¹áÃ§ºÔ´¨Ò¡ÁÍàµÍÃŒ

4.1 ¡®¡ÒÃ¤Çº¤ØÁáÅÐÃÐººÇ§»”´

ã¹·Õè¹ÕéàÃÒàÊ¹Í¡®¡ÒÃ¤Çº¤ØÁ

τ(t) = −EIw′′(0, t) + KIH [ρ 〈ẇ, x〉H + mlẇ(l, t)] (4.5)

â´Â·Õè K > 0 (ÊÑ§à¡µÇˆÒ τ(t) à»“¹¿’§¡ŒªÑ¹¢Í§àÇÅÒà·ˆÒ¹Ñé¹)

¡®¤Çº¤ØÁ´Ñ§¡ÅˆÒÇ ä´‰ÁÒ¨Ò¡¡ÒÃËÑ¡Å‰Ò§¾¨¹Œ EIw′′(0, t) ã¹ÊÁ¡ÒÃ (4.4) áÅÐÊíÒËÃÑº¾¨¹Œ·Õè

àËÅ×Í àÅ×Í¡ÁÒ¨Ò¡¡ÒÃ·íÒãË‰µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§¢Í§ÃÐººÇ§»”´¡ˆÍ¡íÒà¹Ô´¡Öè§¡ÅØˆÁË´µÑÇ «Öè§¨Ð¾ÔÊÙ¨¹ŒµˆÍä»

ã¹·ÄÉ®Õº· 4.8 ¨Ò¡¹Ñé¹àÁ×èÍá·¹ (4.5) Å§ã¹ (4.4) áÅÐ¨Ñ´ÃÙ»ÊÁ¡ÒÃ (4.1)-(4.3) ¨Ðä´‰

ẅ(x, t) +
EI

ρ
w′′′′(x, t) = −xK [ρ 〈ẇ, x〉+ mlẇ(l, t)] (4.6)

w(0, t) = w′(0, t) = w′′(l, t) = 0 (4.7)

mẅ(x, t) + mlK [ρ 〈ẇ, x〉+ mlẇ(l, t)] = EIw′′′(l, t) (4.8)
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ãË‰ H = L2(0, l) áÅÐ¹ÔÂÒÁ H = H2
0 (0, l)⊕ L2(0, l)⊕ C

¨Ðä´‰ÇˆÒ H à»“¹»ÃÔÀÙÁÔÎÔÅáºÃŒµÀÒÂãµ‰¼Å¤Ù³ÀÒÂã¹

〈u, v〉 = EI 〈u′′1 , v′′1 〉H + ρ 〈u2, v2〉H + m 〈u3, v3〉C (4.9)

ã¹¡ÒÃ¾ÔÊÙ¨¹ŒÇˆÒ H à»“¹»ÃÔÀÙÁÔÎÔÅáºÃŒµ¹Ñé¹ ¨ÐÍÒÈÑÂº·µÑé§ 4.1 ·ÄÉ®Õº· 4.2 º·µÑé§ 4.3 áÅÐº·µÑé§ 4.4 µÒÁ
ÅíÒ´Ñº â´Â¡ˆÍ¹Í×è¹ ¡ÒÃáÊ´§ãË‰àËç¹ÇˆÒ H2

0 (0, l) à»“¹»ÃÔÀÙÁÔÎÔÅáºÃŒµ ¨ÐÍÒÈÑÂº·µÑé§ 4.1 ´Ñ§¹Õé

º·µÑé§ 4.1 H2
0 (0, l) à»“¹»ÃÔÀÙÁÔÂˆÍÂ»”´¢Í§ H2(0, l)

¾ÔÊÙ¨¹Œ ãË‰ zn ∈ H2
0 (0, l) áÅÐ zn → z

‖zn − z‖22 + ‖z′n − z′‖22 + ‖z′′n − z′′‖22 → 0 , n →∞

¨Ðä´‰ÇˆÒáµˆÅÐà·ÍÁ¨Ðµ‰Í§ÅÙˆà¢‰ÒÊÙˆÈÙ¹ÂŒ´‰ÇÂ ¨Ò¡ zn → z ã¹¹ÍÃŒÁÊÍ§ ´Ñ§¹Ñé¹¨ÐÁÕÅíÒ´ÑºÂˆÍÂ znk
·ÕèÅÙˆà¢‰ÒËÒ z

à¡×Íº·Ø¡áËˆ§ ¨Ò¡·ÄÉ®Õº·¡ÒÃ½’§ã¹¢Í§â«âºàÅ¿ ¡.2 ¨Ðä´‰ÇˆÒ H2
0 (0, l) ⊂ C1

B(0, l) ´Ñ§¢‰ÍÊÑ§à¡µ 1. ´Ñ§¹Ñé¹

àÃÒÍÒ¨¡ÅˆÒÇä´‰ÇˆÒ zn à»“¹¿’§¡ŒªÑ¹µˆÍà¹×èÍ§ áÅÐ znk
¨Ðà»“¹¿’§¡ŒªÑ¹µˆÍà¹×èÍ§àªˆ¹¡Ñ¹ à¾ÃÒÐ©Ð¹Ñé¹ znk

¨Ð

µ‰Í§ÅÙˆà¢‰ÒËÒ z ·Ø¡áËˆ§ ´Ñ§¹Ñé¹àÃÒÊÒÁÒÃ¶ÊÃØ»ä´‰ÇˆÒ

znk
(0) = 0 =⇒ z(0) = 0

ã¹·íÒ¹Í§à´ÕÂÇ¡Ñ¹ ¡ç¨Ðä´‰ÇˆÒ

z′nk
(0) = 0 =⇒ z′(0) = 0

¹Ñè¹¤×Í z ∈ H2
0 (0, l) áÊ´§ÇˆÒ H2

0 (0, l) à»“¹»ÃÔÀÙÁÔÂˆÍÂ»”´ã¹ H2(0, l) �

à¹×èÍ§¨Ò¡·Ø¡æ »ÃÔÀÙÁÔ»”´¢Í§»ÃÔÀÙÁÔºÃÔºÙÃ³Œ ¨Ðà»“¹»ÃÔÀÙÁÔºÃÔºÙÃ³Œ´‰ÇÂ ´Ñ§¹Ñé¹ H2
0 (0, l) à»“¹»ÃÔÀÙÁÔÎÔÅ

áºÃŒµ ÀÒÂãµ‰¹ÍÃŒÁáºº»¡µÔ¢Í§»ÃÔÀÙÁÔâ«âºàÅ¿ (‖u‖2H2 = ‖u‖2 + ‖u′‖2 + ‖u′′‖2) «Öè§àÃÒ¨ÐáÊ´§ãË‰àËç¹

µˆÍÁÒÇˆÒ¹ÍÃŒÁ·Õè¹ÔÂÒÁ¢Öé¹ÁÒãËÁˆ

‖u‖2H2
0

= ‖u′′‖2

¨ÐÊÁÁÙÅ¡Ñº¹ÍÃŒÁÍÑ¹à´ÔÁ´Ñ§º·µÑé§ 4.4 â´ÂÍÒÈÑÂ·ÄÉ®Õº· 4.2 áÅÐº·µÑé§ 4.3 ´Ñ§¹Õé

·ÄÉ®Õº· 4.2 ãË‰ Ω à»“¹ªˆÇ§à»”´ã¹ R áÅÐãË‰ u ∈ H1(Ω) ¨Ðä´‰ÇˆÒ u à»“¹¿’§¡ŒªÑ¹µˆÍà¹×èÍ§ÍÂˆÒ§ÊÑÁºÙÃ³Œ
(absolutely continuous)

¾ÔÊÙ¨¹Œ ´Ùã¹ [19]

º·µÑé§ 4.3
‖w‖2 ≤ l4‖w′′‖2, ∀w ∈ H2

0 (0, l) (4.10)

¾ÔÊÙ¨¹Œ ¨Ò¡·ÄÉ®Õº· 4.2 àÃÒÊÒÁÒÃ¶à¢ÕÂ¹ä´‰ÇˆÒ

w(x) =
∫ x

0

w′(x)dx + w(0)
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¨Ðä´‰ÇˆÒ

|w(x)| ≤
∫ x

0

|w′(x)|dx ≤
∫ l

0

|w′(x)|dx

|w(x)|2 ≤

[∫ l

0

|w′(x)|dx

]2

≤ l‖w′‖2

¹Ñè¹¤×Í

‖w‖2 =
∫ l

0

|w(x)|2dx ≤ l2‖w′‖2

ã¹·íÒ¹Í§à´ÕÂÇ¡Ñ¹ ¨Ò¡

w′(x) =
∫ x

0

w′′(x)dx + w′(0)

¨Ðä´‰ÇˆÒ

|w′(x)| ≤
∫ x

0

|w′′(x)|dx ≤
∫ l

0

|w′′(x)|dx

|w′(x)|2 ≤

[∫ l

0

|w′′(x)|dx

]2

≤ l‖w′′(x)‖2

‖w′‖2 =
∫ l

0

|w′(x)|2dx ≤ l2‖w′′‖2

´Ñ§¹Ñé¹¨Ðä´‰ÇˆÒ

‖w‖2 ≤ l4‖w′′‖2

µÒÁµ‰Í§¡ÒÃ �

º·µÑé§ 4.4 ¹ÔÂÒÁ ‖w‖2
H2

0
= ‖w′′‖2 ¨Ðä´‰ÇˆÒ

‖ · ‖H2
0
∼ ‖ · ‖H2

¾ÔÊÙ¨¹Œ à¹×èÍ§¨Ò¡ w ∈ H2
0 (0, l) ¨Ò¡º·µÑé§ 4.3 ¨Ðä´‰ÇˆÒ ‖w‖2 ≤ l4‖w′′‖2 áÅÐ ‖w′‖2 ≤ l2‖w′′‖2 ´Ñ§¹Ñé¹

‖w‖2 + ‖w′‖2 + ‖w′′‖2 ≤ (l4 + l2 + 1)‖w′′‖2

áÅÐà¹×èÍ§¨Ò¡

‖w′′‖2 ≤ ‖w‖2 + ‖w′‖2 + ‖w′′‖2

¨Ðä´‰ÇˆÒ (
‖w‖2 + ‖w′‖2 + ‖w′′‖2

)
(l4 + l2 + 1)

≤ ‖w′′‖2 ≤ ‖w‖2 + ‖w′‖2 + ‖w′′‖2

«Öè§¡ç¤×Í ‖ · ‖H2
0
∼ ‖ · ‖H2 ¹Ñè¹àÍ§ �

´Ñ§¹Ñé¹ ¨Ò¡º·µÑé§ 4.4 àÃÒ¨Ðä´‰ÇˆÒ H2
0 (0, l) ¡ç¨Ðà»“¹»ÃÔÀÙÁÔÎÔÅáºÃŒµÀÒÂãµ‰¹ÍÃŒÁ·Õè¹ÔÂÒÁ¢Öé¹ãËÁˆ´‰ÇÂ

à¾ÃÒÐ©Ð¹Ñé¹¡ÒÃ¾ÔÊÙ¨¹ŒÇˆÒ H à»“¹»ÃÔÀÙÁÔÎÔÅáºÃŒµ ¡çÊÒÁÒÃ¶áÊ´§ä´‰ÍÂˆÒ§ªÑ´à¨¹ ´Ñ§µˆÍä»¹Õé
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·ÄÉ®Õº· 4.5 H à»“¹»ÃÔÀÙÁÚÔÎÔÅáºÃŒµ

¾ÔÊÙ¨¹Œ ãË‰ zn = (z1n, z2n, z3n) à»“¹ÅíÒ´Ñºâ¤ªÕã¹ H ¨Ðä´‰ÇˆÒ

EI‖z′′1n − z′′1m‖2 + ρ‖z2n − z2m‖2 + m|z3n − z3m|2 → 0 n, m →∞

¾Ô¨ÒÃ³Òà·ÍÁáÃ¡·Ò§«‰ÒÂÁ×Í à¹×èÍ§¨Ò¡¹ÍÃŒÁ´Ñ§¡ÅˆÒÇÊÁÁÙÅ¡Ñº¹ÍÃŒÁ»¡µÔ¢Í§»ÃÔÀÙÁÔâ«âºàÅ¿ áÅÐà¹×èÍ§

¨Ò¡ H2
0 (0, l) à»“¹»ÃÔÀÙÁÔÎÔÅáºÃŒµ ´Ñ§¹Ñé¹ z1n ¡ç¨Ðµ‰Í§ÅÙˆà¢‰ÒËÒ z1 µÑÇË¹Öè§ã¹ H2

0 (0, l) àªˆ¹¡Ñ¹ áÅÐ´‰ÇÂ

àËµØ¼Å·íÒ¹Í§à´ÕÂÇ¡Ñ¹ à¹×èÍ§¨Ò¡ L2(0, l) áÅÐ C à»“¹»ÃÔÀÙÁÔÎÔÅáºÃŒµ ´Ñ§¹Ñé¹ z2n ÅÙˆà¢‰ÒËÒ z2 µÑÇË¹Öè§ã¹

L2(0, l) áÅÐ z3n ÅÙˆà¢‰ÒËÒ z3 µÑÇË¹Öè§ã¹ C ¹Ñè¹àÍ§ ´Ñ§¹Ñé¹ ‖zn − z‖2H → 0 â´Â·Õè z ∈ H ¹Ñè¹¡ç¤×Í·Ø¡æ ÅíÒ´Ñº

â¤ªÕã¹ H ÅÙˆà¢‰ÒËÒÊÁÒªÔ¡Ë¹Öè§æ ã¹ H ´Ñ§¹Ñé¹ H à»“¹»ÃÔÀÙÁÚÔÎÔÅáºÃŒµ �

µˆÍÁÒ ¨Ð¾ºÇˆÒàÃÒÊÒÁÒÃ¶¨Ñ´ÃÙ»áººÊÁ¡ÒÃ (4.6)-(4.8) ãË‰ÍÂÙˆã¹ÃÙ»áºº»’­ËÒâ¤ªÕ¹ÒÁ¸ÃÃÁ (3.1)

ä´‰ â´Â·Õè

A =


0 I 0

−EI
ρ

∂4

∂x4 −Kxρ 〈·, x〉 −Kxml
EI
m

∂3

∂x3 |x=l −Klρ 〈·, x〉 −Klml

 (4.11)

D(A) =
{
(z1, z2, z3) ∈ H4(0, l)⊕H2

0 (0, l)⊕ C | z1(0) = z′1(0) = z′′1 (l) = 0, z2(l) = z3

}
z(t) =

[
w(·, t) ẇ(·, t) ẇ(l, t)

]T
∈ H

¨ÐàËç¹ÇˆÒ A ã¹ (4.11) à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃäÁˆÁÕ¢Íºà¢µ àÁ×èÍà·ÕÂº¡Ñº¹ÍÃŒÁ·Õè¹ÔÂÒÁ¢Öé¹º¹»ÃÔÀÙÁÔÎÔÅáºÃŒµ

´Ñ§¹Ñé¹ A ÍÒ¨¨ÐäÁˆ¹ÔÂÒÁº¹·Ñé§»ÃÔÀÙÁÔÎÔÅáºÃŒµ áµˆÍÂˆÒ§¹‰ÍÂ D(A) ¤ÇÃ¨ÐË¹Òá¹ˆ¹ã¹ H ¡ÅˆÒÇ¤×Í àÃÒ

ÊÒÁÒÃ¶»ÃÐÁÒ³ÊÁÒªÔ¡·Ø¡µÑÇã¹»ÃÔÀÙÔÁÔÎÔÅáºÃŒµä´‰àÊÁÍ ´‰ÇÂÊÁÒªÔ¡ºÒ§µÑÇã¹ D(A) «Öè§¨ÐáÊ´§ãË‰àËç¹

´Ñ§»ÃÐ¾¨¹ŒµˆÍä»¹Õé

»ÃÐ¾¨¹Œ 4.6 D(A) Ë¹Òá¹ˆ¹ã¹ H

¾ÔÊÙ¨¹Œ ãË‰ A ⊂ B ⊂ C áÅÐ A Ë¹Òá¹ˆ¹ã¹ C ¨Ðä´‰ÇˆÒ A Ë¹Òá¹ˆ¹ã¹ B áÅÐ B Ë¹Òá¹ˆ¹ã¹ C à¹×èÍ§¨Ò¡

C∞
c (0, l) Ë¹Òá¹ˆ¹ã¹ Hk(0, l) (¨Ò¡ [20] Ë¹‰Ò 54) áÅÐ¡ÒÃ·Õè¿’§¡ŒªÑ¹ÍÂÙˆã¹ C∞

c ËÁÒÂ¤ÇÒÁÇˆÒ·Õè¨Ø´»ÅÒÂ

¢Í§â´àÁ¹¹Ñé¹ ¤ˆÒ¢Í§¿’§¡ŒªÑ¹áÅÐÍ¹Ø¾Ñ¹¸Œ µ‰Í§ÅÙˆà¢‰ÒÊÙˆÈÙ¹ÂŒ ¨Ðä´‰ÇˆÒ C∞
c (0, l) ⊂ H2

0 (0, l) ⊂ H2(0, l) ´Ñ§¹Ñé¹

C∞
c (0, l) ¨ÐË¹Òá¹ˆ¹ã¹ H2

0 (0, l) áÅÐà¹×èÍ§¨Ò¡

C∞
c (0, l) ⊂

{
u ∈ H4(0, l) | u(0) = u′(0) = u′′(l) = 0

}
⊂ H2

0 (0, l)

«Öè§ËÁÒÂ¤ÇÒÁÇˆÒ
{
u ∈ H4(0, l) | u(0) = u′(0) = u′′(l) = 0

}
Ë¹Òá¹ˆ¹ã¹ H2

0 (0, l) à¾ÃÒÐ©Ð¹Ñé¹ ¨ÐÁÕ

u1 ∈
{
u ∈ H4(0, l) | u(0) = u′(0) = u′′(l) = 0

}
ÊíÒËÃÑº·Ø¡¤ˆÒ ε > 0 ¨Ðä´‰ÇˆÒ

‖u′′1 − v′′1‖ ≤
ε√
3EI

, ∀v1 ∈ H2
0 (0, l). (4.12)
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à¹×èÍ§¨Ò¡ C∞
c (0, l) Ë¹Òá¹ˆ¹ã¹ L2(0, l) (¨Ò¡ [20] Ë¹‰Ò 31) ¨Ðä´‰ÇˆÒ H2

0 (0, l) Ë¹Òá¹ˆ¹ã¹ L2(0, l) ´Ñ§¹Ñé¹

¨ÐÁÕ u2 ∈ H2
0 (0, l) «Öè§ÊíÒËÃÑº·Ø¡¤ˆÒ ε > 0 ¨Ðä´‰ÇˆÒ

‖u2 − v2‖ ≤
ε√
3ρ

, ∀v2 ∈ L2(0, l). (4.13)

àÃÒÊÒÁÒÃ¶àÅ×Í¡ u2 ∈ H2
0 (0, l) ä»¾Ã‰ÍÁæ¡Ñ¹ ã¹ÅÑ¡É³Ð·ÕèÇˆÒ

|u2(l)− v3| ≤
ε√
3m

, ∀v3 ∈ C. (4.14)

¨Ò¡ (4.12)-(4.14) ¨Ðä´‰ÇˆÒ ¨ÐÁÕ u ∈ D(A) «Öè§ÊíÒËÃÑº·Ø¡¤ˆÒ ε > 0 ¨Ðä´‰ÇˆÒ

‖u− v‖H ≤ ε, ∀v ∈ H

«Öè§áÊ´§ÇˆÒ D(A) Ë¹Òá¹ˆ¹ã¹ H ¹Ñè¹àÍ§ �

4.2 ¡ÒÃ¾ÔÊÙ¨¹Œ¡ÒÃ¡ˆÍ¡íÒà¹Ô´¡Öè§¡ÅØˆÁ

ã¹ËÑÇ¢‰Í¹Õé¨ÐáÊ´§ãË‰àËç¹ÇˆÒ A ¡ˆÍ¡íÒà¹Ô´¡Öè§¡ÅØˆÁË´µÑÇ´Ñ§·ÄÉ®Õº· 4.8 «Öè§ãª‰¼ÅÅÑ¾¸Œ¨Ò¡·ÄÉ®Õº· 3.10

´Ñ§¹Ñé¹¨ÐàËç¹ÇˆÒ ¡ˆÍ¹Í×è¹àÃÒ¨Ðµ‰Í§¾ÔÊÙ¨¹ŒÇˆÒ A à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ»”´ â´ÂÍÒÈÑÂ·ÄÉ®Õº·¡ÃÒ¿»”´ áÅÐº·

µÑé§ 4.7 ´Ñ§¹Õé

¹ÔÂÒÁ Q : H → H â´Â

Qv =


K
EI q2(x)[ρ 〈v1, x〉+ mlv1(l)]− ρ

EI

∫ x

0

∫ x4

0

∫ l

x3

∫ l

x2
v2(x1)dx1dx2dx3dx4 + m

EI q1(x)v3

v1(x)

v1(l)

 (4.15)

àÁ×èÍ

q1(x) =
x3

6
− lx2

2

q2(x) = ρ

(
l2x3

12
− l3x2

6
− x5

120

)
+ mlq1(x)

º·µÑé§ 4.7

1. Q à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¼¡¼Ñ¹¢Í§ A

2. A−1 à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃÁÕ¢Íºà¢µ

¾ÔÊÙ¨¹Œ

1. ãË‰ v ∈ H ¾Ô¨ÒÃ³Ò

AQv =


0 I 0

−EI
ρ

∂4

∂x4 −Kxρ 〈·, x〉 −Kxml
EI
m

∂3

∂x3 |x=l −Klρ 〈·, x〉 −Klml

Qv

=


v1(x)

−EIK
ρEI [ρ 〈v1, x〉+ mlv1(l)]q′′′′2 (x) + v2(x)−Kxρ 〈v1, x〉 −Kxmlv1(l)

EIK
mEI [ρ 〈v1, x〉+ mlv1(l)]q′′′2 (l)− 0 + q′′′1 (l)v3 −Klρ 〈v1, x〉 −Klmlv1(l)

 (4.16)



20

¨Ò¡¡ÒÃ¤íÒ¹Ç³ q′′′2 (l) = ml, q′′′′2 (x) = −ρx, q′′′1 (l) = 1 ¹íÒä»á·¹ã¹ÊÁ¡ÒÃ (4.16) ¨Ðä´‰ÇˆÒ

AQv =


v1(x)

v2(x)

v3

 = v (4.17)

ãË‰ u ∈ D(A)

QAu = Q


u2(x)

−EI
ρ u′′′′1 (x)−Kxρ 〈u1, x〉 −Kxmlu3

EI
m u′′′1 (l)−Klρ 〈u2, x〉 −Klmlu3



=


q3(x)

u2(x)

u2(l)

 (4.18)

àÁ×èÍ

q3(x) =
Kq2(x)

EI
[ρ 〈u2, x〉+ mlu2(l)] +

∫ x

0

∫ x4

0

∫ l

x3

∫ l

x2

u′′′′1 (x1)dx1dx2dx3dx4

+
ρ

EI
(Kρ 〈u2, x〉+ Kmlu3)

(
mlq1(x)− q2(x)

ρ

)
+ q1(x)u′′′1 (l)− mq1(x)

EI
(Kρl 〈u2, x〉+ Klmlu3)

¹íÒä»á·¹ã¹ (4.18) ¨Ðä´‰ÇˆÒ

QAu =


∫ x

0

∫ x4

0

∫ l

x3

∫ l

x2
u′′′′1 (x1)dx1dx2dx3dx4 + q1(x)u′′′1 (l)

u2(x)

u3



=


−q1(x)u′′′1 (l) + u1(x) + q1(x)u′′′1 (l)

u2(x)

u3



=


u1(x)

u2(x)

u3

 = u (4.19)

´Ñ§¹Ñé¹¨Ò¡ÊÁ¡ÒÃ (4.17) áÅÐ (4.19) ¨Ðä´‰ÇˆÒ AQ = I , QA = I áÅÐ R(Q) = D(A) ´Ñ§¹Ñé¹ Q à»“¹µÑÇ

´íÒà¹Ô¹¡ÒÃ¼¡¼Ñ¹¢Í§ A ¹Í¡¨Ò¡¹Õé ¨Ò¡ D(Q) = H = R(A) ¨Ðä´‰ÇˆÒ A à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ·ÑèÇ¶Ö§

2. ¾Ô¨ÒÃ³Ò¹ÍÃŒÁ¢Í§ u = A−1v ¨Ò¡ (4.15)

u′′1(x) =
K

EI
{ρ 〈v1, x〉+ mlv1(l)} q′′2 (x) +

m

EI
q′′1 (x)v3 −

ρ

EI

∫ l

x

∫ l

x2

v2(x1)dx1dx2



21

‖u′′1‖2 ≤ 4
∥∥∥∥ K

EI
ρ 〈v1, x〉 q′′2

∥∥∥∥2

+ 4
∥∥∥∥ K

EI
mlv1(l)q′′2

∥∥∥∥2

+4
∥∥∥mv3

EI
q′′1

∥∥∥2

+ 4

∥∥∥∥∥ ρ

EI

∫ l

x

∫ l

x2

v2(x1)dx1dx2

∥∥∥∥∥
2

≤ 4
∣∣∣∣Kρ

EI

∣∣∣∣2 ‖q′′2‖2| 〈v1, x〉 |2 + 4
∣∣∣∣Kml

EI

∣∣∣∣2 ‖q′′2‖2|v1(l)|2

+4
∣∣∣ m

EI

∣∣∣2 ‖q′′1‖2|v3|2 + 4
∣∣∣ ρ

EI

∣∣∣2 ∫ l

0

∣∣∣∣∣
∫ l

x

∫ l

x2

v2(x1)dx1dx2

∣∣∣∣∣
2

dx

à¹×èÍ§¨Ò¡ q′′1 , q′′2 ∈ L2(0, l) ¹ÍÃŒÁÁÕ¤ˆÒ¨íÒ¡Ñ´ ¹ÔÂÒÁ¤ˆÒ¤§µÑÇ

C1 = 4
∣∣∣∣Kρ

EI

∣∣∣∣2 ‖q′′2‖2 , C2 = 4
∣∣∣∣Kml

EI

∣∣∣∣2 ‖q′′2‖2,
C3 = 4

∣∣∣ m

EI

∣∣∣2 ‖q′′1‖2 , C4 = 4
∣∣∣ ρ

EI

∣∣∣2
¨Ðä´‰ÇˆÒ

‖u′′1(x)‖2 ≤ C1‖v1‖2 ·
l3

3
+ C2|v1(l)|2 + C3|v3|2 + C4l sup

x∈(0,l)

∣∣∣∣∣
∫ l

x

∫ l

x2

v2(x1)dx1dx2

∣∣∣∣∣
2

≤ C1l
3

3
l4‖v′′1‖2 + C ′

2‖v′′1‖2 + C3|v3|2 + C4l sup
x∈(0,l)

∫ l

x

∣∣∣∣∣
∫ l

x2

v2(x1)dx1

∣∣∣∣∣
2

dx2 (4.20)

≤ C1l
7

3
‖v′′1‖2 + C ′

2‖v′′1‖2 + C3|v3|2 + C4l

∫ l

0

∣∣∣∣∣
∫ l

x2

v2(x1)dx1

∣∣∣∣∣
2

dx2

≤
(

C1l
7

3
+ C ′

2

)
‖v′′1‖2 + C3|v3|2 + C4l

2 sup
x2∈(0,l)

∣∣∣∣∣
∫ l

x2

v2(x1)dx1

∣∣∣∣∣
2

≤
(

C1l
7

3
+ C ′

2

)
‖v′′1‖2 + C3|v3|2 + C4l

2 sup
x2∈(0,l)

∫ l

x2

|v2(x1)|2 dx1

≤
(

C1l
7

3
+ C ′

2

)
‖v′′1‖2 + C3|v3|2 + C4l

2‖v2‖2 (4.21)

â´Â·Õè (4.20) ä´‰¨Ò¡ (4.10) áÅÐ·ÄÉ®Õº·¡ÒÃ½’§ã¹ ´Ñ§ (¡.4)

µˆÍä»¾Ô¨ÒÃ³Ò u2(x) = v1(x) áÅÐãª‰ÊÁ¡ÒÃ (4.10) ¨Ðä´‰ÇˆÒ

‖u2‖2 = ‖v1‖2 ≤ l4‖v′′1‖2 (4.22)

áÅÐ u3 = v1(l) áÅÐ·íÒ¹Í§à´ÕÂÇ¡Ñ¹ ¨Ò¡ (¡.4) ¨Ðä´‰ÇˆÒ

|u3|2 = |v1(l)|2 ≤ C5‖v′′1‖2 (4.23)

´Ñ§¹Ñé¹¨Ò¡ (4.21)-(4.23) ¨Ðä´‰

‖u‖2H = EI‖u′′1‖2 + ρ‖u2‖2 + m|u3|2

≤
{

EI

(
C1l

7

3
+ C ′

2

)
+ ρl4 + mC5

}
‖v′′1‖2 + EIC4l

2‖v2‖2 + EIC3|v3|2
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¨ÐàËç¹ÇˆÒàÃÒÊÒÁÒÃ¶ËÒ M > 0 ·Õè·íÒãË‰ ‖A−1v‖2H ≤ M‖v‖2H ä´‰àÊÁÍ à¾ÃÒÐ©Ð¹Ñé¹ A−1 à»“¹µÑÇ´íÒà¹Ô¹

¡ÒÃÁÕ¢Íºà¢µ

¨Ò¡º·µÑé§ 4.7 ¨Ðä´‰ÇˆÒ A−1 à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃÁÕ¢Íºà¢µ·Õè¹ÔÂÒÁº¹»ÃÔÀÙÁÔ H ´Ñ§¹Ñé¹¨Ò¡·ÄÉ®Õ

º· ¡.9 ¨Ðä´‰ÇˆÒ A−1 à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ»”´ ´Ñ§¹Ñé¹ A ¨Ö§à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ»”´´‰ÇÂàªˆ¹¡Ñ¹ áÅÐ¨Ò¡

¹ÔÂÒÁ ¡.4 ¨Ðä´‰ÇˆÒ 0 ∈ ρ(A)

à¹×èÍ§¨Ò¡àÃÒ¨ÐÍÒÈÑÂ·ÄÉ®Õº· 3.10 ã¹¡ÒÃ¾ÔÊÙ¨¹ŒÇˆÒ A à»“¹µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§¢Í§¡Öè§¡ÅØˆÁ ¨ÐàËç¹

ÇˆÒàÃÒµ‰Í§ËÒµÑÇ´íÒà¹Ô¹¡ÒÃ¼Ù¡¾Ñ¹¢Í§ A∗ ¢Í§ A ´Ñ§¹Õé

〈Au, v〉 =

〈
u2

−EI
ρ u′′′′1 −Kx (ρ 〈u2, x〉+ mlu3)

−Kl (ρ 〈u2, x〉+ mlu3) + EI
m u′′′1 (l)

 ,


v1

v2

v3


〉

= EI 〈u′′2 , v′′1 〉+ ρ

〈
−EI

ρ
u′′′′1 , v2

〉
− ρ 〈Kx(ρ 〈u2, x〉+ mlu3), v2〉

+m

(
−Kl(ρ 〈u2, x〉+ mlu3) +

EI

m
u′′′1 (l)

)
v3

= EI 〈u′′2 , v′′1 〉 − EI 〈u′′′′1 , v2〉 − ρK(ρ 〈u2, x〉+ mlu3) 〈x, v2〉

−Kml(ρ 〈u2, x〉+ mlu3)v3 + EIu′′′1 (l)v3 (4.24)

áµˆà¹×èÍ§¨Ò¡

〈u′′2 , v′′1 〉 =
∫ l

0

u′′2v′′1dx

= u′2v
′′
1 |l0 −

∫ l

0

u′2v
′′′
1 dx

= u′2(l)v′′1 (l)− u2v′′′1 |l0 +
∫ l

0

u2v′′′′1 dx

= u′2(l)v′′1 (l)− u2(l)v′′′1 (l) + 〈u2, v
′′′′
1 〉 (4.25)

〈u′′′′1 , v2〉 =
∫ l

0

u′′′′1 v2dx

= u′′′1 v2 |l0 −
∫ l

0

u′′′1 v′2dx

= u′′′1 (l)v2(l)− u′′′1 (0)v2(0)− u′′1v′2 |l0 +
∫ l

0

u′′1v′′2dx

= u′′′1 (l)v2(l)− u′′′1 (0)v2(0) + u′′1(0)v′2(0) + 〈u′′1 , v′′2 〉 (4.26)

¹íÒ (4.25) áÅÐ (4.26) ä»á·¹ã¹ (4.24) ¨Ðä´‰ÇˆÒ

〈Au, v〉 = EIu′2(l)v′′1 (l)− EIu2(l)v′′′1 (l) + EI 〈u2, v
′′′′
1 〉 − EIu′′′1 (l)v2(l)

+EIu′′′1 (0)v2(0)− EIu′′1(0)v′2(0)− EI 〈u′′1 , v′′2 〉+ EIu′′′1 (l)v3

−(ρ 〈u2, x〉+ mlu3)(Kρ 〈x, v2〉+ Kmlv3) (4.27)

´Ñ§¹Ñé¹¶‰ÒàÃÒãË‰

v′′1 (l) = v2(0) = v′2(0) = 0, v3 = v2(l)
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¹íÒä»á·¹ã¹ (4.27) ¨Ðä´‰ÇˆÒ

〈Au, v〉 = −EIu2(l)v′′′1 (l) + EI 〈u2, v
′′′′
1 〉 − EI 〈u′′1 , v′′2 〉 − (ρ 〈u2, x〉+ mlu3)(Kρ 〈x, v2〉+ Kmlv3)

= mu3

(
−EI

m
v′′′1 (l)

)
+ ρ

〈
u2,

EI

ρ
v′′′′1

〉
+ EI 〈u′′1 ,−v′′2 〉

+ρ
〈
u2,−Kx(ρ 〈x, v2〉+ mlv3)

〉
+ mu3 [−Kl(ρ 〈x, v2〉+ mlv3)]

= EI 〈u′′1 ,−v′′2 〉+ ρ

〈
u2,

EI

ρ
v′′′′1 −Kx(ρ 〈v2, x〉+ mlv3)

〉
+mu3

(
−EI

m
v′′′1 (l)−Kl(ρ 〈v2, x〉+ mlv3)

)

=

〈
u1

u2

u3

 ,


−v2

EI
ρ v′′′′1 −Kx(ρ 〈v2, x〉+ mlv3)

−EI
m v′′′1 (l)−Kl(ρ 〈v2, x〉+ mlv3)


〉

¨Ðä´‰ÇˆÒµÑÇ´íÒà¹Ô¹¡ÒÃ¼Ù¡¾Ñ¹¢Í§ A ¤×Í

A∗ =


0 −I 0

EI
ρ

∂4

∂x4 −Kxρ 〈·, x〉 −Kxml

−EI
m

∂3

∂x3 |x=l −Kρl 〈·, x〉 −Klml

 (4.28)

D(A∗) =
{
(v1, v2, v3) ∈ H4(0, l)⊕H2

0 (0, l)⊕ C | v2(0) = v′2(0) = v′′1 (l) = 0, v3 = v2(l)
}

·ÄÉ®Õº· 4.8 A à»“¹µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§¢Í§¡Öè§¡ÅØˆÁË´µÑÇ

¾ÔÊÙ¨¹Œ ¾Ô¨ÒÃ³Ò

〈Au, u〉H =

〈
u2

−EI
ρ u′′′′1 −Kx (ρ 〈u2, x〉+ mlu3)

−Kl (ρ 〈u2, x〉+ mlu3) + EI
m u′′′1 (l)

 ,


u1

u2

u3


〉
H

= EI 〈u′′2 , u′′1〉+ ρ

〈
−EI

ρ
u′′′′1 , u2

〉
− ρ 〈Kx [ρ 〈u2, x〉+ mlu3] , u2〉

+m

〈
−Kl [ρ 〈u2, x〉+ mlu3] +

EI

m
u′′′1 (l), u3

〉
C

= EI 〈u′′2 , u′′1〉 − EI 〈u′′′′1 , u2〉 −K [ρ 〈u2, x〉+ mlu3] 〈ρx, u2〉

−Kml [ρ 〈u2, x〉+ mlu3]u3 + EIu′′′1 (l)u3

= EI〈u′′1 , u′′2〉 − EI 〈u′′1 , u′′2〉 − EIu′′′1 (l)u2(l)

−K [ρ 〈u2, x〉+ mlu3]
(
ρ〈u2, x〉+ mlu3

)
+ EIu′′′1 (l)u3

= EI〈u′′1 , u′′2〉 − EI 〈u′′1 , u′′2〉 −K |ρ 〈u2, x〉+ mlu3|2

Re 〈Au, u〉H = −K |ρ 〈u2, x〉+ mlu3|2 ≤ 0 (4.29)
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·íÒ¹Í§à´ÕÂÇ¡Ñ¹ ¨Ðä´‰ÇˆÒ

〈A∗u, u〉H =

〈
−u2

EI
ρ u′′′′1 −Kx (ρ 〈u2, x〉+ mlu3)

−Kl (ρ 〈u2, x〉+ mlu3)− EI
m u′′′1 (l)

 ,


u1

u2

u3


〉
H

= −EI 〈u′′2 , u′′1〉+ ρ

〈
EI

ρ
u′′′′1 , u2

〉
− ρ 〈Kx [ρ 〈u2, x〉+ mlu3] , u2〉

+m

〈
−Kl [ρ 〈u2, x〉+ mlu3]−

EI

m
u′′′1 (l), u3

〉
C

= −EI 〈u′′2 , u′′1〉+ EI 〈u′′′′1 , u2〉 −K [ρ 〈u2, x〉+ mlu3] 〈ρx, u2〉

−Kml [ρ 〈u2, x〉+ mlu3]u3 − EIu′′′1 (l)u3

= −EI〈u′′1 , u′′2〉+ EI 〈u′′1 , u′′2〉+ EIu′′′1 (l)u2(l)

−K [ρ 〈u2, x〉+ mlu3]
[
ρ〈u2, x〉+ mlu3

]
− EIu′′′1 (l)u3

= −EI〈u′′1 , u′′2〉+ EI 〈u′′1 , u′′2〉 −K |ρ 〈u2, x〉+ mlu3|2

´Ñ§¹Ñé¹

Re 〈A∗u, u〉H = −K |ρ 〈u2, x〉+ mlu3|2 ≤ 0 (4.30)

à¹×èÍ§¨Ò¡ A à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ»”´ â´ÂÁÕ D(A) Ë¹Òá¹ˆ¹ã¹ H áÅÐ¨Ò¡ÊÁ¡ÒÃ (4.29) áÅÐ (4.30) ¨Ð¾º

ÇˆÒÊÁ¡ÒÃ (3.6)-(3.7) ã¹·ÄÉ®Õº· 3.10 à»“¹¨ÃÔ§ã¹¡Ã³Õ·Õè ω = 0 «Öè§¨Ðä´‰ÇˆÒ A ¡ˆÍ¡íÒà¹Ô´¡Öè§¡ÅØˆÁË´µÑÇ ¹Ñè¹

¤×Í ‖T (t)‖ ≤ 1 �

4.3 ÊÃØ»

¨Ò¡¼ÅÅÑ¾¸Œ·ÕèÇˆÒ¡Öè§¡ÅØˆÁ·Õèä´‰¨Ò¡ÃÐººÇ§»”´à»“¹¡Öè§¡ÅØˆÁË´µÑÇ ¨Ðä´‰ÇˆÒ¡ÒÃ»„Í¹¡ÅÑº·ÕèàÊ¹Í¢Öé¹·íÒãË‰ÃÐºº

Ç§»”´ÁÕàÊ¶ÕÂÃÀÒ¾µÒÁ¹ÑÂ¢Í§àÅÕÂ»Ù¹Í¿ áµˆà¹×èÍ§¨Ò¡àÃÒÊÒÁÒÃ¶¹ÔÂÒÁ·Í¾ÍâÅÂÕ·Õèáµ¡µˆÒ§¡Ñ¹ä´‰ËÅÒÂ

áººã¹»ÃÔÀÙÁÔÁÔµÔÍ¹Ñ¹µŒ ·íÒãË‰ÃÐººÁÔµÔÍ¹Ñ¹µŒÊÒÁÒÃ¶ÁÕàÊ¶ÕÂÃÀÒ¾·Õèáµ¡µˆÒ§¡Ñ¹ àªˆ¹ àÊ¶ÕÂÃÀÒ¾áººÍˆÍ¹

àÊ¶ÕÂÃÀÒ¾áººà¢‰Á áÅÐàÊ¶ÕÂÃÀÒ¾áººàÅ¢ªÕé¡íÒÅÑ§ à»“¹µ‰¹ â´Âã¹º·µˆÍä» àÃÒ¨ÐÇÔà¤ÃÒÐËŒàÊ¶ÕÂÃÀÒ¾

àªÔ§àÊ‰¹¡íÒ¡Ñº â´Âãª‰¡ÒÃÇÔà¤ÃÒÐËŒàªÔ§Êà»¡µÃÑÁ¢Í§µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§¢Í§ÃÐººÇ§»”´



º··Õè 5

¡ÒÃÇÔà¤ÃÒÐËŒàÊ¶ÕÂÃ¶Ò¾¢Í§ÃÐººÇ§»”´àªÔ§Êà»¡µÃÑÁ

ã¹º·¹Õé¨Ð¡ÅˆÒÇ¶Ö§¡ÒÃÇÔà¤ÃÒÐËŒÊà»¡µÃÑÁ¢Í§µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§¢Í§ÃÐººá¢¹ËØˆ¹Â¹µŒáººÍˆÍ¹µÑÇ ·ÕèÁÕ

¡ÒÃ»„Í¹¡ÅÑº´‰ÇÂ¡¯¡ÒÃ¤Çº¤ØÁ·ÕèàÊ¹Í¢Öé¹ â´Âã¹ËÑÇ¢‰Í 5.1 ¨ÐáÊ´§ãË‰àËç¹ÇˆÒ à«µÊà»¡µÃÑÁ´Ñ§¡ÅˆÒÇ

»ÃÐ¡Íº´‰ÇÂ¤ˆÒà©¾ÒÐ·Õèà»“¹àÍ¡à·È áÅÐÁÕÀÒÇÐÃÒ¡«íéÒ¨íÒ¡Ñ´à·ˆÒ¹Ñé¹ â´ÂäÁˆÁÕÊà»¡µÃÑÁµˆÍà¹×èÍ§ áÅÐ

Êà»¡µÃÑÁµ¡¤‰Ò§ «Öè§¨Ð·íÒãË‰¡ÒÃÇÔà¤ÃÒÐËŒàÊ¶ÕÂÃÀÒ¾Ç§»”´ã¹àªÔ§·ÄÉ®ÕÃÐººÁÔµÔÍ¹Ñ¹µŒ Å´¤ÇÒÁ«Ñº«‰Í¹

ÂØˆ§ÂÒ¡ä»ä´‰ÃÐ´ÑºË¹Öè§ áÅÐã¹ËÑÇ¢‰Í 5.2 ¨Ð¾ºÇˆÒ¤ˆÒà©¾ÒÐ¹Ñé¹à»“¹¤íÒµÍº¢Í§ÊÁ¡ÒÃÅÑ¡É³Ðà©¾ÒÐ¢Í§

µÑÇ´íÒà¹Ô¹¡ÒÃ A ·Õèä´‰¨Ò¡ÃÐººÇ§»”´ ´Ñ§ÊÁ¡ÒÃ (5.32) µˆÍÁÒã¹ËÑÇ¢‰Í 5.3 ¨ÐÇÔà¤ÃÒÐËŒÊˆÇ¹¨ÃÔ§¢Í§

¤ˆÒà©¾ÒÐ ÇˆÒÁÕ¤ˆÒà©¾ÒÐ·ÕèÍÂÙˆ·Ò§¢ÇÒÁ×Í¢Í§ÃÐ¹Òºà»”´àªÔ§«‰Í¹ËÃ×ÍäÁˆ «Öè§¨Ð¹íÒä»ãª‰ã¹ÊˆÇ¹ÊØ´·‰ÒÂ ã¹ËÑÇ

¢‰Í 5.4 ¤×Í¡ÒÃÇÔà¤ÃÒÐËŒàÊ¶ÕÂÃÀÒ¾àªÔ§àÊ‰¹¡íÒ¡Ñº¢Í§ÃÐººÇ§»”´ «Öè§à»“¹¼ÅÅÑ¾¸Œ·ÕèÊíÒ¤Ñ­¢Í§§Ò¹ÇÔ¨ÑÂ¹Õé

5.1 Êà»¡µÃÑÁ¢Í§µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§¢Í§ÃÐººÇ§»”´

¡ˆÍ¹Í×è¹àÃÒ¨ÐáÊ´§ãË‰àËç¹ÇˆÒ à«µ¢Í§Êà»¡µÃÑÁ´Ñ§¡ÅˆÒÇ á·‰·Õè¨ÃÔ§áÅ‰Ç»ÃÐ¡Íº´‰ÇÂ¤ˆÒà©¾ÒÐà·ˆÒ¹Ñé¹ â´Â

ÍÒÈÑÂ¨Ò¡·ÄÉ®Õ´Ñ§µˆÍä»¹Õé

·ÄÉ®Õº· 5.1 ãË‰ A à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃàªÔ§àÊ‰¹»”´·ÕèÁÕ 0 ∈ ρ(A) áÅÐ A−1 à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑºáÅ‰Ç
¨Ðä´‰ÇˆÒÊà»¡µÃÑÁ¢Í§ A ¨Ð»ÃÐ¡Íºä»´‰ÇÂ¤ˆÒà©¾ÒÐ·Õèà»“¹àÍ¡à·ÈáÅÐÁÕÀÒÇÐÃÒ¡«íéÒ¨íÒ¡Ñ´à·ˆÒ¹Ñé¹

à¹×èÍ§¨Ò¡àÃÒä´‰¾ÔÊÙ¨¹ŒáÅ‰ÇÇˆÒ A à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃàªÔ§àÊ‰¹»”´·ÕèÁÕ 0 ∈ ρ(A) ´Ñ§¹Ñé¹ ¨Ö§àËÅ×ÍáµˆÊˆÇ¹
¡ÒÃ¾ÔÊÙ¨¹ŒÇˆÒ A−1 à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº «Öè§áÊ´§ä´‰¨Ò¡º·µÑé§ 5.2 ´Ñ§¹Õé

º·µÑé§ 5.2 µÑÇ´íÒà¹Ô¹¡ÒÃ A−1 ·Õè¹ÔÂÒÁã¹ (4.15) à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº
¾ÔÊÙ¨¹Œ A−1 ÊÒÁÒÃ¶à¢ÕÂ¹ä´‰ã¹ÃÙ»áºº

A−1 =


T1 T2 T3

I 0 0

T4 0 0


¨ÐàËç¹ÇˆÒ ¶‰ÒËÒ¡áµˆÅÐ Ti áÅÐ I à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº·Ñé§ËÁ´áÅ‰Ç A−1 ¡ç¨Ðà»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº

´‰ÇÂ ´Ñ§¹Ñé¹àÃÒ¨Ð¾ÔÊÙ¨¹Œ¨Ò¡áµˆÅÐ¡Ã³Õ ´Ñ§¹Õé

1. ¾Ô¨ÒÃ³Ò T1 : H2
0 (0, l) → H2

0 (0, l)

T1v =
K

EI
q2(x)(ρ 〈v, x〉+ mlv(l))
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ãË‰ SN à»“¹à«µÁÕ¢Íºà¢µ¢Í§ v ∈ H2
0 (0, l) ·Õè ‖v‖H2

0
≤ N

‖T1v‖H2
0

=
K

EI
‖q2(x)‖H2

0
|ρ 〈v, x〉+ mlv(l)|

≤ K

EI
‖q2(x)‖H2

0
(ρ| 〈v, x〉 |+ ml|v(l)|)

≤ K

EI
‖q2(x)‖H2

0

{
ρl

√
l

3
‖v‖L2 + mlM1‖v‖H2

0

}
(5.1)

≤ K

EI
‖q2(x)‖H2

0

{
ρl

√
l

3
N ′ + mlM1N

}
(5.2)

≤ M2

â´Â·ÕèÊÁ¡ÒÃ (5.1) ä´‰¨Ò¡ (¡.4) áÅÐÍÊÁ¡ÒÃ¢Í§â¤ªÕ-ªÇÒµªŒ áÅÐ¨Ò¡ÊÁ¡ÒÃ (4.10) ¨Ðä´‰à»“¹´Ñ§

ÊÁ¡ÒÃ (5.2)

´Ñ§¹Ñé¹ àÃÒ¨Ðä´‰ÇˆÒ T1v ÁÕ¢Íºà¢µáººàÍ¡ÃÙ»

à¹×èÍ§¨Ò¡ q2(x) à»“¹¿’§¡ŒªÑ¹µˆÍà¹×èÍ§ ¹Ñè¹¤×Í

∀x0 ∈ (0, l),∀ε1 > 0, ∃δ1 > 0 ·Õè·íÒãË‰

|x− x0| < δ1 ⇒ ‖q2(x)− q2(x0)‖ < ε1

àÁ×èÍ¾Ô¨ÒÃ³Ò

‖T1v(x)− T1v(x0)‖ =
K

EI
|ρ 〈v, x〉+ mlv(l)|‖q2(x)− q2(x0)‖

≤ K

EI

{
ρl

√
l

3
N ′ + mlM1N

}
‖q2(x)− q2(x0)‖

´Ñ§¹Ñé¹¶‰ÒãË‰ ε = EIε1/K(ρl
√

l
3N ′ + mlM1N) ¨Ðä´‰ÇˆÒ

|x− x0| < δ1 ⇒ ‖T1v(x)− T1v(x0)‖ < ε

â´ÂÊÑ§à¡µÇˆÒ¡ÒÃàÅ×Í¡ δ1 ¹Ñé¹ äÁˆä´‰¢Öé¹ÍÂÙˆ¡ÑºÊÁÒªÔ¡ v ∈ SN «Öè§¡çËÁÒÂ¤ÇÒÁÇˆÒ T1v µˆÍà¹×èÍ§áººà·ˆÒ¡Ñ¹

(equicontinuous)́ Ñ§¹Ñé¹¨Ò¡·ÄÉ®Õº·¢Í§ÍÒÃŒà«ÅÒ ÀÒ¾¢Í§ T1v à»“¹à«µ¡ˆÍ¹¡ÃÐªÑº (precompact set)«Öè§

¡ç¤×Í T1 à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº

2. ¾Ô¨ÒÃ³Ò T2 : L2(0, l) → H2
0 (0, l)

T2v = − ρ

EI

∫ x

0

∫ x4

0

∫ l

x3

∫ l

x2

v(x1)dx1dx2dx3dx4

ãË‰ f ∈ L2(0, l) áÅÐ χS à»“¹¿’§¡ŒªÑ¹ÅÑ¡É³Ðà©¾ÒÐ¢Í§à«µ S à¹×èÍ§¨Ò¡∫
[0,l]

∫
[0,l]

χ(0,x)dxdy = xl < ∞, 0 ≤ x ≤ l

¨Ðä´‰ÇˆÒ χ(0,x) ∈ L2[0, l]× L2[0, l] ´Ñ§¹Ñé¹µÑÇ´íÒà¹Ô¹¡ÒÃ

Af =
∫ x

0

f(τ)dτ =
∫ l

0

χ(0,x)f(τ)dτ
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¨Ðà»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº¨Ò¡ L2(0, l) → L2(0, l) (·ÄÉ®Õº· ¡.12) àÃÒÊÒÁÒÃ¶¾Ô¨ÒÃ³Ò T2 ÇˆÒ

à»“¹¿’§¡ŒªÑ¹»ÃÐ¡Íº¢Í§µÑÇ´íÒà¹Ô¹¡ÒÃ A ´Ñ§¢‰Ò§µ‰¹ä´‰ áÅÐà¹×èÍ§¨Ò¡¿’§¡ŒªÑ¹»ÃÐ¡Íº¢Í§µÑÇ´íÒà¹Ô¹¡ÒÃ

¡ÃÐªÑº ¡ç¨Ðà»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº àÃÒ¨Ö§ÊÒÁÒÃ¶ÊÃØ»ä´‰ÇˆÒ T2 à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº

3. ¾Ô¨ÒÃ³Ò T3 : C → H2
0 (0, l)

T3v =
m

EI
q1(x)v

¡ÒÃ¾ÔÊÙ¨¹ŒÇˆÒ T3 à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº ÊÒÁÒÃ¶·íÒä´‰ã¹·íÒ¹Í§à´ÕÂÇ¡Ñºã¹¡Ã³Õ¢Í§ T1

4. I : H2
0 (0, l) → L2(0, l) à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº â´Â´Ùã¹·ÄÉ®Õº· ¡.3 ¢‰ÍÊÑ§à¡µ 3.

5. T5 : H2
0 (0, l) → C, T5v = v(l)

¨Ò¡ (¡.4) ¨ÐàËç¹ÇˆÒ T5 à»“¹¿’§¡ŒªÑ¹¹ÑÅàªÔ§àÊ‰¹ÁÕ¢Íºà¢µ áÅÐÀÒ¾¡ÒÃÊˆ§ÁÕÁÔµÔ¨íÒ¡Ñ´ à¾ÃÒÐ©Ð¹Ñé¹ T5 à»“¹

µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº

¨Ò¡·Ñé§ËÁ´´Ñ§¢‰Ò§µ‰¹ ÊÒÁÒÃ¶ÊÃØ»ä´‰ÇˆÒ A−1 à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº �

à¹×èÍ§¨Ò¡ 0 ∈ ρ(A), º·µÑé§ 5.2 áÅÐ¨Ò¡·ÄÉ®Õº· 5.1 ¨Ðä´‰ÇˆÒÊà»¡µÃÑÁ¢Í§ A ¨Ð»ÃÐ¡Íºä»´‰ÇÂ

¤ˆÒà©¾ÒÐ·Õèà»“¹àÍ¡à·È áÅÐÁÕÀÒÇÐÃÒ¡«íéÒà»“¹¨íÒ¹Ç¹¨íÒ¡Ñ´à·ˆÒ¹Ñé¹

5.2 ¡ÒÃËÒÊÁ¡ÒÃÅÑ¡É³Ðà©¾ÒÐ¢Í§ÃÐººÇ§»”´

àÁ×èÍàÃÒ·ÃÒºáÅ‰ÇÇˆÒà«µÊà»¡µÃÑÁÁÕáµˆ¤ˆÒà©¾ÒÐà·ˆÒ¹Ñé¹ µˆÍÁÒàÃÒ¨ÐáÊ´§ãË‰àËç¹ÇˆÒ¤ˆÒà©¾ÒÐ¨ÐËÒÁÒä´‰

ÍÂˆÒ§äÃ â´Â¾Ô¨ÒÃ³ÒÊÁ¡ÒÃ

Aφ(x) = λφ(x) (5.3)

â´Â λ, φ(x) =
[
φ1(x) φ2(x) φ3

]T
à»“¹¤ˆÒà©¾ÒÐáÅÐàÇ¡àµÍÃŒà©¾ÒÐ¢Í§µÑÇ´íÒà¹Ô¹¡ÒÃ A µÒÁÅíÒ´Ñº

¨Ò¡ÊÁ¡ÒÃ (4.11) ¨Ðä´‰ÇˆÒ

φ2(x) = λφ1(x) (5.4)

−EI

ρ
φ′′′′1 (x)−Kx [ρ 〈φ2, x〉+ mlφ3] = λφ2(x) (5.5)

EI

m
φ′′′1 (l)−Kl [ρ 〈φ2, x〉+ mlφ3] = λφ3 (5.6)

à¹×èÍ§¨Ò¡ φ ∈ D(A) ¨Ðä´‰ÇˆÒ φ3 = φ2(l) àÁ×èÍá·¹ (5.4) Å§ã¹ (5.5) ¨Ðä´‰

−EI

ρ
φ′′′′1 (x)−Kxλ [ρ 〈φ1, x〉+ mlφ1(l)] = λ2φ1(x)

¨Ðä´‰ÊÁ¡ÒÃ¢Í§ φ1(x) ¾Ã‰ÍÁ´‰ÇÂà§×èÍ¹ä¢¢Íºà¢µ ´Ñ§¹Õé

φ′′′′1 (x) +
ρλ2

EI
φ1(x) = −ρK

EI
λ [ρ 〈φ1, x〉+ mlφ1(l)] · x (5.7)

φ1(0) = φ′1(0) = φ′′1(l) = 0 (5.8)

φ′′′1 (l) =
Kml

EI
λ [ρ 〈φ1, x〉+ mlφ1(l)] +

m

EI
λ2φ1(l) (5.9)
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µˆÍä» àÃÒ¨Ðá¡‰ËÒ¤íÒµÍº¢Í§ÊÁ¡ÒÃ (5.7)-(5.9) â´ÂãË‰

φ1(x) = φh(x) + φp(x)

â´Â·Õè φh(x) ÊÍ´¤Å‰Í§¡Ñº

φ′′′′h (x) +
ρλ2

EI
φh(x) = 0 (5.10)

áÅÐ φp(x) ÊÍ´¤Å‰Í§¡Ñº

φ′′′′p (x) +
ρλ2

EI
φp(x) = −ρK

EI
λ [ρ 〈φ1, x〉+ mlφ1(l)] · x (5.11)

áÅÐ¹ÔÂÒÁ F (φ1) ≡ ρ 〈φ1, x〉+ mlφ1(l) à»“¹¤ˆÒ¤§µÑÇ (áµˆÇˆÒ¢Öé¹¡ÑºàÇ¡àµÍÃŒ φ1)

¡ˆÍ¹Í×è¹àÃÒ¨Ðá¡‰ÊÁ¡ÒÃËÒ φp(x) ¨Ò¡ (5.11) â´Â¨ÐàËç¹ÇˆÒ φp(x) ÊÒÁÒÃ¶à¢ÕÂ¹ä´‰ÍÂÙˆã¹ÃÙ»

φp(x) = a1x + a2

àÁ×èÍá·¹Å§ä»ã¹ (5.11) áÅ‰Çà·ÕÂºÊÑÁ»ÃÐÊÔ·¸Ôì ¨Ðä´‰ÇˆÒ

ρλ2

EI
(a1x + a2) = −ρK

EI
λF (φ1)x

´Ñ§¹Ñé¹ a1 = −KF (φ1)
λ áÅÐ a2 = 0 «Öè§·íÒãË‰

φp(x) = −KF (φ1)
λ

· x (5.12)

φp(0) = 0 , φ′p(0) = −KF (φ1)
λ

, φ′′p(l) = 0 , φ′′′p (l) = 0 (5.13)

¾Ô¨ÒÃ³ÒËÒ¤íÒµÍº φh(x) ¨Ò¡ (5.10) à»“¹ÊÁ¡ÒÃÍ¹Ø¾Ñ¹¸ŒÍÑ¹´ÑºÊÕè «Öè§ÁÕÊÁ¡ÒÃªˆÇÂà»“¹

m4 +
ρλ2

EI
= 0

m = ±
( ρ

EI

)1/4√
λi , ±

( ρ

EI

)1/4√
−λi

áµˆà¹×èÍ§¨Ò¡
√
−λi = i

√
λi ¨Ðä´‰ÇˆÒ

m = ±
( ρ

EI

)1/4√
λi , ±i

( ρ

EI

)1/4√
λi

¶‰ÒãË‰ β = (ρ/EI)1/4
√

λi ¨Ðä´‰ÇˆÒ

β2 = i

√
ρ

EI
· λ ËÃ×Í λ = −iβ2

√
EI

ρ
(5.14)

áÅÐ

m = ±β , ±iβ

´Ñ§¹Ñé¹ φh(x) ¨ÐÍÂÙˆã¹ÃÙ»

φh(x) = c1 cosh(βx) + c2 cos(βx) + c3 sinh(βx) + c4 sin(βx)
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à¹×èÍ§¨Ò¡ φ1(0) = φh(x) + φp(0) = 0 ¨Ðä´‰ÇˆÒ c1 + c2 = 0 ´Ñ§¹Ñé¹

φh(x) = c1[cosh(βx)− cos(βx)] + c3 sinh(βx) + c4 sin(βx)

φ′h(x) = β {c1[sinh(βx) + sin(βx)] + c3 cosh(βx) + c4 cos(βx)}

φ′′h(x) = β2 {c1[cosh(βx) + cos(βx)] + c3 sinh(βx)− c4 sin(βx)}

φ′′′h (x) = β3 {c1[sinh(βx)− sin(βx)] + c3 cosh(βx)− c4 cos(βx)}

µˆÍä»à¾×èÍ¤ÇÒÁ¡ÃÐªÑº ¨Ðãª‰ÊÑ­ÅÑ¡É³Œ´Ñ§¹Õé

s ≡ sin(βl) c ≡ cos(βl) sh ≡ sinh(βl) ch ≡ cosh(βl)

¨Ò¡ (5.8) φ′1(0) = φ′h(0) + φ′p(0) = 0 ¨Ðä´‰ÇˆÒ

β(c3 + c4)−
K

λ
F (φ1) = 0 (5.15)

áÅÐ¨Ò¡ (5.8) φ′′1(l) = φ′′h(l) + φ′′p(l) = 0 ¨Ðä´‰ÇˆÒ

β2 {c1(ch + c) + c3 · sh− c4 · s} = 0 (5.16)

áÅÐ¨Ò¡ (5.9) ¨Ðä´‰ÇˆÒ

β3 {c1(sh− s) + c3 · ch− c4 · c} =
Kmlλ

EI
F (φ1) +

mλ2

EI
φ1(l)

=
Kmlλ

EI
F (φ1) +

mλ2

EI

{
c1(ch− c) + c3 · sh + c4 · s−

Kl

λ
F (φ1)

}
=

mλ2

EI
{c1(ch− c) + c3 · sh + c4 · s}

c1

{
β3(sh− s)− mλ2

EI
(ch− c)

}
+ c3

{
β3 · ch− mλ2

EI
sh
}

+ c4

{
−β3 · c− mλ2

EI
s
}

= 0

c1

{
β3(sh− s) +

mβ4

ρ
(ch− c)

}
+ c3

{
β3 · ch +

mβ4

ρ
sh
}

+ c4

{
−β3 · c +

mβ4

ρ
s
}

= 0 (5.17)

¨Ò¡ (5.15) ¨ÐàËç¹ÇˆÒàÃÒµ‰Í§¤íÒ¹Ç³ F (φ1) à¹×èÍ§¨Ò¡ÂÑ§à»“¹¿’§¡ŒªÑ¹¢Í§ c1, c2, c3 ÍÂÙˆ

¾Ô¨ÒÃ³Ò

〈φ1, x〉 = 〈φh, x〉+ 〈φp, x〉

=
∫ l

0

{
c1(cosh(βx)− cos(βx)) + c3 sinh(βx) + c4 sin(βx)− K

λ
F (φ1) · x

}
xdx

= c1

{
x

β
(sinh(βx)− sin(βx))− 1

β2
(cosh(βx) + cos(βx))

}l

0

+ c3

{
x cosh(βx)

β
− sinh(βx)

β2

}l

0

+c4

{
−x cos(βx)

β
+

sin(βx)
β2

}l

0

−KF (φ1)
λ

x3

3

∣∣∣∣l
0

= c1

{
l(sh− s)

β
− (ch + c)

β2
+

2
β2

}
+ c3

{
l · ch

β
− sh

β2

}
+ c4

{
− l · c

β
+

s
β2

}
− KF (φ1)

λ

l3

3

=
c1

β2
[βl(sh− s)− (ch + c) + 2] +

c3

β2
[βl · ch− sh] +

c4

β2
[−βl · c + s]− KF (φ1)

λ

l3

3
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´Ñ§¹Ñé¹

F (φ1) = ρ 〈φ1, x〉+ mlφ1(l)

=
c1

β2
[ρβl(sh− s)− ρ(ch + c) + 2ρ] +

c3

β2
[ρβl · ch− ρ · sh] +

c4

β2
[−ρβl · c + ρ · s]− ρKl3

3λ
F (φ1)

+c1ml(ch− c) + c3ml · sh + c4ml · s− Kml2

λ
F (φ1)

F (φ1)
(

1 +
ρKl3

3λ
+

Kml2

λ

)
=

c1

β2
[ρβl(sh− s)− ρ(ch + c) + 2ρ + mlβ2(ch− c)]

+
c3

β2
[ρβl · ch− ρ · sh + mlβ2 · sh] +

c4

β2
[−ρβl · c + ρ · s + mlβ2 · s]

¹Ñè¹¤×Í

F (φ1) =
λ[f1(λ)c1 + f3(λ)c3 + f4(λ)c4]

g(λ)
(5.18)

àÁ×èÍ

f1(λ) = ρβl(sh− s)− ρ(ch + c) + 2ρ + mlβ2(ch− c) (5.19)

f3(λ) = ρβl · ch− ρ · sh + mlβ2 · sh (5.20)

f4(λ) = −ρβl · c + ρ · s + mlβ2 · s (5.21)

g(λ) = β2(λ +
ρKl3

3
+ Kml2) (5.22)

àÁ×èÍá·¹ (5.18) Å§ã¹ (5.15) ¨Ðä´‰ÇˆÒ

β(c3 + c4)−
K

g(λ)
(f1(λ)c1 + f3(λ)c3 + f4(λ)c4) = 0 (5.23)

à¹×èÍ§¨Ò¡ λ = 0 /∈ σp(A) ´Ñ§¹Ñé¹¨Ò¡ (5.16)-(5.17) ¨Ðä´‰ÇˆÒ

c1(ch + c) + c3 · sh− c4 · s = 0 (5.24)

c1

{
(sh− s) +

mβ

ρ
(ch− c)

}
+ c3

{
ch +

mβ

ρ
sh
}

+ c4

{
−c +

mβ

ρ
s
}

= 0 (5.25)

φ(x) 6= 0 ¡çµˆÍàÁ×èÍ c1, c3, c4 äÁˆà·ˆÒ¡ÑºÈÙ¹ÂŒ¾Ã‰ÍÁ¡Ñ¹·Ñé§ËÁ´ ´Ñ§¹Ñé¹¨Ò¡ (5.23)-(5.25) ¨Ðä´‰∣∣∣∣∣∣∣∣
Kf1(λ)

g(λ)
Kf3(λ)

g(λ) − β Kf4(λ)
g(λ) − β

ch + c sh −s

(sh− s) + mβ
ρ (ch− c) ch + mβ

ρ sh −c + mβ
ρ s

∣∣∣∣∣∣∣∣ = 0

ËÃ×Í

Kf1(λ)
g(λ)

{
sh
(
−c +

mβ

ρ
· s
)

+ s
(

ch +
mβ

ρ
· sh
)}

+
{

Kf3(λ)
g(λ)

− β

}{
−s
(

sh− s +
mβ

ρ
(ch− c)

)
− (ch + c)

(
−c +

mβ

ρ
· s
)}

+
{

Kf4(λ)
g(λ)

− β

}{
(ch + c)

(
ch +

mβ

ρ
· sh
)
− sh

(
sh− s +

mβ

ρ
(ch− c)

)}
= 0
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Kf1(λ)
g(λ)

{
−sh · c + ch · s +

mβ

ρ
(2s · sh)

}
+
{

Kf3(λ)
g(λ)

− β

}{
1 + ch · c− sh · s +

mβ

ρ
(−2ch · s)

}
+
{

Kf4(λ)
g(λ)

− β

}{
1 + ch · c + sh · s +

mβ

ρ
(2sh · c)

}
= 0

Kf1(λ)
g(λ)

{
ch · s− sh · c +

mβ

ρ
(2s · sh)

}
+

Kf3(λ)
g(λ)

{
1 + ch · c− sh · s− mβ

ρ
(2ch · s)

}
+

Kf4(λ)
g(λ)

{
1 + ch · c + sh · s +

mβ

ρ
(2sh · c)

}
− β

{
2 + 2ch · c +

2mβ

ρ
(sh · c− ch · s)

}
= 0

K

g(λ)
{f1(λ)(ch · s− sh · c) + f3(λ)(1 + ch · c− sh · s) + f4(λ)(1 + ch · c + sh · s)}

+
2Kmβ

ρg(λ)
{f1(λ) · sh · s− f3(λ) · ch · s + f4(λ) · sh · c} − 2β

{
1 + ch · c +

mβ

ρ
(sh · c− ch · s)

}
= 0

(5.26)

ãË‰

S1(λ) = f1(λ)(ch · s− sh · c) + f3(λ)(1 + ch · c− sh · s) + f4(λ)(1 + ch · c + sh · s) (5.27)

S2(λ) = f1(λ) · sh · s− f3(λ) · ch · s + f4(λ) · sh · c (5.28)

¨Ò¡ (5.26) ¨Ðä´‰ÇˆÒ

1
g(λ)

{
KS1(λ) +

2KmβS2(λ)
ρ

}
− 2β

{
1 + ch · c +

mβ

ρ
(sh · c− ch · s)

}
= 0 (5.29)

¨Ò¡ (5.19)-(5.21) ¨Ð¤íÒ¹Ç³ S1, S2 ´Ñ§¹Õé

S1(λ) = ρlβ {(sh− s)(ch · s− sh · c) + ch(1 + ch · c− sh · s)− c(1 + ch · c + sh · s)}

+ρ {−(ch + c)(ch · s− sh · c)− sh(1 + ch · c− sh · s) + s(1 + ch · c + sh · s)}

+2ρ(ch · s− sh · c)

+mlβ2 {(ch− c)(ch · s− sh · c) + sh(1 + ch · c− sh · s) + s(1 + ch · c + sh · s)}

= ρlβ
{
sh · ch · s− sh2 · c− ch · s2 + sh · s · c + ch + ch2 · c− sh · ch · s− c− ch · c2 − sh · s · c

}
+ρ
{
−ch2 · s + sh · ch · c− ch · s · c + sh · c2 − sh− sh · ch · c + sh2 · s + s + ch · s · c + sh · s2

}
+2ρ(ch · s− sh · c)

+mlβ2
{
ch2 · s− sh · ch · c− ch · s · c + sh · c2 + sh + sh · ch · c− sh2 · s + s + ch · s · c + sh · s2

}
= 2ρ(ch · s− sh · c) + 2mlβ2(sh + s) (5.30)
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S2(λ) = ρlβ
{
sh · s · (sh− s)− ch · s · ch− sh · c2

}
+ ρ {−(ch + c) · sh · s + sh · ch · s + sh · s · c}

+2ρ · sh · s + mlβ2 {(ch− c) · sh · s− sh · ch · s + sh · s · c}

= ρlβ
{
sh2 · s− sh · s2 − ch2 · s− sh · c2

}
+ρ {−sh · ch · s− sh · s · c + sh · ch · s + sh · s · c}+ 2ρ · sh · s

= −ρlβ(sh + s) + 2ρ · sh · s (5.31)

¹íÒ (5.30)-(5.31) ä»á·¹ã¹ (5.29) ¨Ðä´‰ÇˆÒ

1
g(λ)

{
2ρK(ch · s− sh · c) + 2Kmlβ2(sh + s) +

2Kmβ

ρ
(−ρlβ(sh + s) + 2ρ · sh · s)

}
− 2β

{
1 + ch · c +

mβ

ρ
(sh · c− ch · s)

}
= 0

àÁ×èÍá·¹¤ˆÒ g(λ) ¨Ò¡ (5.22) ¨Ðä´‰ÇˆÒÊÁ¡ÒÃÅÑ¡É³Ðà©¾ÒÐ¢Í§µÑÇ´íÒà¹Ô¹¡ÒÃ A ·Õèä´‰¨Ò¡ÃÐººÇ§»”´ ¤×Í

ρK(sh · c− ch · s)− 2Kmlβ · sh · s
β2(λ + ρKl3

3 + Kml2)
+ β

{
1 + ch · c +

mβ

ρ
(sh · c− ch · s)

}
= 0 (5.32)

5.3 ¡ÒÃÇÔà¤ÃÒÐËŒµíÒáË¹ˆ§¢Í§¤ˆÒà©¾ÒÐ

¨Ò¡ËÑÇ¢‰Í 5.2 ¶Ö§áÁ‰àÃÒ¨ÐËÒ¤ˆÒà©¾ÒÐä´‰¨Ò¡¡ÒÃá¡‰ÊÁ¡ÒÃ (5.32) áµˆàÃÒ¡çäÁˆÊÒÁÒÃ¶ËÒ¤íÒµÍº·Ñé§ËÁ´

´‰ÇÂ¤ÍÁ¾ÔÇàµÍÃŒ «Öè§ÁÕà»“¹¨íÒ¹Ç¹Í¹Ñ¹µŒä´‰ ´Ñ§¹Ñé¹ ã¹ËÑÇ¢‰Í¹ÕéàÃÒ¨ÐáÊ´§ãË‰àËç¹ÇˆÒ ÊˆÇ¹¨ÃÔ§¢Í§¤ˆÒà©¾ÒÐ

·Ñé§ËÁ´ÁÕ¤ˆÒ¹‰ÍÂ¡ÇˆÒÈÙ¹ÂŒ «Öè§¨ÐÍÒÈÑÂº·µÑé§ 5.3 ´Ñ§¹Õé

º·µÑé§ 5.3 ¶‰ÒãË‰ λ áÅÐ φ(x) =
[
φ1(x) λφ1(x) λ2φ1(l)

]T
à»“¹¤ˆÒà©¾ÒÐáÅÐàÇ¡àµÍÃŒà©¾ÒÐ¢Í§ A

µÒÁÅíÒ´ÑºáÅ‰Ç ¨Ðä´‰ÇˆÒ
ρ 〈φ1, x〉+ mlφ1(l) 6= 0

¾ÔÊÙ¨¹Œ àÃÒ¨Ð¾ÔÊÙ¨¹Œâ´Âãª‰ÇÔ¸Õ¡ÒÃ¢‰Í¢Ñ´áÂ‰§ â´ÂãË‰ F (φ1) ≡ ρ 〈φ1, x〉 + mlφ1(l) = 0 ¨Ò¡ (5.15) ¨Ðä´‰ÇˆÒ

c4 = −c3 àÁ×èÍ¹íÒä»á·¹ã¹ (5.18),(5.24) áÅÐ (5.25) ¨Ðä´‰ÇˆÒ

c1(ch + c) + c3(sh + s) = 0 (5.33)

c1

{
(sh− s) +

mβ

ρ
(ch− c)

}
+ c3

{
(ch + c) +

mβ

ρ
(sh− s)

}
= 0 (5.34)

c1

{
ρlβ(sh− s)− ρ(ch + c) + 2ρ + mlβ2(ch− c)

}
+ c3

{
ρlβ(ch + c)− ρ(sh + s) + mlβ2(sh− s)

}
= 0

(5.35)

àÃÒ¨ÐáÊ´§ãË‰àËç¹ÇˆÒ·Ñé§ÊÒÁÊÁ¡ÒÃ ¨ÐÁÕà¾ÕÂ§¤íÒµÍº c1 = c3 = 0 à·ˆÒ¹Ñé¹ â´Âà¢ÕÂ¹ã¹ÃÙ»´Ñ§µˆÍä»¹Õé


(ch + c) (sh + s)

(sh− s) + mβ
ρ (ch− c) (ch + c) + mβ

ρ (sh− s)

ρlβ(sh− s)− ρ(ch + c) + 2ρ + mlβ2(ch− c) ρlβ(ch + c)− ρ(sh + s) + mlβ2(sh− s)


[
c1

c3

]
=

[
0

0

]
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â´Â·íÒ¡ÒÃ´íÒà¹Ô¹¡ÒÃµÒÁá¶Ç

R3 − ρlβR2 → R3


(ch + c) (sh + s)

(sh− s) + mβ
ρ (ch− c) (ch + c) + mβ

ρ (sh− s)

−ρ(ch + c) + 2ρ −ρ(sh + s)


[
c1

c3

]
=

[
0

0

]

R3 + ρR1 → R3


(ch + c) (sh + s)

(sh− s) + mβ
ρ (ch− c) (ch + c) + mβ

ρ (sh− s)

2ρ 0


[
c1

c3

]
=

[
0

0

]

¨Ðä´‰ÇˆÒ c1 = 0 áÅÐ¨Ò¡º·µÑé§ ¡.17 ¨Ðä´‰ÇˆÒ sh + s áÅÐ (ch + c) + mβ
ρ (sh − s) äÁˆà»“¹ÈÙ¹ÂŒ¾Ã‰ÍÁ¡Ñ¹ ·Õè

¤ˆÒ β à´ÕÂÇ¡Ñ¹ ´Ñ§¹Ñé¹ c3 = 0 «Öè§·íÒãË‰ φ1(x) = 0 áÅÐ φ(x) ¨ÐäÁˆà»“¹àÇ¡àµÍÃŒà©¾ÒÐ¢Í§ A «Öè§à»“¹¡ÒÃ

¢Ñ´áÂ‰§ �

¨Ò¡ËÑÇ¢‰Í 5.2 àÃÒ¨Ð¾ºÇˆÒ¤ˆÒà©¾ÒÐ¢Í§ A ·Ø¡æ ¤ˆÒ ¨ÐÊÍ´¤Å‰Í§µÒÁÊÁ¡ÒÃ (5.7)-(5.9) «Öè§¨ÐÂ¡

ÁÒÍÕ¡¤ÃÑé§ ´Ñ§¹Õé

φ′′′′1 (x) +
ρλ2

EI
φ1(x) = −ρK

EI
λ [ρ 〈φ1, x〉+ mlφ1(l)] · x (5.36)

φ1(0) = φ′1(0) = φ′′1(l) = 0 (5.37)

φ′′′1 (l) =
Kml

EI
λ [ρ 〈φ1, x〉+ mlφ1(l)] +

m

EI
λ2φ1(l) (5.38)

¨Ò¡ (5.36) àÁ×èÍËÒ¼Å¤Ù³ÀÒÂã¹¡Ñº φ1 ¨Ðä´‰

〈φ′′′′1 , φ1〉+
ρλ2

EI
〈φ1, φ1〉+

ρKλ

EI
(ρ 〈φ1, x〉+ mlφ1(l)) 〈x, φ1〉 = 0 (5.39)

à¹×èÍ§¨Ò¡

〈φ′′′′1 , φ1〉 =
∫ l

0

φ′′′′1 φ1dx

= φ′′′1 φ1 |l0 −
∫ l

0

φ′′′1 φ′1dx

= φ′′′1 (l)φ1(l)− φ′′1φ′1 |l0 +
∫ l

0

φ′′1φ′′1dx = φ′′′1 (l)φ1(l) + ‖φ′′‖2

=
{

Kml

EI
λ [ρ 〈φ1, x〉+ mlφ1(l)] +

m

EI
λ2φ1(l)

}
φ1(l) + ‖φ′′‖2

= λ
ρKml

EI
〈φ1, x〉φ1(l) + λ

Km2l2

EI
|φ1(l)|2 + λ2 m

EI
|φ1(l)|2 + ‖φ′′‖2

¹íÒä»á·¹ã¹ (5.39) ¨Ðä´‰ÇˆÒ

λρKml 〈φ1, x〉φ1(l) + λKm2l2|φ1(l)|2 + λ2m|φ1(l)|2 + EI‖φ′′‖2

+ ρλ2‖φ1‖2 + λρ2K| 〈φ1, x〉 |2 + λρKmlφ1(l) 〈x, φ1〉 = 0

λ2
{
m|φ1(l)|2 + ρ‖φ1‖2

}
+ EI‖φ′′‖2

+ λ
{

ρKml 〈φ1, x〉φ1(l) + Km2l2|φ1(l)|2 + ρ2K| 〈φ1, x〉 |2 + ρKmlφ1(l) 〈x, φ1〉
}

= 0
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λ2
{
m|φ1(l)|2 + ρ‖φ1‖2

}
+ λK

{
ρ2| 〈φ1, x〉 |2 + 2ρmlRe(φ1(l) 〈x, φ1〉) + m2l2|φ1(l)|2

}
+ EI‖φ′′‖2 = 0

λ2
{
m|φ1(l)|2 + ρ‖φ1‖2

}
+ λK |ρ 〈φ1, x〉+ mlφ1(l)|2 + EI‖φ′′‖2 = 0 (5.40)

ãË‰ λ = a + ib ÊÁ¡ÒÃ (5.40) ÊÒÁÒÃ¶à¢ÕÂ¹ä´‰´Ñ§¹Õé

(a2 − b2 + i2ab)
{
m|φ1(l)|2 + ρ‖φ1‖2

}
+ (a + ib)K |ρ 〈φ1, x〉+ mlφ1(l)|2 + EI‖φ′′‖2 = 0 (5.41)

«Öè§ÊÒÁÒÃ¶áÂ¡ÍÍ¡à»“¹ÊÍ§ÊÁ¡ÒÃ ¤×Í

(a2 − b2)(m|φ1(l)|2 + ρ‖φ1‖2) + a ·K |ρ 〈φ1, x〉+ mlφ1(l)|2 + EI‖φ′′‖2 = 0 (5.42)

2ab(m|φ1(l)|2 + ρ‖φ1‖2) + b ·K |ρ 〈φ1, x〉+ mlφ1(l)|2 = 0 (5.43)

¾Ô¨ÒÃ³ÒàÁ×èÍ b = 0 ¨Ò¡ (5.42) ¨Ðä´‰ÇˆÒ

a2(m|φ1(l)|2 + ρ‖φ1‖2) + a ·K |ρ 〈φ1, x〉+ mlφ1(l)|2 + EI‖φ′′‖2 = 0

«Öè§ÊÒÁÒÃ¶¾Ô¨ÒÃ³Òä´‰ÇˆÒà»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ¡íÒÅÑ§ÊÍ§¢Í§ a áÅÐ¨Ò¡º·µÑé§ 5.3 ¨Ðä´‰ÇˆÒÊÑÁ»ÃÐÊÔ·¸Ôì·Ñé§

ËÁ´à»“¹¤ˆÒ¨ÃÔ§ºÇ¡ ´Ñ§¹Ñé¹ÃÒ¡¤íÒµÍº a ·Ñé§ËÁ´µ‰Í§¹‰ÍÂ¡ÇˆÒÈÙ¹ÂŒ

¾Ô¨ÒÃ³ÒàÁ×èÍ b 6= 0 ¨Ò¡ (5.43) ¨Ðä´‰ÇˆÒ

a = −K |ρ 〈φ1, x〉+ mlφ1(l)|2

2(m|φ1(l)|2 + ρ‖φ1‖2)
< 0

¡ÅˆÒÇ¤×Í Re(λ) < 0 ¹Ñè¹àÍ§

ÊÁÁµÔãË‰ ¶‰Ò a = 0 ¨Ò¡ (5.43) ¨Ðä´‰ÇˆÒ b = 0 áµˆà¹×èÍ§¨Ò¡á·¹ a = b = 0 Å§ã¹ (5.42) áÅ‰Ç¨Ðä´‰

ÇˆÒ ‖φ′′1‖ = 0 «Öè§¨Ò¡à§×èÍ¹ä¢¢Íºà¢µ ·íÒãË‰ä´‰ÇˆÒ φ1 = 0 ´Ñ§¹Ñé¹ λ = a + ib = 0 ¨Ö§äÁˆãªˆ¤ˆÒà©¾ÒÐ¢Í§ A

5.4 àÊ¶ÕÂÃÀÒ¾Ç§»”´

à¹×èÍ§¨Ò¡ σ(A) = σP (A) áÅÐã¹¡Ã³Õ¤ˆÒ K < ∞ ¤ˆÒà©¾ÒÐ·Ñé§ËÁ´ÁÕÊˆÇ¹¨ÃÔ§¹‰ÍÂ¡ÇˆÒÈÙ¹ÂŒ «Öè§¡ç

¤×ÍäÁˆÁÕ¤ˆÒà©¾ÒÐº¹á¡¹¨Ô¹µÀÒ¾ ¨Ðä´‰ÇˆÒ σ(A) ∪ iR à»“¹à«µÇˆÒ§ «Öè§à»“¹à«µ¹Ñºä´‰ áÅÐà¹×èÍ§¨Ò¡

σP (A∗) = σr(A) = ∅ ¹Í¡¨Ò¡¹Õé ¡Öè§¡ÅØˆÁ¢Í§ÃÐººÇ§»”´·Õèä´‰ à»“¹¡Öè§¡ÅØˆÁáººË´µÑÇ «Öè§¡ç¤×Íà»“¹¡Öè§¡ÅØˆÁ

ÁÕ¢Íºà¢µáººàÍ¡ÃÙ» ´Ñ§¹Ñé¹ ¨Ò¡·ÄÉ®Õº· 3.14 ¨Ðä´‰ÇˆÒ¡Öè§¡ÅØˆÁ¢Í§ÃÐººÇ§»”´¹Ñé¹ ÁÕàÊ¶ÕÂÃÀÒ¾àªÔ§àÊ‰¹

¡íÒ¡Ñº

5.5 ÊÃØ»

ã¹º·¹Õéä´‰áÊ´§ãË‰àËç¹ÇˆÒ ¡ÒÃ»„Í¹¡ÅÑº·ÕèàÊ¹Í¢Öé¹ÊÒÁÒÃ¶·íÒãË‰ÃÐººÇ§»”´ ÁÕàÊ¶ÕÂÃÀÒ¾àªÔ§àÊ‰¹¡íÒ¡Ñºä´‰

«Öè§¾ÔÊÙ¨¹Œâ´ÂÍÒÈÑÂ¡ÒÃ¾Ô¨ÒÃ³Òà«µ¢Í§Êà»¡µÃÑÁ¢Í§µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§ ·Õè»ÃÐ¡Íºä»´‰ÇÂ¤ˆÒà©¾ÒÐà·ˆÒ

¹Ñé¹ áÅÐáÊ´§ãË‰àËç¹ÇˆÒ äÁˆÁÕ¤ˆÒà©¾ÒÐã´àÅÂ·ÕèÍÂÙˆº¹á¡¹¨Ô¹µÀÒ¾ ¨Ò¡¹Ñé¹ÍÒÈÑÂ·ÄÉ®Õº·¢Í§ Arendt,

Batty, LyubicháÅÐ Vu (·ÄÉ®Õº· 3.14) ã¹¡ÒÃÊÃØ»àÊ¶ÕÂÃÀÒ¾¢Í§ÃÐººÇ§»”´



º··Õè 6

º·ÊÃØ»áÅÐ¢‰ÍàÊ¹Íá¹Ð

6.1 º·ÊÃØ»

ã¹ÇÔ·ÂÒ¹Ô¾¹¸Œ¹Õé ä´‰¾Ô¨ÒÃ³Ò»’­ËÒ¤Çº¤ØÁÃÐººá¢¹ËØˆ¹Â¹µŒ¢‰ÍµˆÍà´ÕÂÇáººÍˆÍ¹µÑÇ â´Â¾Ô¨ÒÃ³Òã¹á¹Ç

·Ò§ÃÐºº¤Çº¤ØÁÁÔµÔÍ¹Ñ¹µŒ ÊÔè§·Õè¹íÒàÊ¹ÍãËÁˆ ¤×Í¡ÒÃ¾Ô¨ÒÃ³Òáºº¨íÒÅÍ§·ÕèÃÇÁ¾Ô¡Ñ´ÁØÁ¢Í§ÁÍàµÍÃŒ áÅÐ

ÁÇÅ·ÕèµíÒáË¹ˆ§»ÅÒÂäÇ‰ã¹áºº¨íÒÅÍ§¾Ã‰ÍÁæ ¡Ñ¹ ã¹§Ò¹ÇÔ¨ÑÂ¹Õéä´‰àÊ¹Í¡ÒÃ»„Í¹¡ÅÑº¼ˆÒ¹·Ò§¤ÇÒÁàÃˆ§

àªÔ§ÁØÁ¢Í§ÁÍàµÍÃŒ «Öè§¡¯¡ÒÃ¤Çº¤ØÁà»“¹¼ÅÃÇÁàªÔ§àÊ‰¹¢Í§¡ÒÃàºÕèÂ§àº¹·ÕèµíÒáË¹ˆ§»ÅÒÂ ¡Ñº¿’§¡ŒªÑ¹¹ÑÅ

àªÔ§àÊ‰¹¢Í§¡ÒÃàºÕèÂ§àº¹¢Í§á¢¹ µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§¢Í§ÃÐººÇ§Ç¹»”´·Õèä´‰ ¡ˆÍ¡íÒà¹Ô´¡Öè§¡ÅØˆÁáººË´

µÑÇ ÂÔè§ä»¡ÇˆÒ¹Ñé¹ à«µÊà»¡µÃÑÁ¢Í§µÑÇ¡ˆÍ¡íÒà¹Ô´¹‰ÍÂÂÔè§´Ñ§¡ÅˆÒÇ »ÃÐ¡Íºä»´‰ÇÂ¤ˆÒà©¾ÒÐà·ˆÒ¹Ñé¹ áÅÐ¤ˆÒ

à©¾ÒÐ·Ñé§ËÁ´ÁÕÊˆÇ¹¨ÃÔ§¹‰ÍÂ¡ÇˆÒÈÙ¹ÂŒ «Öè§ÊÒÁÒÃ¶¾ÔÊÙ¨¹ŒµˆÍÁÒä´‰ÇˆÒ ÃÐººÇ§»”´ÁÕàÊ¶ÕÂÃÀÒ¾àªÔ§àÊ‰¹¡íÒ¡Ñº

ÊíÒËÃÑº¡®¡ÒÃ¤Çº¤ØÁ·Õèãª‰¹Õé ¨ÐàËç¹ÇˆÒÁÕ¢‰Í´Õ¤×Í ÊÒÁÒÃ¶ÃÑº»ÃÐ¡Ñ¹àÊ¶ÕÂÃÀÒ¾Ç§»”´áººàªÔ§àÊ‰¹

¡íÒ¡Ñº ä´‰·Õè·Ø¡æ ¤ˆÒ K > 0 áµˆã¹¢³Ðà´ÕÂÇ¡Ñ¹ ¡çÁÕ¢‰ÍàÊÕÂ¤×Í à¹×èÍ§¨Ò¡ÁÕ¾¨¹Œ·ÕèÍÂÙˆã¹ÃÙ»¿’§¡ŒªÑ¹¹ÑÅàªÔ§àÊ‰¹

¢Í§ÃÐÂÐàºÕèÂ§àº¹¢Í§á¢¹ µÑÇ¤Çº¤ØÁ·Õèä´‰¨Ö§ÁÕÁÔµÔÍ¹Ñ¹µŒ ã¹¡ÒÃ¹íÒä»ãª‰§Ò¹¨ÃÔ§ ¨Ö§µ‰Í§»ÃÐÁÒ³¾¨¹Œ´Ñ§

¡ÅˆÒÇã¹µÑÇ¤Çº¤ØÁ áÅÐÍÒ¨¨ÐÊˆ§¼ÅµˆÍàÊ¶ÕÂÃÀÒ¾ä´‰ «Öè§à»“¹»’­ËÒà»”´ (open problem)·Õèµ‰Í§ÈÖ¡ÉÒÇÔ¨ÑÂ

µˆÍä»

6.2 ¢‰ÍàÊ¹Íá¹Ð

§Ò¹ÇÔ¨ÑÂ¹Õéä´‰àÊ¹Íá¹Ç·Ò§¡ÒÃÇÔà¤ÃÒÐËŒã¹àªÔ§·ÄÉ®Õ ¤×Í¡ÒÃàÊ¹Í¡®¡ÒÃ¤Çº¤ØÁáÅÐ¡ÒÃ¾ÔÊÙ¨¹ŒàÊ¶ÕÂÃÀÒ¾

´Ñ§¹Ñé¹ÊíÒËÃÑº§Ò¹ÇÔ¨ÑÂã¹á¹Ç»ÃÐÂØ¡µŒ ·Õè¤ÇÃ¨Ð·íÒµˆÍä»¤×Í ¡ÒÃ¹íÒµÑÇ¤Çº¤ØÁ·ÕèàÊ¹Í¢Öé¹ä»ãª‰ã¹¡ÒÃ¤Çº

¤ØÁ¨ÃÔ§ áµˆà¹×èÍ§¨Ò¡µÑÇ¤Çº¤ØÁ·Õèä´‰à»“¹µÑÇ¤Çº¤ØÁÁÔµÔÍ¹Ñ¹µŒ ¨Ö§µ‰Í§ÁÕ¡ÒÃ»ÃÐÁÒ³µÑÇ¤Çº¤ØÁãË‰ÍÂÙˆã¹ÃÙ»

ÁÔµÔ¨íÒ¡Ñ´ «Öè§ÍÒ¨·íÒãË‰à¡Ô´»’­ËÒ´‰Ò¹àÊ¶ÕÂÃÀÒ¾ä´‰ ´Ñ§¹Ñé¹¨Ö§ÁÕËÑÇ¢‰Í·Ò§·ÄÉ®Õ·Õèµ‰Í§·íÒÇÔ¨ÑÂµˆÍ ¤×Í

¡ÒÃ·´ÅÍ§ËÒµÑÇ¤Çº¤ØÁÁÔµÔ¨íÒ¡Ñ´ ·ÕèÊÒÁÒÃ¶»ÃÐ¡Ñ¹àÊ¶ÕÂÃÀÒ¾¢Í§ÃÐººä´‰µˆÍä»
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ÀÒ¤¼¹Ç¡



ÀÒ¤¼¹Ç¡ ¡

ÀÒ¤¼¹Ç¡

ã¹ÀÒ¤¼¹Ç¡¹Õé àÃÒ¨Ð¡ÅˆÒÇ¶Ö§¹ÔÂÒÁáÅÐ¼ÅÅÑ¾¸ŒµˆÒ§æ ·Õè¨íÒà»“¹ ·Õè¨Ðãª‰ã¹ÇÔ·ÂÒ¹Ô¾¹¸Œ¹Õé

¡.1 ¹ÔÂÒÁáÅÐ·ÄÉ®Õº··Ò§¤³ÔµÈÒÊµÃŒÇÔà¤ÃÒÐËŒàªÔ§¿’§¡ŒªÑ¹

¹ÔÂÒÁ ¡.1 ãË‰ X áÅÐ Y à»“¹»ÃÔÀÙÁÔºÒ¹Ò¤ àÃÒ¨Ð¡ÅˆÒÇÇˆÒ X ¶Ù¡½’§ã¹ Y (X is imbedded inY ) áÅÐà¢ÕÂ¹
á·¹´‰ÇÂ X → Y ¶‰Ò

1. X à»“¹»ÃÔÀÙÁÔàÇ¡àµÍÃŒÂˆÍÂ¢Í§ Y

2. µÑÇ´íÒà¹Ô¹¡ÒÃàÍ¡ÅÑ¡É³Œ I : X → Y à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃµˆÍà¹×èÍ§ ¡ÅˆÒÇ¤×ÍÁÕ M > 0 «Öè§

‖Ix‖Y ≤ M‖x‖X , ∀x ∈ X

·ÄÉ®Õº· ¡.2 (·ÄÉ®Õº·¡ÒÃ½’§ã¹¢Í§â«âºàÅ¿) [20] ãË‰ Ω à»“¹â´àÁ¹ã¹ R , j, m ∈ N ∪ {0} áÅÐ
1 ≤ p < ∞ ¨Ðä´‰ÇˆÒ

Hj+m(Ω) → Cj
B(Ω) (¡.1)

Hj+m(Ω) → Cj,λ(Ω) , 0 < λ ≤ m− 1
2

(¡.2)

·ÄÉ®Õº· ¡.3 (·ÄÉ®Õº·¡ÒÃ½’§ã¹¢Í§ÎÔÅáºÃŒµ-ªÁÔ´·Œ) ãË‰ Ω à»“¹â´àÁ¹ã¹ R áÅÐ m, k ∈ N∪ {0} â´Â·Õè
k > 1/2 ¨Ðä´‰ÇˆÒ

I : Hm+k(Ω) → Hm(Ω) (¡.3)

à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº

¢‰ÍÊÑ§à¡µ

1. ¨Ò¡ (¡.1) ¶‰ÒãË‰ j = 3,m = 1 ¨Ðä´‰ÇˆÒ H4(0, l) → C3
B(0, l) áÅÐàÁ×èÍãË‰ j = 1,m = 1 ¨Ðä´‰

ÇˆÒ H2(0, l) → C1
B(0, l) «Öè§¡ç¤×ÍàÃÒÊÒÁÒÃ¶¾Ô¨ÒÃ³Ò¿’§¡ŒªÑ¹·ÕèÍÂÙˆã¹»ÃÔÀÙÁÔ H4 ËÃ×Í H2 ÇˆÒà»“¹

¿’§¡ŒªÑ¹µˆÍà¹×èÍ§ä´‰ â´Â·Õè¨ÐÊÑ§à¡µàËç¹ÇˆÒ àÁ×èÍÍÑ¹´Ñº¢Í§»ÃÔÀÙÁÔâ«âºàÅ¿ÁÒ¡¢Öé¹ ¿’§¡ŒªÑ¹ã¹»ÃÔÀÙÁÔ¡ç

¨ÐÊÒÁÒÃ¶ËÒÍ¹Ø¾Ñ¹¸ŒÍÑ¹´ÑºÊÙ§¢Öé¹ä´‰

2. ¾Ô¨ÒÃ³Ò (¡.2) ã¹¡Ã³Õ j = 0,m = 2, 0 < λ ≤ 3/2 áÅÐ Ω = (0, l)

H2(0, l) → C0,λ[0, l]

´Ñ§¹Ñé¹¨Ò¡¹ÔÂÒÁ¡ÒÃ½’§ã¹ ¨Ðä´‰ÇˆÒ

‖u‖C0,λ[0,l] ≤ M‖u‖H2(0,l) ∀u ∈ H2(0, l)
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â´Â·Õè¹ÔÂÒÁ¹ÍÃŒÁ ã¹»ÃÔÀÙÁÔ Cm,λ(Ω) â´Â

‖u;Cm,λ(Ω)‖ = ‖u;Cm(Ω)‖+ max
0≤|α|≤m

sup
x,y∈Ω x6=y

|Dαu(x)−Dαu(y)|
|x− y|λ

´Ñ§¹Ñé¹ ¨Ðä´‰ÇˆÒ

‖u‖C[0,l] ≤ M‖u‖H2(0,l)

‖u‖C[0,l] ≤ M1‖u‖H2
0 (0,l) (à¹×èÍ§¨Ò¡ ‖ · ‖H2

0
∼ ‖ · ‖H2)

sup
x∈[0,l]

|u(x)| ≤ M1‖u′′‖

|u(l)| ≤ M1‖u′′‖ ∀u ∈ H2
0 (0, l) (¡.4)

¹Ñè¹¤×Í àÃÒÊÒÁÒÃ¶ËÒ¢Íºà¢µ¢Í§¢¹Ò´¢Í§¿’§¡ŒªÑ¹ã¹ H2
0 (0, l) ä´‰ â´Â¨Ð¶Ù¡¨íÒ¡Ñ´´‰ÇÂ¹ÍÃŒÁã¹

H2
0 (0, l) ¹Ñè¹àÍ§

3. ¨Ò¡ (¡.3) ã¹¡Ã³Õ·Õè m = 0, k = 2 ¨Ðä´‰ÇˆÒ I : H2(0, l) → L2(0, l) à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº áÅÐ

à¹×èÍ§¨Ò¡ H2
0 (0, l) ⊂ H2(0, l) ¨Ðä´‰ÇˆÒ I : H2

0 (0, l) → L2(0, l) à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº´‰ÇÂàªˆ¹¡Ñ¹

¹ÔÂÒÁ ¡.4 ¾Ô¨ÒÃ³ÒµÑÇ´íÒà¹Ô¹¡ÒÃàªÔ§àÊ‰¹»”´º¹»ÃÔÀÙÁÔºÒ¹Ò¤ X

A : D(A) ⊂ X → X

à«µá¡‰»’­ËÒ (resolvent set)¢Í§ A ¤×Í

ρ(A) =
{

λ ∈ C | λ−A ËÒµÑÇ¼¡¼Ñ¹ä´‰áÅÐµÑÇ¼¡¼Ñ¹ÁÕ¢Íºà¢µáÅÐ R(λ−A) Ë¹Òá¹ˆ¹ã¹ X
}

Êà»¡µÃÑÁ¢Í§ A ¤×Í σ(A) = C− ρ(A) «Öè§»ÃÐ¡Íºä»´‰ÇÂ 3 ÊˆÇ¹¤×Í

1. Êà»¡µÃÑÁ¨Ø´

σp(A) =
{

λ ∈ C | λ−A äÁˆÊÒÁÒÃ¶ËÒµÑÇ¼¡¼Ñ¹ä´‰
}

2. Êà»¡µÃÑÁµˆÍà¹×èÍ§

σc(A) =
{

λ ∈ C | λ−A ËÒµÑÇ¼¡¼Ñ¹ä´‰áµˆµÑÇ¼¡¼Ñ¹äÁˆÁÕ¢Íºà¢µáÅÐ R(λ−A) Ë¹Òá¹ˆ¹ã¹X
}

3. Êà»¡µÃÑÁµ¡¤‰Ò§

σr(A) =
{

λ ∈ C | R(λ−A) äÁˆË¹Òá¹ˆ¹ã¹ X
}

¨Ðä´‰ÇˆÒ σ(A) = σp(A) ∪ σc(A) ∪ σr(A)

¹ÔÂÒÁ ¡.5 »ÃÔÀÙÁÔÂˆÍÂ M ¢Í§»ÃÔÀÙÁÔ¹ÍÃŒÁàªÔ§àÊ‰¹ X ¨ÐË¹Òá¹ˆ¹ã¹ X ¶‰Ò M = X

¹ÔÂÒÁ ¡.6 ãË‰ M à»“¹»ÃÔÀÙÁÔÂˆÍÂ¢Í§»ÃÔÀÙÁÔ¹ÍÃŒÁàªÔ§àÊ‰¹ X àÃÒ¨Ð¡ÅˆÒÇÇˆÒ M à»“¹»ÃÔÀÙ×ÁÔÂˆÍÂ»”´¢Í§ X

¶‰ÒãË‰ xn ∈ M áÅÐ
xn → x =⇒ x ∈ M
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¹ÔÂÒÁ ¡.7 ¹ÍÃŒÁ ‖ · ‖ º¹»ÃÔÀÙÁÔàÇ¡àµÍÃŒ X ¨ÐÊÁÁÙÅ¡Ñº¹ÍÃŒÁ ‖ · ‖0 º¹ X ¶‰ÒÁÕ¤ˆÒ¨ÃÔ§ºÇ¡ a, b ÊíÒËÃÑº
·Ø¡æ x ∈ X ·Õè·íÒãË‰

a‖x‖0 ≤ ‖x‖ ≤ b‖x‖0

¹ÔÂÒÁ ¡.8 ãË‰ X, Y à»“¹»ÃÔÀÙÁÔ¹ÍÃŒÁàªÔ§àÊ‰¹ µÑÇ´íÒà¹Ô¹¡ÒÃàªÔ§àÊ‰¹ T : D(T ) ⊂ X → Y ¨Ðà»“¹µÑÇ´íÒà¹Ô¹
¡ÒÃ»”´ ¡çµˆÍàÁ×èÍ ãË‰ xn ∈ D(T ) áÅÐ xn → x ∈ X áÅÐ Txn → y áÅ‰Ç¨Ðä´‰ÇˆÒ x ∈ D(T ) áÅÐ Tx = v

·ÄÉ®Õº· ¡.9 (·ÄÉ®Õº·¡ÃÒ¿»”´) ãË‰ X áÅÐ Y à»“¹»ÃÔÀÙÁÔºÒ¹Ò¤ µÑÇ´íÒà¹Ô¹¡ÒÃàªÔ§àÊ‰¹ T : X → Y ¨Ð
à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃÁÕ¢Íºà¢µ ¡çµˆÍàÁ×èÍ à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ»”´

·ÄÉ®Õº· ¡.10 (·ÄÉ®Õº·¢Í§ÍÒÃŒà«ÅÒ) ãË‰ Ω à»“¹â´àÁ¹ÁÕ¢Íºà¢µº¹ R à«µÂˆÍÂ K ¢Í§ C(Ω) à»“¹
à«µ¡ˆÍ¹¡ÃÐªÑºã¹ C(Ω) ¡çµˆÍàÁ×èÍ

1. K ÁÕ¢Íºà¢µáººàÍ¡ÃÙ» ¹Ñè¹¤×Í

∃M s.t. ∀φ ∈ K, x ∈ Ω, |φ(x)| ≤ M

2. K µˆÍà¹×èÍ§áººà·ˆÒ¡Ñ¹ ¹Ñè¹¤×Í ∀φ ∈ K ∀x, y ∈ Ω

∀ε > 0,∃δ > 0 s.t. |x− y| < δ ⇒ |φ(x)− φ(y)| < ε

¹ÔÂÒÁ ¡.11 ãË‰ X, Y à»“¹»ÃÔÀÙÁÔ¹ÍÃŒÁàªÔ§àÊ‰¹ àÃÒ¨Ð¡ÅˆÒÇÇˆÒ T ∈ L(X, Y ) ¨Ðà»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº
¶‰Ò T Êˆ§¨Ò¡à«µÁÕ¢Íºà¢µº¹ X ä»ÂÑ§à«µ¡ˆÍ¹¡ÃÐªÑºº¹ Y

·ÄÉ®Õº· ¡.12 ãË‰ k(t, s) ∈ L2([a, b]× L2[a, b]) ¨Ðä´‰ÇˆÒ K : L2(a, b) → L2(a, b) ·Õè¹ÔÂÒÁâ´Â

(Ku)(t) =
∫ b

a

k(t, s)u(s)ds

à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ¡ÃÐªÑº

¹ÔÂÒÁ ¡.13 ¿’§¡ŒªÑ¹ F : R → C à»“¹¿’§¡ŒªÑ¹µˆÍà¹×èÍ§ÍÂˆÒ§ÊÑÁºÙÃ³Œ (absolutely continuous)¶‰Ò ÊíÒËÃÑº
·Ø¡æ ε > 0 ¨ÐÁÕ δ > 0 ·Õè·íÒãË‰

N∑
1

(bj − aj) < δ =⇒
N∑
1

|F (bj)− F (aj)| < ε

ÊíÒËÃÑºà«µ¨íÒ¡Ñ´ã´æ ¢Í§ªˆÇ§·ÕèäÁˆÁÕÊˆÇ¹ÃˆÇÁ (a1, b1), . . . , (aN , bN )

·ÄÉ®Õº· ¡.14 (·ÄÉ®Õº·ËÅÑ¡ÁÙÅá¤Å¤ÙÅÑÊÊíÒËÃÑº»ÃÔ¾Ñ¹¸ŒàÅÍàº¡) ãË‰ −∞ < a < b < ∞ áÅÐ F :

[a, b] → C ¢‰Í¤ÇÒÁµˆÍä»¹ÕéÊÁÁÙÅ¡Ñ¹

1. F à»“¹¿’§¡ŒªÑ¹µˆÍà¹×èÍ§ÍÂˆÒ§ÊÑÁºÙÃ³Œº¹ [a, b]

2. F (x)− F (a) =
∫ x

a
f(t)dt ÊíÒËÃÑººÒ§ f ∈ L1[a, b]

3. F ÊÒÁÒÃ¶ËÒÍ¹Ø¾Ñ¹¸Œä´‰à¡×Íº·Ø¡áËˆ§º¹ [a, b], F ′ ∈ L1[a, b] áÅÐ F (x)− F (a) =
∫ x

a
F ′(t)dt
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¡.2 ¡ÒÃ¾ÔÊÙ¨¹ŒàÃ×èÍ§Êà»¡µÃÑÁ

º·µÑé§ ¡.15 ãË‰

f1(x) = sinh2 x− sin2 x (¡.5)

f2(x) = sinh2 x− cos2 x + kx(sinh 2x + sin 2x) (¡.6)

â´Â·Õè k > 0 ¨Ðä´‰ÇˆÒ fi(x) à»“¹¿’§¡ŒªÑ¹¤Ùˆ áÅÐà»“¹¿’§¡ŒªÑ¹à¾ÔèÁÍÂˆÒ§à¢‰Á§Ç´ (strictly increasing)ã¹ªˆÇ§
R+

¾ÔÊÙ¨¹Œ à¹×èÍ§¨Ò¡ fi(x) = fi(−x) ¨Ðä´‰ÇˆÒ fi(x) à»“¹¿’§¡ŒªÑ¹¤Ùˆ

¨Ò¡

sinh(x) = x +
x3

3!
+

x5

5!
+

x7

7!
+

x9

9!
+ . . . cosh(x) = 1 +

x2

2!
+

x4

4!
+

x6

6!
+

x8

8!
+ . . .

sin(x) = x− x3

3!
+

x5

5!
− x7

7!
+

x9

9!
+ . . . cos(x) = 1− x2

2!
+

x4

4!
− x6

6!
+

x8

8!
+ . . .

áÅÐ

f ′1(x) = sinh(2x)− sin(2x)

= 2
(

(2x)3

3!
+

(2x)7

7!
+

(2x)11

11!
+ . . .

)
f ′2(x) = sinh(2x) + sin(2x) + k(sinh(2x) + sin(2x)) + kx(2 cosh(2x) + 2 cos(2x))

= (1 + k)(sinh(2x) + sin(2x)) + 2kx(cosh(2x) + cos(2x))

= 2(1 + k)
(

2x +
(2x)5

5!
+

(2x)9

9!
+

(2x)13

13!
+ . . .

)
+ 4kx

(
1 +

(2x)4

4!
+

(2x)8

8!
+

(2x)10

10!
+ . . .

)

¨ÐàËç¹ÇˆÒ f ′i(0) > 0 ∀x > 0 à¾ÃÒÐ©Ð¹Ñé¹ fi(x) à»“¹¿’§¡ŒªÑ¹à¾ÔèÁÍÂˆÒ§à¢‰Á§Ç´ã¹ R+ �

º·µÑé§ ¡.16 ãË‰ β = a + ib à»“¹¤íÒµÍº¢Í§áµˆÅÐÊÁ¡ÒÃ´Ñ§µˆÍä»¹Õé

h1(β) = sinh(βl) + sin(βl) = 0 (¡.7)

h2(β) = cosh(βl) + cos(βl) + kβ(sinh(βl)− sin(βl)) = 0 (¡.8)

àÁ×èÍ k > 0 à»“¹¤ˆÒ¤§µÑÇ ¨Ðä´‰ÇˆÒ ¤íÒµÍº¢Í§áµˆÅÐÊÁ¡ÒÃ ¨Ðà¡Ô´¢Öé¹àÁ×èÍ |a| = |b| à·ˆÒ¹Ñé¹

¾ÔÊÙ¨¹Œ

1. ¾Ô¨ÒÃ³ÒÊÁ¡ÒÃ (¡.7) ÊÒÁÒÃ¶áÂ¡ÍÍ¡ä´‰à»“¹ÊˆÇ¹¨ÃÔ§áÅÐÊˆÇ¹¨Ô¹µÀÒ¾´Ñ§¹Õé

cos(bl) sinh(al) + sin(al) cosh(bl) = 0 → cos(bl) sinh(al) = − sin(al) cosh(bl) (¡.9)

sin(bl) cosh(al) + cos(al) sinh(bl) = 0 → sin(bl) cosh(al) = − cos(al) sinh(bl) (¡.10)
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Â¡¡íÒÅÑ§ÊÍ§·Ñé§ÊÍ§¢‰Ò§¢Í§ (¡.9) áÅÐ (¡.10) áÅ‰Ç¹íÒÁÒºÇ¡¡Ñ¹ ¨Ðä´‰ÇˆÒ

cos2(bl) sinh2(al) + sin2(bl)(1 + sinh2(al)) = sin2(al)(1 + sinh2(bl)) + cos2(al) sinh2(bl)

sinh2(al) + sin2(bl) = sinh2(bl) + sin2(al)

sinh2(al)− sin2(al) = sinh2(bl)− sin2(bl) (¡.11)

ãË‰ f(x) = sinh2(x)− sin2(x) áÅÐ¨Ò¡º·µÑé§ ¡.15 ¨Ðä´‰ÇˆÒÊÁ¡ÒÃ (¡.11) ¨Ðà»“¹¨ÃÔ§ä´‰ ¡çµˆÍàÁ×èÍ |a| = |b|

2. µˆÍÁÒ¾Ô¨ÒÃ³ÒÊÁ¡ÒÃ (¡.8) áÅÐ´‰ÇÂÇÔ¸Õ·íÒ¹Í§à´ÕÂÇ¡Ñ¹

kβ sinh(βl) + cosh(βl) = kβ sin(βl)− cos(βl)

k(a + ib)[cos(bl) sinh(al) + i sin(bl) cosh(al)] + [cos(bl) cosh(al) + i sin(bl) sinh(al)] =

k(a + ib)[sin(al) cosh(bl) + i cos(al) sinh(bl)]− [cos(al) cosh(bl)− i sin(al) sinh(bl)]

àÁ×èÍáÂ¡ÍÍ¡à»“¹ÊÁ¡ÒÃÊˆÇ¹¨ÃÔ§áÅÐÊˆÇ¹¨Ô¹µÀÒ¾ ¨Ðä´‰ÇˆÒ

k[a cos(bl) sinh(al)− b sin(bl) cosh(al)] + cos(bl) cosh(al) =

k[a sin(al) cosh(bl)− b cos(al) sinh(bl)]− cos(al) cosh(bl) (¡.12)

k[a sin(bl) cosh(al) + b cos(bl) sinh(al)] + sin(bl) sinh(al) =

k[a cos(al) sinh(bl) + b sin(al) cosh(bl)] + sin(al) sinh(bl) (¡.13)

Â¡¡íÒÅÑ§ÊÍ§·Ñé§ÊÍ§¢‰Ò§¢Í§ (¡.12) áÅÐ (¡.13) áÅ‰Ç¹íÒÁÒºÇ¡¡Ñ¹ ¨Ðä´‰ÇˆÒ

k2
[
a2(sin2(bl) + sinh2(al)) + b2(sin2(bl) + sinh2(al))

]
+ cos2(bl) + sinh2(al) + k[a sinh(2al)− b sin(2bl)] =

k2
[
a2(sin2(al) + sinh2(bl)) + b2(sin2(al) + sinh2(bl))

]
+ cos2(al) + sinh2(bl) + k[−a sin(2al) + b sinh(2bl)]

k2(a2 + b2)[sin2(bl) + sinh2(al)] + cos2(bl) + sinh2(al) + k[a sinh(2al)− b sin(2bl)] =

k2(a2 + b2)[sin2(al) + sinh2(bl)] + cos2(al) + sinh2(bl) + k[−a sin(2al) + b sinh(2bl)]

k2(a2 + b2)[sinh2(al)− sin2(al)] + sinh2(al)− cos2(al) + ka[sinh(2al) + sin(2al)] =

k2(a2 + b2)[sinh2(bl)− sin2(bl)] + sinh2(bl)− cos2(bl) + kb[sinh(2bl) + sin(2bl)] (¡.14)

ãË‰

g1(x) = sinh2(xl)− sin2(xl), g2(x) = sinh2(xl)− cos2(xl) + kx[sinh(2xl) + sin(2xl)]
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â´Â·Õè ¨Ò¡º·µÑé§ ¡.15 g1, g2 à»“¹¿’§¡ŒªÑè¹¤ÙˆáÅÐà»“¹¿’§¡ŒªÑ¹à¾ÔèÁã¹ªˆÇ§¤ˆÒ¨ÃÔ§ºÇ¡ ¨Ðä´‰ÇˆÒ (¡.14) ¨Ð¡ÅÒÂ

à»“¹

k2(a2 + b2)g1(a) + g2(a) = k2(a2 + b2)g1(b) + g2(b)

´Ñ§¹Ñé¹ã¹¡Ã³Õ·Õè |a| > |b| ¨Ðä´‰ÇˆÒ

k2(a2 + b2)g1(a) + g2(a) > k2(a2 + b2)g1(b) + g2(b)

áÅÐ·íÒ¹Í§à´ÕÂÇ¡Ñ¹ ¶‰Ò |a| < |b| ¨Ðä´‰ÇˆÒ

k2(a2 + b2)g1(a) + g2(a) < k2(a2 + b2)g1(b) + g2(b)

´Ñ§¹Ñé¹ÊÁ¡ÒÃ´Ñ§¡ÅˆÒÇ¨Ðà»“¹¨ÃÔ§ä´‰ ¡çàËÅ×Íà¾ÕÂ§á¤ˆ¡Ã³Õà´ÕÂÇãË‰·´ÊÍº ¹Ñè¹¤×Í ¡Ã³Õ·Õè |a| = |b| «Öè§àÁ×èÍ
á·¹¤ˆÒáÅ‰Ç¨Ð¾ºÇˆÒÊÁ¡ÒÃà»“¹¨ÃÔ§ à¾ÃÒÐ©Ð¹Ñé¹¤íÒµÍº¨Ö§à¡Ô´¢Öé¹ä´‰àÁ×èÍ |a| = |b| à·ˆÒ¹Ñé¹ �

º·µÑé§ ¡.17 ãË‰ k > 0 à»“¹¤ˆÒ¤§µÑÇ áÅÐ β = a + ib à»“¹¤íÒµÍº¢Í§áµˆÅÐÊÁ¡ÒÃ´Ñ§µˆÍä»¹Õé

sinh(βl) + sin(βl) = 0 (¡.15)

cosh(βl) + cos(βl) + kβ(sinh(βl)− sin(βl)) = 0 (¡.16)

¨Ðä´‰ÇˆÒ ÃÒ¡·ÕèäÁˆà·ˆÒ¡ÑºÈÙ¹ÂŒ¢Í§·Ñé§ÊÍ§ÊÁ¡ÒÃäÁˆ«íéÒ¡Ñ¹

¾ÔÊÙ¨¹Œ ¨Ò¡º·µÑé§ ¡.16 àÃÒ¨Ðä´‰ÇˆÒ ¤íÒµÍº¢Í§áµˆÅÐÊÁ¡ÒÃ ¨Ðà¡Ô´¢Öé¹¡Ã³ÕàÁ×èÍ |a| = |b| à·ˆÒ¹Ñé¹ «Öè§·íÒãË‰

ÊÁ¡ÒÃ (¡.9)-(¡.10) áÅÐÊÁ¡ÒÃ (¡.12)-(¡.13) µˆÒ§Å´ÁÒàËÅ×Íá¤ˆÊÁ¡ÒÃà´ÕÂÇ ´Ñ§¹Õé

h1(β) = 0 ⇐⇒ h1a(a) = cos(al) sinh(al) + sin(al) cosh(al) = 0 (¡.17)

h2(β) = 0 ⇐⇒ h2a(a) = cos(al) cosh(al) + ka(cos(al) sinh(al)− sin(al) cosh(al)) = 0 (¡.18)

ãË‰ a0 à»“¹¤íÒµÍº¢Í§ÊÁ¡ÒÃ (¡.17) ¨Ðä´‰ÇˆÒ

sin(a0l) cosh(a0l) = − cos(a0l) sinh(a0l)

¹íÒä»á·¹ã¹ (¡.18) ¨Ðä´‰ÇˆÒ

h2a(a0) = cos(a0l) cosh(a0l) + 2k cos(a0l) sinh(a0l) (¡.19)

h2a(a0) = cos(a0l)[cosh(a0l) + 2k sinh(a0l)] (¡.20)

à¹×èÍ§¨Ò¡ cos(a0l) 6= 0 ( à¾ÃÒÐÇˆÒ ¶‰Òà»“¹àªˆ¹¹Ñé¹ sin(a0l) = 1 áÅÐ cosh(a0l) 6= 0 ∀a0 ∈ R ¨Ð·íÒ

ãË‰ÊÁ¡ÒÃ (¡.17) äÁˆà»“¹¨ÃÔ§)

´Ñ§¹Ñé¹ ¾Ô¨ÒÃ³Òà©¾ÒÐà·ÍÁ cosh(a0l) + 2ka0 sinh(a0l)

à¹×èÍ§¨Ò¡ ¶‰Ò

a0 > 0 ⇒ sinh(a0l) > 0 ⇒ a0 sinh(a0l) > 0

a0 < 0 ⇒ sinh(a0l) < 0 ⇒ a0 sinh(a0l) > 0
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à¾ÃÒÐ©Ð¹Ñé¹

cosh(a0l) + 2ka0 sinh(a0l) > 0 ∀a0 ∈ R

¨Ðä´‰ÇˆÒ ¶‰Ò a0 à»“¹¤íÒµÍº¢Í§ h1(a) = 0 áÅ‰Ç h2(a0) 6= 0 «Öè§¡ç¤×Í·Ñé§ÊÍ§ÊÁ¡ÒÃ äÁˆÁÕÃÒ¡«íéÒ¡Ñ¹¹Ñè¹àÍ§ �
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