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necessary decay rat itinuous shearlet transform
across scales ith and continuous
curvelet transfo egularity on a line in
a non-parallel direction js mu ‘A': than dire \\ gularity along the line

in a neighborhotd. Similar that f the Hart Smith and continuous curvelet
transforms, a set of necessary « 9ot 'r:’{ fi is direetion of singularity is that

the continuous shearlet transform decays order faster in directions “away”

from the direction of the line: wnn th ate in directions “near” the line
depends als the | al d ce fi : ﬁ)llel line containing
) :

the center of ,k tyrec.ti{:-nal regularity
based on paral:w_ ¢ scaling, sary @dition and sufficient

condition for a.naly?s the directional regularlty by discrete wavelet transform .
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transform is also valid

Il directions lacks the ability to

detect directional singularit)

been intmdliﬂ;t 00

ong lines. Many techniques have

24 ].‘éjmtinuuus curvelet
-

f:’.(:h in compressing

I
%

images with ed?' :

hence they should éeueﬁt. from the same techniques. In [27], curvelet transform

SEUH NN T

decay rates of the transform acrogs angles. It was &1 obtained that, eWnr

RIS A TR IR IR
q y 3. The sharpness of these estimates should be investigated further. hese

estimates depend heavily on the fact that the kernels of these two transforms sat-

singularity along curves and

isfy certain directional vanishing monents, smoothness and decay properties. It
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is then believed that similar theorems are true for parabolically scaled transforms

satisfying these directional vanishi oments, smoothness and decay properties.
More study on other exampl ' ould be done before a general
theory of transforms wi scalin termhzed There is another

"'--‘.._____

reason why we SEW

Smith transform uses

unsg' ot m Even though the Hart

truction formula involves

a Fourier multip! the other hand, curvelet

transform has a e parabolic scaling.

Based on the th z ith composite dilations[12], shearlet transform

similar to that of wave ansform. Thi | make it a better candidate for

This th } sl | ' Dﬁjer the continuous
- - -

transforms of a qqnf n functio y profftiﬁ. Here, we study

uniform and pmntw?e Halder regularities. We then go on to consider the situation

e NN TN

similar to those in [27], the shear version of the th&orﬁﬂn dir&ction of sing@t}'

RGNS ARIIREIRE

may give rise to some future applications. In the se
directional regularity and then analyze the directional regularity of function by the

discrete wavelet transforms.



We begin with notations-an ..-__,_' efinitions. wont this paper, we shall consider
- : e

1. points @ € B , ' e 5 oy “x4)" (the transpose of
(1, .oy Ta

2. points £ €' = (61, s Ea)-

3. For x,y @
(a) & +1 —I_[;;-"r +

(b) ax = (a ’?1, -

(f) &“f =F_lj"‘ s ¢ artiaﬂrivative with respect

to the z“‘ varmble

laﬂumﬂﬂmwmm
aﬁ”m\iﬁ?iﬁ mWW’ﬂ

0, = 4 f If!“du

and let L?(u) consist of all f for which || ||, < co. We call || ||, the L*-norm of f.




Example In R?;

1.e, the oder of the s

When Hilbert spaces are-used, the; stally denoted by H, unless they

already ha'-.re a name atician's convention and use

scalar pmdu rhich are linear in the first

{Aﬁﬂﬁ‘ 2t '_j_nEﬂl

As usual, we have‘u ) where @ t.es the complex conjugate of o,

R VA TS

sta.nda“example of such a Hilbert spa.ce is L*(R?),

QRN TUAITING 8 2

A standard inequality in a Hilbert space is the Cauchy-Schwarz inequality,

| (v, w) | < |Jvlf [Jw]] -



1.4 Fourier Transform

ach\pointwise continuous and
!
A\

nd g is defined as

a BNy N

Then we ha@r £)
A LJ

]
=l =

= e

Il M
(f9)(€) =

qyﬂ;mgwﬁwﬂwnﬁ
ammﬁmwﬂwﬂﬁ"ﬂ

Definition 1.5.1. Let @ > 0 and o ¢ N. A function f: R* — R is said to be

and

pointwise Holder regular with exponent o at w, denoted by f € C%(u), if there



exists a polynomial P, of degree less than a and a constant C' = C,, such that for

all x in a neighborhood of u

(L1)

P, of degree less
uniformly Héldes

Definition 1. A be a point in RY,

A function f: R4 egponent o at u in the
direction v, denoted by a‘gonstant C' = Cy, and a

polynomial P, , of deg

(L.2)

1. f is said to be
| -j.ll u € (Y there is

for all A € R with
ﬂg, then we denote C'“‘{ﬂl (o v slmpl_v by C*({2;;v).

lﬁﬂummm:ﬂmm
YL ket et

in the sense that there exist some constants € > 0 and e > 0 such that

a polynomial F.,E.Jof
u+Av e Q. If

[(t)] + |w'(8)] < for all t € R, (1.3)

G
1+ [l



the first two moments of ¢/ vanish, i.e.

(1.4)
and 1 satisfies admm:h ,
(1.5)
Such a function
These condit stated in this paper
hold for those fun lating the wavelet 9,

we obtain a t

The parameter b € R¢ meter, whereas a > 0 may

be interpreted as a scale pars define the wavelet transform of an

= v
arbitrary function f @ et 1 as follows.

Deﬁnltlon & 'g:a-.lil;; iiiiiiiiii VWavelet iranstormt. 1'he ron .F i OIS wﬂ.’uﬂ!ﬂt trﬂm'

- ) Lf(m)fbuam)dm—— RG }#m——bdm
ovefob bl g 4 ST VO RFRY

W;{a b
L. Daubeghies([5]) showed that for f ,g € L*(RY)

ama«mmwmaa

We have Parseval's Formula that for f € L*(RY),

| [ wie Pt = st (16)



Definition (Admissibility Condition). A function 9 is said to be admissible if

Observe that for anyé
_-h— - = ; -

Theorem 1.6
Let ¢ € L*(R) be,

T € R,

and the Plancherel Fafmul_a —

an
R Y )

Q L ""'“'T:-.-';:."' bl lﬁ.)
W S

=

A gy g Chara%riza ion

Let a ‘=' * He , low wavelet i satisfying the
RN
U |
[p®(a)| < (1 #fz]) ™2 for i =@y...k+]1 o

AWITANTIRAHULINE T

and

f"’ I%:‘.J(%';')I2 dE=1 with ¥(6) =0 if £<0.
L
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m Holder regularity thought

mfurm regularity of func-

Theorem 1.7.1. ' _ on f & LA er continuous with regu-
larity exponent qutvi if an 1s nsform with respect

to a wavelet ¥ sati;

Above theorem gi eriza o ’A the Holder regularity over intervals
¥ J i

but not at a point. The v Jaffard which found in [5, 15, 16,

:f
17, 18] shoe that one can also estimate
r!'s-r?"

a point xo. The theorems give s PSSATY and a sufficient condition, but

= the smoothness,

.&J

egularlity of function precisely at

not a necessary_and.

decaying and % A ;

Theorem 1.7. ‘ If a bounded function fis Holder mntm in oo with exponent

“Eﬁﬁﬂiﬁ zﬁdiﬁam A3

is su‘ml to a theorem proved be&r by S.Jaffard.

q 1&‘11 150 :ﬁa ed, a ﬁl
.q and continuous. .E"l, iar some and o € (0,1), there msia a cﬂnstanf. C' sue

that
|W(a,b)| < Ca®*3
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[22]). Given
@“

(IL1)

{1
when £ = (El,fﬁ R? with & # 0.

“E“Fm'ﬂ'}l MEINGINS

L“{R] satisfies the admusmb]hty condition, i.e.

A" ANNSINIINYIaY

and ¥, € C*(R) with supp; C [-2,—3]U[},2);

2. |lynll =1, and ¥ € C=(R) with supp i, C [~1,1] and ¥y > 0on (—1,1).
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Such a function v is called a shearlet function. A continuous shearlet system

is the set of functions generated b

;NE?ﬁmmﬂ

matrix . The tingots shearlet transform of f is then defined by

0 va \ “'
WA AR ER R R, t e 2
| \\H \

of »\ \ ameters to be specified

later.

Many properties of evident in the frequency

domain. A direct comp a_' '

%f-'uat(E ) :"

Th'llS. each { ctiol

\Wﬂ mz!,nm m:lm
ol PR BN ik 1T WIAY)

where
<1},

SUPP Vas

Theorem 2.1. tI—R""S—R ﬂndﬂbEszﬂz

{{Ex &) €R*: [§] > 2 and é
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Theorem 2.1.3. Let | = {a: 0 < a < 1}, S = {s: |s| € 2} and ¥ € L*(R?) be a

(I1.4)

where 1,51,1,37 are defiped S Defi ition 201 \ earlets ’P.Eﬂ are defined

=B "]' b A ) with Eo“’]I ET and

0 :
v = ve nuous shearlet system for L*(C™™))
0 a
where C'¥) i@ -

C and C™ are l]lL?l'ﬂ.tEd in Figure 2.1.1 {a. Similar to “horizontal” shearlet in

“FUH wmmm

SH™ f(a,s,t)

q WSS TRMIAT D L Y

1 2
supp Yot C {{fl ) &2 € [_E’-ﬁ [Za E] S _s }

&2
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o

-1 .8

Figure 2.1.1: (a) Ast illug

values of a and s. (from [22])
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Finally, let W(m] be such that W (€) € C=(R?) and

(~1/2,1/2], W
(F02fr= fsz'

. 77 - .
The functions gt » actually very similar. We will show in chapter I11
that ey and ¥'") have @sser gcay properties (see Lemma 3.2.2).

j, G. Kutyniok and

D. Labate [§] u_. whdﬁ Fourler transform is

supported in the m‘pe

ﬂUﬂ‘aMﬂﬂ'ﬁiWHﬂ 179 =

Th sample the scaling para?et.er of the contmunus shearlet transform I::;.r

QIR ATINYTEE

Note It is straightforward to verify that T, gy mDE, " Dp_ By Im- In fact,

Tp.,, Dy mDs, , 0o, V(@) = @] “Y((By,, Du,) ™ (& — By, Daym)
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=&
i
=a, W

=Dﬂa13

Hence, using the g8

\ ) L}
system \\\'\ h‘
A N

{¥ikm(z) = f ; @ ,. e \ <2 meZ, (I11.6)

whL, (IL7)

(11.8)

and i, € L*(R), ﬁvz‘g C*(R), supp i C [~1,1] satl,sfymg

ﬂﬁﬁ“ﬂ*ﬂﬂﬂﬁﬁﬂ‘?ﬂ‘i "

It follows that, for any j > 0,

A" AR AR TN &Y

Let us quote a result proved by K. Guo, D. Labate, W. Lim, G. Weiss, and E.

Wilson [14].
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[
H_ir
o

Figure 2.2.1: (a o tiling %&e i ency plane d by the shearlets.

The tiling of C is dllusteated in -r i'ﬁ the ti

Jis in dashed line. (b)

The frequency support bolic scaling. (from [10])

Lemma 2.2.1. Let ¢ € f' ) be such t pp Yt C [_%= %]2 and

o

A L)

M{m -m): ik €

|44 : |
Z,meZ is ‘l- Parseval frame for L*(R®). M

ATt b b (e

AR INYAE

2

where a,b € GL,

Mﬁ F(E)V(Earb*)e* Y ™ | det a|#| det b| 2 dE

JkEL meZt
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2

b 3§D

jkeZ meZ?

f F(mb~*a=3yd(m)e* ™| det a| 4| det b|~$dn

| W‘” det b| *dn

| e a’h’:j "'""--'

when Q = R2a’bk, (]

In 2006, Guo t'(IL6) is a Parseval frame

for L2(CY.
Theorem 2.2.2. Let Y€ L}(R2) be given in (Hi7), where v, and v, satisfy (I1.8)
and (11.9), respectively. J?' ystem (IL6) is a Parseval frame for L*(CY).

jEz

q mmg;u i ;]e’ﬂ PPN

In order to obtain a reproducing system for the larger space L*(R?), we will
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choose ") € L*(R?) such that

" Ve
We can construct in a a Pa ﬂﬁ[& ()Y, where

Finally, a Pars

can be constructed by esmooth window function.

In the next Chapter, we tially the same decay

properties (see Lemméa 3‘ |

AUINENINYINS
QRN IUNRIINYINY



"
VANISHING DIRECT: ONAL s AND DECAY

In this section we shall i e vanishing dire \.. al moments and decay prop-
erties of Vs proving theorems in
Chapter 1V.

3.1 Directional Properties of Shear-

let Function —_— ’_
LA MYIN TN
fet us deinklis P

et us de rﬁﬁj_y

direction v. 'L h

% ﬁg}muments along a

=

Definition 3.1 ,Lij A function [ of two variables is said tdl%ve an L-order direc-

tional vanishing m a!ang a direction (v, v2)" # 0 if

A ummmmmm

Dbser'.re that this is a general definition which re as to the deﬁmtmn
functmn have vanishing moments of order L. Notice from t!e deEnitmn that ,
vanishing directional moment along direction v if and only if the same holds along

direction —v.
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In the following proposition we show a relation between vanishing directional

moment property of ¥,, and 'rﬁ,.;u this property is also valid for vertical
shearlet system. \ ;

n:f v = (v;,1)7. Then

(i) thase has vanishing directional mome ‘%_ lonig the direction v if and only if

Proof. By astraightfurw ‘{“,L_‘ mtatior

i Ar—— — Y S— Y S ——— ——

,,,u AN
qwm»t’(ft‘imw"rﬁwmaﬂ

- —1
jb e b 4+ wy — s(wy — 13) db
\ V2 w




= [t (

which implies that

Conversely, as

=

B_.v. Letue%.ndw_ : M

ﬁuzﬁ':‘M&lmwm N9
q T T ek TTgT L)

Then foreachw € R*and 0 < n < L,

f b"Yine (BB v + w) db = f byl (bo +u) db = 0.
R R
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Conversely, assume that u’:':”} has vanishing directional moments along the direction

3.2 Continuot

4 : \
Lemmas 3.2.1 and 3.22 ¢ seful for analysis of the Holder regularity and direc-
tional regularity of fun y.continuous shearlet transforms.

In Lemma 3.2.1 hat 1., and ¥") have vanishing

directional moments of an zf::. b 00/ direction v.

Lemma 3.2 Let a € (0,1),t € R°, s € |[—2,2| and v fvl,vz]'r be a unit

4

vector. - ot
H i
(i) If |3 + 4 gﬁ en shearlet functmn et have vanishing directional mo-
(it) + ‘-’1 > y/a then shearlet ﬁ.mctmﬂs ¥} have tmm.shmg dtrcchmﬂ mo-

am& nanEIAneay

assumed inequality holds for all a € (0,1) and s € [—2,2]. For instance, if v, =0,
then for any a € (0,1), s € [~2,2] and t € R? Y, have vanishing directional
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moments of any order L < oo along the direction v and if vy = 0, then for any

a€(0,1), s €[22 and t € R? | (e ‘have vanishing directional moments of any
order L < oo along the direchu b\ //H//
T, e )

=2 and |&| < val§|} and

Consequently, ves of 'ﬁ’:;:;]l vanish on the
2

£;-axis. Next, we sho g directional moments along the
direction of z,-axis of any order L. Let g : wﬂ{d+%}lf-(ml* x5 )dry. For each

£ ER,

Aut T

RIRIN IR INUINY

1

— I

(D)7 = e 1), i.e. iy has vanishing moments along the direction v.
0
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Finally, If v, = 0, then we use the fact that, for alla > 0, t € R? and s € [-2,2],

Consequently, we have | 1 jves of 5 ItJ-s-:“,_ vanish on the £;-axis.
Next, we show that ' {+ _L}' s x 1ig pnal moments along the direction

of z,-axis of any order ‘,J 2) = _“ (21, x2)dzy. For each & € R,

Il Tpn{:+!zu {I:I *53

ﬂUEl'JWHmWEI’] N3

q mmmmnn HIN

1 0
(1,0)" = e 1)7, i.e. 1.2 has vanishing moments along the direction v.
1

5E
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Finally, If v; = 0, then we use the fact that, for all a > 0, t € R? and s € [-2,2],

the same line of proof, we have ?.lf'i:l

supp( {"}]n{(& £3): & =0} = @ ai

(I11.1)
and
(IT1.2)
-l-f iF ; .
Proof. Firstly, we will prove juation ( e restrict first to the case s = 0
and t = 0. Fix an index v ’ = (g v ;

— —— Y R T— T -t

ha(x) & #a00(Da)—Ald - Gald)im O il &)= a2 (0%) 000 ) (Da).

By a strmghtfm*ﬂd compn T

U
a(8) = (2mi€)" ha € ay

ﬂﬂﬂ?ﬁ&l”ﬂ@‘ﬂﬁ’]ﬂ‘i

= {2?”&]" 2a=y(£)a’

q RAALN AN LS

where A is the Laplacian, yields

[{___4,1.2 "Dm:“:"g}k(a"wﬂﬂ]{m]' - I[_dm.z "D”ﬂmIlijka—[uﬁufﬂg‘([},”‘m]
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= q-n+w2/2)

M.@ )(€)e Py Cdg
~\\ﬂ w’// |(A*3,)(6)] dé
|a*ttszem"e:3{sn|de

(U2 0/(€)) | dE < Ci where
Cy is in fact inde of k' Consequently, it i hen. we have inequality

85207 " (01 Yapo (B sT2,22))

ﬂUEl"J%Hﬂ?WEI'] N3

RN TIHTATTIEN S e
05205 Yusol@)] < é ("”

) |17 |9y "2~ Oytbavo (a1 + sz, 22|
[
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Ca-3/-n1—-vatl- i

+ ||D1salz: + smg,:ng}Tnﬂ“

It is clear that all abi beeause translation does not

change regularity” propertigs. Then, the proof of equatic I1.1) is complete.

AN

Next, we will proye the equation 111.2). We restrict, fi

,i~

stuto the case s = 0 and

t = 0. Fix an index

) () = ), {Diu' a7+ (39l ) (DW)a).

= (2mi€)"a ~3/2q-3/4))(v) [{]ﬁsiH‘

£ 8 AN NGNS e

where A is the Laplacian, yields d

q WAat- UNADHHAE

— a—(b‘:+v|f2] y{v} (513211[}”‘:5 £d£|

< a-tatal j; kg e a



— -G/t f2) lﬂ.*({?m&]"'ﬁ’(f})‘ d§

~ ;i va+in f2)
{ :} atmn'@‘{(?“!&]";bm{ﬂ)ld‘f <

| cﬂsequaﬂwuthen we have inequality

In the last step we used-th

Whemcﬂﬂiﬂfa.cti P —r—

ﬂuam@wﬁwmm

Thus,

qmwﬂm mmwmaﬂ

( g Carttort

la'"\

1+ l D)) (1, 521 + a'a}""”
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NN , _
It is clear that all*s : ld als: b becanse translation does not

change regularity p

3.3 Discre

Lemma 3.3.1 and 3.3.2/&re importe 00! e analysis of Holder regularity and
directional regularity of £ -?-.x‘,'"""::_ s hgar'r isforms.

Because we sample e continuous shearlet transform
by choosing a; = 27%,j p’}f '/ 27, -2 < k < ¥ and tjm =

B, D,m, rﬁ:% Z @ert}r of 1jxm and

,;,I:L by the K‘#pectively.

1

Lemma 3.3.1.‘|‘ét j=0m - <Y und@l‘g: (11, 1) be a unit

vector.

A RN

f:n.t..s of any order L < oo alang the direction v,

] W]LMH TREUMENTHE

Here, if v or v; 15 0 then & o ﬁ, respeclively, are treated as oo so that the

assumed inequality holds for all j > 0,m € Z2, and -2’ < k < 2. For instance,
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if va = 0, then for any j > 0,m € Z2, and -2 < k < 2 4m have vanishing

directional moments of any order Iang the direction v and if v, = 0,
> A [":' have vanishing directional

(111.3)
(I1.4)
Proof. Firstly, we williproye the o ' estrict first to the case k =0
and m = 0. Fix an inde
9;(@) = Yj00(Dz-uT) '...‘:-"‘ﬁ,’}‘w 7 27 @)1 (§4h00) (Dy-2).
A straightfo . ard computation Q
AJ
u
[21”5}"23"15’1“ D2;€)
(IT1.5)

ﬂuﬂ'mmj’wmn‘:
wmmu VbV EREE

|(=4m? [|Doas||*)'2~21+42 (8 9hj00) ()| = |(—47” || Dars||”)' hj(Daas )|

= |fnnmtﬁj)mﬂmn,=,med€|
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< [ |@thyy@)jermow=s| ag

\\‘”/// " jf[}l:men\de

}}1 < C where C is

_ oGt (gugh, - ) |* W& 2142 (8" 500) ()|
< 02¥?, |

which finally gives th

Now we give brief aﬁ nts how we get est: > for general k. For -2/ < k < 2,

ﬂM&L’Q AYNINYINT

= 3;"3"‘ 1[5‘,1@-1:;.;.;{:(:1 + k2™ jl:I'.-‘ ..""..g]::l

QRN w-Wﬂ“‘ﬂﬂmﬂﬂ

(k279) 8 B p-2y00(21 + k277 22, 72)),
t=0 !
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Since By ja;Da; = Dy, By, we have Byy-;Dy-25 = Djy-2; B, and

Because translation d 85 110 ;__ : ..-” !--f_ yperties, it is clear that all above
would hold also for a general
Next, we wll : on (111 -- | tf case k = 0 and
m = 0. Fix éil

g (x) = =a"gﬂ"’(m1=2*‘“@'“[ 8" Pion) (DL, ).

mﬂuﬁﬂﬂwnswﬂqnﬁ

hy (€ (€

Qma\‘iﬂ‘iﬂJﬁMﬁﬂmaﬂ

= (2mi€) 293 (g).

Now, replacing z by D) in the equation (—47? [|z||*)*¢\") () = [p. A*g{"(€)e? = 4de,
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where A is the Laplacian, yields

|(_4ﬂ~2|ng:;mlrrrwvﬁvm @) ’|D.L‘;l:-=|r}‘hj(13i‘ﬂ==1|
D @ e
p— SN 6| || ag
[ Alric) ()] de
In the last step wefused' the' ior M ((2 '“‘”’(ﬂ]l < C where C

is independent of a. '\

E o e Fr e

g2 g R b o
By combining the above es jtu :2"'#;'-':.

il
e )i

Py Qe o ) )|

u
< Gzﬁjf 2, ‘

& 7 é | u
“HUBTNENINEINT
N e

AHIMAATUIIIVAY

Fain(a) = B 05 (Ba¥y asyha-1)0(®)
= 3{“‘3;”“{321,:3{2-:,}@(3:1, Ty + k2771,))

= [2-{2v=

A =



=g} (3""1:';{2 ,,m{ml,m + k2791,))

=l
| -t

| |
Because translaﬂJa does not change regularity properties, IUE clear that all above

Wﬁﬁ“mmwmm
ammnmummmaﬂ

woul



The following theorem gives.a neces or Holder regularity in terms

of decay of s' et transtorms.
enﬁﬁ erists a constant
C such that {

ﬁmzﬁm ViEY DRliR)
q RIS HARY

|
that, for each z, € R, there exists a polynomial Pg, g .,y such that, for all r; € R,

Lf(Bla:] I PB.{ﬂm}T{Bam T BS(DII-!}TJI E C”B,I i Bl[utmﬂT]Ia



< C||Bs((z1,0)7)||*

, \N\V/ c(s)* (21, 0)||* = Clzy|*,  (IV.1)
when c(s) = [|Bs]|,,, f& | L

that 3,00 has van-

:zﬂ]dﬂ:i) dz,
(IV.2)
So Pl TN -
aY = VA
|(Vaso, £ i |V ﬁﬁbnm[ﬁ}dﬂ:
Eg_/;, |I(B,ﬂ: = IB,(0,22)T\PsT — B#[ﬂlm‘llr'bl 1¢am{m}ldm
2 : & a—afl
A e NN
. { 2 !
4 =C e
Q.

ARAYTIAENIANENa Y

moments and decay property of 1})&3},, we can show that l(q,b'["]' I >1 < Ca®*i.

ast?
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In the next theorem, we obtained a sufficient condition for a function f to be

uniformly C°. For f € L(R?), let a.t (Pef) = fxg where E is Cy, Cs,
defined in Section 2.1, or T dnd |£| < 2}.

nteger. If there is a constant

Q' Y Jgr Sty T “@
W) S

fiw- f f (v f.‘:l.F@ﬁ»‘"’(m}j—Bdsdt
ﬂuﬁ%ﬂﬁl%ﬁm&l’mﬁu-ﬂ

l case follows by a simple translation. Since W & C*=, reg;ulant}r of

and

the ge

o) wciiblils vl NY

f*(x) = Z A=), (IV.3)

j=—oa
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where

will remain indepef

9 (00) P =AY /8,008 A3 S #4,(0)
' \ (IV.4)
We then give an estimiate "Aj(v) By the assumption and the decay
estimate (I11.1),
|8y ' 34(x)| = I £ Y OF B ase () dt dsii:
2 l O 21T
W
= [ - ,
2 H —2 Jre 3 |
n—k-l"!
A u it % I
é‘ n-k ldﬂ.

’Iherefure

|0 9)8,00)| = (028, +v202)" A, (30)|
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Sinee |v] <1
(IV.6) clearly alsadh

error of the approximation of A (\v) b layvlo: momial of degree |a|, we

get
TREOE
J=1 " h '. lﬁj Ak .
< Z Aj(dv) =) 8 - VYA (0)] (A EE[U-?] A;(0)
j==o0 oF . k=0
J-1 - _.__._ b1
<c Y |zo+ Y Srae A Sl sup |(0-9)1A ()
j=-0 ) : Lt gt o .
<CP"+ s:';’«""'“ R s

<C*+C iﬁl}"*‘ |A[e—tal=

LU RS WG G

Beca.usqll:c" |Al, the theorem is proved. The regularity of f) can be proved

QRTENATIIA N6

where

80y = [ [ [ (s Par) vl avas
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Approximating f*) by the polynomial

Eives

O
In this section we shall s vt wise reg ; imates and find estimates on
the shearlet tr flicient conditions.
Theorem 4.1.3. If a bounded funct *;:'__ €' (u) then there exists C < oo such
i. - —
that abhidiars
s - 'J'-?"' { _"', i '
IV.8
A7 _.‘_ J (IV.8)

faruil’l}{a{ﬁe[-—22 and

Proof. e will he first inequality. By
MORIL L VL W FI W

bnrhmmuf point u but fis bound‘e;i and so this pmperr.y hulds in all R Smce

q VR FRLAATE Y1876 ¢

we have

(Vass D < [ W@ 1f(@) = Pule = ) de



43

L=

—a HI = “"
< da
s j,; 1+ | D”,B_,{m Ve

isfinite. We have also
_ ith nBem [|B.D.| = c(s)a'/2
b
and c(s) < 1+ V2. ; \'*.,\ \ O

since we can choe

used the fact that I

Theorem 4.1.4. Let f € R* :_ 2 be o \ -integer positive number.

If there exist C < oo ar 2 or each0 < a < 1, s € [-2,2] and
t € R?, ’
- ) (IV.9)
and Q
J (IV.10)
then f € C*(u).
P’“ﬁ%ﬁ'} VRIS

f{m] W(- —t), Pgf) W(z — t)dt + ")) + f*) ().

4w Q&\ﬂvﬂ@ﬁ& MY IR a2

u + Av, where ||v]| = 1. Here we can set u = 0, the general case follows by a

simple translation. Since W € C*, regularity of the function f depends only on
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regularity of f® and f®*). Next, we will show regularity of the function f (M and,

by reconstruction formula, we have

/ j, (V.11

where

Choose J such tha ‘<A < .27 Inball caleulati ur generic constant C

will remain independent o

O 0w) — Pou)] <43 A= Doz (@ V)*4,(0)

<
J-1

< }k ('u V)*A;(0)f.
j=—oa

(IV.12)

ﬂ ﬁmwmwm -
giey (g

dt ds —
1+|le oz =)™ s
go+5/A-k+3/2-3/4

ﬂlﬂ

! ”m/ Lo =)

dydsd—:
1+ [lyl*” @




y

«++2 (14 a7 (Jlz| + |B.Dayll”
e f f f ( )) d dsiﬂ

e[ [, L

2341 — -
2

(IV.13)

(IV.14)

fmm v. Equation

d irif 1V.12) is the absolute

error of the apprmu atlon of A;(Av) by its Taylur pnl;,rnumlal of degree |a], we

ﬂUEIQVIEWﬁWEI’]ﬂﬁ
ammnmummmaﬂ



get

|7 (M) = Pou(A)]

Lo g\
Z——{ﬂ V)*a,(0)

<CN°

The assumption o’ < 2 iute summations to converge.

Because ||z|| = |A], the theore

similarly St&rtﬁ by
WA
L\

e regularity of f*) can be proved

\ L)
S
‘:@
(0 @ ) vik@) deds 55

wﬂumw NEAT

la] g =1
PN = g% 3 (v 9ralo)

ammnsmﬁm'mmaﬂ

If® (M) — BN £ CIAS.

(IV.15)

where
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4.2 Discrete Shearlet Transform

B,,D.,m, me€ Z*, we'en ikm and “fﬁxm in Theo-

rem 4.2.1 and 4.2 and 4.1.2, respectively.

Theorem 4.2.1 n f & C(R%), themthere exists a constant

C such that

Proof. We first recall that i T "' .'»'-_-' f f mea \‘ at there exist a constant
C' independent of u € olynomial P, of degree less than o
such that

@) = Pl = ul

Lt T

for all @ € B2 Therefore, for each 75 € R, there exists a pe @ial Po, 38007
such that, for 1‘"

i, e
Il Q}
|f[D2-=:Bkm} Pni-g,m(n :g;.‘f'(n'z 2;Br — Dy-2yBi(0, 1‘2} N

AuEananinens

— C|[Dy-2B(z1, 0)7) ¥

QW’]QA&ﬂ‘SﬂJNTﬂ’]’JVIEH ot

B_v using (IV.16) and Lemma 3.2.1 we get

|

|(¥jhms )| = U;z.f[ﬁ}ﬂ'm.m(m)dm|
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|f f(x)W[B—kﬂzum m]21‘d:t:|

Similarly, we can show that _::_.7',"%',.‘ (5% N

A sufficient cunditmn E ij i @ is given in the next theorem.
Unfurtunatel@l ecegsary condition pre-
sented above ku 3 ! tje C, = {(&,6) €
R?: 8] < 1}, Ca= {(6, ) € - fxcﬁand (P&, JT= fxe,

Theorem 4.2.2. [‘i L*(R?) and a > 0 rtimteyer If there is a constant

“ﬂ“ﬂ&if’%"ﬁ itk busalik

M. P )| s Czitatd) %pd w“” Fc,‘l{ CcaHe+d IV, 1?]

Jke,m

ammn‘smum'mmaﬂ

Fmaf First, we recalled that, for each f € L?(R?) we have:

fl) =" (W(—m),Psf) W(z —m)

meZ?
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9>

Wast, Pc, f} wu:t(m) ds dt

where C = {(61,) SRBHerlféz) < 3

— dsdt
and
ds dt.
We use the notation'e =t +Av, _;‘54 . Here we can set u = 0, the general
case follows by simp' ransl; ,L larity of the function f dependent

ow regularity of the function P f

and, by reconstruction fnrm as, we have

ﬁ"?" --1“r “/A
(IV.18)

L)
u

Vikams £, f) W)k .{!b:
-2 meZ?

"”“Ffﬂﬁﬁflﬂ?%mﬂ’mﬁ
ammmmmmﬁmmam

pmpert}r in Lemma 3.2.2, we can derive

where

|oy~10,0, ()]



(IV.19)

—h) 4 9 Qh'ﬂ A1)

TIA). Ul (IV 20)
Notice rat. C cmﬁ:ﬂally independent figud v since |v;] < 1 and |up| < 1.

o }W;&]ﬁq&ﬂ S

F(w) - Po(Av)] = Emw— N S0 )a,(0)

QRAIN TN NG

We investigate now coarse and fine scales separately and therefore we choose J

] <c@E™e

( tlear

(=]

=0

such that 2(-27-1 < |\] < 27?7, It’s essential to notice that our generic constant
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C can remain independent of .J in all calculations. By noticing that each summand

is the absolute error of the appro

“ 7/( A; (M) by its Taylor polynomial of
!I::;

where the es:i,mate 20} was used in inequality. At fine scales we

Y and ook
LEILRI AL LR W ShF ) aRiih: BN

use directly

‘E‘Mﬂm

2—2{J+J}a+2—2 j+J W — T}IJ‘IE ]}‘i u![:,--l-.l'}[a—-h]

saNEInEAY

=, | oo gy o 5 t:«r"
< Cu]“z {2-‘2.1';- +21-Hn+1n}IAIB-T] +Z AL AL 5-2jta-n)

j=0 h=0



52

= la)
' iaFiat) [y |2 1 .
= l},l“ E [(z—i‘:a T 9(-2jatjo ]_IJ‘IT} £ Z mz—h{u-—h}}

Jj=0 h=0

The assumption o’ < 2a was needed o make il ig_mma.tiuns to converge.

Because ||z|| = | ‘ s proved, Final ow regularity of the

function f) an

(1V.21)

where

I ';M )
U RN THBARAT -
RGN I

|<¢§-1].w i | <296+ (14

forallj >0, -2 <k<% and m € Z°
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Proof. We would like to remark that because f is bounded, the polynomial ap-

proximation property (I.1) hclds though by definition it holds only in
some neighborhood of poir R is similar to that for uniform

mlals for different z,. We

5=
e T e | e — f— =

since we can ﬁmﬁe V' larg

have also used the‘ia.ch that Byo-iDg-2; is a bounded linear operator with norm

“BM(EIQ ﬂﬂm mwru =
cLbR k) vy

Theorem 4.2.4. Let f € L*(R?) and a be a non-integer positive number. If there

e last ﬁtegral is finite. We
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exist C < 0o and o < 2a such that, forall j >0, =2/ < k <2 and m € 72,

(4

where ||v|| = ' :~- follows by simple

translation. Since ds only on regularity of
F® and f®), we will shov P, f and, by reconstruction
formulas, we have

(IV.24)

where

k=-2 meZ?

We try ﬁu a.pproxug f{") by polynomial &/

Uﬂiﬂ&&iﬂﬁl’m‘i

.'|=ﬂl T =0

M7 Ty R LI ela ( UaTN]

praperty in Lemma 3.2.2, we can derive

o190, ()]
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M
Z E (wj-k-"‘" Pfhf> a?‘_l Ew'.k.m :’.E]

k_—"-“zj mEZ’ ||

< C i Z 2~2j{n+§-]7

BokDaxx)[|” (1+ k])'

IZN

" —EjBkm - mua’ (1 + lkl]t
S

(D, Bem||® + ll=|*)(1 + K1)

— Cz"ﬂj[ﬂ' h) + Ca- 2jla—h43 I-:-!—u_.n_l 4
1+ ||

T —Z
‘“&ﬁﬂ,

< cg-ijin-{

e Czuﬂj(a =h

(IV.25)

Therefore

iy
QRN NEAY

S Gt 4 e, (v.26)

htybar oA (v
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Notice that C can be really independent from v since || < 1 and || < 1.

. Then, by the triangle inequality,

"

We investigate now coarse and’fi and therefore we choose J

such that 2(-27-1) hat our generic constant

(' can remain independent _' Jina L .-; '!'ffr Lu o that each summand
is the absolute error of the approximation o At aylor polynomial of
degree |a], we

+1 9-2J(a-laj-1)

ﬂUH%’ﬂEWI?WEI’] N3

< C|A%,

AT B G

use directly the estimate (IV.26) and get

o L‘*!
> 1as0w) - Z [1: V)" A (0)

j=Jd




a7

= [ laj
'EG'Z {2—21:-_'_2"2.1(&—’5'} )‘1“}4’2‘ l 2—'2;{.: h}l]

3 4
— -20+J =2 +J){a=h)
2 (2 < h! e

j=t

The assumption o mmations to converge.

Because ||| = |\, th i ool el
function f) and, by reconsbruefi

(IV.27)

W EJ E > (6 Pc,f) U, mimm
-t TN

ammﬂwummmaﬂ

1@ (2w) — P ()| < CIAI.



ta > 0 15 not an
“\h oo such that, for each

G{H{I,—EEEE ol s:-' \

h s — so| > C'V/a,

[{Wast, Pe, F)| < (V.1)
if |5 — so| < C'V/a,
and ' _ g)
S (V.2)

then f € C* [u) mu!nr statement holds if the inequality ( IJJQ holds for ('qb'["] Pe,f >

ast?

-HUY e S nanns...

of Theorem 4.1.4 is that, in the defivation of (IV.13)gwe split the integralgwit

o Wﬂﬁ%ﬂ}%ﬂ#ﬂﬁ'}? TRGE

This integral obviously gives the same estimate as in (IV.13). O
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In the following theorems, for L > 0, sg € [-2,2] and u = (uy,u2) € R2, let

I, denote the vertical line passing thdugh u and I'y,, denote the line passing

through (u,us) with slnp . Obse

(21, T2) € T, if and only iy -

ay write 'y, = 'y so that
N(L) is the L-nei

less than L. / '

Theorem 5.1.2. e'bo;

Proof. For u, € R and

i{wn.li-: f}l =

L'“y‘ e (1 )
ﬂ ugn ‘5“’1‘{ Eﬁ’ﬂ?

e Cﬂn-l-ﬂi'-l

q m SN ﬁﬂmﬂﬂ"}’}“ﬁ ﬂ 180

some 0 < ¢ < 1/2, to be determined later. We notice that

31 — 2y

similarly to the essential support of Y, and Ry — R? whiile B,D,R, — {0}

when a — 0. We will also use here the notation v(x) := (x, ﬁ} . Since the line
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z2 =5 is parallel to major axis of B,D,R,, v(x) lies on major axis of B,D, R,

‘ 'ft- he(y) = f(y + t). By assumption

and v(x) — x is always parallel to,

of f we have h, € C""""""\
|(Yast: 1) @

where 3y’ = v(B

AN
g., Nﬂrge enough to make
$4c(2N-1- g:reeF ) as large as necessary. I

m,;emﬁﬁwzl NEWD DS
qmmﬁﬁuifﬁﬁmm

for £ € B,DyRa, || — v(x)| is less than the length [ of the part of the line parallel

to the z,-axis lying inside the rectangle B,D,R,. Observe that |I| < 2a'/*~* and
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50

<C I”h-H'I-: < Ga[lf‘l—c}!u-l—lﬂ

any small £ we can choose

O

Theorem EQ ‘ sandad g [@ when a € (0,1],
-———— ' ——

L>1and fEC 4>0andu €R.

dauﬂ,ifﬂc:a{agand
t = (t1,t2) € u,y, u}‘!} withr < L/2 and s € -2 ,2], we have

ﬂ'UEJ%‘FI Vl,i,ﬂm}ﬁ‘i

Cao+i if s < va

3 mmmmwﬂ TR Y

(s D = | [ (/@) ~ 10,220 sl
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| \ =
Next, let |s| > y start by taking the \ angle R, = [-a=,a™|? for
We notice that B,D,R, is sheared
¥ “;{ / ' 2 ¥
similarly to the essential support of 1. . — R? while B,D,R, — {0}

when a — 0. We will als ) = (1), 5’1!-} . Since the line

major axis of B,D,R,

;)M he(y) = f(y+1).

(w0 (1) 5 (0, l)ﬂj.nd h; is bounded.

queifneniienns
qasisEliiinAIngay

= ‘] {h[m] - Pﬂg;[E = 'U'[m]}) wu:n(m:'dm|
R2

Ty = ﬁl} iS __,4':';} 2l to major axis of B, D, MH,, viz) lies on
and t:[:r-}—:r: ahwa NG
I

|
By assumption of f we have h, €

<

Lo (@)~ Pune - v(a) ool
R%~B.Dafla



+

L'DJ‘( () = Pyia)(x — v(z))) Yaso( MII'

By the proof of Theorem 5.1.2, we'l / 1e first integral can writing

]a’a: { Ca®

Let ag < 1 be such th : < a9, and.s € {— DsR, € Dy (r) €

Tuy0) (L). Let us : : vk ! :(0,1)) i.e. for every

—-v) [ (0,1)

for all @ in some neighborhood of y. r ‘,D,Rﬂ. |(x — v(z))||

less than the length' of 1 ,,‘; £ ine pe he z,-axis lying inside the

Now we rem ,jjtherefore, for any
small £ we can cbﬁn an estimate for the
second integral

[he() = Pua (@ — v() }Ii?.bmfm )| da

B. DaRa

Q‘Wﬁaﬂsﬂ@?ﬂ%’i’mmaﬂ

a{!—c}ﬂn+l+£
dy
= f . LHylPY

< Catetire(i-<)+i < Calo+d),
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O

Ed- 'F;m.uﬂ“ﬂ,ﬂz;{l,ﬂ}] for some sy €

= Sn'!-lz‘ﬂ']:ﬂg; [1,[])}.
: & “for some sp € [—2,2] and
—— .' —
] ; L | L]r[l,l}])

Proof. Assume » At s0r R ‘ “Then, for-each @ € Ty, )00

there exists a poly

I (1,0).

3, \ h \ ,0). Then, for ' €
r("lﬂuu:-ﬂ} and y' € i f 5 [ | ) By ’\ Iy Juz)80 and By, (v’ —a') ||
(1,0). Thus

[f o By(¥') = —z')|* < Cly - «I".

SO we ha‘pe F-:.l-,--_w_- Y The atter Dar f‘ I_‘Enlma cCall he
g '\.

proved in a similar wa O

i i

Lemma 5.1.5. Let( be bounded with f € C“ : B, (0,1)) for some sy € [-2,2].

mmmmmmm

H],ttg} € R? then fﬂB,q e G"'{[‘[‘*.,m,u} {L) {ﬂ‘ ].Jh

o WABNT adbld ok 184

pn]ynumlal P, and constant C > 0 such that

|f(x) = Py —y)| < Cllz—yll*, when (z—y) | By(0,1).
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Let (z —y) || (0,1). For —2 < so < 2, we have B,,(z —y) || B4 (0,1). So

O
_ waisgs R%; (1,0)) when o €
(0,1] and f € C** ¥ (R¥1 Jor some'sy € | ~2,2] with any fized € > 0
and u = (u,uz) EJC. fThfuftiere ecist C a 1.‘."':; that for 0 < a < 1,

if !3*5“| > \I"Ei
if |s — so| < V.

!_‘ suB—lo'}>
‘,_ -*(wmlﬂ_.fs fire= B_,nt}J I(B,ﬁ

U INEIINDINT
RIASOIT AT I

I{‘puhf}l = l<1p={l-u}ﬂ-.ut!f° Em)i
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if |s — so| > Va,

that, for 0 < a <

r<Lf2andse€

\ if |s =50l < Va.

Proof. By Lemma 5.1.4; ,-_::".-;-..f.#.‘_._f-'
Ptrisiard

me way of the proof of theorem

5.1.6, the proof is complete. — O
LT MIIN T/
Theorem 5.1,6 sé itially that, giv dftmn of B,,(0,1), a
: )
set of nec h enough globally
in the directiunl’ L , ave@w regularity on L in
e continuous shearlet

the horizontal dlrec‘pﬂn (f € C%(Tu,s, R?%(1,0))) is that

iy seane ﬂ LT o

lower and depends also on the ht'izontai distance f m the line to the p

q WIS SBHRTNIOEY

information on a neighborhood of the singularity line is assumed.
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Ny
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5.2 Discrete Shearlet Transform
We recall €y = {(&,&) € R*: N’W; &) € R%: || > 1}, (Pg, fT=
fxe, and (P, fT= f@ //]

__.--_J.
) -u% R? - and-assume that o > 0 is not an

Theorem 5.2.1.

integer. If there o <6,50 <k £ "‘*""’;h P < uch that, for each
§>20,-2 <k<Y, am \ | ‘
|{¥ikms Pey F)] S a.}“

A\ N - s <o
AR N (V.3)

) : (v.4)

then f € C*(u). Si lar, ‘T holds 1f the inequality (V.3) is valid for

(¥l Pouf ) (V.4) 3 (WetFe /)
L7

and

AU INENINgIns
ARIANIAUUNIINGIAY



6.1 Orthonormal Wavelet-Bases and Maultiresolution

Analysis

Let H be a Hilbert A and a sequence {z,} in

H. Then 7
T

— -

1. {z,} is a basis for H i or-each = € H there is unique decomposition

T

ﬂuaﬁwd'”swmm

Let w*‘]' € L*(RY) for i € {0,1,..., 28— 1}. We define the system

amaﬁmm UNAANEI A

If the system (VI1.2) is a basis for L*(RY), ¥ is called a wavelet function. More-
over, if the system (V1.2) is an orthonormal basis for L3(RY), ¥ is called an
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orthonormal wavelet function.

Orthonormal wavelet bases are constri

through the help of a multiresolu-

tion analysis. 1t is a seque L“{R“} denoted by V; (j € Z)

and satisfying:

orthonormal basis

4. niEZp; =14 and

The SlleP&GE Wj is/defir ) 8 ’ il e t of V:i in 1-"341. Conse-

quently, W; are orthopermal; & wo possible decompositions of
(VL.3)

E":p, for |a| < r, have
fast decay, that is t ere exists C' > 0 such that

ﬂUEl%%%J%ﬁWEI’] N3

Under ese assumptions, there exist 2 -1 functmn ) satisfying the

] mm:mmmm V5

have that the ¢ (2 — k) for i = 1,...,2¢ — 1, k € Z% form an orthonormal basis
of Wj.

The multirfﬂolt.i?'-. analy:
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Hence a function in L*(R?) can be written as

o - b
f(z) = 3o Capt— P 2z — k);
where the ¢ , Mﬁ// A ‘
1% (VL4)
and
(VL5)

We will often s of tensor product type

ol AE = (i e

iresolution analysis.

clety we can take for d-
L)

where ®(z) is associated to a-l-dimensior
) B2 758
If W(x) d@;t | ing

where ¥, denntm or ¥, and where theschoice ®(x,) - P(xy) is the only

CRUETRERTNENNG
aﬁ'imﬁ‘sﬁaﬁ“ﬁﬁ“ﬁ“ﬁﬁﬁ“hﬂ

The following definition without restriction on r was introduced by Caldéron and

Zygmund ([1]) in 1961.
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Definition 6.2.1. Let p € [1,00), f € L} (R%), and u > —4. Then f € Tf(x0)

if there exist constants R > 0, C a polynomial Py, of degree less than u
such that %

) < O (VL6)

2. C¥(zy) C TP

3 lf1<qg<p \ \l
4. 1f f € T?(ao) NV , ’ \ & ,) where w = au+ (1 -
a)vand L = L

6. Let 1 <o00,0<u<y, f€TH(x) and g €C "1 fg € TP(zo).
7. Let 1 < f— Eﬁz} g € C"(xo) and
{1 i
g(xmp) = f g € TP (xy) where I

w=mn(u+1

VRGN e (WL

definitions and notations on R?. Let ¢ i = 1,2,3 be compactly supported C*

ﬂ]uﬂmﬂmwmm

functions generating a wavelet basis, i.e. the functions ¥ ;x(x) = 2y (D —
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k)i = 1,2,3, j € Z, k € Z?*) form an orthonormal basis for L*(R?). For the

purpose of detecting regularity, the v P, i =1,2,3, are also assumed to
satisfy \ )// :

For each scalé j € /e’ Z order pair (4, k) can be represented in

a unique fashior se lower left conner
is 2-/k. This repregents
supp (e — k) €

Since there are

\\ ifisupp v C [0,1)* Then

subcube ) of [0, 1]* of width } excapt for [0,3)*. ‘- this choice of association A;,

sspciated with a dyadic

one can index multiwayelets @ by : , 7, k) by a dyadic subcube

A=27(k+N) e A= {z ==

Mdﬂ;—?zm

dyadic cuhe

[21] then deﬁneﬁle l

@uﬁﬁ‘

converse.

q RARATRURITREIAL

MSF(.’-'JD}H < (2" jut3) for all 3 = 0. (VLT)

eihen denote ¥y (z) = ¥ (2z—k)

If E is contained in a

' _:,r.dl(: cube. Jaffard

Conversely, if (VI.7) holds and u ¢ N, then f € TE(xo).



T4

6.3 Directional T?(xg;0)

(xg;#) when u > 0 and

han u, constants C' > 0,

where E.(xq;0) =

Note that, F\

(i) 1 f € T2(x0; 6)
then f € T"[mmﬂ} = o

+l;—“withﬂ{a<‘.1,

-"";-*‘L’-W
Example For I: e n _#bé defined in polar
coordinate suchﬁj M

Aug Inendiens

and f is synnnetry with respect tog, y—axes, i.e. f[p = f(p, —6) and f[U =

LS ETRRIALY
[?lif Lm,, hf"'“’*"l”mt,wse]i - L:; fu ’ fn e dmr



i

whenuz;’;-andv:.

Thus cot 8y = £ = o

1

L

phint )" pdpdo
N

—1)sin® a]aﬂeda'

aﬂuﬂmﬂ:‘iﬁ%’ NGAAT o

=1« 1]51n o {Dandsuﬂ?+{r~1}sm o < 1. Consequently, we have

QW’]MW@WM&WWH’]@E

fm(l 4 (r—1)sin?0) T do < g5 = cot ™ (/7 cot ) < /7 cot by
0
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So

o =

1
»

8
(N

¥ ; &% =
y D+m+2§
| y o ,
. +2ﬁ +fi(sinﬂeﬁ+;£'r]

!'::an ‘\"».. n.%“'*_ any € >0 because

1
r

+ (r — 1) sin? a}‘?du]

cube of same , rgﬁp’mﬂs and M times
wider in the majy

Next, we will b‘ ngroduce Lemma 6.3.1 (s8e/f25]) this is important tool for the

ﬁ%ﬂeﬂﬂﬂﬂiwm N3

Lemm 6.3.1. For1 <p < oo, L EXix lcﬂ?];(:ﬂ and Eis |c,.|21¢;.(a:}1 ! are

0 mm:rlm URAANLUIAY

185Gz, < C2715+3) for all j > 0. (VL8)



7

Proof. Assume that f € TP (xq;0).
Then, by definition of TF(xq; 0

lI(f - f

0 such that
%]’ vr<R

where E(E.ﬂ, 'I',T'} l%d“ -+ ,— 1. —;’

Let Aj,(zo) be contain @y.

Let g(xz) = enough such that if

A C A (mo) ther A C Agol(o),

Then

ﬂﬁnﬁ

for some C >0

ammmmm%ﬁﬂﬁaﬂ

=] D}—Jn( +%}2 Jﬂ{g+§-}|

— g dolitag),
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O
3C > 0 such that
(VL.9)
Proof. We can quency - rresponding to j < 0.
Assume that 3¢
(VL.10)
Let A, denote. i Agf = Y sca, Cx¥s. Since

fl@) = T extalz) 7 <
hand side to f takes in LP{R?) niorn Ty) =2, Ca¥a(To)-

he convergence of the right-

We can forget the low freque T corresponding to j < 0.

TS
Let 0 < [ RS 1 be gi f"‘ry tJ be ¢ =/ < p<2.277and Lbea
constant whie ‘t.::..:."::‘“:ﬂ::;::::; and supp(¥,) 0 B, \/p, p) # ¢ then
supp(¥) C a;a'. _ i"‘"

To show that [f,q — f(x0) )1 Bzo, 5.0} . < G’p‘*""l} f&“nme C =0,

BN S

1S (A, £ (@) — O @o)Pde ;

IR IUIRINLIFE

E(zon/Pp) =0 J—J+L+l

J+L p
< ( L 1> (@) - f(mn]l"dm) +
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1

14 S A Sz |
U Z A (@)Pde +(LMM|1=§H (o) )

!
(By Minkowski’s inequality): ’/

Let Ty, T, and T3 dene .the-right-hand side.
Let D= max W supp() O E{@oryBsp) ¢ then dist(A,zo) < D;274 }
o<j<J+L -~ e

Let j < J + L. Thes at. N of the y (A &A,) have a support intersecting

AeA; supp(¥y)NE(z0,/p.p)#é

- {zu k)

ﬂUEl"JYJ gIn3

a (1 + I?r'm = iFﬂI}3

qmasn I mﬁ eh/NGE

0<j<J+L {1 + 272 — k|)?

18,7(@) - Afan < s Y P le—aop

=20l |51=Lu) +1



C'supz Lﬂﬂ&jf[]]h: — zi0®

So,

’ﬂgﬁ%} MII?WEI']ﬂi

J=IJ'-|-L d JEJ+I"

QW’]Mﬂ?ﬂTﬁTﬂ'}’mEﬂﬂﬂ

> C’p{’f] Zzﬁ-—ﬂ {2"[J+LJ‘ <9 < F')

j=0

< Cpld).



81

Hence
;
),

Next,we try to boun ow T A;f(z). We have that

grand 350 Youx —— @ce if A € A;, for each
s — - L __- ——

j = J + L, and supp{¥) N.B(Ze: p) # ¢ the upply B(xp,2p). Let
Thus

lgs1ell, =

A/
.v; sghiivalent norms)

Wl mﬁ% s

QW’]Mﬁ?ﬁAﬁJW]’JV]EJ']ﬂEJ

< Cp(ﬁ""#i
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