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Analog circuit concerns about both of power reduction and system noise. Since
system noise cause errors in the analog computing system, continuous valued number
system (CVNS) has been introduced in order to recover the precision from such an
error. This number system is built for low noise arithmetic using analog representations
and operations. Several redundant signals are proposed in order to increase the
precision. The correct result is obtained only in the case that the error does not exceed
the error tolerance. Some fundamental arithmetic operations which are addition,

subtraction and multiplication are also presented.

In this thesis, we demonstrate that division can be performed ‘in the system by
presenting a division algorithm for continuous valued number system. Division is
performed sequentially starting from the most significant digit. We also show that the
result satisfies the properties of the continuous valued number system. The relationship

between the number of digits and the errors is-also analyzed.
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ITHLGIGALLLNATR X =100 Uaz §9u B =10 A1 L nleengansenndedde 2 lunsiind

1
=

A ' dl ' aa dl o o dl { = o ¥ = ! | aa
N1TLAANAT L NNINNT3T 2 ARRNLATANALNNINNAT L VIV’]’]H’JQﬂﬂ@EﬁQﬂL?Hﬂ’J”ILﬂu ARG

A5 (excessively evolved digits, EEDs) T4l@MTUN1TANLIMATIAIRALYBINT

i
=

v 1 14 ! 1
AN IUsaINIIRAR N DY vzaanteuiindluniaisAsrezgegauLLNA TR

IHa9anNAAnAIALLaA NI LAAIAN lAatiNeAaLilad UNNASIAARLALaNa

'
o a a

QniFendn uauaanaan lunelis ﬁ'f?umLwia:a%mzumaﬁmmyﬁmwmm% luszuy
a1anneefaud eI 1w Anseua wseusssuduiluauaniaasd dudu drsauls
M AN H AN E sl UELARTA1TE1919 0 D9 2Q UUIE N1TUNUANTBILARZAARAQE
AmaliiniuanansaAuasldann

On =X (Q/ 5)

e g, iuAme il iwenuazaanuazanudilalunisineu luanuddaiiaz g A

AanANALLeY X, WNUA gy



AARENaN 2.1 11 X = 22.4525 INAAITSELgaAULLNATE X = 100 AaNnIsAasinig

U 13 1 aa U 1 d’ ] = _
uanaar Weg/lugtlresnanatseiiedlugaa 0 uA 09 50 pA UugIu B = 2

%4

ATMARLAN L Msnzanminanniai 2.1 16 L = 6 4 mFugnu 2 Tanan1sAuniuans lAns

v
v o

1 v 1
A13997 2.1 Tufnasineil A uauRasi ldiianun 11 fan (K = -4)

A519N 2.1 WAANANRARNHANAaLHEY wazAFquL e TN

ﬂ’]u@@ﬂ

n Xn Qo (LA)
6 0.44905 11.22625
5 0.8981 22.4525
4 1.7962 44,905
3 1.5924 39.81
2 1.1848 29.62
1 0.3696 9.24

0 0.7392 18.48
-1 1.4784 36.96
-2 0.9568 23.92
-3 1.9136 47.84
-4 1.8272 45.68

uRe JUUUUWRAIIUIEY 22.4525 TuszunanuauAIsaliiay Ae (0.44905, 0.8981,

1.7962, 1.5924, 1.1848, 0.3696 | 1.4784, 0.9568, 1.9136, 1.8272) U

1
IS I 4 o

ansieineg 2.1 TunstingesmsanuansAnfigniaaslugliuuumuauauly
o ! 1 dl dl o 9./?/ o v 1 d’j
sruLsUINAIRIlas NN W annsaAumlianaunissieldil
X=X (X/p)
o 1 dl o 1 dl a 1 e o I
ANFRRENeN 2.1 L =6 1A X TeRAYINAL 0.44905 tisnunuluannisasls

X =0.44905 X (100/2)

aylFANAaLANAa X = 22.4525

Wi mFUsaTLaUERanLAl  Aryuinsunau@ansouaniaedlaann  Ieaini

¥ v
naNauLaad  dunnssunaumaniaginfinaAanuiananalunnsanwanld  faiu



[ %

\ Py P Y A v oa @ °
ANNFTIATA IFAITANNARIAR AL LA NANAAINITLAAINLTAT  AXIUINTELILAN10U
1 1 dl al vaa 1 dl aa [ o 6 aa dl QI d’f dgj al
ANAaLaIHNITIEARRNINATIUTNAAR  ANNANRUSIRIAAANIANTIUNIT  azdsxTamedlu
st llAuanAIANNRANANA 1E Twidadalilaznananadanislunisanfinanu

RANAA 1132 ULNTANI 0L
2.4 MSNAIANNRANAIA

AININUBRTTUUATUINAIADLHAS TaHNNIRA TN Degl L LTe9AT AN

Hanananiiatulusyuy IngainnsnuarsrIadiananat ugaasaunig
X'n =Xn + &

T4 X'y MUEDNANRS X, NARATYeUIesLnauIN ITRAANRANATA UAT & AB

'
=N 0 o A

ANANRANAIA IULARZAAR A1UFUATNITAAIANNRANATIATAIAARANG LN N UBITZUL

u

a o

o | ] d‘ :j/ o a6 va d'do oI ' dlca o J d‘ k%4
AMUIUAFABLUBIUY mmmwﬂﬁ‘immwmiummmum ummwmmﬂwﬂummgﬂmm

a

A Yo ~ ' Y O I =
vise i ANANRANANA X n-1 = Xp-1 wazsaeRanluiunanuilstenluae

[xt =[x (2.4)

o [ %

o qw ° P , Iz , Aa
quﬁﬁqﬂq?ﬂwqﬂq?Qﬂuﬂqmﬂﬂ Xh @”ﬂﬂN’]Lﬂu Xn NHAUNINL Xp ANANNIT

X” e {an_l+ (Xn—l /ﬂ) n> K (25)

"X n=K

AannsfAudeyaiandt 19uNsmLINIIEAUNAL (reverse evolution process) i
-IE’ P ¥ [l ¥ < 1 &l o o dgl .
ALuNIHaraNnsnARlAetnegnaesisaanisA iU (floor function) AN

annan 2.4 1Wuasy AsmANANTRIANEANG AR EHANAA luN Tt

|x, +¢&,]>|x, | v@e | x, +¢, |<]|x, ]

setiuaslalfudgesnnsdraniionana - Inalaeuiaidunldiduieidunisgniae

(rounded function) unw | x! | 1§i5adl

|_sz JR = [Xr’1 o (X:]—l /ﬂ)]Rounded

v Ay A
pinelan N

|gn —(enfllﬁ')|<1/2 (2.6)



uwaziilatinannisi 2.6 Tunuluaunie 2.5 axldaunislunisdAinanuianainaai

Lx;jR + (X, 1 B) n>K

[X”]R =

’
Xk n=K

Toed [ X o =X = (X3 1 B) Loy BOMARATIE N9 AR NRANAATUAZ NS

UiutlgeArpnuingreInannNaALgInINeg Aniuniazhan

AL 2.2 uun liiaaAAwdananduliasaswiiy 0.0025 Tugiu f= 2 dag X

= 100 N71A8aNA1 L = 6 Uas K = -4 n17UnAI989 X = 22.4525

=

AN X NONMEANANNRANAIAUNUAE X4 TszitAnWueAsaLiias wEaNia A1aaa X

u

[ 3 PR a % % ” % Y o dl
NAIRMNNATAITHNANDIALRILNLADE X p VL@QﬂLL@@\‘]iQ@\W]’]?’NV] 2.2

AN 2.2 UAANANUAY X = 22.4525 TUsZiLNHANANNRANAAWINAL 0.0025

n Xn X'n [x"]r

6 0.44905 0.45155 0.44905244
5 0.8981 0.9006 0.89810488
4 1.7962 1.7987 1.79620975
3 1.5924 1.5949 1.5924195
2 1.1848 1.1873 1.184839
1 0.3696 0.3721 0.369678
0 0.7392 0.7417 0.739356
-1 1.4784 1.4809 1.4787125
-2 0.9568 0.9593 0.957425
-3 1.9136 1.9161 1.91485
-4 1.8272 1.8297 1.8297

AMAUINlAAINNNIANANRANAA AB 0.44905244 et llunuluannis
2.2 n9un L=6 azla

X =0.44905244 X (100 /2 ) = 22.452622 [



&analganAdldannnisiAianuRanaalAWnGL 22.452622 Wamenniy

v
o A ¥ o 1

AIaANAD 22.4525 uAnldldANgndias uazansaatnen 2.2 AdniansAnduAy

a

NAIAINAAR YU UTUNAUTANNNAL (0.44905244, 0.89810488, 1.79620975,
1.5924195, 1.184839, 0.369678, 0.739356 | 1.4787125, 0.957425, 1.91485, 1.8297) i@
WeufuANsaAN (0.44905, 0.8981, 1.7962, 1.5924, 1.1848, 0.3696, 0.7392 | 1.4784,

o [

0.9568, 1.9136, 1.8272) fAAaziuINANGNERHWINALANAN 1HasaIniEANNRANATA
dl ) ¥
il

Feazvinlinsenuiuyne Aanfiaziangg

1
A

ANANNEANAA N 1A mauN e ldnsaiuA

Wia3e NTAARAIANRANAIAAINAARTNINAALHeENgANszane LN AasiuazEandd

[l i

b
X

aa " o

n7mw?’ﬂ?fm7m/mm7115’7@W@mﬁtﬁm7nmmm/mmwmm”fyﬁ@ﬂﬁ@@ (least significant

¥ 1
1

digit error propagation) TNAIAMNNANAIABAAAINNNIN IAINITNAZNNTFLLg9A

aa v all] a dd‘
ABNAIF Xk 1@mmuma‘ma‘qmmmmmwmmslummm n=K

o

auN1IN 2.6 LANMuATeLIRTEdANANRANATIATasRAnNaLRATW DAzl

1 %
1 a =

Aeridunistlaay AuanAl ldgniesmananyAguiniuue ld lunsainAiaanutanainil

aguanaavinazinlaniafAinuianaatiulia N s liAneungnsesls an

u

daaninsanaIn 1N adaea89AIR N AANAIAAAIARABUTEILEIAN (error tolerance) A4

ANNNTN 2.7

9 :‘ (2.7)

1
2pB
-3 Yo 1 dl 1 [2— a dl a}a 1 1 o o 1
aziinlidn ANgIuREANANAUIAIANEHANA AR AR R LN ELEeN lWiniW ansivetng
ITUFIUADY AZHANAINEANAIARATIALARBLNEUEBNYINGL 0.25 TauNnaANdnluszuy

o 1 1 dl i’/ dl a0 oa dl a 49{ v v 1
AUIUAIFBLNEITR9F UARY HuamnTaariA ianaaiiaTulusruulddenndd 25%
% a =

IRILARTRAR TUANNAIAINRANAIALAUINNAN AN HANAVARAIALARALN S ULANAZNA

v o d' [% v a %’/ ' 1%
"lummwimmnmmmmmmmwmmuuiuqﬂmm
2.5 NM1SATUIULAT AIAUAITLULAUIUANADL LAY

UANANNINUITETTULANUIRA AL HEN LAt ue luda u1e9n17ANWIDIR AN AN

Aty nrdlnanusazAandAAaiiafanuRANa AT AAINATY I UILNIY 290D
F 7N = v o v o al o =Y dall

nsgA1ANanatnlluds delftinauengunisAiuniaratiniugiu (fundamental

arithmetic) 2843v1LANMBA ALY Inetinduadanes NN lud91a89 N1TUIN ANTAL LAY

N19A0S ALUNAUAINAIALAIT
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2.5.1 ANFUINTDITEULINUIUAIADLUAY

naudunn 2.4 Awuald x wasy iudmouluszuudiuouasieleggiu B uavan
U84 X WAL Y AR Z = X + y A msaAuanslaaInaunisi 2.8

Zn = (Xn + Yn) mod S (2.8)

a dl P27 ] P 1 aa dl

AMNNOHHUNN 2.1 azldd1n1ruangauisan s laeniIsuINIRILARZAARNN

AU LAZUANATNT IHARAAIAMNAANAIAT WL ULNITUAN mifjmmmﬂmwmmﬁ

aunsafANauN FInALAes

FARENNT 2.3 N17U9N X = 12.24 Az Y = 23.45 AagAn X = 100 AU B = 2 Angl

ANAINAANAIAURINITNINI LAY 0.0842
Tunsainiaena L = 6 uae K = 2 nadwaaednisaiuanignuand lifmsnei 2.3

AN519% 2.3 UARNNITLON X = 12.24 UaL Y = 23.45 TRANANNEANAIAWINTL 0.0842

n Xn Yn Zn=(Xn + Yn) Zh "

6 0.2448 0.469 0.7138 0.798 0.71412891
5 0.4896 0.938 1.4276 1.5118 1.42825782
4 0.9792 1.876 0.8552 0.9394 0.85651563
3 1.9584 T 52 1.714 1.7982 1.71303125
2 1.9168 1.504 1.4208 1.505 1.4260625
1 1.8336 1.008 0.8416 0.9258 0.852125
0 1.6672 0.016 1.6832 1.7674 1.70425
-1 1.3344 0.032 1.3664 1.4506 1.4085

-2 0.6688 0.064 0.7328 0.817 0.817

nauanildannnisarunnlunsiii iifAnanu innanaia 3569 AnTiAnu9n
FannnsfArauiionann Ae 0.71412891 et ldunuluanniafl 2.2 nadl L=6 azld
X=0.71412891 X (100/2)
X = 35.7064455 UJ
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2.5.2 NIFAUTRITLULANWIUANABLUDS

1 v
ﬂ']?@‘LIZQ@\?’Q’]HQMIN?ZUU@’]HQHLLUUQ?V’WI’]ﬁiﬂLﬁ@\‘iﬁu ’&’]N']?ﬂi’l’]iﬁzﬁléj’)ﬂﬂqi‘]_l’ﬂﬂ

o dla 173 = dl dl o 1 aa a 1 dll o d”
MUIUNFAAR/L Imahwqwgumm 2.1 WANIUUANITALTERINARALLLINATIRADLUAY AU

naudunn 22 Awuald x wacy iudmouluszuydiuouasieleggiu B uaan

Y9 X UAS Y AB Z = X + (- ) AIW190A AR INANNI9T 2.9

Zn = (Xn + (-yn)) mod £ = (X, — yn) mod (2.9)

=

1 1 ¥ !
WALHOIANLATANUN I TBIATHIBNAIAINTINITALLUAL N EIAAANH AN A AL GIgARA

= 1 %’/ dl o R | dl ] dl U dl aa dl A ]
WENTUNAza1N1705Lseg A TATIUNIEI8ATRALNYNARY et InAaRTan b

u

o @ A ¥ = cil' £ o =X o @ A ¥ ¥y A

mmummmmLm@wumgﬂmmmmmmmamiﬂ AN uNazAasdIATaINIE8

aa aido o dl ) dll aa dl A o % k% di dl

M’QMVIN@WMU@\‘]@'@LW@W’IHW‘ELM@\‘ILﬁﬁ"ﬂﬂ‘lﬂm'}ﬂ‘ﬂﬂﬁﬂﬂﬁmLﬁ@@ﬂ'ﬂ\iﬂﬁlﬁl@ﬂiﬁg’ﬂm@\i NN
= 7 '

o 4 1 o ¥ = = o o ada o =
VI’\IVLF’]?@QMN’]HLM@’]MMQT]M@\‘] “’\\‘]VLQNﬂ’]i“V]”I‘].'ﬁ“]_l‘]Jﬁq\‘ifJﬁﬂ’]?V’]’]M"JMﬂW?‘UQﬂ&Lu’&Nﬂ’]?VI 2.8

= S o gy, A ) v Yy o o a
SNZWN’]‘J‘QV]’QzVIWELMﬂWLﬂ?ﬂﬂﬂﬂﬁﬂ%%gﬂﬂ@ﬂ‘lﬂﬂ')Hlﬁ]’J@’]Luuﬂ’ﬁ‘i mod

[y dmod B (% +y,)20
(Xn+yn)m0d_ﬂ (XL+yL)<0

Tnefflardu mod” uaz mod iﬁgﬂﬁmuﬁﬁm@iﬂﬁ
(@ mod* p=a+ 18 Tunscii 0<(a)mod* < p
@mod g=a+ 15 lunstif -f< (@)mod <0

waz | AW uisN

FARENaT 2.4 N7AL X = 12.24 UaT y = 23.45 Ao X = 100 AmiugIu B = 2 AdeAn

AUAANRIANAINNTVIINITANLI NN AT AATIRA TN 0.0842

N9@anen L = 6 uay K = -2 iadns1a9n1sAuaugnuans 1#aemnsen 2.4
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ANSI971 2.4 UARNNIIAL X = 12.24 UAY Y = 23.45 G9RANANAANAIAWINAL 0.0842

n Xn Yn Zn=(Xn - Yn) | Zn=(Xn - yn)mod S Zh Zn

6 0.2448 0.469 -0.2242 -0.2242 -0.3084 -0.22452894
5 0.4896 0.938 -0.4484 -0.4484 -0.5326 -0.44905788
4 0.9792 1.876 -0.8968 -0.8968 -0.981 -0.89811575
3 1.9584 1.752 0.2064 -1.7936 -1.8778 -1.7962315
2 1.9168 1.504 0.4128 -1.5872 -1.6714 -1.592463
1 1.8336 1.008 0.8256 -1.1744 -1.2586 -1.184925
0 1.6672 0.016 1.6512 -0.3488 -0.433 -0.36985
-1 1.3344 0.032 1.3024 -0.6976 -0.7818 -0.7397

-2 0.6688 0.064 0.6048 =1.3952 -1.4794 -1.4794

v Py o ey = = Al
fau waaunlfaannsacuanlunsin lllAAnEanaNaAe -11.21 AT

AandlFannnisdAInuiianan Aa -0.22452894 e lilunuluannisi 2.2 netl L=6

ale

2.5.3 NSAMUBITEUUINUIUAIABLUAY

X =-0.22452894 X ( 100/ 2 )

X =-11.226447

mﬁ‘@m‘Lm:uuﬁ’]muﬁmmﬁm [4] lddaNnsaiasAULARRARLINAEN

anfuldiniauiunisuanuarn1sal AeLUIANas AN seuedanesnunnsgulag

1 1 1 v
nNsaNedNaRMEet (partial product) IaunsanazduliIfilesannnguidssielly

noujuni 2.3

mua i X dudoulussuyaauasiaiies 5148 AanAsailed

YA AX T A AT LILUANA NI 20 AILINARINANNTA 2.10

A1uA 1%

(AX)n = (AXn)mod S

y= zﬂkﬁk
k=n

(2.10)

UNUUAAZAAYBNGLIMLLIAITUNWA

Y Vi YoY1...Ym 1029147 A Aniluauausia A9uasn19gna X

o 1 1 dl‘ d‘ o Y o = o 1 dg/
wazy 2145‘.?57_/7_/@’l‘lJ?‘lJﬂ’)ﬁI@L‘lJ@\m’?JJ’?ﬁ‘ﬂW%‘ZW’)ZWQJWQHQHW@GW@ZﬂU
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= =i ° P @ o ° A aa
NHRHUNN 2.4 ﬂ'77/7uﬁ727/7 X Uas 'y Ll/ur“?’)u?u2%?3UU@7U9U@7W@LU@\7§7H IB AABIA

FRLIBNYBNHARNEN 1900 Z = X | Y AIN190A M0 lAAINaNNIT 91 2.11

(y-x)n:(Zlk-xn_kjmodﬁ:[zm:i,xn]mod,b’ (2.11)

Inefdtyanmal A vangfaninia@aua x, [Wnede i s lunsdl
Ai‘ - [~ = o d’ 1 - o 1 dd’ -
7 1 iduan wFavnIsaeuwA X, [Une97 i s lunsaddl i i

al

AR 2.5 N179 X = 12.4 UAT y = 5.5 A98AT X = 100 dmFUgIU = 2 AdeA)

ANEAANAIAUAINITNNNITAVHIUN NATIAAIAATANL 0.0842
NN9@anA L = 6 tay K= -2 uaansaean1sauingnuandlifianisei 2.5

A9 2.5 UAAINATANS X = 12.4 UAZ Y = 5.5 TNRAIANNEANAIAWINAL 0.0842

n Xn (ZZ'XH) (Z’l'xn) (ZO'Xn) (Z—l'xn) Zn Z n z ,;]

6 | 0.248 | 0.992 0.248 0.124 1.364 | 1.4482 | 1.364328907
5 1049 | 1.984 0.496 0.248 0.728 | 0.8122 | 0.728657813
4 10992 | 1.968 0.992 0.496 1.456 | 1.5402 | 1.457315625
3 11984 | 1.936 1.984 0.992 0.912 | 0.9962 | 0.91463125
2 11968 | 1.872 1.968 1.984 1.824 19082 | 1.8292625

1 11.936 | 1.744 1.936 1,968 1.648 | 1.7322 1.658525

0 | 1.872 | 1.488 1.872 1.936 1.296 | 1.3802 1.31705

-1 1 1.744 | 0.976 1.744 1.872 0.592 | 0.6762 0.6341

ol ol ol oo ol o] o| ©

-2 | 1.488 | 1.952 1.488 1.744 1.184 ©] 1.2682 1.2682

fari maamuilda nnnaA e nilun s blfldn Aanudanaie Ao 68.2 And
fwansldannnisfiinaauiianate A 1.364328007 et luunuluannisii 2.2 nad
L=6 azls
X =1.364328907 X (100/2)
X = 68.21644535 U




UNN 3
AANATNNNITUITUUTSULINUIUAIADL LD

aiAsuszuuS A sieliies Saed Ahmadi Jullien waz Miller lFaanuuy
ﬁ@ﬂ@?ﬁmmiﬁmqmmﬁﬂmﬁugmﬁ@ N17U9N N1TAL WAZNITAN aifaAAnu
ﬂmmLﬂ'ﬁi@umﬂﬁﬂ;mﬁmmmﬂunﬂ y PanAsiaLies AuN3afAANNEANAIANAUNN L
IndAesrinin deldesunaluund 2 luudafu sdsedendnndelildinnminaue

FANETTINNNIMTLUITILAMINATFELHEY Banednuin s e Ainfiug BN

a

Tuunitlévinaseanuuudanainunisuisivanand liindd N1suea1813097
THunszuuauIuAsiaies lnanaansnlagasnnauifsesnianAsaiiio uaza1unsn

AuanlALngule 7 inan ndanisuniigaddanesnufinann

3.1 AANAINNAITUITUUSTSUUANUIUVAIADLUAY

v 4

LUIAANITAILI UBIFAAIUNITNG meﬁmﬁuﬁmmmmsm@ AAAWAIN

ATIATIZINITUNIFAUAT 21909 X 11U Y ENA28E1Y 1Y n1uuald x HAwindu 735 uaz

1 1o

y fawindu 25 Tae g SAwiaiu 10 nasmadanainaininAtzessanaluusaswdn

pasfafglaferidunu Avuald x, unuAlesuan tag nUuAIWIUUAN  grusat 4"

Rrla IR e Tunsnzmdn et
7 %102 3x10* 5x10°
+ +
25 25 25

700. 30 5
25 25 25

NARNST LHIAINITUITAR NITUINATINARINITUNT IULAATUANNITIN T8I
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= =i o P @ o a o P A
NHRHUNN 3.1 mwum?w X dazy [,.7_/74!@7”9”@?\71/”?57_/7_/@'7UQUqu@Lu@JUUE’)uﬁ

Tmﬂﬁgﬂuuun’;mwum'wm X = (XL XLe1 X2 wee | vee X)) Lm::gi/uuym?

UNUAIY89 Y = (YL Yia Vi - | - Yk ) Amua bigtuuunisunuai
o rd’ ¥

9092 = (2 201 2L ... | ... 2k ) 08 z 1 TURAGWST [AR1NN199117 X

P < o ° A P =
ndey 617\7@'774’3142745‘3,’7_/7_/@7%9%ﬂ7ﬁ@£u@ﬂj’lu ﬂfs]@?ﬂ’]?‘ﬂ@\? X A98Yy AR

° Py =
z=x/ Yy ZV’?JJ’)?‘QF)’TLJQMZ@@’WZWJN’??W 3.1

z, = L W (3.1)
(Zl{F]JmOdﬂ+Qn mod £ oL

i=n+

Ineimnue 1y Ty iuAmanzluvany n ng K <n <L s9aun1sin

3.2
= =—LX” J;ﬂ : (3.2)

uasn1uA 1y Qn WAL AT ULITLIAINANAUTIBINITUT Xy AIEI

FA1I7 Y A9ANNITT 3.3

Q,= (XVJ mod (3.3)
wgau

AINANNIIN 2.2 FIUFUNNTUNANRAALIN A X TILAAIFILANNNGN 3.4 LAY
d‘ o o 1 aa dl dl A d‘ v all o o =) g
AMNANNITN 2.3 ANMFUNIMANGARBUNINRS TIUAANAIEANN1IN 3.5 dmFunisiga

yqFund 3.1
X[ = B (XTX) (3.4)
Xn = (Xn+1 - LXn+1J ) X ,8 (3.5)

AMNANNIN 3.4 UAY 3.5 drnrnidauilugunisdauiunisatuinifanefaiiaglud u

stuuniialy TnsansnsnAtusunABani n Lo faannisi 3.6

X

)= [Yﬂ“*)modﬁ (3.6)
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AMNANNIIN 3.6 UINIMIAT X, 108 Xy AIANNNTN 3.7
L-n
X, = (x, x 8" )mod 3 (3.7)

s ) s
AINNNINNYUA Z = Xy wazannien 3.1 Tunsainin = L

Z, = {ij mod S
y

NINITUNUAT XL ANANNTIN 3.4 azl@aunnsi 3.8

E===-
zL_[(yj ijOd'B (3.8)

AWMSUNTN N < L NNI13UNUAT X, A1 11a1n19% 3.7 axldaunai 3.9

Q= ((5] X 2 x B ] mod S (3.9)
y) X

o o 1 1 dl Ioaa 1 o o dgl % n Yo
AINUANNITUBITLLLRIUIUANFRLIAS ARAR lUuAazan ldAeridun ATUMNIEL p az @A

YAIUARZUAN FIANNTT 3.10
X B =[x Bt +x B+ %, B (3.10)

i v 1 !
wnaunIe¥ 3.4 Arudng A" MAIRINTUTNAIAINANNIST 3.10 WNulUaNN1IN 3.4 AIANNIT

73.11

9> (I,XLJﬂL +x B+ xn,[)’”)x X
BxpB-

(3.11)

1NAT X ANNANNN9N 3.11 WU luaun9h 3.9 A9aNnIeN 3.12

xJp'

z, = __ZL:I /;/” mod +[X7”jmodﬂ mod (3.12)
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= o s X
NIRUUBNI N < L ANANNITUINANY

Z, = (Ii(;‘anodﬂJrQn mod B

i=n+1
3| le a & = dl
Lﬂi&ﬂ’]ﬁ‘@ﬂﬁqﬂﬂ’ﬁi"l@@%%ﬂﬂghi’m 3.1 u

a o D e PRIy = A >
VIE]‘]:#{]‘LWIGM‘]J "’QgLLﬂﬂﬂiﬁLﬁuqq ﬂ']m@ﬂmi@@qﬂﬂqﬁﬂqﬁﬁlquwgﬂmw 3.1 WU’y
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NOQEIUNN 3.2 NﬂﬂWﬁﬂ’]?”’]?@'?ﬂWi]Hgl/WW 3 il N@m@ﬂﬂmﬂl@ﬂgﬂuﬂﬂuwu@'7‘%97«!274!
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FTULANUIUATABLEY 51U B Azfesiigaiidn

Z, = (Zn+1 _|_Zn+lJ)ﬁ
A mFuynnstiaes K <n <L nsRgadutisaaniu 2 nstine
nsadn=L-1

AMNFANBINHUBINITNIG 2 ANNNTDANMIALLEAIN

AQ) {(ZL: -E_l mod S [+Q 4 (mod S

ZL: T mod 3 |+ (()\({—L] mod ﬂ] mod 3
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SR
'u
Ry
>
iR

N[NNI



Z,=
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Z 4=

Z 4=
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LXLJX:BL +---+|_Xn+2JX,Bn+2
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(LXLJX/B )+(XL Xﬂ)_(LXLJXﬂ)

oo
(s

(ZL xﬂ)mOdﬂ

(ZMﬁ){%JXﬂ

]modﬂ

(20 %)=z [x5)
(ZL _I_ZLJ)IB

(o

LXLJXﬂL +-'-+|_Xn+1jxﬁn+l " (Xn+1 _LXMlJ)XﬂJmOdﬁ
Y x 8" Y

[x % B+t Xy X B2
Y xp"

+(X;”j><,b’ mod

LXLJXﬂL+"'+|_Xn+2JXﬂn+2 Xn+1 %
Vxp + v £ |mod g

LXLJXﬁL+"'+LXn+2JXﬂn+2 Xn+1 %
Y x Y mod j |x  |mod j

LXLJXﬁL+"'+LXn+2JXﬁn+2 Xn+l
Y x g modﬁ+(ijodﬂ x f {mod f

X y
mod S +| =L \mod £ #98 Zp+
Y Xﬁn+1 J ﬁ ( Y ] B n+1
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Zn = (Zn+l Xﬁ)mOdﬂ

1= (ZL Xﬁ)_{%Jxﬁ

Z, = ( Zog— \_Zm—lJ)ﬂ
{flunnsduganisigatinguuni 3.2 n

3.2 A2AEINNNTUITUUTEUUINUIUATIADLL A
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dl o ¥ (% a R o 1 ] dl 4 d?
WWaNIINNANEN lagaNa NN URIZL LA UIRANARLEa I Tann T

o a KR

Teaziifnae N ineaTLAANLNTIUAL uazg1uaed ineuwans liidiudndanesniunlfinaue

v a o =K

anunsnAuanliiannauugule Tnesaedieanennail GaiildinasAnianeAmany
ARNALAADUANNATYYATUTLNIU FINTNNITAAIANRANAIATNIA AT Teazuansluuni 4
siall e nanalifiiud N19r1781419 AU Ll AR T AN NE AN AT NNNITUTLUTZUL

o 1 1 dl dl v v
AUIUATFALTAIN LhaanuL Ll

Aaatafl 3.1 11917 X = 785.2 WALy = 25 AILAT X = 1000 Amsugiu B = 10 Aoel

wanA L =2 uaz K= -1
HAANSIBINITANUIINUAAS LHAIAN3I9T 3.1

ﬁ]']‘i'lxi‘ﬁ 3.1 ULAAINI9UINe X = 735.2 Llag y = 25 z%wﬁ?ugm £=10

n 2 1 0 -1
Xn 7.352 3.52 5.2 2
Y 0.25 25 5 0
T, 28 1.2 0.2 0.008
Q, 0.29408 0.1408 0.208 0.08
Z, 0.29408 2.9408 9.408 4.08

Y a

ANRBLIN LARAINNITANMITUE A (0.29408, 2.9408, 9.408 | 4.08) H1WA1TELN

1o

ANRBLNYNFEILDY 735.2 M3dnn 25 axldA1miniy 29.408 Tnai 29.408 Tuszuuanuan

|
=

ANGRLEY X = 1000 WAzg W A = 10 1 A284 29.408 UA18IHAANE20IN179N

v a
YJIRFN
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A o

UNANRAANAALLAIUANT N = 2 N1A I IUANNTIN 3.4 TALNAT Z, HIUNUAN

Tuaunizsanannaz e aang fail

n = ZL(X /ﬂ)
Z, = 0.29498(1000/10)
z, =29.408

o

AvsunandnllAaruansluannis 3.14 azl@RanAususaLiiaasa

z, = (0.29408 | 0.29408 )2 = 2.9408
7, = (2.9408 | 2.9408 |)2 = 9.408
z_, =(9.408—|9.408 )2 = 4.08

AUNATIUINAIARLA WANALUAIABUNLTATY Aa 29.408  uaziilunistiusugn

]
=

ax o o = o A\ , ° o \
@ﬂ@?mﬂmiﬂ@@ﬂLLUUiq N@m@ﬂummﬂﬂﬂ@mmﬂﬂqm@Lu@\‘] MQ1ﬂﬂ$uﬁL@uQMQ@Hﬁduu§ﬁu 2

N
D

o o

IFaeined 3.2 0

FRREN9T1 3.2 N17WI2X = 73.52 Az y = 25 AagA X = 100 Amilgu =2 aenAn L

=6 uaz K=-2
289

ATUADUMANRARATFBLHEITIES X WA Yo LU 2 WIAY Tn, Qq UAT Z, iR LA

nasuRAnAsietieg LUgIW 2

an

AEAUIY

X ° | an - °o o aa
AMNANNIT X =ﬂ><y ANNNINATUIIN AN AR FUFTU XL @Wﬁ?ﬂﬂ@ﬁlﬁ]’ﬂiﬂﬁ”l

¥
o A
THananng X, = (X, — | X,q DS Al

Xg = 2x-222 —1.4704
100

dusupansalilarunsldsauanslunisai 3.2

¥
"ﬂ’]ﬂ’)ﬁﬂ’]?Lﬂﬂ"JﬂuﬂUﬂ’W?M’]W‘ﬂW;’]’QLM‘N Xn ANNNTDANUIUN AR Yn VLEZWJ \iﬁ

Yo = 2% Sl =05
100

AvsunamsallAruanlesananalumniei 3.3



NRRINIFAARALLUABIRY Xy WAZ Yo WAINNNITANLIUUNAN

T

n

i o 1
A1FI9N 3.2 LAAINITATUITUAN Xy

n (Xy1 = [%0u )8 Xn
5 (1.4704 —|1.4704])x2 0.9408
4 (0.9408 —|0.9408 ) x 2 1.8816
3 (1.8816 —[1.8816])x2 1.7632
2 (1.7632 —[1.7632])x 2 1.5264
1 (1.5264 —|1.5264 [)x2 1.0528
0 (1.0528 -|1.0528 [)x 2 0.1056
-1 (0.1056 —|0.1056 |)x 2 0.2112
-2 (0.2112 —[0.2112 |)x2 0.4224
A9197 3.3 LAAINITAIUIUAN Yn
n VoY DB Y
5 (0.5-|0.5)x2 1
4 (1-[1])x2 0
3 (0-[0]yx2 0
2 (0=[0)x2 0
1 (0-{0))x2 0
0 (0—-|0])x2 0
-1 (0-[0])x2 0
-2 (0-[0))x2 0

MENEYA
Y

aa o o ~
LRAANITNITANUIDUANANTINN 3.4

Th
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A1919N 3.4 Lanan17Aund Ty

n RNEYA Tn
Y

6 11.4704 |x 2° 2.56
25

5 10.9408 |x 2° 0
25

4 |1.8816 |x 2* 0.64
25

3 11.7632 |x 2° 0.32
25

2 |1.5264 |x 22 0.16
25

1 1.0528 |x 2" 0.08
25

0 10.1056 |x 2° 0
25

-1 |0.2112|x 27 0
25

-2 [0.4224]x2° 0
25

1 X o o/ ]
U1A1 Qp ANANNTQ, = (—” mod LAAINITANNIUASAN TN 3.5
y



A15199 3.5 LAAINITATUILAT Qp

n Q
[X—“J mod S "
y
6 1.4704 0.058816
mod 2
25
S 0.9408 0.037632
mod 2
25
4 1.8816 0.075264
— —— Imod2
25
3 1.7632) 0.070528
mod 2
25
2 (1.5264) 0.061056
mod 2
25
1 (1.0528) 0.042112
maod 2
25
0 0.1056 0.004224
maod 2
25
1 (0.2112) 0.008448
mod 2
25
-2 (O 4224) 42 0.016896
25
S8 F s A UE AN T A Zn ANNANNNT 73
Qn n == L
fn = ZL: T mod 8 +Q_ |mod S
+
i=n+1 ﬂn " n< L

ANNNTDANUILLAFIAN9199 3.6
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i o i
A5 3.6 LAAINITATUINAN Z,

i=—2+1

n L (T Z,
z[ﬁl” J mod 8 +Q, |mod S
i=n+1
6 Q, 0.058816
S 5 (T 0.117632
( Z(—;D mod 2 +0.037632 |mod 2
i=5+1 2
4 5 (T 0.235264
( Z(—;D mod 2 +0.075264 |mod 2
i=4+1 2
3 6 T 0.470528
[Z(—' jmod 2+0.070528 |mod 2
i=3+1 2
2 6 T 0.941056
( > ——D mod 2 + 0.061056 |mod 2
i=2+1 2
1 6 (T 1.882112
> —;j mod 2 + 0.042112 [mod 2
i=1+1 2
0 5 (T 1.764224
D —;,) mod 2 + 0.004224 |mod 2
i=0+1 2
-1 5 (T, 1.528448
> —lD mod 2 +0.008448 |mod 2
i=—1+1 2
-2 5 (T 1.056896
> (?D mod 2+ 0.016896 {mod 2

UNANN AU NN A LARTUANT9N 3.7
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A1519N 3.7 LAANNNINIT X = 73.52 Uz y = 25 1miugu f=2

n Xn Yn T, Q, zZ,

6 1.4704 0.5 2.56 0.058816 | 0.058816
5 0.9408 1 0 0.037632 | 0.117632
4 1.8816 0 0.64 0.075264 | 0.235264
3 1.7632 0 0.32 0.070528 | 0.470528
2 1.5264 0 0.16 0.061056 | 0.941056
1 1.0528 0 0.08 0.042112 | 1.882112
0 0.1056 0 0 0.004224 | 1.764224
-1 0.2112 0 0 0.008448 | 1.528448
-2 | 04224 0 0 0.016896 | 1.056896

25

ARALN IAAINN19AILINL Aa (0.058816, 0.117632, 0.235264, 0.470528,
0.941056, 1.882112, 1.764224 | 1528448, 1.056896) tfianstuAmaLfignsiadaas
73.52 wedag 25 azlariniy 2.9408 Taei 2.9408 Tuszuu X = 100 uazgu B=2 1

ANUR4 2.9408 dluAraeanaansraan1susi UNA39

FUAEAATUAUAQREALAY UIAIRARANAALLAIUANT N=6  NIATUIDLAIE

6 o/

a7 3.4 Tneindn z, s uannsdenanasldnadng s
z, =2, (X1p)
z, = 0.058816(100/2)
z, = 2.9408

fsupandnllsuanluaunis 3.14 azldRaniinAwUse oesall

z, = (1.4704 - |1.4704 )2 = 0.9408
z, =(0.9408 —|0.9408 |)2 =1.8816
z, =(1.8816 -(1.8816 |)2 =1.7632
z, = (1.7632-[1.7632 )2 =1.5264
z, = (1.5264 —|1.5264 )2 =1.0528
z, = (1.0528 —[1.0528 )2 = 0.1056
z_, =(0.1056 —|0.1056 |)2 = 0.2112
z , =(0.2112-]0.2112 |)2 = 0.4224
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ANUNT 3 MHUAAISANETNNNIIMITLUIZULAUIUAABLIEEY FIuAnI AW
nssatdnsnanlivugule uasiinnanimidurandseiles luunilazuananig
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AUiAINdanasnunIsef ldauelludaluuni 3 Tednyyinsunounazuluyn
AamAsiaitas  lasAtaduEaNaIadiaTuA Ay IuILnaL  azsfesldifudiaay
HanatAraIALARauNEuIeN HaNAANEANA AN ATWILLERERARLAY aNNNI0RINIe]
Arpaniananlaglddanasnulunisdaiaciniionatn Alduansluumi 2 euansli
IUINBANBINNN TN SLUITLILANUIUAIFALIEN ANNNINAAIANNIANAA IANAANS

LRIGENGRIEH
4.1 NMSATUIUNTAUNAANNRANAIALASNITTATANELANAIA

AMNUNA 2 IANANITNNITMAAINIIANUILAARATFRLLEY  IHANAAIAINN
RANaATulLLAAZRAR mmmamwmmﬁLﬁm%u%gﬂﬁﬁmmuLﬁﬁﬁuaamuﬁi@:ﬁ%mm Zn
= 1 1 A 1 dl a o o v a a 49{
Ngduuy 2 = 2, x ¢ e 2 ARAIY8Y Z, MNAREYRIUTLINIWIN ITAAANNRANAATY

LAY £ ARANANNRANANA TULARZAAR

Tuunil AxNa1TN 93UILLBBIANAANAIABNLLLULN TTURAS ARNRANATA

naglugtees 2 =z, + & Avuanslungugunselyl

NuJuUNN 4.1 AmualE X = (X0 Xea Xez o | e X ) iugiiuuiunuauanlussuy
o 1 1 d‘ dd’ a g a 1 aa 1
A1IUAFIRIEIENTIM B lunsaiNeULNAIANNAANAIA IUUAAZARAA

finiiinaly
Xh=Xn+ &

lng ELfIUF?”?ﬂQ’WJﬁﬁWV@’W?2%‘#9\7@"’@0Wﬂﬁﬁ)‘l/v@’?ﬁ?ﬂ@’?ﬂl,ﬁ@d@u%guﬁlﬂw

AN X " AINNISANANNAANANA AL AuAaWE 719N X 11T
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911 B Amanuranaln ¢ Inedn

Xh=Xn+ ¢
1

LAY E<|—|p
2p

a

[ % =X P2 a o 1 dl
mnmﬂmwuqmmmmmwmmlnmmew K
XK=XKk=Xk+ &

ANANNAANANA (k) WA uNed K Ag

lunisirIANHANaIn

4

n= X L )

X

=

Wansnunaumnidsit n unstiidan & NATUAINNIITAIANEANAIAR LT n-1

Xr’: - |_X:1_|R +

B

A

anReulareIndsgAmuEana A NaNNT 24 Rd x|, =|x, | azlédn

Xy = \_Xn J+(£J+(ﬂ

B P

(Xn - |_Xn J)ﬂ €na

(Xn—l + gn—l)

X! =|x, |+ 5 +
Xy =X, +—=
Y €
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1
Tnel X =X +&¢ UAT Je| <3
AT X/ = ;L*fK < 2,b’1L‘K C

4.2 AIAENNNITATUINY

ARG 4.1 UAAINIIAIAINAANAA IHONIUAAIAIINEANAIA & = 0.0106875 L
AUAIAINEANAIA & = 6% AIMTL X = 34.2y = 12 UUFI f = 2 Uaz X = 32 NAANEUBY

N7z = 2.85
P20 a Z// = -dl
LL@@Qﬂ’]?Qﬂ’]ﬂ’JWNNﬂW@’]ﬂVN@ﬂQﬂ?MIMWﬁ’NV} 4.1

A9 4.1 UARINATNANAINEANAIARINNITLINUAZATIAIAINNEANAIA

n 4 3 P 1 0 -1
Zn 0.178125 0.35625 0.7125 1.425 0.85 1.7
In=12n+ & 0.1888125 | 0.3669375 | 0.7231875 | 1.4356875 | 0.8606875 | 1.7106875
% 0.17845899 | 0.35691798 | 0.71383595 | 1.4276719 | 0.8553438 | 1.7106875
Ih=12,% & | 0.1888125 | 0.377625 0.75525 1.5105 0.901 1.802
Z" 0.1813125 0.362625 0.72525 1.4505 0.901 1.802

AMNANTNA 4.1 LAASIATIUAN AANEINNNNTVMNILUILULANUILAFAALHEY 1HD

AaAIANNEANATS — N13fAIAINRANAIAAINIZATN IEISARINs  TaanisifinrAAYN

a g = 17 1 aa
NﬁW@’]ﬁﬂ?Mﬂ’]ﬁfJ’mNﬁW@ﬂﬁmﬁJlel’}llﬂ&LuLLm@Sﬁ@m

{ v { dd‘ { a 13 ' aa
ﬂﬂmLﬂmm’ma‘mmmmmmmwmm@mwﬂﬂmmmqm

o b2 P a o %
VI’]IMﬂ’]ﬁ‘QﬂWﬂQWNNQW@Wﬁﬂ@UNWI{LCﬂ

0

ARG 4.2 N1FUITLUTZULANWIUAIAREEY [nanuuald X = 645.2 uas y = 42 AagAn

1 ¥
X=1000 “dwiugin B = 10, AIRIWAANAIATAATUINIELILWINAL 3% AINaNNIs

L+1
X =4 aAmwanlaan L= 2 uazmuuali K = -1

Qada o
EM

AU ANAARATFLLAITIRT Xy UAZ Vi UUgNU 10 1A Ty, Qn AT Zy e

Iuavnsnidumaneideiios tugiu 10 wdsantuldripuiianani z, luusazhan
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AU
X o | aa a ) o aa |
ANANNT X, = fx - ANUNINANIUMNANRARGNEL X AviuRamsielln
IHananng x, = (X,,, —| X, S feil

x, =10x %2 _ g 450
1000

AvsunamsallAruinlesananalumnisiai 4.2

3
Yo A

AINABNTALITUALNIVINAARABLIEET Xy AINITAATUIIINAAR Y, IAFI

42
1000

Y, =10 x —=— = 0.42

Asunamsallaruaalesananalunisei 4.3

M54 4.2 LAAINITAIUIEUA Xn

n (Yo =X DB Xa
1 (6.452 —|6.452 [)x10 4.52
0 (4.52-|4.52])x10 5.2
-1 (5.2-[5.2])x10 2

AN919N 4.3 LAAINITATUINLAN Y,

n (Yoer LYo Y
1 (0.42—|0.42 )x10 4.2
0 (4.2-|4:2))x10 2
-1 (2-|2])x10 0

NRIRAN FAARANFABLIDD Xy WAZ Vi WAIINNTIAUIINAT T ANANNNTN 4.2 LARSITNNT

ANUIDLAIRNTIGN 4.4



A1919N 4.4 Lanan17Aund Ty

" ENEYA T
Y

2 | 6.452 |10 14.2857143
42

1 | 4.52 |x10* 0.952380952
42

0 |5.2]x10° 0.119047619
42

-1 |2 |x10™ 0.0047619047
42

. X o . |
U1A1 Qn ANANNTQ, = (—” mod B HARNN1IATUIUAIAITNT 4.5
y

M19197 4.5 LAANNITATUINLAT Q;,

n Q
(X—”j mod S "
y
2 0.153619048
(6 452jmodlo
42
1 0.107619048
(4—52jmod10
42
0 5.2 0.123809524
—— |mod10
42
-1 2 0.0476190476
"2 mod10
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Qn n = L
f0 = ZL: T mod #+Q_ |mod S
i=n+1 ﬂn " n< L
ANN1I0AUILLAFINN13797 4.6
A9199 4.6 LAANNTANUILAN Z,
A

N [(il(; D mod 8+ Q. ] mod 4

2 Q,

0.153619048

i=0

2
[(Z (%D mod10+ 0.047619047J mod10

1 2/ T 153619048
Z[l—lj mod10+0.107619048 |mod10
i=1+1

0 20 T 5.3619048
z(~—0j mod10+ 0.123809524 |mod10
i=0+1 10

-1 3.619048

o 1 dl b4 o I a 1 o aa o d”
UIA1 Z, V]i@@’]ﬂﬂ’]ﬁ‘ﬂ’]uﬁlmslﬂﬂ’]ﬂ"J’]ﬁJNﬂ‘W@’]ﬂL‘Vl’m‘i_l 3% NN° ARF AINL

z,=10.153619048 X 1.03 = 0.158227619
Z, = 1.53619048 X 1.03 = 1.582276194
2, =5.3619048 X 1.03= 5522761944

z',=3.619048 X 1.03 = 3.72761944

\HaiaA1ANEANAIA TNl WIELILANNNIATAIANNRANAIAAINANNITT 4.5

AU LA

7" =3.72761944

2y =[5.15 |, +(3.72761944/10) = 5.372761944

LAANNIT



2 =[1.045 ], + (5.372761944/10) = 1.53276194
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Z, = |_O.004951425JR +(1.53276194/10) = 0.153276194

AN AU ERINNA AR IR 4.7

AN 4.7 WAAINITUNT X = 645.2 UAY Y = 42 TANANANNAANAIAWNGL 3%

n 2 1 0 -1

Xn 6.452 4.52 5.2 2

Yn 0.42 4.2 2 0

T, 14.2857143 0.952380952 0.119047619 0.00476190476
Q, 0.153619048 0.107619048 0.123809524 0.0476190476
Z, 0.153619048 1.53619048 5.3619048 3.619048

z 0.158227619 1.582276194 5.522761944 3.72761944
z 0.153276194 1.53276194 5.372761944 3.72761944

ARBUN LAAIANITAIKA T AAUNAZIARAIANNEANATA A (0.153619048,
1.53619048, 5.3619048 | 3.619048) tlaiiAAIANNRANAA AR RARNIUNA 0.562 11N

nsfAAuEananldAReURS (0.153276194,1.53276194,5.372761944 | 3.72761944)
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agimsnannufianaan ialiraAiseuitldliassiuaafiuiass mainaAuEanaT
anpanfiansuteniiaanszanalidnng amuazi3andn NIuNsnITaTE189ANN
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AARENSN 4.3 NIUTULISLLAIMINANARIEEY [aenivua il x= 92.2 uaz y=32 AagAi X

' P L+1
= 100 dmiugu f= 2 ANNAANAIATNATL MUY 0.0842 AINANNIT X = fB

AndlaAT L=6 uaznivuali K=-2
as

2891

ATUIDUMIANRARNAIABILEITRS Xy UAT Yo UUFIU 2 AT Ty, Qn UAY Z, WNa L4
NANNINITIURARAANFDLTAY UUFIU 2 492 N5U LA ANANNRANAIAT Z, TULAALAAR AN

N3fAIAINRANATA
AU
X [ I aa QI 1 o v aa ]
VINGNNIX, = %= AmgaAmuanmAman i x Amunamsialiln
% o dgl
IHananng x, = (X,,, —| X4 NS Hail

X, = 2x 222 _ 1 gag
100

asunamsallAruanlemananalumnisen 4.8

AMNATNNIALTUTLNNTMAARABLIED Xy INATOANUIINAAR Yy, TRAT

32
_2x % _0.64
Yo = %700

dnsunamsallAruonlesananaliinisnen 4.9



nagann lfRanATLLLAaLTaY

T

n

i o 1
A159N 4.8 LAAINITATUITUAN Xy

n (Xpa = %00 )8 Xn

5 (1.844 —|1.844))x2 1.688
4 (1.688 —[1.688])x2 1.376
3 (1.376 —[1.376 )= 2 0.752
2 (0.752—|0.752]) x 2 1.504
1 (1.504 —|1.504 [)x2 1.008
0 (1.008 —[1.008])x 2 0.016
-1 (0.016 —|0.016])x2 0.032
-2 (0.032 —|0.032[)x2 0.064

A9 4.9 LAAINATANUIAN Vi

n Vs =Y )B Yn

5 (0.64-]0.64)x2 1.28
4 (1.28~[1.28 )% 2 0.56
3 (0.56—]0.56])x 2 1.12
2 (1.12=[1.12)x 2 0.24
1 (0.24-|0.24 )% 2 0.48
0 (0.48-/0.48])x2 0.96
-1 (0.96-]0.96 |) x 2 1.92
-2 (1.92-|1.92)x 2 1.84

NENEYA
Y

WAASATNITATUIDUAIANTNT 4.10

Xo WAY Yo WRAVINNNTAIWATUIIAN

Th
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A19197 4.10 LaAaN17AwIns T

n RNV T
Y

6 1.844 |x2° 2
32

5 |1.688 |x2° 1
32

4 |1.376 |x 2* 0.5
32

3 10.752 |x 2° 0
32

2 11.504 |x 2° 0.125
32

1 |1.008 |x 2" 0.0625
32

0 [0.016 |x2° 0
32

-1 10.032|x 2 0
32

-2 10.064 <2 0
32

1 X o o/ ]
U1A1 Qn ANANNITQ, = (—” mod S LAAINITANN AN TN 4.11
y
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A5199 4.11 UWARINITANUITUAN Q,

n Q
(X—“J mod S "
y
6 1.844 0.057625
—— mod2
32
5 )
1.688 mod 2 0.05275
32
4 .04
1.376 mod?2 0.043
32
3 .02
0.752jmod2 0.0235
32
2 0.0
(1.504} odd 47
32
1 .
(1.008jm0d2 0.0315
32
0 0.
(0'016)m0d2 0005
32
-1 )
(0.032)m0d2 0.001
32
-2 0
(0.064) i
32
S8 F s A UE AN T A Zn ANANNNT 73
Qn n == L
“ N[ [ |mod g +q, |mod 5
mod 3 + mo
i=n+1) ﬂn " n<L

ANTDANUN LA FIANT197 4.12
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A15I9N 4.12 LAAINITATUIDUAN Z,

il

2

=-2+1

(%D mod 2 + 0.002] mod 2

n L(T Zpn
Z[ I”J mod # +Q, |mod f
i=n+1\ ,B
6 Q, 0.057625
5 6 T 0.11525
(Z(—; jmod 2+0.05275 |mod 2
i=5+1 2
4 5 (T 0.2305
( Z(—Jj mod 2 +0.043 |mod 2
i=4+1 2
3 6 (T 0.461
( Z(—'D mod 2 + 0.0235 |mod 2
i=3+1 2
2 o (T 0.922
( Z[—Ln mod 2 + 0.047 mod 2
i=2+1 2
1 5 (T 1.844
(Z(—'D mod 2+0.0315 |mod 2
i=1+1 2
0 6 -|- 1.688
(Z[—' Jmod2+0 0005 |mod 2
i=0+1 2
-1 T 1.376
( [F ]mod2+0 001 {[mod 2
i=—1+1
6 0.752

1A 2y NheannIsA U lEAIRNNEANAN AN 0.0842 NNRAR A3

z; = 0.057682 + 0.0842 = 0.14825
2;=0.11525 + 0.0842 =0.19945
z,=0.2305 + 0.0842 =0.3147

2;=0.461 + 0.0842 =0.5452
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z,=0.922 + 0.0842 =1.0062
z, =1.844 + 0.0842 =1.9282
Z;=1.688 +0.0842 =1.7722
z', =1.376 + 0.0842 = 1.4602

z',=0.752 + 0.0842 =0.8362

39

\HaLAAIANNEANAATWINIELILANNNIONAIAHRANAIARINANNITT 4.6 UAAINIT

il
2", = 0.8362
2", =|1.0421], +(0.8362/2) = 1.4181
z) =[1.06315], + (1.4181/2) = 1.70905
2/ =[1.073675 |, +(1.70905/ 2) = 1.854525
7y =|0.0789375 |, + (1.854525/2) = 0.9272625
71 =|0.08156875 |, +(0.9272625/2) = 0.46363125
2 =10.08288438 |, + (0.46363125/2) = 0.23181563
27 =(0.08354219 |, + (0.23181563/ 2) = 011590782

Zg = |_O.08387109JR +(0.11590782/2) = 0.05795391

UANMANI U IETINNA LA UANT19N 4.13
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A1519N 4.13 UAAINNIYNT X = 92.2 UAT y = 32 TNNA1IANNEANAIAINGL 0.0842

n Xn Yn T Q, Z, Z, Z,

6 | 1.844 0.64 2 0.057625 | 0.057625 | 0.14825 | 0.05795391
5 | 1.688 1.28 1 0.05275 | 0.11525 | 0.19945 | 0.11590782
4 | 1.378 0.56 05 0.043 | 02305 | 0.3147 | 0.23181563
3| 0752 1.12 0 00235 | 0461 | 05452 | 0.46363125
2 1.504 0.24 0.125 0.047 0.922 1.0062 0.9272625
1| 1.008 048 | 00625 | 00315 | 1844 | 1.9282 | 1.854525
0| 0016 0.96 0 0.0005 | 1.688 | 1.7722 | 1.70905
1| 0.032 1.92 0 0.001 1376 | 1.4602 1.4181

2 | 0.064 1.84 0 0.002 0752 | 0.8362 0.8362

A1RAUNTAAINNITAINAIURABUNALLARATIANRANANA AD (0.057625,
0.11525, 0.2305, 0.461, 0.922, 1.844. 1.688 | 1.376, 0.752) \iainAANAaNa A lLLA
azAARNIUIA 0.0842 AINITTANAIINRANAALFAINBUAD(0.05795391,  0.11590782,

0.23181563, 0.46363125, 0.9272625, 1.854525, 1.70905 | 1.4181, 0.8362) \WiuinAT
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K 110 agvinlinnsdatatadianaiandunn IndipaeAnansangean soaenasa llald
o a o o o 1 dl ] o 1 val o d? dl 1
FLAULALINUALA2AE19N 4.2 WAAZAIUUAAT K THHANUAUNINTY TINNIEAIININ

AmnaAT K 89inasnnne wanfldawimiasiinausne i
AL 4.4 3INF8 NI 4.3 N1uAA1 K = -2 d1uiusaeg1eil azn1vuaa K = -4

HAANSNIAAIANNEANAAUAASIWANTIN 4.14
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=i v & Y1 a = o 1 d%l
A1919N 4.14 LAPNNARNTUANRINNATAIHNANAIANTUNINLAA K dnnau

!
n

14
n

n z Z VA

n

6 | 0.057625 | 0.14825 | 0.05770724

5 | 0.11525 | 0.19945 | 0.11541448

0.2305 0.3147 | 0.23082895

w | b

0.461 0.5452 0.4616579

2 0.922 1.0062 | 0.9233158

1 1.844 1.9282 1.8466315

0 1.688 1.7722 1.693263

-1 1.376 1.4602 1.386525

2 0.752 0.8362 0.77305

-3 1.504 1.5882 1.5461

-4 1.008 1.0922 1.0922
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51U 5.1 naluanapNANRUTIEndNAUIURAANLAIANRANAIREMTL B= 10

ANANEANAA
0.3

0.25

0.2

0.15
0.1 \
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0 IUIUAAR
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P3N 5.1 uaasnsuIsANannangsngly 5.3 uazdmiugiin 5.4 niswnsuanslisa

AN3197 5.2
AN9197 5.1 LAAINIMINITINNINSTIRARTIANANRANATA
n 3 2 1 0 -1
X’ 1.89 1.68 1.26 0.42 0.84
yh 0.5355 1.0815 0.103 0.206 0.412
Z 0.462378638 | 0.924757275 | 1.84951455 1.6990291 1.3980582
Z 0.485497569 | 0.970995139 | 1.941990278 | 1.783980555 | 1.467967111
Z;: 0.46674757 | 0.933495139 | 1.866990278 | 1.555882353 | 1.46796111
ANSR 5.2 UAAINA399ns TN IMsR AARES LT AN AL AaNATA
n 3 2 1 0 -1
X’ 1.8025 1.605 1.21 0.42 0.84
Y’ 0.52575 1.0515 0.103 0.206 0.412
Zy 0.428554446 | 0.857108892 | 1.714217784 | 1.428435568 | 0.856871136
2;1 0.449982168 | 0.899964337 | 1.799928673 | 1.499857346 | 0.899714693
Z, 0.431232169 | 0.862464337 | 1.724928674 | 1.449857347 | 0.899714693

ANUIDLYNAN 2, AZHAYINTL 0.428571429 azdainml

HAANSURINITVIT X = 14.4 faey = 4.2 WAy 3.42857143 el

¥

P . Na A sL o
M1 AN Z 7 UBANNTEUN 2 HAT LNALAEIN

1 dd‘ dl dd‘ o aa ZJ/ dld 1 a a z 1
NINNAINTEUN 1 TINTUN 1 ALHININITARRATIS] NHAIAIINRANAIATIATY UANFIGAIN
NICIN 2 AMNNIGAIANEANAIANIEN UAIRINUTUTNTININITNIE NFTLIUNITNNIUAZ LN
v comd o v w . . y y
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AR 5.3 119117 X = 4.21 Ad8 Y = 4.18 ANFZEIZGNAALLLNATAWIL 16 A1m5TLg1U
B =2 muuald L = 3 uaz K = -1 [ngiAaudananail X il 1% uas y winy 5%

TIRUAANNITUNTVIABNNTT

nasmepuanlpanssuglin - 53 amnsouanelifeenaeil 53 wazniamemny

AnNTIRENIINGLUN 5.4 UARIAIANTINTN 5.4

A5I9N 5.3 LAANNITUIINIRNIIWINAAANAIAINNRANATA

n 3 2 1 0 -1

X7 0.5315125 1.063025 0.10605 0.2121 0.4242
yh 0.548625 1.09725 0.0945 0.189 0.378

Z, 0.121101048 | 0.242202096 | 0.484404192 | 0.968808384 | 1.937616768
Z, 0.124734079 | 0.249468159 | 0.498936318 | 0.997872636 | 1.995745271
Zy 0.12473408 | 0.249468159 | 0.498936318 | 0.997872636 | 1.995745271

AN919R 5.4 UaAINNININstinIMshAARelaiRA AL RaNaTA

n 3 2 1 0 -1
X7 0.5265125 1.053025 0.10605 0.2121 0.4242
yh 0.523625 1.04725 0.0945 0.189 0.378

Z, 0.125689305 | 0.25137861 0.50275722 1.00551444 0.01102888
Z, 0.129459984 | 0.258919968 | 0.517839937 | 1.035679873 | 0.011359746
Z; 0.125709985 | 0.25419969 | 0.502839937 | 1.005679873 | 0.011359746

NAANENNTYT X = 4.21 Aaely = 4.18 NAWYINAL 1.00717703 & uFLNTEIN 1
a 1 a dlaa o/ o va 1 o i’/ 9/46I o L4 o '8
NMAAAAIAMNEANANANAARIBIFINNTANNN TN IFRANNNIN AR LS Taazyinldnadns

AN L RAWINAL 0.99787264 N lHANRA LA nANTINa3a WARNUFUNTEIN 2 aznn
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Abstract

Analog circuit concerns about both of power reduction and system noise.
Since system noise can make an error, continuous valued number system (CVNS) has
been introduced in order to recover the precision from the error. CVNS is built for
low noise arithmetic using analog representations and operations. It provides
redundancy digits in order to increase the precision, by reducing errors. The correct
result is obtained only in the case that the error does not exceed the error tolerance.
CVNS also provide some fundamental arithmetic operations which are addition,
subtraction and multiplication. In this paper, we prove that division can be performed
in the system by presenting a division algorithm for continuous valued number
system. Division is performed sequentially started by the least significant digit, digit
by digit. We also show that the result is satisfied the properties of the continuous
valued number system.

1. Introduction

Computer today needs hi-speed processors which response to speed of work.
Most researches on computer arithmetic are aim to improve a digital system. In 1977,
Saed et al. [2] have first introduced an overlap resolution number system (ORNS)
which is an analog number system. The system concerns about both of power
reduction and system noise. ORNS is built for low noise arithmetic using analog
representations and operations. The principle characteristic of ORNS is to recover the
precision from the error which is created from system noise. ORNS provides
redundancy digits in order to increase the precision, by reducing errors. The
redundancy digits are used to increase the precision from the error by refining the
high order digits. The time used for refining increases up to the number of redundancy
digits. The concept to parallel analog computations for addition and multiplication
were placed in [3]. ORNS is replaced by a continuous valued number system (CVNS)
in [3, 4]. The arithmetic operations for this number system are processed by using
carry free arithmetic structure with circuit level redundancy [4] as same as the signed
digit number system [1]. A Modified CVNS is also studied in [6]. Another analog
number system called redundant analog number system (RANS) is also first
introduced in [7].

Fundamental arithmetic operators such as addition, subtraction and
multiplication for CVNS are already proposed in [5]. The division is still an important
problem. Although division can be performed using a sequence of multiplications and
subtractions, but this is not convenient. In this paper, we investigate an efficient
division algorithm for CVNS. Two constraints must be focused. First, the time
complexity should not be exploded. Second, the result obtained from the algorithm
must be preserved the CVNS property. We also propose a linear-time division
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algorithm with respect to such constraints. Time complexity depends on the number
of digits of the operands.

This paper is organized as follows. Section 2 recalls CVNS, analog
implementation and error recovery method. A division algorithm is introduced in
Section 3. Finally, Section 4 is the conclusion.

2. Preliminaries

In this section, we recall a definition of continuous valued number system and
its fundamental arithmetic operators such as addition, subtraction and multiplication.
An error recovery method is also presented in this section.
2.1 Continuous valued number system

A continuous valued number system [5] is characterized by a triple <g, L, K>
where £is the radix of the system, L and K are integers which K < L. A real number x
represented in the system is composed of several continuous valued digits (CVDs), Xp,
with K <n <L. Itis usually used K and L are integers such that K <0 and 0 < L. That
is the representation of x is as follows:

(XLy XLe1, ey X0 | X1y -eey XK1, XK),

where bar (]) is used to distinguish the left part, called integer part from the right part,
called fractional part. The maximum range of x is bounded with X such that |x| < X.
That is

X :ﬁL+l,
where f can be any real number. We select the minimum value of L such that g~ >
|X|. K is used to increase the recovering precision.
The cascaded technique is applied to generate each digit of CVDs in [5]. The
digit generation starts from the most significant digit (MSD) to the least significant
digit (LSD). The first digit, x., can be generated as

XL =B x (x/X). 1)
The other CVDs are generated by using the cascade rule as follow:
Xn = (Xn+1 — |_Xn+1J) oy 2)

Because of the analog circuit, all digits are represented as electronic variable,
for instance a current or voltage, in range 0 to +Q units. Then each CVD of x can be
matched to the analog variable g, by

On = X0 x (Q/ ). (3)

Example 1

Given <2, 4, -2> be the CVNS. That is # =2, L =4 and K = -2. Given a real number x
= 12.456. Since x is less than X = 2° = 32, x can be represented in this system. The
CVDs of x are illustrated by Table 1. The conversion from x into analog values in the
range of 0 pA to 50 pA is computed using Equation (3) and shown in Table 1.
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Table 1. CVDs and analog values for x = 12.456

p=2

n Xn |_an On (LA)
4 107785 | 0 19.4625
3 1557 | 1 38.925
2 11114 | 1 27.85
110228 | O 5.7

0 1045 | O 114
-1 0912 | O 22.8
211842 | 1 46.05

It means that 12.456 is represented as (0.7785 1.557 1.114 0.228 0.456 | 0.912
1.842) and the analog values are (19.4625uA 38.925uA 27.85uA 5.7uA 11.4uA |
22.8uA, 46.05pA).

2.2 Error recovery process

Errors are appeared in the system because of the inaccuracies in the hardware
represented the analog digits. Let &, be an error applied to digit x,. For any digit x,, let
X'y denote the digit included the error, X', = X, + &, The objective of the error recovery
process is to recover x', as close as the original value x, with unknown &, The value
after recovery is denoted by x*,. The value of x", is computed using the following
equations:

L X'n JR = [X'n = (X"n-1/ B) Irounded (4)

and

X+, /) n>K
[x], = : Q)

4
Xk n=K

The error recovery process starts from the LSD or X'k by assuming this value is
correct. This.is that the process uses. the lower-order digit (x,.1) to increase the
precision of the higher order digit (x,). Equation (4) is correct in the case that the
following condition is satisfied:

& = (a1l )] < 112. (6)

The inequality (6) provides an error bound on the adjacent digits. This bound
is the error that CVNS can tolerate. We assume that all errors of each CVD have
substantially equal error probability density function (EPDF) [5]. This is reasonable
when the analog operations are implemented with similar circuit over the same analog
range.

Example 2

Suppose that the error in the circuit is 4%. Given <2, 4, -2> be the CVNS. The
representation of x = 12.456 and x',, including errors, are illustrated by Table 2. The
error recovering process is also demonstrated by Table 2.
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Table 2. The error recovery for x = 12.456 with 4% of the error

<2,4,-2>

n Xn X'n [X"]r

4| 0.7785 | 0.80964 | 0.7799325

3| 1557 |1.61928 | 1.559865

2| 1114 |1.15856 |1.11973

1] 0.228 |0.23712 | 0.23946

0| 0456 |0.47424 |0.47892
-1 0.912 |0.94848 | 0.95784
-2 | 1.842 | 191568 | 1.91568

The result of the error recovery process is ( 0.7799325 1.559865 1.11973
0.23946 0.47892 | 0.95784 1.91568 ) comparing with the original value ( 0.7785
1.557 1.114 0.228 0.456 | 0.912 1.842). The error in the result is called a least
significant digit error propagation [5] along the CVDs.

Remark that the error propagation depends on the value of K. (i.e., the error
can be decreased if K is small). In this example it is clearly to see that the complexity
for error recovery process Is O(n) where n is the number of CVDs. Since the error
recovery process refines only one digit, and digit-by-digit, the time needed increases
up to the number of redundancy digits.

2.2 CVNS Arithmetic

Some fundamental arithmetic operators have been introduced in [5]. We recall
now algorithms for addition, subtraction and multiplication. To simplify the
algorithm, number in the system will be represented using analog digits (x,) instead of
using analog values (Qy).

2.2.1 Addition
Let x and y be two numbers represented in <g, L, K> number system, where
X= (XL Xp-2 Xp-2 vun I vee XK ) and
y=(yoyraYiz oo | - Yk)-

Addition of x and y can be computed as follow:
Zn=(Xnt+Yyn)mod g forall K<n<L, (7)

where z is the result, z = x +y. It is clear that all digits can be computed in the same
time. Then the time used function for addition is constant.
2.2.2 Subtraction
Subtraction can be performed using an addition of a number and one negative
number. Let x and y be two numbers represented in <f, L, K> number system, where
X= (XL X1 Xp-2 ... | e XK ) and

y=(yLyrayrz oo | oon k).
Subtraction of y from x is performed by addition as follows:

(X, +y,)mod f (x +y)=0
Z = ’ (8)

(X, +y,)mod” (x +Yy.)<0
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where amod™ b =b - (a mod b).
2.2.3 Multiplication

Multiplication cannot be directly performed independently digit-wise.
Multiplication is performed by a summation of the partial product. The theoretical
result in [5] shows that the CVD of a product A.x (A is an integer) is
(Ax), = (A4.x,)mod £, then the product of x and y can be computed by

(yx), = O Ax,)mod B = (O 2 x,)mod 3,

where A = y; [forall K<i<L.

3. Division algorithm

In this section, we focus on a division algorithm for CVNS. Division can be
performed by summation of division result in each digit. The division of x by y can be
computed by the following theorem.

Theorem 1:
Let x and y be two numbers represented in <, L, K> number system, where x = ( x.
XLa Xt eee | ce X )andy =(yL Yoa Yoo oo | ..o yk). Anumberz=(z 2,122 ... | ...

Zx ), the quotient of a dividend x with the divisor y, can be computed by the following
equation:

Q, ‘n=L

Zn = n+1 Ti , (9)
[[;(ﬁijodﬂ+Qn]modﬂ oL

where T,, (forall K<n<L) isdefined as

SRR (10)
Y
and Q, is the ratio of x, and y;:

Q= (XV] mod £ . (11)

Proof: From Equation (1) and (2), the CVNS digit generationrule can be obtained as
follow:

b (% ,b’“‘”j mod 4 . (12)

We can also use Equation (12) to generalize digit generation to find x, given xn, as
follows:

Xy =(X,*B"")mod . (13)

i . . . X, .

Since z = x/y, and Equation (13), it is obtained that Z_, = — in the case where n = L.
y

Now, substitute x, in Equation (1), we obtain
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Xy s B
Z =|—"*=. 14
’ ( y J X 9
In the case where n < L, the following equation can be obtained from Equation (13).
Z. =((5J*£*ﬂL-”Jmodﬂ. (15)
y) X

From the generation rule of CVD, it is true that
x B =|x B 4| x B +..+x.B". (16)

Multiply (1) by A" combining with Equation (16), then Equation (17) is obtained.

X = (I.XLJﬂL +LXL1JﬂL_lL+---+ Xnﬂn)* X 17)
B*p

The following equation is derived from (15) and (17),

Lx B

Z, = igl ,Byn mod +(X—y”Jmod,B mod S . (18)

Finally, from the definitions of T, and Q, in Equation (10) and (11), and (18), we can
conclude in the case n < L that

L

Z = ZLn mod #+Q, |mod S,

i=n+1

and the proof is completed.
In order to understand the algorithm, the following example can be used to
demonstrate the algorithm.

Example 3: Consider the division of x = 92.2 by y = 32, using a decimal radix of g =
2 with a range of X= 100. Suppose that an error in the system is fixed by & = 0.0842
applied to each of the CVNS representations of x and y. Given L = 6 and K = -2, the
representation of z = x/y can be computed as shown in Table 3.
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Table 3. The division of x =92.2 by y = 32

n Xn Yn T, Q. Z, yAR z"

6 1.844 0.64 2 0.057625 | 0.057625 | 0.14825 | 0.05795391
5 1.688 1.28 1 0.05275 | 0.11525 | 0.19945 | 0.11590782
4 1.376 0.56 0.5 0.043 0.2305 | 0.3147 | 0.23181563
3 0.752 1.12 0 0.0235 0.461 0.5452 | 0.46363125
2 1.504 0.24 0.125 0.047 0.922 1.0062 | 0.9272625
1 1.008 0.48 0.0625 | 0.0315 1.844 1.9282 | 1.854525
0 0.016 0.96 0 0.0005 1.688 1.7722 1.70905
-1 | 0.032 1.92 0 0.001 1.376 1.4602 1.4181
-2 | 0.064 1.84 0 0.002 0.752 0.8362 0.8362

The result of calculation is z = (0.057625 0.11525 0.2305 0.461 0.922 1.844
1.688 | 1.376 0.752). We consider the result of division of 92.2 by 32 which the
correct answer is 2.88125.

In the case that an error € = 0.0842 is applied to the system, the results after a
recovery process are (0.05795391 0.11590782 0.23181563 0.46363125 0.9272625
1.854525 1.70905 | 1.4181, 0.8362). It can be seen that the results are satisfied the
properties of the continuous valued number system.

4. Conclusions

Formal foundation for addition subtraction and multiplication for continuous
valued number system have been presented in [5]. In this work, we propose a division
algorithm for continuous valued number system. An algorithm sequentially performs
starting from the most significant digit, digit by digit. The result from the algorithm is
still satisfied the CVNS properties. We show that the least significant digit error
propagation can also be recovered if the error does not exceed the error tolerance.
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