CHAPTER IT
THE HYDROGEN ATOM ,IN:/ TWO DIMENSIONS'

In this chapter.we will examine the Green's function of the
two dimensional hydrogensatom by means of pa£h integration. The
two dimensional hydroéen atom is @& system in which an electron moves
about a nucleus 1in a plane under the influence of an attractive
Coulomb potential. It is & simple model that can be solved exactly
by path integration. First, .we stidy the Lagrangian path integral
for ﬁhe two dimensional hydrogen atom‘which has been solved by
Inomata (7). The Hamiltonian path integral which has been solved
by Duru and Klienert (8) - will be discussed later.

The procedure consists of -two.steps; the rescaling of time parameter
and the change.of variables from Cartesian coordinates to parabolic

coordinates.

2.1 Green's Function and Time Reparameterization.

Instead of considering the propagator _K(X®*, X'; t", t'),
we willldetermine /itsy Fourier transform -, the energy

dependent Green’s function
G(x", x'; E) . = /K(I X' ;o1 e dr (2.1)
which still contains all necessary information of a quantized system.

For the two dimensional hydrogen atom problem, the propagator is

given in the form,
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with the Lagrangian

LE, % = 1 ' (2.3)

where (2.4)
or in the Ham
K(X",X'; 1) — x(txZ)P(t)
(2 nh
(2.5)
with the Hamiltonian
H(P (2.6)
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On the polygonal basis, the Coulomb propagator (2.2) can be

written as
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where tj = tj - tj—1 = '€ and ?j being themid-point value

of ?j to be sbecified later. Substituting (2.7) into (2.1)

we obtain
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G(®" , ®'; E) =

(2.8)

Because of ssi type of the integral, we can not
carry out this p i h we must reduce it

~ion procedure is

»terval)

T -0 (2.9)
] )
In the limit N —
dt - ds§ (2.10)

and hotice the
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from (2.9) we get

(2.11)

At = FO o _ (2.13)
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Again, in the limit N~ *® , there follows

drt = r"do (2.14)

/‘ that is, the value

e Green's function

where do is the lim

of ds at r".

wWith the

(2.8) can be exp

i E . 0
G(R", %'E) * 5]
(2.15)
We see that the appear e o radial variable in the
denominator o'_ 3y epg” the path iptegral

—
in (2.15) _{?g reduction

procedure is t lemina fro he kinetic term

s

by transforming the 1ntegratlon varlables from Cartesian coordlnatest
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2.2 The Levi-Civita Transﬂsrmatlon and e Coulomb Gre

q R m%mwm ﬂ d

The Green's function (2.15) expressed in terms of the

new time parameter, may be put into the form N
w
2
G(%X",X',E) = j( exp{ ie o} Q(X", X';0) & (2.16)

o
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where

(2.17)

and

S(o.) (2.18)
3

“Thus the probléi i “integral Q(X",%',6)
s

To;conver 1 yaus .—: i > (2.17) 1into a

gaussian form,the Levi- OfSita— r tion (10) is used for

T

o

mapping from Cartesian-coot inates: to parabolic

coordinates

(2.19)
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n th matrix representatlon,
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or G = z A% (wu ‘ ‘ S (2:21)
b=1
. o 1 .
where xi = X ,x2 = ¥y , u = £, u2 = n and
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2
A(uw) = (2.22)
The transformatio atri: (2 .22 " 31 in the sense that .
A(u) (2.23)
where ‘(2.24)

Then the space i ormation rule

A% T ) L AT (2.25)
where u. ¥ 'F'r}“ u. -

and (2.26)

-1
u.
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it is sp 01f1ed more exp11Cﬁrly by ch0051ng

R mn‘imumfmma &l..

so that X(Gj).A(u.) - 7.1 , (2.28)

2
u.




20

Then (8% )2 - aF, (A’
j 3 3
(2.29)
a(x, y)
3 ,u®)
and from (2.29) -
(2.30)

i th the aid of
(2.29) and , we obtain the

integral form

o(d", d';0) (AT )%+ E:(ﬁ.)?‘o.]}
J J J

(2.31)

—————————m e
This expres‘ e 'J integral for

H | " )
and isotropic i! cillator of m dm and I';j requency
!’ .
w = E t di Th th t 1 b
(- /Zm 1? wo dimensions. is pa integral can be
result
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2.3 The Hamiltonian Path Integral

Consider the phase space path integral in two dimensions

t L2

Jar(p -3, - v

K(Z", %'t ,t)

(2.33)

if the integrati o ari es e done, (2.33) may

be reduced to

K", %05 t7,e0) N _ v(;‘é))} (2.34)

which is the propag Yo ian th integral form.

After reparameterizatlon of —the ti ariable

” T*T‘IJEI ’J f EIW‘TWWT’I P

K(R",R; t" xd& Bl —=,
exp{ = ds[p(S) x(S)—r(S) S +@]} (2.36)
Sl
where S(t') = S' ; s(t*) = S" and dx(s) )= x(s) .

ds
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‘Notice that the initial an inal times of the path t* and
t" are fixed. Therefore, the parameter S" and S' are path

play explicitly this dependence

dependence quantities. We

by incorporating the cor

(2.37)

into the inte

K(R‘u,k‘l ;t",tl)

(2.38)

Upon using & ion, (2.38)

becomes

J!-I
’ dE " ' - -
K(x ,Xt;tv,t) =‘j(2nﬁ)exp{— ——(t t )} o h)z p(t:Dx(t)
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where
1e2(gnost)
- R 1‘" n
G(X",Xx';E) = {ﬁp(t) xd?/su e
(2mR

(2..40)
(2.41)
(2.42)
--u— 6 eV e the path integral (2.42)

Thus, the problem is re 5

with the ne im s canonical .transformation

- = e—" | S 1
as in sect" 1-“"

|
— (u Pu\+u P g

(2.43)

@ummmwam% -
TR SN0 BT -

ath integral from -X, P to 4, r- with
u, u, )
dx = 2 du (2.44)
-u u
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{1 2
1
ap = — ar\ (2.44)
2 L/
’ 2u —u u
2 1
one has
d2p =
(2.45).
d2x =
So that d"xd (2.46)
The functional meas ’ - Joes nc imp. transform like
(2.46) but its
(Dpﬂx’ (2.47)
(27kf
2 . " .‘ ; -|l"l 8. . - - .
because d Py misS 08 empanied by = hich X, .= X 18 the
fixed end poi ""';—:---a—-m--m‘_"'“"‘——-"—--"- & of variables
Y0 w'
from (X, P) t 1, becomes

Q‘“‘ﬁuﬂ”? %ﬁ‘%’ﬁ%ﬁ%

path 1ntegral appears in (2.48) is obviously the

iﬂtesmﬁ‘smmaﬂﬂqé’ ]

This is the gaussian functional integral can be performed in the

usual fashion,the result is
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4 z 2 o Al (2.49)
QL wé) = [ Mw ] p{ Mo [(‘u"+u)c05wd —2u-uJ} ‘
2 s Zmihsinwg %

2sinwé

s - zu'ﬁ"]} (2.50)

Coulomb Green's

Eq. (2.50) 1 i epr! atic Ekk
i > get the information

function in parabeoli ate r to g
about the energy sp from this Green's
function, one mus tegration which can be
done by transforming the par : ) (u1, u2) into polar

variables (r, ¢). ;,E;rf; - _f dure will be shown in
’ il e
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