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º··Õè 1

º·¹íÒ

1.1 ¤ÇÒÁà»“¹ÁÒ

ÃÐºº¾ÒÃÒÁÔàµÍÃŒ¡ÃÐ¨ÒÂ (distributed-parameter system) [1] ¤×ÍÃÐºº·Õè¶Ù¡áÊ´§á·¹ã¹·Ò§
¤³ÔµÈÒÊµÃŒ´‰ÇÂÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ (partial differential equation) «Öè§àÁ×èÍ¶Ù¡¨Ñ´ãË‰ÍÂÙˆã¹ÃÙ»áººÊÁ¡ÒÃ
Ê¶Ò¹Ð (state equation) áÅ‰Ç»ÃÔÀÙÁÔÊ¶Ò¹Ð (state space) ÁÕÁÔµÔà»“¹Í¹Ñ¹µŒ µÑÇÍÂˆÒ§¢Í§ÃÐºº¾ÒÃÒÁÔàµÍÃŒ
¡ÃÐ¨ÒÂàªˆ¹ ÃÐººäÎ´ÃÍÅÔ¡ (hydraulic), ÃÐºº·ˆÍ¹íÒ¤Å×è¹ (waveguides), ÃÐººÊÒÂÊˆ§ (transmission line)

ËÃ×ÍÍØ»¡Ã³Œ·Õèãª‰ã¹¡ÃÐºÇ¹¡ÒÃ·Ò§à¤ÁÕàªˆ¹ à¤Ã×èÍ§»¯Ô¡Ã³Œ (reactor), à¤Ã×èÍ§áÅ¡à»ÅÕèÂ¹¤ÇÒÁÃ‰Í¹ (heat

exchanger) à»“¹µ‰¹ (´Ùà¾ÔèÁàµÔÁä´‰ã¹ [1])

¡ÒÃÍÍ¡áººÃÐºº¤Çº¤ØÁ´‰ÇÂÇÔ¸Õ¡ÒÃËÒ¤ˆÒàËÁÒÐÊÁ·ÕèÊØ´àªÔ§µÑÇàÅ¢ (numerical optimization) à»“¹
ÇÔ¸Õ·Õèãª‰¡Ñ¹ÍÂˆÒ§á¾ÃˆËÅÒÂã¹¡ÒÃÍÍ¡áººÃÐºº¤Çº¤ØÁ µÑÇÍÂˆÒ§àªˆ¹ ÇÔ¸Õ¡ÒÃËÒ¾ÒÃÒÁÔàµÍÃŒàËÁÒÐ·ÕèÊØ´
(parameter optimization method) [2, 3, 4], ÇÔ¸ÕÍÊÁ¡ÒÃ (the method of inequalities) [5, 6] à»“¹µ‰¹ â´Â
ã¹¡ÒÃÍÍ¡áººÃÐºº¤Çº¤ØÁ´‰ÇÂÇÔ¸Õ¡ÒÃËÒ¤ˆÒàËÁÒÐÊÁ·ÕèÊØ´àªÔ§µÑÇàÅ¢¹Ñé¹ ´Ñª¹ÕÊÁÃÃ¶¹ÐËÅÑ¡ (principal

performance index) ä´‰¶Ù¡à¢ÕÂ¹ãË‰ÍÂÙˆã¹ÃÙ»àªÔ§¿’§¡ŒªÑ¹ (functional) ¢Í§¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº
àªˆ¹ ¤ˆÒ¾Øˆ§à¡Ô¹ÊÙ§ÊØ´ (maximum overshoot), àÇÅÒà¢‰Ò·Õè (settling time) à»“¹µ‰¹ ´Ñ§¹Ñé¹ã¹¡ÒÃÍÍ¡áºº
ÃÐºº¤Çº¤ØÁ´‰ÇÂÇÔ¸Õ´Ñ§¡ÅˆÒÇ¨íÒà»“¹µ‰Í§¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº¹Ñé¹«íéÒæ ¡Ñ¹ËÅÒÂ¤ÃÑé§ã¹
ÃÐËÇˆÒ§¡ÒÃ¤‰¹ËÒ¾ÒÃÒÁÔàµÍÃŒ¢Í§µÑÇ¤Çº¤ØÁ àËç¹ä´‰ªÑ´ÇˆÒ»ÃÐÊÔ·¸ÔÀÒ¾¢Í§¡ÃÐºÇ¹¡ÒÃã¹¡ÒÃÍÍ¡áºº
ÃÐºº¤Çº¤ØÁÁÕ»’Â¨ÑÂËÅÑ¡·Õè¢Öé¹ÍÂÙˆ¡Ñº¡ÒÃ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº «Öè§Êˆ§¼ÅãË‰¡ÒÃ¾Ñ²¹Ò
ÍÑÅ¡ÍÃÔ·ÖÁÊíÒËÃÑº¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ·ÕèãË‰¼ÅàÃçÇ àª×èÍ¶×Íä´‰áÅÐÁÕ»ÃÐÊÔ·¸ÔÀÒ¾à»“¹ÊÔè§·ÕèÊíÒ¤Ñ­
ÍÂˆÒ§ÂÔè§ áÅÐ¹íÒä»ÊÙˆ¡ÒÃÊÃ‰Ò§¤ÅÑ§ (library) ÊíÒËÃÑºâ»Ãá¡ÃÁ MATLAB ã¹ÃÙ»¢Í§ mex-function

à¾×èÍÊÒÁÒÃ¶¹íÒä»»ÃÐÂØ¡µŒãª‰ã¹¡ÒÃÍÍ¡áººÃÐºº¤Çº¤ØÁáººãª‰¤ÍÁ¾ÔÇàµÍÃŒªˆÇÂ (computer-aided con-

trol systems design)

7�8$9;:
Controller Plant

<=8$9;: > ?/8$9@: AB8$9;:CD8$9;:E E EF 8$9;:

ÃÙ»·Õè 1.1: ÃÐºº¤Çº¤ØÁàªÔ§àÊ‰¹·ÕèäÁˆá»Ã¼Ñ¹µÒÁàÇÅÒ
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ÊíÒËÃÑº§Ò¹ÇÔ¨ÑÂ¹Õé¾Ô¨ÒÃ³ÒÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·ÕèáÊ´§´Ñ§ÃÙ»·Õè 1.1 «Öè§»ÃÐ¡Íº´‰ÇÂ¡ÃÐºÇ¹¡ÒÃ
áÅÐµÑÇ¤Çº¤ØÁ ã¹·Õè¹Õé¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐÊÁ¡ÒÃ¤Å×è¹´Ñ§
ÊÁ¡ÒÃ (3.6) à¹×èÍ§¨Ò¡ÃÐºº·ÕèÁÕÅÑ¡É³Ð·Ò§¡ÒÂÀÒ¾·Õè¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹áÅÐÊÁ¡ÒÃ¤Å×è¹
¹Ñé¹ÁÕà¡Ô´¢Öé¹ÁÒ¡ÁÒÂ µÑÇÍÂˆÒ§ÊíÒËÃÑºÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹àªˆ¹ ¡ÒÃ¹íÒ¤ÇÒÁÃ‰Í¹ã¹á·ˆ§âÅËÐ¡ÅÁ (rod) ËÃ×Í
á·ˆ§âÅËÐáº¹ (slab), ¡ÒÃá¾Ãˆ¢Í§Í¹ØÀÒ¤ (´ÙµÑÇÍÂˆÒ§ã¹ [1, 7]) áÅÐµÑÇÍÂˆÒ§ÊíÒËÃÑºÊÁ¡ÒÃ¤Å×è¹àªˆ¹
¡ÒÃÊÑè¹µÒÁÂÒÇã¹á·ˆ§ (longitudinal vibrations in a bar) (´ÙµÑÇÍÂˆÒ§ã¹ [1]) «Öè§ÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹áÅÐ
ÊÁ¡ÒÃ¤Å×è¹´Ñ§¡ÅˆÒÇáÊ´§á·¹ã¹·Ò§¤³ÔµÈÒÊµÃŒä´‰´‰ÇÂÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ â´ÂàÁ×èÍãª‰ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐ
(finite difference method) »ÃÐÁÒ³¾¨¹ŒÍ¹Ø¾Ñ¹¸Œà·ÕÂºµÑÇá»ÃµíÒáË¹ˆ§ (spatial derivative) áÅ‰Ç ·íÒãË‰
ÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ¡ÅÒÂà»“¹ÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­¢¹Ò´ãË­ˆáÅÐá¢ç§à¡Ãç§ (stiff) ·ÕèÊÒÁÒÃ¶áÊ´§
á·¹´‰ÇÂáºº¨íÒÅÍ§·Ò§¤³ÔµÈÒÊµÃŒ´Ñ§¹ÕéGH 
I� � ! J.K H 
�� �MLON KQP*
�� �R 
I� � ! S K H 
I� �P=
I� � ! TU
I� �MLWV 
�� �

X YYYYYZYYYYY[ (1.1)

àÁ×èÍ H 
I� � , TU
I� � , R 
I� � áÅÐ V 
I� � áÊ´§á·¹Ê¶Ò¹Ð¢Í§¡ÃÐºÇ¹¡ÒÃ, ÊÑ­­Ò³¤Çº¤ØÁ, ÊÑ­­Ò³ÍÍ¡
áÅÐÊÑ­­Ò³Ãº¡Ç¹ (disturbance) µÒÁÅíÒ´Ñº ÊíÒËÃÑºÊˆÇ¹¢Í§µÑÇ¤Çº¤ØÁ¶Ù¡Í¸ÔºÒÂ´‰ÇÂ¿’§¡ŒªÑ¹¶ˆÒÂâÍ¹\^] 
`_ � ·Õèà»“¹¿’§¡ŒªÑ¹µÃÃ¡ÂÐ (rational function) áÅÐÁÕ¤ˆÒ´Ñ§¹Õé\^] 
`_ � ! a�b _�ced b L a � _�cedB� L )f)4) L a cgd b _ L a c_ c LWh b _ ced b LWh � _ cgdB� L )4)f) LWh ced b _ LOh c LWV (1.2)

â´ÂÊÑÁ»ÃÐÊÔ·¸Ôì V , hji , a i ( kl!m0��;-���)f)f)4�3n ) à»“¹¨íÒ¹Ç¹¨ÃÔ§ ´Ñ§¹Ñé¹»ÃÔÀÙÁÔÊ¶Ò¹Ð¢Í§¿’§¡ŒªÑ¹¶ˆÒÂâÍ¹\^] 
`_ � ¤×Í Go 
I� � ! J ] o 
�� �MLWN ]@p 
I� �T 
�� � ! S ] o 
I� �MLWq ]@p 
�� �p 
I� � ! r�
�� �tsuR 
�� �
X YYYYYZYYYYY[ (1.3)

àÁ×èÍ o 
I� � áÅÐ r�
I� � áÊ´§á·¹Ê¶Ò¹Ð¢Í§µÑÇ¤Çº¤ØÁáÅÐÊÑ­­Ò³Í‰Ò§ÍÔ§ (reference input) µÒÁÅíÒ´Ñº â´ÂJ ].vxw c&y/c à»“¹àÁ·ÃÔ¡«Œ¤ÍÁ¾Òà¹ÕÂ¹ (companion matrix), N ]zvxw c , S|{] v}w c , q ]zvxw ·ÕèÁÕ¤ˆÒ´Ñ§¹Õé
J ] !

~������
+ 0

. . . . . .+ 0s.h c ����� s.h � s.h b
�������� � N ] !

~������
+
...+ 0
�������� ��S {] !

~������ a ca ced b...a�b
�������� � q ] ! V
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§Ò¹ÇÔ¨ÑÂ¹Õéä´‰¾Ô¨ÒÃ³ÒÃÙ»áººÁÒµÃ°Ò¹ 2 ÃÙ»áºº·Õè¹ÔÂÁãª‰ã¹¡ÒÃá·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº ¹Ñé¹
¤×Í¡ÒÃá·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº´‰ÇÂµÑÇá·¹àªÔ§Í¹Ø¾Ñ¹¸Œ (differential representation) ´Ñ§ÊÁ¡ÒÃ (2.1)

áÅÐ¡ÒÃá·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº´‰ÇÂµÑÇá·¹àªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ (differential-algebraic representation)

´Ñ§ÊÁ¡ÒÃ (2.2) â´Âã¹§Ò¹ÇÔ¨ÑÂ¹Õéä´‰àÅ×Í¡ãª‰ÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµà¾×èÍáÊ´§á·¹ÃÐºº¤Çº¤ØÁ
»„Í¹¡ÅÑº à¹×èÍ§¨Ò¡¡ÒÃá·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº´‰ÇÂÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÊÒÁÒÃ¶ÃÑ¡ÉÒ¤ÇÒÁ
à»“¹»¡µÔ (regularity) ËÃ×Í¤ÇÒÁà»“¹ÈÙ¹ÂŒÁÒ¡ (sparsity) ¢Í§ÃÐºº´Ñé§à´ÔÁäÇ‰ä´‰ (´ÙÃÒÂÅÐàÍÕÂ´ã¹ËÑÇ¢‰Í
2.1) áÅÐà¹×èÍ§¨Ò¡·ÄÉ¯ÕµÑÇ»ÃÐÁÒ³ ����� ÁÕ¤ÇÒÁáÁˆ¹ÂíÒÊÙ§áÅÐà»“¹ÇÔ¸Õ·ÕèÁÕàÊ¶ÕÂÃÀÒ¾áºº A [8, 9]

«Öè§àËÁÒÐÊÁ¡ÑºÃÐºº·ÕèàÃÒ¾Ô¨ÒÃ³Ò ´Ñ§¹Ñé¹¡ÒÃ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐººÊÒÁÒÃ¶¤íÒ¹Ç³
ä´‰´‰ÇÂ¡ÒÃãª‰·ÄÉ¯ÕµÑÇ»ÃÐÁÒ³ �����

[8, 10] (´ÙÃÒÂÅÐàÍÕÂ´ä´‰ã¹ËÑÇ¢‰Í 2.2.1) ÃˆÇÁ¡Ñº¡ÒÃáÂ¡
µÑÇ»ÃÐ¡Íº ��� ( �B� -factorization) áºº¾ÔàÈÉ·Õèãª‰¨íÒ¹Ç¹¡ÒÃ´íÒà¹Ô¹¡ÒÃ (operation) ¢Í§¡ÒÃ¤íÒ¹Ç³ÍÂÙˆã¹
ÍÑ¹´Ñº 	�
��
�� àÁ×èÍ �
 ¤×ÍÁÔµÔ¢Í§ÃÐºº (´ÙÃÒÂÅÐàÍÕÂ´ã¹¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� ÊíÒËÃÑº¡ÃÐºÇ¹¡ÒÃ·Õè¶Ù¡
Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) ä´‰ã¹ËÑÇ¢‰Í 3.1.2 áÅÐã¹ËÑÇ
¢‰Í 3.2.1 µÒÁÅíÒ´Ñº)

1.2 §Ò¹ÇÔ¨ÑÂ·Õè¼ˆÒ¹ÁÒ

ÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑº¡ÒÃ¤íÒ¹Ç³ËÒ¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº·Õè¶Ù¡Í¸ÔºÒÂ·Ò§¤³ÔµÈÒÊµÃŒ´‰ÇÂ
ÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ¹Ñé¹ ÇÔ¸ÕË¹Öè§·Õèãª‰¡Ñ¹ÍÂˆÒ§á¾ÃˆËÅÒÂáÅÐà»“¹·ÕèÃÙ‰¨Ñ¡¡Ñ¹´Õ¤×ÍÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐ (´ÙµÑÇ
ÍÂˆÒ§ä´‰ã¹ [11]) «Öè§à»“¹ÇÔ¸Õ·ÕèÊÒÁÒÃ¶¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐººÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂáÅÐ
ÂÑ§ãª‰ã¹¡ÒÃ»ÃÐÁÒ³ÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂãË‰à»“¹ÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­ â´ÂÇÔ¸Õ·Õèãª‰ã¹¡ÒÃá¡‰ÃÐºº
ÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­¹Ñé¹ÁÕÁÒ¡ÁÒÂ ´Ñ§µÑÇÍÂˆÒ§àªˆ¹ ÇÔ¸Õ Forward Euler, ÇÔ¸Õ Fourth-Order Runge-Kutta

«Öè§à»“¹ÇÔ¸Õ·ÕèäÁˆÁÕàÊ¶ÕÂÃÀÒ¾áºº A ·ÕèäÁˆàËÁÒÐÊíÒËÃÑºÃÐººÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­·Õèá¢ç§à¡Ãç§ áÅÐÇÔ¸Õ
Backward Euler, ÇÔ¸Õ Trapezoidal, ÇÔ¸Õ Backward Differentiation Formula ÍÑ¹´Ñº 2, ÇÔ¸Õ Implicit Runge-Kutta

ºÒ§ª¹Ô´ Å‰Ç¹à»“¹ÇÔ¸Õ·ÕèÁÕàÊ¶ÕÂÃÀÒ¾áºº A «Öè§àËÁÒÐÊíÒËÃÑºÃÐººÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­·Õèá¢ç§à¡Ãç§
(´Ùà¾ÔèÁàµÔÁä´‰ã¹ [12]) â´ÂàÃÒ¨Ð¡ÅˆÒÇÇˆÒÇÔ¸ÕàªÔ§µÑÇàÅ¢¹Ñé¹ÁÕàÊ¶ÕÂÃÀÒ¾áºº A ¡çµˆÍàÁ×èÍ¶‰Òãª‰ÇÔ¸Õ¡ÒÃ´Ñ§
¡ÅˆÒÇ¡ÑºÊÁ¡ÒÃ·´ÊÍºÊà¡ÅÒÃŒ �B� !��,� ´‰ÇÂ¤ˆÒ¤§µÑÇàªÔ§«‰Í¹ � ·ÕèÁÕÊˆÇ¹¨ÃÔ§à»“¹Åº (negative real part)

áÅ‰Ç ¤íÒµÍºàªÔ§µÑÇàÅ¢·Õè¤íÒ¹Ç³ä´‰¨ÐÅÙˆà¢‰ÒÊÙˆ 0 àÁ×èÍ 
}��� ÊíÒËÃÑºªˆÇ§¡‰ÒÇ (step size) �x��+ ã´æ [13]

¡ÒÃá¡‰»’­ËÒÃÐººÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­¢¹Ò´ãË­ˆáÅÐá¢ç§à¡Ãç§ä´‰¶Ù¡¡ÅˆÒÇÍÂÙˆã¹ [9] ÇˆÒ¡ÒÃãª‰
ÊÙµÃÇ¹«íéÒ ����� ÁÕ¨íÒ¹Ç¹¢Í§¡ÒÃ´íÒà¹Ô¹¡ÒÃã¹¡ÒÃá¡‰ÊÁ¡ÒÃàªÔ§àÊ‰¹ÊíÒËÃÑº¡ÒÃÇ¹«íéÒ¹‰ÍÂ¡ÇˆÒ¡ÒÃãª‰ÇÔ¸Õ
implicit Runge-Kutta ºÒ§ª¹Ô´ (´ÙÃÒÂÅÐàÍÕÂ´ä´‰ã¹ [9]) «Öè§ÊÙµÃÇ¹«íéÒ � ��� ¹Ñé¹àËÁÒÐÊíÒËÃÑº¡ÒÃá¡‰
ÃÐººÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­·Õèá¢ç§à¡Ãç§ à¾ÃÒÐÊÙµÃÇ¹«íéÒ �Q��� à»“¹ÇÔ¸Õ·ÕèÁÕàÊ¶ÕÂÃÀÒ¾áºº A (àÁ×èÍ
ÍÑ¹´Ñº¢Í§¾¨¹ŒàÈÉáÅÐ¾¨¹ŒÊˆÇ¹¢Í§¡ÒÃá»Å§ÅÒ»ÅÒ«à»“¹ä»µÒÁà§×èÍ¹ä¢ � s -�������� ) à¹×èÍ§¨Ò¡
ÃÐºº·ÕèàÃÒ¾Ô¨ÒÃ³Òà»“¹ÃÐººÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­¢¹Ò´ãË­ˆáÅÐá¢ç§à¡Ãç§ ´Ñ§¹Ñé¹àÃÒ¨Ö§àÅ×Í¡ÊÙµÃÇ¹
«íéÒ ����� ÁÒãª‰ã¹¡ÒÃ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐººÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ´Ñ§¡ÅˆÒÇ â´Â
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§Ò¹ÇÔ¨ÑÂ·Õèà¡ÕèÂÇ¢‰Í§¡Ñº·ÄÉ®ÕµÑÇ»ÃÐÁÒ³ ����� áÅÐÊÍ´¤Å‰Í§¡Ñº§Ò¹ÇÔ¨ÑÂ·Õè¡íÒÅÑ§ÈÖ¡ÉÒ ÍÒ·Ôàªˆ¹� Zakian áÅÐ Coleman [14] ä´‰ãª‰ÊÙµÃÇ¹«íéÒ � ��� ã¹¡ÒÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹àªÔ§µÑÇàÅ¢¢Í§¾¨¹Œ
µÃÃ¡ÂÐ (rational) ¾Ã‰ÍÁ·Ñé§áÊ´§¡ÒÃ¹íÒä»ãª‰»ÃÐâÂª¹Œ¢Í§â¤Ã§ÊÃ‰Ò§·ÕèÁÕÅÑ¡É³Ð¾ÔàÈÉã¹àÁ·ÃÔ¡«Œ
A àÁ×èÍàÁ·ÃÔ¡«Œ A à»“¹àÁ·ÃÔ¡«Œ¤ÍÁ¾Òà¹ÕÂ¹ «Öè§¹íÒä»ÊÙˆ¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉ·ÕèÁÕ
¡ÒÃ´íÒà¹Ô¹¡ÒÃ¢Í§¡ÒÃ¤íÒ¹Ç³ÍÂÙˆã¹ÍÑ¹´Ñº 	�
 
M� àÁ×èÍ 
 ¤×ÍÁÔµÔ¢Í§àÁ·ÃÔ¡«Œ J� Smith [15] ä´‰àÊ¹ÍáÅÐ·´ÊÍºÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸Œ
ÂˆÍÂ ´‰ÇÂ¡ÒÃãª‰¡ÅÇÔ¸Õ¾×é¹°Ò¹·Õèà¡ÕèÂÇ¢‰Í§¡ÑºÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑº¡ÒÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹´‰ÇÂ·ÄÉ®Õ
µÑÇ»ÃÐÁÒ³ ������ Inooka [16] ä´‰àÊ¹ÍÇÔ¸Õ¡ÒÃ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐººÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ à¾×èÍ
Å´¨íÒ¹Ç¹ã¹¡ÒÃ¤íÒ¹Ç³´‰ÇÂ¡ÒÃãª‰·ÄÉ®ÕµÑÇ»ÃÐÁÒ³ �Q��� áÅÐä´‰à»ÃÕÂºà·ÕÂº¨íÒ¹Ç¹¤ÃÑé§¢Í§
¡ÒÃ´íÒà¹Ô¹¡ÒÃÃÐËÇˆÒ§¡ÒÃá·¹ÃÐºº´‰ÇÂÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ (differential equations) ¡Ñº¡ÒÃá·¹
ÃÐºº´‰ÇÂÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ (differential-algebraic equations)� Arunsawatwong áÅÐ Ngamsiritanakul [17] ä´‰àÊ¹ÍÍÑÅ¡ÍÃÔ·ÖÁ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ·ÕèàÃçÇ
áÅÐàª×èÍ¶×Íä´‰ ÊíÒËÃÑºÃÐºº»„Í¹¡ÅÑº¢Í§¡ÒÃ¹íÒ¤ÇÒÁÃ‰Í¹ (heat conduction) ´‰ÇÂ¡ÒÃãª‰ÊÁ¡ÒÃ
àªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµáÊ´§á·¹ÃÐºº»„Í¹¡ÅÑº áÅÐãª‰µÑÇ»ÃÐÁÒ³ � ��� ÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº��� áºº¾ÔàÈÉã¹¡ÒÃ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ

1.3 ÇÑµ¶Ø»ÃÐÊ§¤Œ

1. à¾×èÍ¾Ñ²¹ÒÍÑÅ¡ÍÃÔ·ÖÁ·Õèàª×èÍ¶×Íä´‰áÅÐÁÕ»ÃÐÊÔ·¸ÔÀÒ¾ ÊíÒËÃÑº¡ÒÃ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§
ÃÐºº¤Çº¤ØÁ¾ÒÃÒÁÔàµÍÃŒ¡ÃÐ¨ÒÂ·ÕèÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1)

áÅÐÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6)

2. à¾×èÍÊÃ‰Ò§¤ÅÑ§ÊíÒËÃÑºâ»Ãá¡ÃÁ MATLAB ã¹ÃÙ»¢Í§ mex-function ÊíÒËÃÑº¡ÃÐºÇ¹¡ÒÃ·Õè¶Ù¡Í¸ÔºÒÂ
´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6)

1.4 ¢Íºà¢µ¢Í§ÇÔ·ÂÒ¹Ô¾¹¸Œ

1. ¾Ñ²¹ÒÍÑÅ¡ÍÃÔ·ÖÁ·Õèàª×èÍ¶×Íä´‰áÅÐÁÕ»ÃÐÊÔ·¸ÔÀÒ¾à¾×èÍ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº¤Çº¤ØÁ
¾ÒÃÒÁÔàµÍÃŒ¡ÃÐ¨ÒÂÊíÒËÃÑº¡ÃÐºÇ¹¡ÒÃ·Õè¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐ
ÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) ´‰ÇÂ¡ÒÃãª‰·ÄÉ®ÕµÑÇ»ÃÐÁÒ³ �Q��� ã¹ËÑÇ¢‰Í 2.2.1 ÃˆÇÁ¡Ñº
¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉ
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2. ¨íÒÅÍ§¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº¤Çº¤ØÁ¾ÒÃÒÁÔàµÍÃŒ¡ÃÐ¨ÒÂ ÊíÒËÃÑº¡ÃÐºÇ¹¡ÒÃ·Õè¶Ù¡Í¸ÔºÒÂ
´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) ´‰ÇÂÍÑÅ¡ÍÃÔ·ÖÁ·Õè¶Ù¡¾Ñ²¹Òº¹
¤ÍÁ¾ÔÇàµÍÃŒ¼ˆÒ¹â»Ãá¡ÃÁ MATLAB

3. ·´ÊÍº¤ÇÒÁáÁˆ¹ÂíÒ¢Í§ÍÑÅ¡ÍÃÔ·ÖÁ·Õè¶Ù¡¾Ñ²¹Ò´‰ÇÂ¡ÒÃà»ÃÕÂºà·ÕÂº¡ÑºÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑº¡ÒÃá¡‰
ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ·Õè Smith [15] àÊ¹Í¡ˆÍ¹Ë¹‰Ò¹Õé

4. ÊÃ‰Ò§¤ÅÑ§ÊíÒËÃÑºâ»Ãá¡ÃÁ MATLAB ã¹ÃÙ»¢Í§ mex-function ÊíÒËÃÑº¡ÃÐºÇ¹¡ÒÃ·Õè¶Ù¡Í¸ÔºÒÂ´‰ÇÂ
ÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6)

1.5 ¢Ñé¹µÍ¹ã¹¡ÒÃ´íÒà¹Ô¹§Ò¹

1. ¤‰¹¤Ç‰ÒáÅÐÈÖ¡ÉÒº·¤ÇÒÁà¡ÕèÂÇ¡Ñº·ÄÉ®ÕµÑÇ»ÃÐÁÒ³ � ���
2. ¤‰¹¤Ç‰ÒáÅÐÈÖ¡ÉÒº·¤ÇÒÁà¡ÕèÂÇ¡ÑºÃÐºº¾ÒÃÒÁÔàµÍÃŒ¡ÃÐ¨ÒÂ

3. ¾Ñ²¹ÒÍÑÅ¡ÍÃÔ·ÖÁ·Õèàª×èÍ¶×Íä´‰áÅÐÁÕ»ÃÐÊÔ·¸ÔÀÒ¾à¾×èÍ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº¤Çº¤ØÁ
¾ÒÃÒÁÔàµÍÃŒ¡ÃÐ¨ÒÂÊíÒËÃÑº¡ÃÐºÇ¹¡ÒÃ·Õè¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐ
ÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) ´‰ÇÂ¡ÒÃãª‰·ÄÉ®ÕµÑÇ»ÃÐÁÒ³ �Q��� ã¹ËÑÇ¢‰Í 2.2.1 ÃˆÇÁ¡Ñº¡ÒÃ
áÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉ

4. ¨íÒÅÍ§¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº¤Çº¤ØÁ¾ÒÃÒÁÔàµÍÃŒ¡ÃÐ¨ÒÂ ÊíÒËÃÑº¡ÃÐºÇ¹¡ÒÃ·Õè¶Ù¡Í¸ÔºÒÂ
´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) ´‰ÇÂÍÑÅ¡ÍÃÔ·ÖÁ·Õè¶Ù¡¾Ñ²¹Òº¹
¤ÍÁ¾ÔÇàµÍÃŒ¼ˆÒ¹â»Ãá¡ÃÁ MATLAB

5. ÈÖ¡ÉÒÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑº¡ÒÃá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ·Õè Smith [15]

àÊ¹Í¡ˆÍ¹Ë¹‰Ò¹Õé

6. ·´ÊÍº¤ÇÒÁáÁˆ¹ÂíÒ¢Í§ÍÑÅ¡ÍÃÔ·ÖÁ·Õè¶Ù¡¾Ñ²¹Òâ´Â¡ÒÃà»ÃÕÂºà·ÕÂº¡ÑºÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑº¡ÒÃá¡‰
ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ·Õè Smith [15] àÊ¹Í¡ˆÍ¹Ë¹‰Ò¹Õé

7. ¹íÒÍÑÅ¡ÍÃÔ·ÖÁ·Õè¾Ñ²¹ÒÁÒÊÃ‰Ò§¤ÅÑ§ÊíÒËÃÑºâ»Ãá¡ÃÁ MATLAB ã¹ÃÙ»¢Í§ mex-function ÊíÒËÃÑº
¡ÃÐºÇ¹¡ÒÃ·Õè¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6)

1.6 »ÃÐâÂª¹Œ·Õè¤Ò´ÇˆÒ¨Ðä´‰ÃÑº

1. ÍÑÅ¡ÍÃÔ·ÖÁÊíÒËÃÑº¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº¤Çº¤ØÁ¾ÒÃÒÁÔàµÍÃŒ¡ÃÐ¨ÒÂ·Õèàª×èÍ¶×Íä´‰áÅÐ
ÁÕ»ÃÐÊÔ·¸ÔÀÒ¾ àÁ×èÍ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐÊÁ¡ÒÃ¤Å×è¹
´Ñ§ÊÁ¡ÒÃ (3.6)
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2. ¤ÅÑ§ÊíÒËÃÑºâ»Ãá¡ÃÁ MATLAB ã¹ÃÙ»¢Í§ mex-function ·ÕèÊÒÁÒÃ¶ãª‰ä´‰¨ÃÔ§ ÊíÒËÃÑº¡ÃÐºÇ¹¡ÒÃ·Õè
¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6)

1.7 â¤Ã§ÊÃ‰Ò§¢Í§ÇÔ·ÂÒ¹Ô¾¹¸Œ

ã¹º·¶Ñ´ä»¨Ð¡ÅˆÒÇ¶Ö§·ÄÉ®Õ¾×é¹°Ò¹·Õèãª‰ã¹ÇÔ·ÂÒ¹Ô¾¹¸Œ «Öè§»ÃÐ¡Íº´‰ÇÂµÑÇá·¹ÃÐºº¤Çº¤ØÁ»„Í¹
¡ÅÑºáÅÐ·ÄÉ®ÕµÑÇ»ÃÐÁÒ³ � ��� ã¹º··Õè 3 ä´‰¾Ñ²¹ÒáÅÐÍ¸ÔºÒÂÍÑÅ¡ÍÃÔ·ÖÁ¢Í§ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐ
ÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ à¾×èÍãª‰ã¹¡ÒÃ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§
ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·ÕèÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐÊÁ¡ÒÃ¤Å×è¹´Ñ§
ÊÁ¡ÒÃ (3.6) ã¹º··Õè 4 Í¸ÔºÒÂÍÑÅ¡ÍÃÔ·ÖÁ¢Í§ÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑº¡ÒÃá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­
áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ·Õè Smith [15] àÊ¹Í¡ˆÍ¹Ë¹‰Ò¹Õé ã¹º··Õè 5 ¨ÐáÊ´§ãË‰àËç¹¶Ö§»ÃÐÊÔ·¸ÔÀÒ¾áÅÐ¤ÇÒÁ
¹ˆÒàª×èÍ¶×Í¢Í§ÍÑÅ¡ÍÃÔ·ÖÁ·Õè¶Ù¡¾Ñ²¹Òã¹º··Õè 3 ´‰ÇÂ¡ÒÃ·´ÊÍº¡ÑºµÑÇÍÂˆÒ§àªÔ§µÑÇàÅ¢¾Ã‰ÍÁ·Ñé§à»ÃÕÂºà·ÕÂº
¼Å¤íÒµÍº¡ÑºÍÑÅ¡ÍÃÔ·ÖÁã¹º··Õè 4 áÅÐã¹º·ÊØ´·‰ÒÂà»“¹º·ÊÃØ»áÅÐ¢‰ÍàÊ¹Íá¹Ð



º··Õè 2

·ÄÉ¯Õ¾×é¹°Ò¹

ã¹º·¹Õé»ÃÐ¡Íº´‰ÇÂ·ÄÉ®Õ¾×é¹°Ò¹·Õèãª‰ã¹ÇÔ·ÂÒ¹Ô¾¹¸Œâ´Âáºˆ§ÍÍ¡à»“¹ 2 ÊˆÇ¹ ÊˆÇ¹áÃ¡¤×ÍµÑÇ
á·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº ã¹ËÑÇ¢‰Í¹Õé¨ÐáÊ´§ãË‰àËç¹¶Ö§¢‰Í´Õ¢Í§¡ÒÃàÅ×Í¡ÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹ Œ̧¾Õª¤³Ôµ
ÁÒáÊ´§á·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº ´‰ÇÂ¡ÒÃà»ÃÕÂºà·ÕÂºÃÐËÇˆÒ§¡ÒÃá·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº´‰ÇÂµÑÇ
á·¹àªÔ§Í¹Ø¾Ñ¹¸Œ «Öè§à»“¹ÊÁ¡ÒÃ·Õè¹ÔÂÁãª‰¡Ñ¹ÍÂˆÒ§á¾ÃˆËÅÒÂà·ÕÂº¡Ñº¡ÒÃá·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº´‰ÇÂ
µÑÇá·¹àªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ áÅÐÊˆÇ¹·ÕèÊÍ§¨ÐÍ¸ÔºÒÂ¶Ö§¹ÔÂÒÁáÅÐ¤Ø³ÊÁºÑµÔ¢Í§µÑÇ»ÃÐÁÒ³ � ��� ·Õè¹íÒ
ä»ÊÙˆÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ
2.1 µÑÇá·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº

2.1.1 ¡ÒÃá·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº´‰ÇÂµÑÇá·¹àªÔ§Í¹Ø¾Ñ¹¸Œ

ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑºã¹ÊÁ¡ÒÃ (1.1) áÅÐ (1.3) ÊÒÁÒÃ¶áÊ´§á·¹ä´‰´‰ÇÂµÑÇá·¹àªÔ§Í¹Ø¾Ñ¹¸Œ·Õè¶Ù¡
Í¸ÔºÒÂ´‰ÇÂáºº¨íÒÅÍ§·Ò§¤³ÔµÈÒÊµÃŒ´Ñ§¹ÕéG� 
I� � ! Je� � 
�� �MLON ���U
I� �� 
I� � ! S � � 
I� �MLWq � �U
�� � X YZY[ (2.1)

â´Â·Õè

J � ! � J K s�N K q ] S K N K S ]s.N ] S K J ]�� � N � ! � N K q ] N KN ] + � ���U
�� � ! � r�
�� �V 
I� � �
S�� ! � s S K +s.q ] S K¡S ]%� � q �¢! � 0 +q ] 0 � � � 
I� � ! � p 
�� �P=
I� � � � � 
�� � ! � H 
I� �o 
�� � �

2.1.2 ¡ÒÃá·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº´‰ÇÂµÑÇá·¹àªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ

ÊíÒËÃÑº¡ÒÃá·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑºã¹ÊÁ¡ÒÃ (1.1) áÅÐ (1.3) ´‰ÇÂ¡ÒÃãª‰µÑÇá·¹àªÔ§Í¹Ø¾Ñ¹¸Œ
¾Õª¤³Ôµ¹Ñé¹ ÊÒÁÒÃ¶Í¸ÔºÒÂ´‰ÇÂáºº¨íÒÅÍ§·Ò§¤³ÔµÈÒÊµÃŒ´Ñ§µˆÍä»¹Õé [18]G� 
I� � ! £ � 
I� ��LO¤1¥ 
I� ��LO¦ 
I� �+ ! § � 
I� �ML©¨|¥ 
I� ��LWª 
�� � X YZY[ (2.2)
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â´Â·Õè £ ! � J K ++ J ] � � ¤ ! � N K ++ s.N ] � � ¦ 
I� � ! � N K V 
I� �N ] r�
I� � � � ¥ 
I� � ! � TU
I� �R 
�� � �§ ! � + S ]S K + � � ¨ ! � s 0 s.q ]+ s 0 � � ª 
�� � ! � q ] r�
�� �+ � � � 
�� � ! � H 
I� �o 
�� � �
ÃÐººÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµä´‰¶Ù¡ÊÑ§à¡µã¹ [16, 18] ¶Ö§¢‰Í´ÕËÅÑ¡æ ã¹¡ÒÃá·¹ÃÐºº¤Çº¤ØÁ

»„Í¹¡ÅÑº´‰ÇÂÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ´Ñ§ÊÁ¡ÒÃ (2.2) ÇˆÒ àÁ·ÃÔ¡«Œ £ , § , ¨ áÅÐ ¤ äÁˆä´‰à¡Ô´
¨Ò¡¼Å¡ÒÃ¤Ù³ã´æ ¢Í§àÁ·ÃÔ¡«Œã¹ÊÁ¡ÒÃ (1.1) áÅÐ (1.3) ´Ñ§¹Ñé¹¤ÇÒÁà»“¹»¡µÔËÃ×Í¤ÇÒÁà»“¹ÈÙ¹ÂŒÁÒ¡
ã¹àÁ·ÃÔ¡«Œ´Ñé§à´ÔÁã¹ÊÁ¡ÒÃ (1.1) áÅÐ (1.3) ÂÑ§¤§ÁÕÍÂÙˆã¹àÁ·ÃÔ¡«Œ £ , § , ¨ áÅÐ ¤ «Öè§µˆÒ§¨Ò¡¡ÒÃ
á·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº´‰ÇÂµÑÇá·¹àªÔ§Í¹Ø¾Ñ¹¸Œ´Ñ§ÊÁ¡ÒÃ (2.1) ·ÕèäÁˆÊÒÁÒÃ¶ÃÑ¡ÉÒ¤ÇÒÁà»“¹»¡µÔËÃ×Í
¤ÇÒÁà»“¹ÈÙ¹ÂŒÁÒ¡ã¹àÁ·ÃÔ¡«Œ´Ñé§à´ÔÁäÇ‰ä´‰

à¹×èÍ§¨Ò¡ÊÁ¡ÒÃ (2.1) ¹Ñé¹à·ÕÂºà·ˆÒ¡ÑºÊÁ¡ÒÃ (2.2) ´Ñ§¹Ñé¹¨Ðä´‰ÇˆÒ J^��!�£ su¤&¨ d b § â´Âã¹
¡ÒÃ¤íÒ¹Ç³àÁ·ÃÔ¡«Œ¼¡¼Ñ¹¢Í§ ¨ ÊÒÁÒÃ¶ËÒä´‰´Ñ§¹Õé¨ d b ! � s 0 q ]+ s 0 � (2.3)

ÊíÒËÃÑº¼Å·Õèä´‰ÊÒÁÒÃ¶¹íÒä»ãª‰»ÃÐâÂª¹Œã¹¡ÒÃÈÖ¡ÉÒáÅÐ¡ÒÃ¤íÒ¹Ç³¤ˆÒÅÑ¡É³Ðà©¾ÒÐ (eigenvalues) ¢Í§
àÁ·ÃÔ¡«Œ J � ä´‰
2.2 µÑÇ»ÃÐÁÒ³ «j¬}­
2.2.1 ¹ÔÂÒÁáÅÐ¤Ø³ÊÁºÑµÔ¢Í§µÑÇ»ÃÐÁÒ³ �����

¡íÒË¹´ãË‰ ® áÊ´§á·¹»ÃÔÀÙÁÔàªÔ§àÊ‰¹¢Í§¿’§¡ŒªÑ¹ � ·Õè � µˆÍà¹×èÍ§º¹ªˆÇ§ ¯ +,� �©� áÅÐÁÕ¨íÒ¹Ç¹¨ÃÔ§° ºÒ§¤ˆÒ·Õè·íÒãË‰ � 
I� � !±	²
�³µ´�¶�· ° �;¸ � àÁ×èÍ � �¹� Zakian [8, 10] ¹ÔÂÒÁµÑÇ»ÃÐÁÒ³ �Q��� ¢Í§ ��
I� � ·Õè��º�+ ´‰ÇÂ»ÃÔ¾Ñ¹¸Œ (integral) äÁˆµÃ§áºº´Ñ§¹Õé� ��� 
I����� �(»½¼©¾¿ � 
$�,� � �À i4Á bMÂ i ³�´�¶�· s.Ã i ��¸ V �M��� v ¯ +/� �W� (2.4)

àÁ×èÍ ( Ã i , Â i ) à»“¹¤ˆÒ¤§µÑÇ·Õè¶Ù¡¹ÔÂÒÁáÅÐ¨íÒ¹Ç¹àµçÁºÇ¡ ( �Ä�3� ) ¤×ÍÍÑ¹´Ñº¢Í§¾¨¹ŒàÈÉáÅÐ¾¨¹ŒÊˆÇ¹
¢Í§¡ÒÃá»Å§ÅÒ»ÅÒ« Å �i4Á b Â i ³�´�¶�· s.Ã i ��¸ ÊÑ§à¡µÇˆÒ � ��� à»“¹µÑÇ´íÒà¹Ô¹¡ÒÃ (operator) ·Õè¢Öé¹ÍÂÙˆ¡Ñº
à«µ¢Í§¤ˆÒ¤§µÑÇ ( Ã i , Â i )ÊíÒËÃÑºã¹§Ò¹ÇÔ¨ÑÂ¹Õéä´‰¨íÒ¡Ñ´¾Ô¨ÒÃ³Òà¾ÕÂ§µÑÇ»ÃÐÁÒ³ �Q��� ÅíÒ´Ñº¢Ñé¹àµçÁ (full grade

�����
approximants) [8] â´Â¤ˆÒ¤§µÑÇ ( ÃUi , Â i ) ¶Ù¡¹ÔÂÒÁ´‰ÇÂ
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�À ifÁ b Â iP LWÃ i ! e dBÆ��� áÅÐ Çz³È
 Ã i � �É+ Ê=k (2.5)

àÁ×èÍ e d=Æ��� ¤×ÍµÑÇ»ÃÐÁÒ³ Padé ÍÑ¹´Ñº ¯ �#ËÌ�xÍ ¢Í§ ³µ´�¶B· s P,¸
â´Â¤Ø³ÊÁºÑµÔ¢Í§µÑÇ»ÃÐÁÒ³ ����� ã¹ÃÙ»áºº·ÑèÇä»áÅÐµÑÇ»ÃÐÁÒ³ ����� ·ÕèÁÕ full grade [8] ÁÕ

¤Ø³ÊÁºÑµÔËÅÑ¡æ 5 ¢‰Í´Ñ§µˆÍä»¹Õé [8, 9]

1. ¡ÒÃà»“¹àªÔ§àÊ‰¹ (linearity) ¡íÒË¹´ãË‰ � b , � � v ® áÅÐ h b , h � v(w ¶‰Ò � ��� 
�� b ��� � áÅÐ����� 
I� � ��� � ÁÕ¨ÃÔ§ (exist) áÅ‰Ç����� 
 h b � b LWh � � � �3� � ! h b ����� 
�� b ��� �MLWh � ����� 
I� � �3� � (2.6)

2. ÀÒÇÐµˆÍà¹×èÍ§ (continuity) áÅÐ¤ÇÒÁÁÕ¢Íºà¢µ (boundedness) ¡íÒË¹´ãË‰ � v ® ÁÕ¢Íºà¢µã¹ªˆÇ§¯ +,� �©� áÅ‰Ç¿’§¡ŒªÑ¹ � ��� 
I� � ÁÕ¢Íºà¢µáÅÐµˆÍà¹×èÍ§ã¹ªˆÇ§ ¯ +,� �©�
3. ¤ÇÒÁáÁˆ¹µÃ§ (exactness) ¡íÒË¹´ãË‰ � à»“¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ (degree) äÁˆà¡Ô¹ � L � ¨Ðä´‰
ÇˆÒ ����� 
��M��� � !���
�� � ÊíÒËÃÑº·Ø¡¤ˆÒ·Õè � º�+

4. ¤ÇÒÁáÁˆ¹ÂíÒ (accuracy) ÊíÒËÃÑº � ·Õè¤ˆÒÁÒ¡æ ¡íÒË¹´ãË‰ � v ® áÅÐ °ÏÎ + áÅ‰Ç¨Ðä´‰ÇˆÒ� ��� 
��M��� �ts � 
I� � !Ð	�Ñ�� d�Ò � d ��ÓÕÔ �½� �Ö� (2.7)

5. ¤ÇÒÁáÁˆ¹ÂíÒÊíÒËÃÑº � ·Õè¤ˆÒ¹‰ÍÂæ ¡íÒË¹´ãË‰ � v ® ÊÁÁµÔÇˆÒÁÕ × ¤ˆÒË¹Öè§·ÕèÁÒ¡¡ÇˆÒ 0 «Öè§ �tÒ ��ØM��Ó
µˆÍà¹×èÍ§ã¹ªˆÇ§ ¯ +/��×�Í , � Ò ��ØM��Ø b Ó ÁÕ¨ÃÔ§·Ø¡æ ·Õèã¹ªˆÇ§ 
�+,��× � áÅÐÁÕ¢Íºà¢µã¹ªˆÇ§ 
$+/�3× � áÅ‰Ç¨Ð
ä´‰ÇˆÒ � ��� 
��M��� �Ds � 
I� � !Ð	±Ù`� ��Ø��6Ø bµÚ �½� � + Ø (2.8)

¡íÒË¹´ãË‰ ÛW
`_ � á·¹¡ÒÃá»Å§ÅÒ»ÅÒ«¢Í§¿’§¡ŒªÑ¹ ��
I� �
ÛW
`_ ��»ÝÜ 
I��
�� ��� ! ¼©¾¿ ��
I� � ³µ´�¶�· s _��;¸ V � (2.9)

àÁ×èÍ _ à»“¹¨íÒ¹Ç¹àªÔ§«‰Í¹·Õè·íÒãË‰»ÃÔ¾Ñ¹¸Œã¹ÊÁ¡ÒÃ (2.9) ÅÙˆà¢‰ÒÊÙˆ¤ˆÒ¨íÒ¡Ñ´ ´Ñ§¹Ñé¹¨Ò¡ÊÁ¡ÒÃ (2.4)

ÊÒÁÒÃ¶¾ÔÊÙ¨¹Œä´‰ÇˆÒ

��
�� �(Þ ����� 
��M�3� � ! 0 � �À i4Á b Â i Û Ñ Ã�i� Ô �½����+ (2.10)

àËç¹ä´‰ªÑ´ÇˆÒÊÁ¡ÒÃ (2.10) ¤×ÍÊÙµÃ·Õèãª‰ÊíÒËÃÑº¡ÒÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹àªÔ§µÑÇàÅ¢ «Öè§ÊíÒËÃÑº¡Ã³Õ·Õè �
à»“¹¨íÒ¹Ç¹¤Ùˆ·íÒãË‰¤ˆÒ¤§µÑÇ ( Ã i , Â i ) à»“¹¨íÒ¹Ç¹àªÔ§«‰Í¹ÊÑ§ÂØ¤ ¹Ñé¹¤×Í Ã i ! Ãtßi Ø��tà � , Â i ! Â ßi ØM�Uà �´Ñ§¹Ñé¹ÊÙµÃ·Õèãª‰ÊíÒËÃÑº¡ÒÃ¡ÒÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹àªÔ§µÑÇàÅ¢à»“¹´Ñ§¹Õé
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��
�� ��Þ � ��� 
��M�3� � ! - � �tà �À i4Á b Çz³�á Â i ÛâÑ Ã�i� ÔDã �½����+ (2.11)

¨Ò¡ÊÙµÃÊíÒËÃÑº¡ÒÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹àªÔ§µÑÇàÅ¢ã¹ÊÁ¡ÒÃ (2.10) ä´‰¹íÒä»ÊÙˆÇÔ¸ÕÇ§¡Ç‰Ò§ (global

method) áÅÐÇÔ¸Õ·ÕÅÐ¢Ñé¹ (step-by-step method) ÊíÒËÃÑº¡ÒÃ¤íÒ¹Ç³ ��
�� � ¡ÅˆÒÇ¤×ÍÇÔ¸ÕÇ§¡Ç‰Ò§¨Ð¤íÒ¹Ç³� 
I� � ´‰ÇÂ¡ÒÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹àªÔ§µÑÇàÅ¢¢Í§ ÛW
`_ � ã¹ÊÁ¡ÒÃ (2.10) áÅÐÊíÒËÃÑºÇÔ¸Õ·ÕÅÐ¢Ñé¹¨Ð
¤íÒ¹Ç³ ��
��%ä Ø b � ´‰ÇÂ¡ÒÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹àªÔ§µÑÇàÅ¢¢Í§ÅíÒ´Ñº ·�Û�åIæ�
`_ �zç rl!�0��;-��3è,��)�)�);¸ ·Õèä´‰ÁÒ¨Ò¡
¡ÒÃÇ¹«íéÒ àÁ×èÍ Û å æÈ
$_ ��»ÝÜ6é ¯ � 
I� ä L � � Í áÅÐ � ä ¤×Í¡ÒÃàÅ×èÍ¹á¡¹àÇÅÒ (time shift) ÊÑ§à¡µÇˆÒ¤Ø³ÊÁºÑµÔ
¤ÇÒÁáÁˆ¹ÂíÒ¢Í§µÑÇ»ÃÐÁÒ³ � ��� ·ÕèàÇÅÒ � ¹‰ÍÂæ ´Ñ§ÊÁ¡ÒÃ (2.8) ä´‰¶Ù¡¹íÒÁÒãª‰»ÃÐâÂª¹Œã¹ÇÔ¸Õ·ÕÅÐ¢Ñé¹

2.2.2 ÊÙµÃÇ¹«íéÒ � ��� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ
¾Ô¨ÒÃ³ÒÃÐººÍ¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµã¹ÊÁ¡ÒÃ (2.2) ÊÁÁØµÔÇˆÒ ¦ 
I� � áÅÐ ª 
I� � à»“¹¿’§¡ŒªÑ¹·ÕèÃÙ‰¤ˆÒÊíÒËÃÑº�zº�+ áÅÐ¡íÒË¹´ãË‰ ��ä�
�r^!Ð+,��0��;-���)�)�) � á·¹ÅíÒ´Ñº¢Í§¨Ø´ã¹ªˆÇ§ ¯ +/� �W� ·Õè·íÒãË‰ � ¿ !Ð+ , �%ä Ø b !ê�%ä L �

àÁ×èÍªˆÇ§¡‰ÒÇ � à»“¹¤ˆÒ¤§µÑÇ·ÕèÁÕ¤ˆÒÁÒ¡¡ÇˆÒ +
¡íÒË¹´ãË‰ Û å æ5
$_ � á·¹¡ÒÃá»Å§ÅÒ»ÅÒ«¢Í§¿’§¡ŒªÑ¹ � 
I� ä L � �ÛëåIæÈ
$_ ��»½¼ ¾¿ ��
��%ä L � � ³�´j¶M· s _���¸ V � (2.12)

àÁ×èÍ _ à»“¹¨íÒ¹Ç¹àªÔ§«‰Í¹·Õè·íÒãË‰»ÃÔ¾Ñ¹¸Œã¹ÊÁ¡ÒÃ (2.12) ÅÙˆà¢‰ÒÊÙˆ¤ˆÒ¨íÒ¡Ñ´
ÊíÒËÃÑº¤ˆÒ � 
I� � áÅÐ ¥ 
�� � ¨ÐÂÑ§¤§äÁˆà»ÅÕèÂ¹á»Å§ÊíÒËÃÑº·Ø¡æ ¤ˆÒ � ·ÕèÍÂÙˆã¹ªˆÇ§ ¯ �;äì�3�%ä Ø b Í àÁ×èÍ¦ 
�� ä L � � áÅÐ ª 
�� ä L � � ¶Ù¡á·¹·Õè´‰ÇÂ ¦ ß 
I� ä L � � áÅÐ ª ß 
�� ä L � � µÒÁÅíÒ´Ñº´Ñ§¹Õé¦ ß 
�� ä L � � ! í ¦ 
��%ä L � � ��� v ¯ +,�@�/Íh ä 
`� � � �}�(� (2.13)ª ß 
��%ä L � � ! í ª 
I� ä L � � �m� v ¯ +/�@�/Ía ä�
$� � � �}��� (2.14)

â´Â·Õè h ä 
$� � áÅÐ a ä 
`� � ÍÂÙˆÀÒÂãµ‰à§×èÍ¹ä¢ î ßå æ 
`_ � áÅÐ ï ßå æ 
$_ � ÁÕ¨ÃÔ§ÊíÒËÃÑº Çz³È
$_ � º�+ ËÅÑ§¨Ò¡à»ÅÕèÂ¹
µÑÇá»Ã´‰ÇÂ¡ÒÃ¡íÒË¹´ãË‰ �D!(�3ä L � áÅÐá»Å§ÅÒ»ÅÒ«¢Í§ÊÁ¡ÒÃ (2.2) ´‰ÇÂ ¦ 
I�@ä L � � áÅÐ ª 
��%ä L � � ·Õè
¶Ù¡á·¹â´Â ¦ ß 
�� ä L � � áÅÐ ª ß 
�� ä L � � µÒÁÅíÒ´Ñº¨Ðä´‰

� 
`_ � s £ �ðs.¤s § sg¨ � �Õñ å æÈ
$_ �ò å æ5
`_ � � !ó� � 
I� ä ��L î ßåIæ 
$_ �ï ßåIæ 
$_ � � (2.15)

ÊÑ§à¡µÇˆÒ¼Å¡ÒÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹¢Í§ ñ åIæ5
$_ � áÅÐ ò åIæ5
`_ � ÁÕ¤ˆÒà·ˆÒ¡Ñº � 
I��ä Ø b � áÅÐ ¥ 
I�%ä Ø b � µÒÁ
ÅíÒ´Ñº ´Ñ§¹Ñé¹àÁ×èÍãª‰ÊÙµÃ¡ÒÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹àªÔ§µÑÇàÅ¢ÊíÒËÃÑº¡Ã³Õ � à»“¹¨íÒ¹Ç¹¤Ùˆã¹ÊÁ¡ÒÃ (2.11)

¨Ðä´‰µÑÇ»ÃÐÁÒ³ � ä Ø b áÅÐ ¥ ä Ø b ´Ñ§¹Õé
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� � ä Ø b¥ ä Ø b � ! -� �tà �À i4Á b Çz³zí Â i � ñ å æ�
`_ i �ò åIæ5
`_ i$� �6ô ��_ i !õÑ Ã�i� Ô (2.16)

â´Â¡ÒÃÃÇÁ¼Å¢Í§ÊÁ¡ÒÃ (2.15) áÅÐ (2.16) ¨Ðä´‰ÊÙµÃÇ¹«íéÒÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ
¹Ñé¹¤×Í

� 
$_ i � s £ �ðs.¤s § sg¨ � �%ñ i�ö äò iIö ä � ! � � ä L î ßåIæ 
$_ i �ï ßåIæ 
$_ i � � ��_ i ! Ñ Ã i� Ô
� � ä Ø b¥ ä Ø b � ! -� �tà �À i4Á b Çz³zí Â i � ñ i�ö äò iIö ä �zô ��� à»“¹¨íÒ¹Ç¹¤Ùˆ

X YYYYYYZYYYYYY[ (2.17)

´Ñ§¹Ñé¹§Ò¹ËÅÑ¡ã¹áµˆÅÐ¢Ñé¹¢Í§¡ÒÃÇ¹«íéÒã¹ÊÁ¡ÒÃ (2.17) ¤×Í¡ÒÃá¡‰¼ÅµÍº¢Í§ÃÐººàªÔ§àÊ‰¹
¾Õª¤³ÔµÊíÒËÃÑºàÇ¡àµÍÃŒ ñ i�ö ä áÅÐ ò i�ö ä â´Â·Õè k�!m05�@-���)4)f)f�3�²Ëì- ÊÑ§à¡µÇˆÒàÁ×èÍªˆÇ§¡‰ÒÇ � à»“¹¤ˆÒ
¤§µÑÇ¨ÐÊˆ§¼ÅãË‰ _ i à»“¹¤ˆÒ¤§µÑÇÊíÒËÃÑº·Ø¡æ ¢Ñé¹ r ´‰ÇÂ ¹Ñé¹ËÁÒÂ¤ÇÒÁÇˆÒ¡ÒÃãª‰ÇÔ¸ÕáÂ¡µÑÇ»ÃÐ¡Íº��� ÊíÒËÃÑºá¡‰¼ÅµÍº¢Í§ÃÐººàªÔ§àÊ‰¹¾Õª¤³Ôµã¹ÊÁ¡ÒÃ (2.17) ¨ÐÁÕÃÙ»áºº¢Í§µÑÇ»ÃÐ¡Íº � áÅÐ �
à¾ÕÂ§ÃÙ»áººà´ÕÂÇ·Õè¢Öé¹¡ÑºµÑÇá»Ã _ i (´ÙÃÒÂÅÐàÍÕÂ´ã¹ËÑÇ¢‰Í 3.1.2 áÅÐ 3.2.1 ÊíÒËÃÑº¡Ã³Õ¡ÃÐºÇ¹¡ÒÃ
·Õè¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ·Õè (3.1) áÅÐ¡Ã³Õ¡ÃÐºÇ¹¡ÒÃ·Õè¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤Å×è¹´Ñ§
ÊÁ¡ÒÃ·Õè (3.6) µÒÁÅíÒ´Ñº)

2.3 ÊÃØ»

¨Ò¡¡ÒÃà»ÃÕÂºà·ÕÂºÃÐËÇˆÒ§¡ÒÃá·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº´‰ÇÂµÑÇá·¹àªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ¡Ñº
¡ÒÃá·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº´‰ÇÂµÑÇá·¹àªÔ§Í¹Ø¾Ñ¹¸Œ ÊÃØ»ä´‰ÇˆÒ¡ÒÃá·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº´‰ÇÂµÑÇ
á·¹àªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÊÒÁÒÃ¶ÃÑ¡ÉÒ¤ÇÒÁà»“¹»¡µÔËÃ×Í¤ÇÒÁà»“¹ÈÙ¹ÂŒÁÒ¡ã¹àÁ·ÃÔ¡«Œ´Ñé§à´ÔÁäÇ‰ä ‰́ «Öè§
µˆÒ§¨Ò¡¡ÒÃá·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº´‰ÇÂÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ·ÕèäÁˆÊÒÁÒÃ¶ÃÑ¡ÉÒ¤ÇÒÁà»“¹»¡µÔ ËÃ×Í¤ÇÒÁ
à»“¹ÈÙ¹ÂŒÁÒ¡ã¹àÁ·ÃÔ¡«Œ´Ñé§à´ÔÁ áÅÐàÁ×èÍÊÙµÃÇ¹«íéÒ � ��� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ·ÕèÁÕ¾×é¹°Ò¹
ÁÒ¨Ò¡µÑÇ»ÃÐÁÒ³ � ��� ¶Ù¡¹íÒÁÒãª‰ã¹¡ÒÃ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ ¨Ð¾ºÅÑ¡É³Ðâ¤Ã§ÊÃ‰Ò§·Õè¾ÔàÈÉ
ÍÂÙˆã¹ÊÁ¡ÒÃàªÔ§àÊ‰¹¾Õª¤³Ôµ¢Í§ÊÙµÃÇ¹«íéÒ ����� áÅÐä´‰¶Ù¡¹íÒÁÒãª‰»ÃÐâÂª¹Œã¹¡ÒÃ¾Ñ²¹Òáººá¼¹¢Í§
¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉ·ÕèÁÕÃÙ»áºº¢Í§µÑÇ»ÃÐ¡Íº � áÅÐ � à¾ÕÂ§ÃÙ»áººà´ÕÂÇ·Õè¢Öé¹¡Ñº
µÑÇá»Ã _ i â´ÂÃÒÂÅÐàÍÕÂ´¢Í§¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� ¨Ð¡ÅˆÒÇÍÂÙˆã¹º·¶Ñ´ä»
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ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ ÷ �ø� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ
ã¹º·¹Õéä´‰¾Ñ²¹ÒÍÑÅ¡ÍÃÔ·ÖÁ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒÊíÒËÃÑºÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·ÕèÁÕ¡ÃÐºÇ¹

¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) ´‰ÇÂ¡ÒÃãª‰
ÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµáÊ´§á·¹ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·ÕèÊÒÁÒÃ¶ÃÑ¡ÉÒ¤ÇÒÁà»“¹»¡µÔ ËÃ×Í¤ÇÒÁà»“¹
ÈÙ¹ÂŒÁÒ¡ã¹àÁ·ÃÔ¡«Œ´Ñé§à´ÔÁäÇ‰ä´‰ áÅÐãª‰ÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ·ÕèÁÕ¾×é¹°Ò¹ÁÒ
¨Ò¡µÑÇ»ÃÐÁÒ³ � ��� ÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉ
3.1 ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·Õè¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹

¾Ô¨ÒÃ³ÒÃÐºº¤Çºº¤ØÁ»„Í¹¡ÅÑº´Ñ§ÃÙ»·Õè 1.1 àÁ×èÍ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹
áÅÐÁÕà§×èÍ¹ä¢¢Íº´Ñ§¹Õé [17] ùù � ��
I�M�3� � ! ú

ù �ù � � ��
I����� � �â����+,��� v ¯ +/�3�IÍùù � ��
�+,��� � ! s.û P*
�� � � ����+ùù � ��
������ � ! +/� ����+R 
I� � ! ��
������ � � ����+

X YYYYYYYYYYYZYYYYYYYYYYY[
(3.1)

àÁ×èÍ úx�©+ áÅÐ û à»“¹¤ˆÒ¤§µÑÇ
ã¹ÇÔ·ÂÒ¹Ô¾¹¸Œ¹Õéä´‰¾Ñ²¹Òã¹ÊˆÇ¹¢Í§¤ÇÒÁáÁˆ¹ÂíÒµˆÍ¨Ò¡§Ò¹ÇÔ¨ÑÂã¹ [17] ´‰ÇÂ¡ÒÃãª‰ÇÔ¸Õ¼ÅµˆÒ§

ÍÑ¹µÐ·ÕèÁÕ¤ˆÒ¼Ô´¾ÅÒ´ÍÂÙˆã¹ÍÑ¹´Ñº 	²
$��� � à¾×èÍãª‰ã¹¡ÒÃ»ÃÐÁÒ³¾¨¹ŒÍ¹Ø¾Ñ¹¸Œà·ÕÂºµÑÇá»ÃµíÒáË¹ˆ§ � ã¹
ÊÁ¡ÒÃ (3.1) «Öè§µˆÍä»¨Ð¡ÅˆÒÇ¶Ö§ÃÒÂÅÐàÍÕÂ´ÊíÒËÃÑº¡ÒÃ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº¤Çº¤ØÁ
»„Í¹¡ÅÑº·Õè¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) ËÅÑ§¨Ò¡·Õè»ÃÐÁÒ³Í¹Ø¾Ñ¹¸Œà·ÕÂº
µÑÇá»ÃµíÒáË¹ˆ§ � ´‰ÇÂ¡ÒÃãª‰ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐ·ÕèÁÕ¤ˆÒ¼Ô´¾ÅÒ´ÍÂÙˆã¹ÍÑ¹´Ñº 	²
$�È� � áÅ‰Ç ¨Ðä´‰ÃÐººÊÁ¡ÒÃ
àªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­¢¹Ò´ãË­ˆáÅÐà»“¹àÁ·ÃÔ¡«ŒÁÒ¡àÅ¢ÈÙ¹ÂŒ àÁ×èÍÃÐºº»„Í¹¡ÅÑº·Õè»ÃÐ¡Íº´‰ÇÂ¡ÃÐºÇ¹
¡ÒÃ·Õè¶Ù¡»ÃÐÁÒ³áÅÐµÑÇ¤Çº¤ØÁ¶Ù¡áÊ´§á·¹´‰ÇÂÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ´Ñ§ÊÁ¡ÒÃ (2.2) µˆÍä»àÃÒ
¨Ðãª‰ÊÙµÃÇ¹«íéÒ � ��� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµã¹ËÑÇ¢‰Í 2.2.2 ÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ���
áºº¾ÔàÈÉ·Õè¶Ù¡¾Ñ²¹Ò¢Öé¹ à¾×èÍá¡‰ËÒ¼Åà©ÅÂ¢Í§ÃÐººàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ´Ñ§¡ÅˆÒÇ
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3.1.1 ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐ

¡ÒÃ»ÃÐÁÒ³Í¹Ø¾Ñ¹¸Œà·ÕÂºµÑÇá»ÃµíÒáË¹ˆ§ � ã¹ÊÁ¡ÒÃ (3.1) ´‰ÇÂÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐ (´ÙµÑÇÍÂˆÒ§ã¹
[11]) ÊÒÁÒÃ¶·íÒä´‰ â´Â¡ÒÃ¡íÒË¹´ãË‰

� i Ø b !#� i L �Q��+���kü� 
 � (3.2)

àÁ×èÍ �©�õ+ ¤×Í¼ÅµˆÒ§àÍ¡ÃÙ» (uniform difference) ã¹ � ÊíÒËÃÑº¤ˆÒ � ·ÕèÍÂÙˆã¹ªˆÇ§ ¯ +/�@�ýÍ ¹Ñé¹¤×Í�þ!ÿ�`Ë�
 
þL 0 � ´Ñ§¹Ñé¹Í¹Ø¾Ñ¹¸Œà·ÕÂºµÑÇá»ÃµíÒáË¹ˆ§ � ã¹ÊÁ¡ÒÃ (3.1) ÊíÒËÃÑº·Ø¡æ ¤ˆÒ ke! 05�@-���)4)f)f� 

ÊÒÁÒÃ¶à¢ÕÂ¹á·¹´‰ÇÂ ùù � ��
I� i �3� � ! ú

ù �ù � � ��
�� i ��� � �â� ��+ùù � ��
�� ¿ ��� � ! s.û P*
�� � � � ��+ùù � ��
�� � Ø b ��� � ! +/� � ��+R 
I� � ! ��
I� � Ø b ��� � � ��+

X YYYYYYYYYYYZYYYYYYYYYYY[
(3.3)

áÅÐÍ¹Ø¾Ñ¹¸Œã¹ÊÁ¡ÒÃ (3.3) ÊÒÁÒÃ¶¶Ù¡»ÃÐÁÒ³ä´‰´Ñ§¹Õéù �ù � � ��
�� i ��� � ! ��
I� i d b �3� �Us -���
I� i ��� ��L ��
�� i Ø b ��� �� � L 	�
��Q� �ùù � ��
I� ¿ �3� � ! s è���
�� ¿ �3� ��L 'È��
I� b �3� � s ��
�� � ��� �-�� L 	�
��Q� �ùù � ��
I� � Ø b ��� � ! ��
I� � d b ��� �Us '5��
�� � �3� ��L è5��
I� � Ø b �3� �-�� L 	�
��Q� �
X YYYYYYZYYYYYY[ (3.4)

àÁ×èÍá·¹Í¹Ø¾Ñ¹¸Œã¹ÊÁ¡ÒÃ (3.3) ´‰ÇÂ¡ÒÃ»ÃÐÁÒ³ã¹ÊÁ¡ÒÃ (3.4) ¨Ðä´‰G��
�� i ��� � ! � ¯ ��
I� i d b ��� � s -ì��
�� i ��� �ML ��
I� i Ø b �3� � Í��
�� ¿ ��� � ! ' è ��
�� b ��� �Us 0è ��
�� � ��� �ML -è � û P*
�� ���
�� � Ø b �3� � ! s 0è ��
�� � d b �3� ��L 'è ��
I� � ��� �
X YYYYYZYYYYY[ (3.5)

â´Â·Õè � = úBËQ�Q� áÅÐ k ! 0��@-/��)f)4)f� 

¡íÒË¹´ãË‰ H�i 
I� � !Ä��
I� i ��� � â´Â kü!�0��@-/��)f)4)f� 
 ¨Ðä´‰»ÃÔÀÙÁÔÊ¶Ò¹ÐÊíÒËÃÑº¡ÃÐºÇ¹¡ÒÃ·Õè¶Ù¡»ÃÐÁÒ³

´Ñ§ÊÁ¡ÒÃ (1.1) â´Â·Õè J K v}w � y � à»“¹àÁ·ÃÔ¡«ŒÊÒÁá¹Çà©ÕÂ§ (tridiagonal matrix), N K v}w � , S|{K v w �
·ÕèÁÕ¤ˆÒ´Ñ§¹Õé
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J K !
~����������������

s -è � -è �� s - � �
. . . . . . . . .

. . . . . . . . .� s - � �-è � s -è �

������������������
� N K !

~����������
-è � � û+

...++
� ���������� ��S {K !

~��������������
++
...+s 0è' è

����������������
ÊÑ§à¡µÇˆÒà¾×èÍãË‰à¡Ô´¤ÇÒÁáÁˆ¹ÂíÒÊíÒËÃÑº¡ÒÃ»ÃÐÁÒ³Í¹Ø¾Ñ¹¸Œ·Õèà¡Ô´¢Öé¹ 
 ¨Ðµ‰Í§ÁÕ¤ˆÒÁÒ¡æ Êˆ§¼ÅãË‰
ÃÐººÁÕ¢¹Ò´ãË­ˆáÅÐá¢ç§à¡Ãç§ áµˆÂÑ§¤§ÁÕ¤ÇÒÁ¾ÔàÈÉà¡Ô´¢Öé¹¤×Í àÁ·ÃÔ¡«Œ J&Kj� N K áÅÐ S K à»“¹àÁ·ÃÔ¡«Œ
ÁÒ¡àÅ¢ÈÙ¹ÂŒ

3.1.2 ¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº �B�
´Ñ§·Õèä´‰¡ÅˆÒÇÁÒáÅ‰Çã¹ËÑÇ¢‰Í·Õè 2.2.2 §Ò¹ËÅÑ¡ã¹áµˆÅÐ¢Ñé¹¢Í§¡ÒÃÇ¹«íéÒã¹ÊÁ¡ÒÃ (2.17) ¤×Í

¡ÒÃá¡‰ËÒ¼ÅµÍº¢Í§ÃÐººàªÔ§àÊ‰¹¾Õª¤³Ôµ ã¹·Õè¹ÕéàÃÒãª‰ÇÔ¸Õ¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� à¹×èÍ§¨Ò¡ÃÐººÁÕ
â¤Ã§ÊÃ‰Ò§ÅÑ¡É³Ð¾ÔàÈÉ Êˆ§¼ÅãË‰¨íÒ¹Ç¹¡ÒÃ´íÒà¹Ô¹¡ÒÃã¹¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº (factorization) áÅÐ¡ÒÃ
á·¹¤ˆÒ (substitution) ÊíÒËÃÑºáµˆÅÐ¢Ñé¹¢Í§¡ÒÃÇ¹«íéÒã¹ÊÁ¡ÒÃ (2.17) ÊÒÁÒÃ¶»ÃÐËÂÑ´¡ÒÃ¤íÒ¹Ç³ä´‰

ÊíÒËÃÑº¡ÒÃá¡‰ËÒ¼ÅµÍº¢Í§ÃÐººàªÔ§àÊ‰¹¾Õª¤³Ôµã¹ÊÁ¡ÒÃ (2.17) ÊÒÁÒÃ¶·íÒä´‰ â´Â¾Ô¨ÒÃ³Ò
ÊÁ¡ÒÃ J.�â! a àÁ×èÍJÄ! � 
$_ � s £ �ðs.¤s § sg¨ � �½�"! � ñ åIæ�
`_ �ò åIæ5
`_ � � � a ! � � ä L î ßå æ 
$_ �ï ßå æ 
$_ � �
´Ñ§¹Ñé¹àÁ×èÍ �B� ! J ¨Ðä´‰

�W! ~��� � b3b + ++ � �3� +��� b ��� � �����
� ��� � �#! ~��� � b@b + � b �+ � �3� � � �+ + �����

� ���
â´Â·ÕèàÁ·ÃÔ¡«Œ � b3b ��� b3b v w � y � , � b � v w � y�� , � �@� �3� �@� vÿw c^y�c , � � � v w c^y�� , � � b v w �Qy � ,��� � v}w ��y/c , �����=�3����� vxw ��y/� áÅÐÁÕ¤ˆÒ´Ñ§¹Õé



15

� b@b !
~��������
0s.q b 0

. . . . . .s.q � d=� 0s.q � d b 0
���������� � � b3b !

~��������
J b s - � ËìèJ � s �

. . . . . .J � d b s �J �
����������

� �@� !
~������
0

. . . 0s
	 b ����� s
	 ced b 0
�������� � � �3� !

~������
_ s 0

. . . . . ._ s 0S b
��������

� � b ! � + ����� + + ++ ����� + s £ b s £ � � � ��{b � ! � N b ����� N � d b N �+ ����� + + �� � � ! � s
� b ����� s
� ced b s
� c+ ����� + + � � ��{� � ! � + ����� + ++ ����� + 0 �� ��� !Ö� 0 +s £ � 0 � � � ��� ! � 0 S �+ S � �
áÅÐÊÁÒªÔ¡ (element) ¢Í§àÁ·ÃÔ¡«Œ � áÅÐ � ¤×ÍJ b ! _ L - � ËQèq b ! � ËµJ bJ � ! _ L - � s 
$-ÈËQè � � q bJ i ! _ L - � s � qëi d b � kU!(è,��'*��)f)4)f� 
"s 0q b ! � ËµJ i � kU!ê-��@è/��)f)f)4� 
�s -q � d b ! 
$-5Ëìè � � ËµJ � d bJ � ! _ L 
$-5Ëìè � � s � q � d bN b ! s 
$-5Ëìè � � � ûN i ! N i d b q i d b � k !ê-/�3è,��)f)4)f� 
	 b ! s.h c Ëì_� b ! a c Ë�_	 i� i !! s 
 h c Ø b d i s�	 i d b � Ëì_5�
 a c Ø b d i L
� i d b � Ëì_5�

X Z[ k !ê-/�3è,��)f)4)f��n s 0S b ! _ LWh b s�	 ced b� c ! 
 a b L
� ced b � ËìS bS � ! VeL�� c
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£ b ! 
%0QËQè � ËÌJ � d b£ � ! 
�
�'jËQè ��L � £ b � ËÌJ �£ � ! s 
 N � d b £ b LON � £ � �S�� ! 0 L S � £��
µˆÍä»àÃÒ¨Ð¹íÒµÑÇ»ÃÐ¡Íº � áÅÐ � ÁÒãª‰ã¹¡ÒÃá¡‰ÊÁ¡ÒÃàªÔ§àÊ‰¹ J.� ! a ãË‰ÁÕ»ÃÐÊÔ·¸ÔÀÒ¾´‰ÇÂ

¡ÒÃãª‰áººá¼¹´Ñ§¹Õé

P i ! a i � kt!ø0P i ! a i LWq i d b P i d b � kt!#-/�3è/��)4)f)f� 
 �P i ! a i � kt! 
�L 0�� 
 L -/��)f)4)f� 
²L n s 0P i ! a i,L cgd bÀ� Á b 	 � P � Ø � � kt! 
�L nÏ�
P i ! a i,L cÀ� Á b � � P � Ø � � kt! 
�L n L 05�P i ! a i L £ b P � d b L £ � P � L £ � P � Ø c Ø b � kt! 
�L n L -/�� i ! P i ËìS � � kt! 
�L n L -/�� i ! P iBs S � � i Ø b � kt! 
�L n L 05�� i ! 
�P i�s � i Ø � � ËìS b � kt! 
�L nÏ�� i ! 
�P i L � i Ø b � Ëì_5� kt! 
�L n s 05� 
²L n s -/��)f)4)f� 
²L 05�� i ! 
�P i�s�Nei � � Ø c Ø b � ËÌJ i � kt! 
 �� i ! 
�P i s�N i � � Ø c Ø b L � � i Ø b � ËµJ i � kt! 
xs 0�� 
þs -/��)f)4)f�@-/�� i ! 
�P i�s�N b � � Ø c Ø b L 
`- � ËQè � � i Ø b � ËµJ i � kt!ø05�

àÁ×èÍ 
 áÅÐ n á·¹ÁÔµÔ¢Í§àÁ·ÃÔ¡«Œ J K áÅÐ J ] µÒÁÅíÒ´Ñº
¨Ò¡áººá¼¹ã¹¡ÒÃá¡‰ÊÁ¡ÒÃàªÔ§àÊ‰¹ J.�(! a àÃÒ¾ºÇˆÒ¨íÒ¹Ç¹¡ÒÃ´íÒà¹Ô¹¡ÒÃÊíÒËÃÑº¡ÒÃáÂ¡µÑÇ

»ÃÐ¡ÍºáÅÐ¡ÒÃá·¹¤ˆÒã¹áµˆÅÐ¢Ñé¹¢Í§¡ÒÃÇ¹«íéÒã¹ÊÁ¡ÒÃ (2.17) ÍÂÙˆã¹ÍÑ¹´Ñº 	�
��
�� ¢Í§¡ÒÃ´íÒà¹Ô¹¡ÒÃ
àÅ¢¤³ÔµàªÔ§«‰Í¹ (complex arithmetic operation) ·ÕèáÊ´§´Ñ§µÒÃÒ§·Õè 3.1 àÁ×èÍ �
 ! 
�L n L - ¤×ÍÁÔµÔ¢Í§
ÃÐºº «Öè§µÃ§¡Ñ¹¢‰ÒÁ¡ÑºàÁ·ÃÔ¡«Œ J ¡Ã³Õ·ÑèÇä»·Õèãª‰¨íÒ¹Ç¹¡ÒÃ´íÒà¹Ô¹¡ÒÃÊíÒËÃÑº¡ÒÃáÂ¡µÑÇ»ÃÐ¡ÍºáÅÐ
¡ÒÃá·¹¤ˆÒÍÂÙˆã¹ÍÑ¹´Ñº 	�
��
 � � áÅÐ 	�
��
 � � ¢Í§¡ÒÃ´íÒà¹Ô¹¡ÒÃàÅ¢¤³ÔµàªÔ§«‰Í¹µÒÁÅíÒ´Ñº

â´Âã¹¡ÒÃà¡çº¤ˆÒµˆÍË¹Öè§µÑÇá»Ããª‰Ë¹ˆÇÂà¡çºà·ˆÒ¡Ñº 16 bytes àÁ×èÍµÑÇá»ÃáµˆÅÐµÑÇà»“¹¨íÒ¹Ç¹
àªÔ§«‰Í¹ (complex number) ´Ñ§¹Ñé¹ÊíÒËÃÑºË¹ˆÇÂà¡çº (storage) ¢Í§àÁ·ÃÔ¡«Œ J ã¹ÊÁ¡ÒÃ (2.17) ÁÕ¤ˆÒà»“¹èÈ-Qn L 0�0�- bytes áÅÐÊíÒËÃÑº¡Ã³ÕàÁ·ÃÔ¡«Œ J ·ÑèÇä»ÁÕ¤ˆÒà»“¹ 0����
 � bytes
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µÒÃÒ§·Õè 3.1: ¨íÒ¹Ç¹¡ÒÃ´íÒà¹Ô¹¡ÒÃÊíÒËÃÑº¡ÒÃáÂ¡µÑÇ»ÃÐ¡ÍºáÅÐ¡ÒÃá·¹¤ˆÒ
complex complex

additions/subtractions multiplications/divisions
factorization �
 è��

substitution èM�
 ' �


3.2 ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·Õè¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤Å×è¹

¾Ô¨ÒÃ³ÒÃÐºº¤Çºº¤ØÁ»„Í¹¡ÅÑºáÊ´§´Ñ§ÃÙ»·Õè 1.1 àÁ×èÍ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤Å×è¹áÅÐ
ÁÕà§×èÍ¹ä¢¢Íº´Ñ§¹Õé ù �ù � � ��
I����� � ! ú

ù �ù � � ��
I����� � ����+,�6� v ¯ +/�@�ýÍ��
�+/�3� � ! +/� ����+ùù � ��
������ � ! s.û P=
I� � � ����+R 
�� � ! s ùù � ��
$�%��� � � ����+

X YYYYYYYYYYZYYYYYYYYYY[
(3.6)

àÁ×èÍ úx�©+ à»“¹¤ˆÒ¤§µÑÇ
¨Ò¡ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐ·Õèä´‰¡ÅˆÒÇÁÒáÅ‰Çã¹ËÑÇ¢‰Í 3.1.1 ¶Ù¡¹íÒÁÒãª‰à¾×èÍ»ÃÐÁÒ³Í¹Ø¾Ñ¹¸Œà·ÕÂºµÑÇá»Ã

µíÒáË¹ˆ§ � ã¹ÊÁ¡ÒÃ (3.6) ÊíÒËÃÑº·Ø¡æ ¤ˆÒ kt!ø05�@-���)4)f)f� 
²L 0 â´ÂÊÒÁÒÃ¶áÊ´§á·¹´‰ÇÂù �ù � � ��
I� i �3� � ! ú
ù �ù � � ��
I� i �3� � � ����+��
I� ¿ ��� � ! +/� ����+ùù � ��
I� � Ø b ��� � ! s.û P=
I� � � ����+R 
�� � ! s ùù � ��
�� � Ø b ��� � � ����+

X YYYYYYYYYYZYYYYYYYYYY[
(3.7)

áÅÐÍ¹Ø¾Ñ¹¸Œã¹ÊÁ¡ÒÃ (3.7) ÊÒÁÒÃ¶¶Ù¡»ÃÐÁÒ³ä´‰´Ñ§¹Õéù �ù � � ��
I� i �3� � ! ��
�� i d b ��� �Us -ì��
�� i ��� �ML ��
I� i Ø b �3� �� � L 	²
$�Q� � �zk ! 0��@-/��)f)4)f� 
ù �ù � � ��
I� � Ø b ��� � ! s ��
�� � dB� �3� ��L 'È��
I� � d b ��� � s�� ��
�� � �3� ��L -���
I� � Ø b ö å �� � L 	²
$�Q� �ùù � ��
�� � Ø b �3� � ! ��
�� � d b �3� �Us '5��
I� � ��� �ML è���
�� � Ø b ��� �-ì� L 	²
$�Q� �
X YYYYYYZYYYYYY[ (3.8)

àÁ×èÍá·¹Í¹Ø¾Ñ¹¸Œã¹ÊÁ¡ÒÃ (3.7) ´‰ÇÂ¡ÒÃ»ÃÐÁÒ³ã¹ÊÁ¡ÒÃ (3.8) â´Â·Õè � = úBËQ�j� ¨Ðä´‰
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���
�� i ��� � ! � ¯ ��
I� i d b ��� �ts -���
I� i ��� ��L ��
�� i Ø b �3� � Í �êkt!±05�@-���)4)f)f� 
���
�� � Ø b �3� � ! � ¯ s ��
I� � d=� �3� �ML '5��
I� � d b ��� � s�� ��
�� � �3� ��L -���
I� � Ø b ö å � Í��
�� ¿ ��� � ! +��
�� � Ø b �3� � ! s 0è ��
�� � d b �3� �ML 'è ��
I� � ��� �Us -è � û P=
I� �
X YYYYYYYYZYYYYYYYY[ (3.9)

¡íÒË¹´ãË‰ H b i 
�� � ! ��
�� i ��� � áÅÐ H � i 
I� � ! G��
�� i ��� � â´Â k6! 05�@-���)4)f)f� 
þL 0 ¨Ðä´‰»ÃÔÀÙÁÔÊ¶Ò¹Ð
ÊíÒËÃÑº¡ÃÐºÇ¹¡ÒÃ·Õè¶Ù¡»ÃÐÁÒ³´Ñ§ÊÁ¡ÒÃ (1.1) àÁ×èÍH 
I� � ! � H b i 
I� �H � i 
I� � � �½J K ! � + �J ¿ + � � N K ! � +N ¿ � ��S {K ! � +S ¿ �
â´Â·Õè � v#w Ò � Ø b Ó y=Ò � Ø b Ó à»“¹àÁ·ÃÔ¡«ŒàÍ¡ÅÑ¡É³Œ (identity matrix), J ¿ v#w Ò � Ø b Ó yBÒ � Ø b Ó , N ¿ vÐw � Ø b ,N K vxw � � Ø � , S ¿ vxw � Ø b , S|{K v}w � � Ø � áÅÐÁÕ¤ˆÒ´Ñ§¹Õé

J ¿ !
~������������������

s - � �� s - � . . .
. . . . . . . . .

. . . . . . . . .� s - � � +-è � s -è � +s � 0�+è � s �è � +

� ������������������
� N ¿ !

~��������������
++
...+s -è � � ûs ' è � � û

� ��������������
��S ¿ !

~�����������
++
...++s 0

�������������
ÊÑ§à¡µÃÐºº·Õè¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤Å×è¹àÁ×èÍ¶Ù¡»ÃÐÁÒ³´‰ÇÂÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐ ÃÐºº·Õèä´‰ÁÕÅÑ¡É³Ð¤Å‰ÒÂ¡Ñº
ÃÐºº·Õè¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹ ¹Ñé¹¤×ÍÃÐººÁÕ¢¹Ò´ãË­ˆáÅÐá¢ç§à¡Ãç§ â´Â·ÕèàÁ·ÃÔ¡«Œ J K � N K
áÅÐ S K à»“¹àÁ·ÃÔ¡«ŒÁÒ¡àÅ¢ÈÙ¹ÂŒ
3.2.1 ¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº �B�

àªˆ¹à´ÕÂÇ¡Ñ¹ÊíÒËÃÑº¡ÒÃá¡‰ËÒ¼ÅµÍº¢Í§ÃÐººàªÔ§àÊ‰¹¾Õª¤³Ôµã¹áµˆÅÐ¢Ñé¹¢Í§¡ÒÃÇ¹«íéÒã¹ÊÁ¡ÒÃ
(2.17) àÁ×èÍÃÐºº»„Í¹¡ÅÑºÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) àÃÒÂÑ§¤§ãª‰ÇÔ¸Õ¡ÒÃ
áÂ¡µÑÇ»ÃÐ¡Íº ��� â´Â¾Ô¨ÒÃ³ÒÊÁ¡ÒÃ J.�Ð! a àÁ×èÍJÄ! � 
$_ � s £ �ðs.¤s § sg¨ � �½�"! � ñ å æ�
`_ �ò å æ5
`_ � � � a ! � � ä L î ßå æ 
$_ �ï ßå æ 
$_ � �
´Ñ§¹Ñé¹àÁ×èÍ �B� ! J ¨Ðä´‰
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�W! ~����� � b3b + + +� � b � �@� + ++ + ����� ++ ��� � ��� � �����
������� � �(! ~����� � b3b � b � + ++ � �@� + � � �+ + ����� ��� �+ + + �����

�������
â´Â·ÕèàÁ·ÃÔ¡«Œ � b@b �þ� � b �"� �3� �x� b@b �þ� b � �x� �@� v�w Ò � Ø b Ó y=Ò � Ø b Ó , �����=�"����� v�w c^y�c , � � � v�w Ò � Ø b Ó y/� ,� � � vxw c^y/� , ��� � vxw �Qy�c , �����=�6����� vxw ��y/� áÅÐÁÕ¤ˆÒ´Ñ§¹Õé
� b@b !

~��������
0 0

. . . 0 0
���������� � � b@b !

~��������
_ _

. . . _ _
����������

� � b !
~��������������

s J b s J �s J�� s J � s J��
. . . . . . . . .

. . . . . . . . .s J
� � d�� s J�� � d! s J
� � d�" +s J�� � d � s J
� � d �^+s.N b s.N � s.N � +

� ��������������
�â� b � !

~��������
s 0 s 0

. . . s 0 s 0
����������

� �@� !
~��������������
0s J�# 0s J b ¿ 0

. . .
. . .s J � � d # 0s J � � d � 0s.N � s.N � s.N # 0

����������������
� � �@� !

~��������������

q b 	 bq � 	 �q � 	 �
. . .

. . .q � d b 	 � d bq � +q � Ø b

����������������
������!

~��������
0 0

. . . 0s
� b s
� � ����� s
� ced b 0
���������� � �����&!

~��������
_ s 0_ s 0

. . .
. . ._ s 0S b

����������
� � � ! � + ����� + ++ ����� + s £ b � � � {� � ! � + ����� + 	 � 	 � Ø b+ ����� + + + �
� � ��! � s \ b ����� s \ ced b s \ c+ ����� + + � � � {� � ! � + ����� + ++ ����� + 0 �������! � 0 +s £ � 0 � � �����^! � 0 S �+ S � �
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áÅÐÊÁÒªÔ¡¢Í§àÁ·ÃÔ¡«Œ � áÅÐ � ¤×ÍJ b ! s - � Ëì_q b ! _ s J bJ � ! � Ëì_J i ! � Ëì_5� k !êè/� � � � ��)f)f)4�3' 
²s%$ �3' 
�s �J i ! s - � Ëì_5� k !#',�@2/��0�-���)4)f)f��' 
�s 2J�� � d � ! 
$-ÈËQè � � Ëì_5�J � � d � ! s � Ëì_	 b ! s J �	gi ! s J � i d �ì� k !Ð-��@è/��)4)f)4� 
�s 0	 � ! 
$-ÈËQè � � � ûJ i ! J i d � Ë q Ò i d=� Ó�à � � k !&�/��0�+,��0�'*��)f)4)f��' 
 s �qëi ! _ s J � i d � L
	.i d b J � i d=� � k !Ð-��@è/��)4)f)4� 
�s 0J�� � d � ! J
� � d � Ë q � d bq � ! _ s J
� � d � L�	 � d b J�� � d �q � Ø b ! _N b ! s � Ëì_N � ! ' � Ëì_N � ! s è � Ëì_N � ! N b Ë q � dB�N1i ! 
 N1i d � s�Nei d b 	.i Ø � d�" � Ë q�i Ø � d # � k ! � ���� b ! s.h c Ëì_\ b ! a c Ë�_	 � Ø b ! 	 � N # L 
�'jËìè � � � û� i\ i !! s 
 h c Ø b d iBs%��i d b � Ë�_��
 a c Ø b d i L \ i d b � Ëì_5�
X Z[ k !Ð-��@è/��)4)f)4�3n s 0S b ! _ LWh b s�� ced b\ c ! 
 a�b L \ i d b � ËìS bS � ! VeL \ c£ b ! s 0�Ë q � Ø b£ � ! s
	 � Ø b £ bS � ! 0 L S � £ �
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µˆÍä»àÃÒ¨Ð¹íÒµÑÇ»ÃÐ¡Íº � áÅÐ � ÁÒãª‰ã¹¡ÒÃá¡‰ÊÁ¡ÒÃàªÔ§àÊ‰¹ J.� ! a ãË‰ÁÕ»ÃÐÊÔ·¸ÔÀÒ¾´‰ÇÂ
¡ÒÃãª‰áººá¼¹´Ñ§¹ÕéP i ! a i � kU!±0��@-/��)f)4)f� 
 L 0P i ! a i L J b P b L J � P � � kU! 
²L -P i Ø � Ø b ! a i Ø � Ø b L J � i d ��P i d b L J � i d � P i=L J � i d ��P i Ø b L J � i d=� P i Ø � � kU!ê-��3è,��)f)4)f� 
þs 0P i ! a i L J
� � d � P � d b L J
� � d ��P � L J
� � d � P � � � kU!ê- 
²L 05�P i ! a i L©N b P � d=� LWN � P � d b LWN � P � LWN ��P � � d b L©N � P � � LON #�P � � Ø b �/kU!ê- 
²L -/�P i ! a i � kU!ê- 
²L è,�@- 
 L '*��)f)4)f�- 
 L n L 0P i ! a i L ced bÀ� Á b � � P � � Ø � Ø � � kU!ê- 
²L n L -��
P i ! a i L cÀ� Á b \ � P � � Ø � Ø � � kU!ê- 
²L n L è/�P i ! a i L £ b P � � Ø � L £ � P � � Ø c Ø � � kU!ê- 
²L n L ',�� i ! P i ËìS � � kU!ê- 
²L n L ',�� i ! P i s S � � i Ø b � kU!ê- 
²L n L è/�� i ! 
�P i s � � � Ø c Ø � � ËìS b � kU!ê- 
²L n L -��� i ! 
�P i L � i Ø b � Ëì_5� kU!ê- 
²L n L 0��;- 
²L nu��)f)f)4�- 
 L è/�� i ! 
�P i s%	 i d � d b � � � Ø c Ø � � Ë q i d � d b � kU!ê- 
²L -/�@- 
 L 0� i ! 
�P i�s%	 � d b � � � Ø b � Ë q � d b � kU!ê- 
 �� i ! 
�P i s%	 i d � d b � i Ø b � Ë q i d � d b � kU!ê- 
"s 05�@- 
þs -/��)f)4)f� 
²L -��� i ! 
�P i*L � i Ø � Ø b � Ë�_5� kU! 
²L 0�� 
 ��)f)4)f��05�
àÁ×èÍ - 
²L - áÅÐ n á·¹ÁÔµÔ¢Í§àÁ·ÃÔ¡«Œ J K áÅÐ J ] µÒÁÅíÒ´Ñº

¨Ò¡áººá¼¹ã¹¡ÒÃá¡‰ÊÁ¡ÒÃàªÔ§àÊ‰¹ J.��! a àÃÒ¾ºÇˆÒ¡Ã³Õ·Õè¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ
¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) ÁÕ¨íÒ¹Ç¹¡ÒÃ´íÒà¹Ô¹¡ÒÃÊíÒËÃÑº¡ÒÃáÂ¡µÑÇ»ÃÐ¡ÍºáÅÐ¡ÒÃá·¹¤ˆÒã¹áµˆÅÐ¢Ñé¹¢Í§
¡ÒÃÇ¹«íéÒã¹ÊÁ¡ÒÃ (2.17) ÍÂÙˆã¹ÍÑ¹´Ñº 	²
��
�� ¢Í§¡ÒÃ´íÒà¹Ô¹¡ÒÃàÅ¢¤³ÔµàªÔ§«‰Í¹·ÕèáÊ´§´Ñ§µÒÃÒ§·Õè 3.2

àÁ×èÍ �
 !ê- 
lL n L ' ¤×ÍÁÔµÔ¢Í§ÃÐºº «Öè§µÃ§¡Ñ¹¢‰ÒÁ¡ÑºàÁ·ÃÔ¡«Œ J ¡Ã³Õ·ÑèÇä»·ÕèÁÕ¨íÒ¹Ç¹¡ÒÃ´íÒà¹Ô¹¡ÒÃ
ÊíÒËÃÑº¡ÒÃáÂ¡µÑÇ»ÃÐ¡ÍºáÅÐ¡ÒÃá·¹¤ˆÒÍÂÙˆã¹ÍÑ¹´Ñº 	�
��
 � � áÅÐ 	�
��
 � � ¢Í§¡ÒÃ´íÒà¹Ô¹¡ÒÃàÅ¢¤³Ôµ
àªÔ§«‰Í¹µÒÁÅíÒ´Ñº

â´Âã¹¡ÒÃà¡çº¤ˆÒµˆÍË¹Öè§µÑÇá»Ããª‰Ë¹ˆÇÂà¡çºà·ˆÒ¡Ñº 16 bytes àÁ×èÍµÑÇá»ÃáµˆÅÐµÑÇà»“¹¨íÒ¹Ç¹
àªÔ§«‰Í¹ ´Ñ§¹Ñé¹ÊíÒËÃÑºË¹ˆÇÂà¡çº¢Í§àÁ·ÃÔ¡«Œ J ã¹ÊÁ¡ÒÃ (2.17) ã¹¡Ã³Õ·Õè¡ÃÐºÇ¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂ



22

ÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) ÁÕ¤ˆÒà»“¹ èÈ-Qn L 0'��+ bytes áÅÐàÁ×èÍà·ÕÂº¡Ñº¡Ã³ÕàÁ·ÃÔ¡«Œ J ·ÑèÇä»ÁÕ¤ˆÒà»“¹0'�M�
 � bytes

µÒÃÒ§·Õè 3.2: ¨íÒ¹Ç¹¡ÒÃ´íÒà¹Ô¹§Ò¹ÊíÒËÃÑº¡ÒÃáÂ¡µÑÇ»ÃÐ¡ÍºáÅÐ¡ÒÃá·¹¤ˆÒ
complex complex

additions/subtractions multiplications/divisions
factorization �
 ' �

substitution èM�
 ' �


3.3 ÊÃØ»

¨Ò¡¡ÒÃ»ÃÐÁÒ³¾¨¹ŒÍ¹Ø¾Ñ¹¸Œà·ÕÂºµÑÇá»ÃµíÒáË¹ˆ§¢Í§ÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐ
ÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) ´‰ÇÂÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐ·ÕèÁÕ¤ˆÒ¼Ô´¾ÅÒ´ÍÂÙˆã¹ÍÑ¹´Ñº 	�
��j� � Êˆ§¼ÅãË‰¡ÒÃàª×èÍÁ
µˆÍÃÐËÇˆÒ§¡ÃÐºÇ¹¡ÒÃ·Õè¶Ù¡»ÃÐÁÒ³¡ÑºµÑÇ¤Çº¤ØÁ¶Ù¡áÊ´§á·¹´‰ÇÂ ÃÐººÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ·ÕèÁÕ
¢¹Ò´ãË­ˆáÅÐà»“¹àÁ·ÃÔ¡«ŒÁÒ¡àÅ¢ÈÙ¹ÂŒ â´ÂàÁ×èÍÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ
¶Ù¡¹íÒÁÒãª‰¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐººÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ ¾ºÇˆÒÅÑ¡É³Ðâ¤Ã§ÊÃ‰Ò§·Õè
¾ÔàÈÉ¶Ù¡¾ºÍÂÙˆã¹ÊÁ¡ÒÃàªÔ§àÊ‰¹¾Õª¤³Ôµ¢Í§ÊÙµÃÇ¹«íéÒ �Q��� áÅÐ¶Ù¡¹íÒÁÒãª‰»ÃÐâÂª¹Œã¹¡ÒÃ¾Ñ²¹Ò
áººá¼¹¢Í§¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉ·ÕèÁÕÃÙ»áºº¢Í§µÑÇ»ÃÐ¡Íº � áÅÐ � à¾ÕÂ§ÃÙ»áººà´ÕÂÇ
·Õè¢Öé¹¡ÑºµÑÇá»Ã _ i ¹Í¡¨Ò¡¹Ñé¹ÂÑ§Êˆ§¼ÅãË‰¡ÒÃáÂ¡µÑÇ»ÃÐ¡ÍºáÅÐ¡ÒÃá·¹¤ˆÒã¹áµˆÅÐ¢Ñé¹¢Í§¡ÒÃÇ¹«íéÒ
µ‰Í§¡ÒÃ¨íÒ¹Ç¹¡ÒÃ´íÒà¹Ô¹¡ÒÃ·ÕèÍÂÙˆã¹ÍÑ¹´Ñº 	�
��
�� ¢Í§¡ÒÃ´íÒà¹Ô¹¡ÒÃ àÁ×èÍ �
 ¤×ÍÁÔµÔ¢Í§ÃÐºº ´Ñ§¹Ñé¹
àÃÒ¨Ö§¾Ñ²¹ÒÍÑÅ¡ÍÃÔ·ÖÁ¢Í§ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ � ��� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº
¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº �B� áºº¾ÔàÈÉÊíÒËÃÑºÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·ÕèÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ
¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐÊíÒËÃÑºÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·ÕèÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤Å×è¹´Ñ§
ÊÁ¡ÒÃ (3.6) ´‰ÇÂ¡ÒÃÊÃ‰Ò§¤ÅÑ§ÊíÒËÃÑºâ»Ãá¡ÃÁ MATLAB ã¹ÃÙ»¢Í§ mex-function «Öè§ÃÒÂÅÐàÍÕÂ´ã¹¡ÒÃ
ÊÃ‰Ò§áÅÐ¡ÒÃãª‰§Ò¹ä´‰¶Ù¡Í¸ÔºÒÂäÇ‰ÍÂÙˆã¹ÀÒ¤¼¹Ç¡ ¡
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ÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ

àÁ×èÍÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ¶Ù¡ÇÔà¤ÃÒÐËŒ´‰ÇÂ¡ÒÃá»Å§ÅÒ»ÅÒ«¨Ðà¡Ô´¾¨¹ŒÍµÃÃ¡ÂÐ (irrational

terms) ¢Öé¹ «Öè§ã¹¡ÒÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹¢Í§¾¨¹ŒÍµÃÃ¡ÂÐ·Ò§àªÔ§ÇÔà¤ÃÒÐËŒ¹Ñé¹·íÒä´‰ÂÒ¡áÅÐµ‰Í§ãª‰
¤³ÔµÈÒÊµÃŒ¢Ñé¹ÊÙ§ã¹¡ÒÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹ Zakian [19] ¨Ö§àÊ¹ÍÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá»Å§ÅÒ»ÅÒ«
¼¡¼Ñ¹à¾×èÍÅ´¤ÇÒÁÂØˆ§ÂÒ¡ã¹¡ÒÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹¢Í§¾¨¹ŒÍµÃÃ¡ÂÐ·Õèà¡Ô´¢Öé¹

â´Â¡ÒÃ¡íÒË¹´ÃÙ»áººÁÒµÃ°Ò¹·Õèãª‰ã¹¡ÒÃÇÔà¤ÃÒÐËŒÃÐºº¹Ñé¹µ‰Í§¤ÃÍº¤ÅØÁ¶Ö§ÊÁ¡ÒÃã¹ÃÙ»áºº
µˆÒ§æ µÑÇÍÂˆÒ§àªˆ¹ ÊÁ¡ÒÃ¡ÒÃá¾Ãˆ¤ÇÒÁÃ‰Í¹, ÊÁ¡ÒÃ¤Å×è¹, ÊÁ¡ÒÃ¤Ò¹ à»“¹µ‰¹ «Öè§ Zakian [19]

ä´‰àÅ×Í¡ãª‰ÃÙ»áººÁÒµÃ°Ò¹ã¹¡ÒÃÇÔà¤ÃÒÐËŒÃÐºº·ÕèÁÕÃÙ»áºº¢Í§àÁ·ÃÔ¡«Œ´Ñ§¹Õéùù � ��
��M�3� � ! q ¿ ( ùù �*) ��
��M�3� � ��+ Î � Î � �z+ë�©� �©� (4.1)

� ¿ (
ùù � ) ��
$+/��� ��L � ¿ (

ùù � ) ��
��%�3� � ! � ¿ ( ùù � ) �U
�� � (4.2)

àÁ×èÍ q ¿ , � ¿ , � ¿ áÅÐ � ¿ ¤×Í¾ËØ¹ÒÁã¹à·ÍÁ¢Í§
ùù � «Öè§ � ¿ , � ¿ áÅÐ � ¿ ÊÒÁÒÃ¶ËÒä´‰¨Ò¡à§×èÍ¹ä¢

¢Íº·Õè �x!#+ áÅÐ �"!(� áÅÐàÁ×èÍá»Å§ÅÒ»ÅÒ«à·ÕÂºµÑÇá»Ã � ¢Í§ÊÁ¡ÒÃ (4.1) áÅÐ (4.2) â´Â¤Ô´¤ˆÒ
àÃÔèÁµ‰¹·Õè �t!#+ ÁÕ¤ˆÒà»“¹ 0 ¨Ðä´‰ VV � ¨ 
I���@_ � ! q ¿ 
$_ ��¨ 
��M�;_ � ��+ë�W� ��� (4.3)� ¿ 
$_ ��¨ 
$+/�;_ ��L � ¿ 
$_ �3¨ 
����@_ � ! � ¿ 
`_ �+� 
$_ � (4.4)

´Ñ§¹Ñé¹¼Åà©ÅÂ¢Í§ÊÁ¡ÒÃ (4.3) ÊÒÁÒÃ¶áÊ´§ä´‰´Ñ§¹Õé¨ 
I���@_ � !(³µ´�¶�· q ¿ 
$_ � �M¸ ¯ � ¿ 
$_ �ML � ¿ 
$_ � ³�´j¶�· q ¿ 
$_ � �Õ¸�Í d b � ¿ 
$_ �+� 
`_ � (4.5)

¨Ò¡ÊÁ¡ÒÃ (4.5) Zakian ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ ��
I����� � ´‰ÇÂ¡ÒÃãª‰ÊÙµÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹àªÔ§µÑÇ
àÅ¢ã¹ÊÁ¡ÒÃ (2.10) ��
I����� � ! 0 � � {À ifÁ b Â � i ¨ Ñ ��� Ã i� Ô (4.6)

áÅÐ»ÃÐÁÒ³¾¨¹Œ ³�´�¶�· q ¿ 
$_ i � ��¸ áÅÐ ³µ´�¶�· q ¿ 
$_ i � �Õ¸ ´Ñ§¹Õé³�´�¶ á q ¿ Ñ Ã�i� Ô � ã ! 0� ��,À� Á b Â � �.- ( × �� ) � s�q ¿ Ñ Ã�i� Ô�/ d b (4.7)
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àÁ×èÍ 
`�ÄÛ �3� Û � áÅÐ 
`�10.�3�20 � ¤×ÍÍÑ¹´Ñº¢Í§¡ÒÃ»ÃÐÁÒ³ã¹â´àÁ¹ � áÅÐâ´àÁ¹ � µÒÁÅíÒ´Ñº áÅÐ
 Â � � ��× � � áÅÐ ( Â � i � Ã i � ¤×Í¤ˆÒ¤§µÑÇ·Õè¶Ù¡¹ÔÂÒÁÊíÒËÃÑºâ´àÁ¹ � áÅÐâ´àÁ¹ � µÒÁÅíÒ´Ñº¨Ò¡¡ÒÃÈÖ¡ÉÒÇÔ¨ÑÂ¢Í§ Zakian ã¹ [19] ¾ºÇˆÒ¡ÒÃ»ÃÐÁÒ³¾¨¹Œ ³µ´�¶�· q ¿ 
`_ i � �M¸ ¹Ñé¹ÁÕ¢‰Í¨íÒ¡Ñ´·Õè
Êˆ§¼ÅµˆÍ¤ÇÒÁáÁˆ¹ÂíÒã¹¡ÒÃ¤íÒ¹Ç³ËÒ¼Åà©ÅÂ «Öè§ËÁÒÂ¤ÇÒÁÇˆÒ¶‰Ò � ÂÔè§ÁÕ¤ˆÒÁÒ¡¢Öé¹¤ÇÒÁáÁˆ¹ÂíÒ
ã¹¡ÒÃ»ÃÐÁÒ³¡ç¨ÐÁÕ¤ˆÒ¹‰ÍÂÅ§ µˆÍÁÒ Smith [15] ä´‰ÇÔ¨ÑÂáÅÐ¾Ñ²¹ÒµˆÍÂÍ´¨Ò¡§Ò¹·Õè Zakian àÊ¹Í
à¾×èÍá¡‰»’­ËÒã¹¡ÒÃ»ÃÐÁÒ³¾¨¹Œ ³µ´�¶�· q ¿ 
$_ i`� ��¸ «Öè§Êˆ§¼ÅãË‰ÍÑÅ¡ÍÃÔ·ÖÁÁÕ»ÃÐÊÔ·¸ÔÀÒ¾ã¹¡ÒÃ¤íÒ¹Ç³ÁÒ¡
ÂÔè§¢Öé¹ â´ÂÃÒÂÅÐàÍÕÂ´¨Ð¡ÅˆÒÇã¹ÅíÒ´Ñº¶Ñ´ä»

4.1 ÃÙ»áººÁÒµÃ°Ò¹

1 2 ...

3
4257698;:.<�=?>3
4A@ 3
4A>B4ACED�698 3
4AF�> 3
4G698?>
6H8

ÃÙ»·Õè 4.1: áÊ´§¡ÒÃáºˆ§ � à»“¹ 
 � ÊˆÇ¹
Smith [15] ä´‰¾Ñ²¹Ò§Ò¹ÇÔ¨ÑÂµˆÍ¨Ò¡ Zakian â´Â¾Ô¨ÒÃ³ÒÊÁ¡ÒÃ (4.1) áÅÐ (4.2) ´‰ÇÂ¡ÒÃáºˆ§� ÍÍ¡à»“¹ 
M� ÊˆÇ¹ «Öè§ã¹áµˆÅÐÊˆÇ¹ÂÒÇà·ˆÒ¡Ñº �þ!ÿ�`Ë 
 � áÅÐ¹ÔÂÒÁµÑÇá»ÃÊ¶Ò¹ÐãËÁˆã¹áµˆÅÐÊˆÇ¹¯ ��
I�=� ��� � Í?Ij�
J !±05�@-/��)f)4)f� 
 � â´Â·Õè �=� v ¯ +/�3��Í ´Ñ§¹Õé

¯ ��
I�=�`��� � Í b » ��
I�M�3� � ��� v ¯ +/�@��Í¯ ��
I�=�`��� � Í � » ��
I�M�3� � ��� v ¯ �Q�;-ì��Í
...

...
...¯ ��
I� � �3� � Í?I » ��
I����� � � v ¯f
KJ s 0 � �Q��J/��Í

...
...

...¯ ��
I�=�`��� � Í �9L » ��
I�M�3� � ��� v ¯f
 
 � s 0 � �Q� 
 � ��Í

X YYYYYYYYYYYYYZYYYYYYYYYYYYY[
(4.8)

àÁ×èÍ ¯ ��
��*�`�3� � Í I à»“¹ÊÑ­ÅÑ¡É³ŒáÊ´§á·¹µÑÇá»ÃÊ¶Ò¹ÐãËÁˆã¹ÊˆÇ¹·Õè J áÅÐ¨Ò¡¡ÒÃáºˆ§ÊˆÇ¹¢Í§ � ·íÒãË‰
ä´‰ÃÙ»áººÁÒµÃ°Ò¹ã¹ÊÁ¡ÒÃ·Õè (4.1) áÅÐ (4.2) ãËÁˆ´Ñ§¹Õé



25ùù � ¯ ��
I� � �3� � Í b ! q ¿ ( ùù � ) ¯ ��
I�=�$�3� � Í b
...

...
...

ùù � ¯ ��
�� � ��� � Í I ! q ¿ ( ùù � ) ¯ ��
��*�`��� � Í I
...

...
...

ùù � ¯ ��
I� � �3� � Í � L ! q ¿ ( ùù � ) ¯ ��
I�=�$�3� � Í � L

X YYYYYYYYYYYYYYZYYYYYYYYYYYYYY[
(4.9)

¨Ò¡¡ÒÃ¹ÔÂÒÁµÑÇá»ÃÊ¶Ò¹ÐãËÁˆã¹ÊÁ¡ÒÃ (4.8) ·íÒãË‰à§×èÍ¹ä¢¢Íºã¹ÊÁ¡ÒÃ (4.2) à»ÅÕèÂ¹ä»à»“¹

� ¿ ( ùù � ) ¯ ��
$+/��� � Í b L � ¿ (
ùù � ) ¯ ��
$�Q��� � Í �9L ! � ¿ ( ùù � ) �U
I� � (4.10)

1

...
 2

MONQPSR 698 MONOPST
ÃÙ»·Õè 4.2: áÊ´§¤ÇÒÁÊÑÁ¾Ñ¹¸Œ·Õè¨Ø´àª×èÍÁµˆÍã¹áµˆÅÐÊˆÇ¹

áÅÐ¨Ò¡ÃÙ»·Õè 4.2 ¨Ð¾º¤ÇÒÁÊÑÁ¾Ñ¹¸Œ·Õè¨Ø´àª×èÍÁµˆÍã¹áµˆÅÐÊˆÇ¹ «Öè§¡ç¤×Íà§×èÍ¹ä¢¢Íº·Õè»ÅÒÂ¢Í§ÊˆÇ¹Ë¹Öè§
¨Ðà·ˆÒ¡Ñºà§×èÍ¹ä¢¢Íº·Õèµ‰¹¢Í§ÍÕ¡ÊˆÇ¹Ë¹Öè§ â´ÂÊÒÁÒÃ¶Í¸ÔºÒÂä´‰´‰ÇÂÊÁ¡ÒÃ´Ñ§¹Õé¯ ��
��ì��� � Í b ! ¯ ��
�+,��� � Í �

...
...

...¯ ��
��Q�3� � Í Ò I d b Ó ! ¯ ��
$+/�3� � Í I
...

...
...¯ ��
$�Q��� � Í Ò � L d b Ó ! ¯ ��
�+,��� � Í � L

X YYYYYYYYYYZYYYYYYYYYY[
(4.11)

µˆÍä»àÃÒ¨Ðãª‰·ÄÉ®ÕµÑÇ»ÃÐÁÒ³ ����� ã¹ã¹ËÑÇ¢‰Í 2.2 ¤íÒ¹Ç³ËÒ¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº
ã¹ÊÁ¡ÒÃ·Õè (4.9), (4.10) áÅÐ (4.11) â´Â¡íÒË¹´ãË‰ � ä 
Irl!Ð+/��0��;-���)�)�) � á·¹ÅíÒ´Ñº¢Í§¨Ø´ã¹ªˆÇ§ ¯ +,� �©�
·Õè·íÒãË‰ � ¿ !#+ , �%ä Ø b !#�%ä L � àÁ×èÍªˆÇ§¡‰ÒÇ � à»“¹¤ˆÒ¤§µÑÇ·ÕèÁÕ¤ˆÒÁÒ¡¡ÇˆÒ + áÅÐàÁ×èÍ �U
��@ä L � � ¶Ù¡á·¹
·Õè´‰ÇÂ � ß 
�� ä L � � ÊíÒËÃÑº � v ¯ � ä ��� ä Ø b Í â´Â·Õè r&!#+/��0��@-/��)f)4) ´Ñ§¹Õé
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� ß 
�� ä L � � ! í �U
�� ä L � � �ó� v ¯ +,�@�/Íh ä 
`� � � �x���
â´Â·Õè h ä 
`� � ÍÂÙˆÀÒÂãµ‰à§×èÍ¹ä¢·ÕèÇˆÒ � ßåIæ 
$_ � ÁÕ¨ÃÔ§ÊíÒËÃÑº Çz³5
`_ � ºâ�Ã ��� Ëì� ´Ñ§¹Ñé¹àÁ×èÍá·¹ ��!ø� ä L � ã¹
ÊÁ¡ÒÃ·Õè (4.9), (4.10) áÅÐ (4.11) ¨Ðä´‰ùù � ¯ ��
�� � ���%ä L � � Í?I^! q ¿ ( ùù � ) ¯ ��
I� � �3�%ä L � � Í?I��UJë! 0��@-/��)f)4)f� 
 � (4.12)

� ¿ (
ùù � ) ¯ ��
�+,��� ä L � � Í b L � ¿ (

ùù � ) ¯ ��
$�Q��� ä L � � Í � L ! � ¿ ( ùù � ) � ß 
I� ä L � �¯ ��
$+/�3� ä L � � Í I s ¯ ��
��ì��� ä L � � Í Ò I d b Ó !(+/�UJ !ê-��3è,��)f)4)f� 
M�
X YYZYY[ (4.13)

áÅÐàÁ×èÍá»Å§ÅÒ»ÅÒ«¢Í§ÊÁ¡ÒÃ·Õè (4.12) áÅÐ (4.13) ã¹ÊˆÇ¹¢Í§ � ¨Ðä´‰VV � ¯ ¨ åIæ�
�� � �@_ � ÍVI&! q ¿ 
$_ � ¯ ¨ åIæÈ
I� � �;_ � Í?I s ä�WÀ ifÁ b qëi 
$_ � ¯ � Ò i d b Óé 
�� � ���%ä � Í?Ij�UJ !±05�@-���)4)f)f� 
 � (4.14)� ¿ 
$_ � ¯ ¨ å æÈ
�+,�@_ � Í b L � ¿ 
`_ � ¯ ¨ å æ5
$�Q�@_ � Í � L ! � ß 
`_ �¯ ¨ å æÈ
�+,�@_ � Í I s ¯ ¨ å æ5
��Q�;_ � Í Ò I d b Ó !#+,�XJ !Ð-��@è/��)f)f)4� 
M�
X YZY[ (4.15)

àÁ×èÍ � ß 
$_ � ! � ¿ 
$_ �+� ßå æ 
$_ �Us ä+YÀ ifÁ b ��i 
$_ � � ß Ò i d b Óé 
I�%ä ��L ä+ZÀ i4Á b � i 
$_ � ¯ � Ò i d b Óé 
�+,���%ä � Í b L ä+[À i4Á b � i 
$_ � ¯ � Ò i d b Óé 
$�Q���%ä � Í �\L
â´Â¹ÔÂÒÁ ¯ ¨ å æ�
��*�`�@_ � Í I » ¼©¾¿ ¯ ��
�� � ��� ä L � � Í I ³µ´�¶�· s _���¸ V � «Öè§ËÁÒÂ¤ÇÒÁÇˆÒ ¯ ¨ å æ5
I�*�`�;_ � Í I ¤×Í¡ÒÃ
á»Å§ÅÒ»ÅÒ«ã¹à·ÍÁ � ¢Í§ ¯ ��
I�B�`�3� ä L � � Í I ÊíÒËÃÑº¤ˆÒ � ·Õè¡íÒË¹´ áÅÐ ¯ � Ò i d b Óé 
��*�`��� ä � Í I ¤×ÍÊÑ­ÅÑ¡É³Œ
áÊ´§á·¹Í¹Ø¾Ñ¹¸ŒÍÑ¹´Ñº·Õè 
�k s 0 � ¢Í§ ¯ ��
��B�$�3�%ä � ÍVI â´Â·Õè r b , r � , r'� áÅÐ r � ¤×ÍÍÑ¹´ÑºÊÙ§ÊØ´¢Í§Í¹Ø¾Ñ¹¸Œ
·Õèà¡Ô´¢Öé¹ã¹ q ¿ (

ùù � ) , � ¿ (
ùù � ) , � ¿ (

ùù � ) áÅÐ � ¿ (
ùù � ) µÒÁÅíÒ´Ñº

«Öè§¼Åà©ÅÂ¢Í§ÊÁ¡ÒÃ·Õè (4.14) ÊÒÁÒÃ¶ËÒä´‰´Ñ§¹Õé¯ ¨ åIæÈ
I� � �;_ � Í?I ! ³µ´�¶|· q ¿ 
`_ � � � ¸È¯ ¨ åIæ5
�+,�@_ � Í?I s�¼
]'^¿ ³µ´�¶|· q ¿ 
`_ � 
I� � s Û � ¸ ä�WÀ i4Á b qëi 
`_ � ¯ � Ò i d b Óé 
IÛ �3�%ä � Í?I V Û! ³µ´�¶|· q ¿ 
`_ � � � ¸È¯ ¨ åIæ5
�+,�@_ � Í?I s ³�´�¶e· q ¿ 
$_ � � � ¸�_1¯ Së
�� � �@_ � ÍVI! 	 
I� � �@_ � ¯ ¨ å æÈ
�+/�;_ � Í I s ¯ N 
I� � �@_ � Í I �UJ !±05�@-/��)f)4)f� 
M� (4.16)

â´Â·Õè ¯ Së
I�=� �@_ � Í I ! ä WÀ i4Á b q i 
`_ � ¯ � Ò i d b Óé 
I� � �3� ä � Í I	 
I�=�$�;_ � = ³�´�¶|· q ¿ 
`_ � �*�$¸¯ N 
I�*� �;_ � Í I ! 	 
I�*�`�;_ � _1¯ Së
��*�`�@_ � Í I
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´Ñ§¹Ñé¹¨Ò¡ÊÁ¡ÒÃ·Õè (4.16) ¼Åà©ÅÂÊíÒËÃÑº·Õè � � !#� ,¯ ¨ å æ�
��ì�@_ � Í I ! 	 
$�Q�@_ � ¯ ¨ å æÈ
�+,�@_ � Í I s ¯ N 
$�Q�@_ � Í I �UJ !ø05�@-/��)f)4)f� 
M� (4.17)

áÅÐàÁ×èÍá·¹¤ˆÒ ¯ ¨ å æ5
$�Q�@_ � Í I ¨Ò¡ÊÁ¡ÒÃ·Õè (4.17) Å§ã¹ÊÁ¡ÒÃ·Õè (4.15) ¨Ðä´‰� ¿ 
$_ � ¯ ¨ åIæÈ
�+,�@_ � Í b L � ¿ 
`_ �+	 
$�Q�@_ � ¯ ¨ åIæÈ
�+,�@_ � Í � � ! � ß 
$_ �ML � ¿ 
$_ � ¯ N 
$�Q�@_ � Í � �¯ ¨ åIæ5
�+,�@_ � Í?I s�	 
$�Q�@_ � ¯ ¨ åIæÈ
�+,�@_ � Í?I d b ! s ¯ N 
$�Q�@_ � Í?I d b ¸È�XJ !Ð-��@è/��)f)f)4� 
 � X Z[ (4.18)

¨Ò¡ÊÁ¡ÒÃ·Õè (4.18) ÊÒÁÒÃ¶ÃÇÁà§×èÍ¹ä¢¢Íºã¹áµˆÅÐÊˆÇ¹·Ñé§ËÁ´ 
t� ÊˆÇ¹ ãË‰à»“¹ÊÁ¡ÒÃà´ÕÂÇ´Ñ§¹Õé~�������������
� ¿ 
$_ � + ����� + � ¿ 
`_ �`	 
��ì�@_ �s
	 
��Q�;_ � �

. . . . . .s
	 
��ì�@_ � �s
	 
��Q�;_ � �

� �������������

~�������������
¯ ¨ å æ5
$+/�@_ � Í b¯ ¨ åIæ5
$+/�@_ � Í �

...¯ ¨ å æ�
$+/�;_ � Í Ò �9L d b Ó¯ ¨ åIæ�
$+/�@_ � Í �9L

� ������������� !
~�������������
� ß 
$_ �ML � ¿ 
`_ � ¯ N 
��ì�@_ � Í � Ls ¯ N 
$�Q�@_ � Í b

...¯ N 
��Q�;_ � Í Ò �9L d=� Ós ¯ N 
$�Q�@_ � Í Ò � L d b Ó

� �������������
(4.19)

â´Â¤ˆÒ ¯ ¨ åIæ�
�+,�@_ � Í?I ÊíÒËÃÑº J !±05�@-���)4)f)f� 
 � ÊÒÁÒÃ¶¤íÒ¹Ç³ä´‰´‰ÇÂ¡ÒÃá¡‰ËÒ¼Åà©ÅÂÊÁ¡ÒÃ (4.19) áÅÐ
àÁ×èÍ·íÒ¡ÒÃá»Å§ÅÒ»ÅÒ«ã¹ÊˆÇ¹¢Í§ ��� ¢Í§ÊÁ¡ÒÃ·Õè (4.16) ¨Ðä´‰~�������������

¯�a¨ å æ5
7bM�;_ � Í b¯ a¨ åIæ5
7bM�;_ � Í �¯ a¨ å æ5
7bM�;_ � Í �
...¯ a¨ åIæ5
7bM�;_ � Í �\L

��������������� !
~�������������
a	 
7bM�;_ � a	 
cbM�;_ � a	 
cb��@_ �

. . . a	 
cbM�;_ �

���������������

~�������������
¯ ¨ å æ�
$+/�@_ � Í b¯ ¨ åIæ�
$+/�@_ � Í �¯ ¨ å æ�
$+/�@_ � Í �

...¯ ¨ åIæ�
$+/�@_ � Í �9L

���������������
s
~�������������
¯�aN 
7bM�@_ � Í b¯ aN 
7bM�@_ � Í �¯ aN 
7bM�@_ � Í �

...¯ aN 
7bM�@_ � Í �9L

��������������� (4.20)

àÁ×èÍ ¯ a¨ åIæ�
7bM�;_ � ÍVI » Ü ] ^ ·È¯ ¨ åIæ5
I�*�`�;_ � ÍVIj¸ , ¯ aN 
cbM�;_ � Í?I » Ü ] ^ ·j¯ N 
I�*�`�;_ � ÍVIj¸ , ÊíÒËÃÑº JÏ!õ05�@-/��)f)4)f� 
 � áÅÐa	 
7bM�;_ �²» Ü ] ^ · 	 
��*�`�@_ � Í$¸ â´Â¤ˆÒ ¯ aN 
cb��@_ � Í I �
J !±05�@-/��)f)4)f� 
M� ÊÒÁÒÃ¶ËÒä´‰¨Ò¡¯ aN 
cbM�;_ � Í I ! Ü �] · 	 
�� � �@_ � _1¯ Së
I� � �@_ � Í I ¸! Ü �] · 	 
�� � �@_ ��Ü �] ·È¯ Së
I� � �;_ � Í?IÈ¸! a	 
7bM�@_ � ¯�aSë
cb��@_ � Í I (4.21)
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4.2 ¢Ñé¹µÍ¹¡ÒÃ¤íÒ¹Ç³

´Ñ§¹Ñé¹¨Ò¡ÊÁ¡ÒÃ·Õè (4.20) àÃÒ¨ÐÊÒÁÒÃ¶ËÒ¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº·ÕèµíÒáË¹ˆ§ ����!�� ä´‰
´‰ÇÂ¡ÒÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹ 2 ªÑé¹ «Öè§¢Ñé¹µÍ¹¡ÒÃ¤íÒ¹Ç³à»“¹´Ñ§¹Õé

1. ¤íÒ¹Ç³ËÒ¤ˆÒ¤§µÑÇ¢Í§ÊÑÁ»ÃÐÊÔ·¸Ôìã¹¡ÒÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹ _ i ! Ã i Ëì� , b � !¹× � Ëì� ÊíÒËÃÑºkU!±0��@-/��)f)4)f�3�20zË�- , d�!±05�@-���)4)f)f�3�}Û
2. ¤íÒ¹Ç³ËÒ¤ˆÒ (ÊíÒËÃÑº kU! 0��;-���)4)f)4�@�e0.Ëì- )

(a) q.f 
`_ i � � h !#+,��0��;-���)4)f)4�3r b
(b) � f 
`_ i`� � h !ê+/��05�@-/��)f)4)f��r �
(c) � f 
$_ i`� � h !ê+/��0��@-/��)f)4)f��r'�
(d) �gf 
$_ i � � h !(+/��0��;-���)f)f)4�3rh�

3. »„Í¹¤ˆÒà§×èÍ¹ä¢àÃÔèÁµ‰¹ (ÊíÒËÃÑº J !±05�@-���)4)f)f� 
 � )
(a) ¨ Ò f Óé 
cb � ��� ¿ � � h !ê+/��0��@-/��)f)4)f��r b s 0
(b) � Ò f Óé 
�+,��� ¿ � � h !ê+/��05�@-/��)f)4)f��r � s 0
(c) � Ò f Óé 
������ ¿ � � h !ê+/��05�@-/��)f)4)f��r � s 0
(d) � ß Ò f Óé 
�� ¿ � � h !#+/��05�@-/��)f)4)f��r�� s 0

4. ¤íÒ¹Ç³ËÒ¤ˆÒ 	 
$�Q�@_ i � ÊíÒËÃÑº k ! 0��;-���)4)f)4�@�e0.Ëì- ¨Ò¡	 
��ì�@_ i � ! 0� �i,À� Á b Â � � ¯ b � � s�q ¿ 
$_ i � Í d b
5. ¤íÒ¹Ç³ËÒµÑÇ»ÃÐ¡Íº � áÅÐ � ¢Í§ (ÊíÒËÃÑº kU! 0��;-���)f)f)4�@�e0zË�- )jkkkkkkkkkkkkl

men9o?p�qsr tutut r v�nHowphqyxzo?{�|�phq} xzo?{�|�p�q�~
. . . . . .} x�oV{�|�p�q ~} xzo?{�|�p�q ~

�c�������������

jkkkkkkkkkkkkl
� �
�V� oVr�|�p�qK�?�� � � � oVr�|�p�qK���

...� ����� oVr�|�p�qK�?�E�*�+� �y�� � � � o?r\|�phq�� ���

�c�������������
�
jkkkkkkkkkkkkl
���*o?p�q!��v�nHo?p�q � � oV{�|�phq�� � �} � � o?{�|�p�qK� �

...� � o?{�|�p�qK�?�E�*�`� � �} � � oV{�|�phq��?�7�*��� �y�

�c�������������
6. ÍÑ¹´ÑºáÃ¡ãË‰ r^!(+ ( � ä Ø b !#� ä L � , àÁ×èÍ � ¿ !(+ )

(a) ¤íÒ¹Ç³ËÒ¤ˆÒ¯ aSë
cb � �;_ i � Í I ! ä�WÀf Á b q.f 
$_ i � ¯ ¨ Ò f d b Óé 
7b � �@+ � Í I � ÊíÒËÃÑºd�!±0��;-���)f)f)4�@�}Û ��Jë! 0��;-���)4)f)4� 
M�
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(b) ¤íÒ¹Ç³ËÒ¤ˆÒ¯ N 
��ì�@_ i � Í I ! 0� �i,À� Á b Â � � ¯ b � � s�q ¿ 
`_ i � Í d b ¯ aS²
cb � �;_ i � Í I � ÊíÒËÃÑº Jë! 0��;-���)4)f)4� 
M�
(c) ¤íÒ¹Ç³ËÒ¤ˆÒ� ß 
$_ i � ! � ¿ 
`_ i`�`� ßåIæ 
$_ i �Qs ä YÀ ifÁ b ��i 
$_ � � ß Ò i d b Óé 
��%ä ��L ä ZÀ i4Á b � i 
$_ � ¯ � Ò i d b Óé 
�+,� �%ä � Í b L ä [À i4Á b � i 
$_ � ¯ � Ò i d b Óé 
$�Q� �%ä � Í �9L
(d) ¤íÒ¹Ç³ËÒ¤ˆÒ ¯ ¨ å æ�
�+,�@_ i � Í I ´‰ÇÂ¡ÒÃá·¹¤ˆÒ¢Í§µÑÇ»ÃÐ¡Íº �D
 _ i � �z�e
$_ i � ¢Í§ÊÁ¡ÒÃã¹¢‰Í 5

(e) ¤íÒ¹Ç³ËÒ¤ˆÒ (ÊíÒËÃÑº d�!±0��@-/��)f)4)f�3�}Û �iJ ! 0��@-/��)f)4)f� 
 � )¯ a¨ å æÈ
cb � �@_ i � Í I ! ¯ b � � s�q ¿ 
$_ i � Í d b ¯ ¨ å æ5
�+/�;_ i � Í I s ¯ aN 
cb � �;_ i � Í I¯ a¨ Ò f ÓåIæ é 
cb � �;_ i � Í I !Ð_ fi ¯ a¨ å æ5
cb � �;_ i � Í I s fÀ� Á b _ f d �i ¯ ¨ Ò � d b Óé 
cb � �@+ � Í I
(f) ¤íÒ¹Ç³ËÒ¤ˆÒ ¯ ¨ å æÈ
��ì�@_ i � Í I ! 0� �i,À� Á b Ç.³ì· Â � � ¯ a¨ å æ5
7b � �;_ i � Í I ¸5�
J ! 0��@-/��)f)4)f� 
M�
(g) ¤íÒ¹Ç³ËÒ¤ˆÒ (ÊíÒËÃÑº Jë!±0��;-���)f)f)4� 
�� áÅÐ h !(+/��0��;-���)f)f)4�3r b )¯ ¨ Ò f ÓåIæ é 
cb � ��� ä Ø b � Í I ! 0� À i · Â � i ¯�a¨ Ò f ÓåIæ é 
7b � �@_ i � Í I L Â � i ¯�a¨ Ò f ÓåIæ é 
 b � �@_ i � Í I ¸
(h) ·íÒ«íéÒ¢‰Í (a)–(g) ÊíÒËÃÑº kU!ø05�@-/��)f)4)f�3�e0.Ëì- áÅ‰Ç¤íÒ¹Ç³ËÒ ( ÊíÒËÃÑº Jë!±0��;-���)f)f)4� 
U� )¯ � Ò f Óé 
�+,��� ä Ø b � Í I ! -� � { à �À ifÁ b Çz³È¯ Â � i ·�_ fi ¯ ¨ å æ5
$+/�;_ i � Í I s

fÀ� Á b ¯ � Ò � d b Óé 
$+/��� ä � Í I ¸�Í`� h !±0��@-/��)f)4)f��r �
¯ � Ò f Óé 
$�Q��� ä Ø b � Í I ! -� �i, à �À� Á b Çz³5¯ Â � � ·�b f� ¯ ¨ å æ5
cb � �3� ä Ø b � Í I s

fÀ� Á b ¯ � Ò � d b Óé 
$�Q��� ä � Í I ¸5� h ! 0��;-���)4)f)4�3r �� ß Ò f d b Óé 
�� ä Ø b � � h !±05�@-���)4)f)f��rh�¯ ��
��ì���%ä Ø b � Í?I&! -� �i,Uà �À� Á b Çz³È¯ Â � � ¯ ¨ åIæ�
7b � �3�%ä Ø b � Í?I�Í
(i) ·íÒ«íéÒ¢‰Í (a)–(h) â´Â¡ÒÃà¾ÔèÁ¤ˆÒ r|!#r L 0

4.3 ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·Õè¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹

¾Ô¨ÒÃ³ÒÃÐºº¤Çºº¤ØÁ»„Í¹¡ÅÑº´Ñ§ÃÙ»·Õè 1.1 àÁ×èÍ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹·ÕèÁÕ
à§×èÍ¹ä¢¢Íº´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐÁÕµÑÇ¤Çº¤ØÁ¶Ù¡Í¸ÔºÒÂ´‰ÇÂ¿’§¡ŒªÑ¹¶ˆÒÂâÍ¹´Ñ§ÊÁ¡ÒÃ (1.2)
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â´ÂàÃÒÊÒÁÒÃ¶¨Ñ´ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº´Ñ§¡ÅˆÒÇà¢‰ÒÊÙˆÃÙ»áººÁÒµÃ°Ò¹´Ñ§ÊÁ¡ÒÃ (4.1) áÅÐ (4.2) ä´‰´‰ÇÂ
¡ÒÃ¡íÒË¹´ãË‰ � b 
��M��� � ! ��
I����� �� � 
��M��� � ! s 0û

ùù � ��
I����� �
X YZY[ (4.22)

àÁ×èÍËÒ¼ÅµˆÒ§àªÔ§Í¹Ø¾Ñ¹¸Œà·ÕÂº � ¢Í§ÊÁ¡ÒÃ (4.22) ¨Ðä´‰ùù � � b 
I����� � !
ùù � ��
��M��� � ! s.û � � 
��M�3� �ùù � � � 
I����� � ! s 0û

ù �ù � � ��
I����� � ! s 0û ú
ùù � ��
I�M�3� � ! s 0û ú

ùù � � b 
��M�3� �
X YYZYY[ (4.23)

¨Ò¡ÊÁ¡ÒÃ (4.23) áÅÐà§×èÍ¹ä¢¢Íºã¹ÊÁ¡ÒÃ (3.1) ·íÒãË‰ÊÒÁÒÃ¶¨Ñ´à¢‰ÒÊÙˆÃÙ»áººÁÒµÃ°Ò¹´Ñ§
ÊÁ¡ÒÃ (4.1) áÅÐ (4.2) ä´‰´Ñ§¹Õé ùù � ~� � b 
��M�3� �� � 
��M�3� �

�� ! ~�� + s.ûs 0û ú
ùù � + ���� ~� � b 
I�M�3� �� � 
I�M�3� �

�� (4.24)~�� + ( ù cù � c LOh b
ù ced bù � ced b L )f)4) LOh ced b

ùù � LWh c )+ +
���� ~� � b 
�+,��� �� � 
�+,��� �

��
L ~�� ( V

ù cù � c L 
 h b V1L a�b �
ù cgd bù � cgd b L )f)f) L 
 h ced b V|L a cgd b �

ùù � LWh c V1L a c ) ++ 0
���� ~� � b 
��%�3� �� � 
��%�3� �

��
! ~�� ( V

ù cù � c L 
 h b V1L a�b �
ù cgd bù � cgd b L )f)f) L 
 h ced b V|L a cgd b �

ùù � LWh c V1L a c ) rj
�� ��LWV 
�� �+
� �� (4.25)

¾Ô¨ÒÃ³ÒÊÁ¡ÒÃ 4.24 áÅÐ 4.25 àÁ×èÍáºˆ§ � ÍÍ¡à»“¹ 
 � ÊˆÇ¹ â´Âã¹áµˆÅÐÊˆÇ¹ÂÒÇà·ˆÒ¡Ñº �^!#� Ë 
 �
·íÒãË‰ÊÒÁÒÃ¶¹ÔÂÒÁµÑÇá»ÃÊ¶Ò¹ÐãËÁˆã¹áµˆÅÐÊˆÇ¹à»“¹

¯ ��
�� � ��� � ÍVI » � � b I�
��*�`��� �� � I�
�� � ��� � � �UJ !±0��@-/��)f)4)f� 
 �
â´Â·Õè �=� v ¯ +,�3��Í áÅÐ¨Ò¡¡ÒÃáºˆ§ � ¨Ðä´‰ÃÙ»áººÁÒµÃ°Ò¹áÅÐà§×èÍ¹ä¢¢Íºà»“¹´Ñ§¹Õéùù � ~� � b I 
I�=�$�3� �� � I 
I�=�$�3� �

�� ! ~�� + s.ûs 0û ú
ùù � + � �� ~� � b I 
I�=�`��� �� � I 
I�=�`��� �

�� �UJ ! 0��@-/��)f)4)f� 
M� (4.26)
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~�� + ( ù cù � c LWh b
ù ced bù � ced b L )4)f) LWh cgd b

ùù � LOh c )+ +
���� ~� � b@b 
$+/��� �� � b 
$+/��� �

��
L ~�� ( V

ù cù � c L 
 h b VeL a�b �
ù cgd bù � cgd b L )f)f) L 
 h cgd b V1L a ced b �

ùù � LOh c V1L a c ) ++ 0
���� ~� � b � L 
��ì��� �� � � L 
��ì��� �

��
! ~�� ( V

ù cù � c L 
 h b VeL a b �
ù cgd bù � cgd b L )f)f) L 
 h cgd b V1L a ced b �

ùù � LOh c V1L a c ) rj
�� �MLWV 
�� �+
����

(4.27)~� � b I 
�+/�3� �� � I 
�+/�3� �
�� s ~� � b Ò I d b Ó 
$�Q��� �� ��Ò I d b Ó 
$�Q��� �

�� ! ~� ++ �� � J !½-��@è/��)4)f)4� 
M� (4.28)

¨Ò¡·ÄÉ®ÕµÑÇ»ÃÐÁÒ³ � ��� ã¹ËÑÇ¢‰Í 2.2.1 ¡íÒË¹´ãË‰ ��ä�
Ir !±+,��0��;-���)�)�) � á·¹ÅíÒ´Ñº¢Í§¨Ø´
ã¹ªˆÇ§ ¯ +/� �W� ·Õè·íÒãË‰ � ¿ !±+ , � ä Ø b !ø� ä L � àÁ×èÍªˆÇ§¡‰ÒÇ � à»“¹¤ˆÒ¤§µÑÇ·ÕèÁÕ¤ˆÒÁÒ¡¡ÇˆÒ + áÅÐàÁ×èÍr�
I�%ä L � � áÅÐ V 
��%ä L � � ¶Ù¡á·¹·Õè´‰ÇÂ r ß 
I�%ä L � � áÅÐ V ß 
I�%ä L � � µÒÁÅíÒ´Ñº ÊíÒËÃÑº � v ¯ ��äQ�3�%ä Ø b Í â´Â
·Õè r^!(+,��05�@-���)4)f) ´Ñ§¹Õé r ß 
��%ä L � � ! í r�
I� ä L � � �ó� v ¯ +,�@�/Íh äì
`� � � �x��� (4.29)

V ß 
��%ä L � � ! í V 
I�%ä L � � ��� v ¯ +/�;��Ía ä�
$� � � � ��� (4.30)

â´Â·Õè h ä 
$� � áÅÐ a ä 
$� � ÍÂÙˆÀÒÂãµ‰à§×èÍ¹ä¢·ÕèÇˆÒ ¤ ßåIæ 
`_ � áÅÐ q ßåIæ 
$_ � ÁÕ¨ÃÔ§ÊíÒËÃÑº Çz³È
$_ � º �Ã ��� Ëì� ´Ñ§¹Ñé¹
àÁ×èÍá·¹ ��!Ä� ä L � ã¹ÊÁ¡ÒÃ (4.26), (4.27) áÅÐ (4.28) áÅ‰Ç·íÒ¡ÒÃá»Å§ÅÒ»ÅÒ«ã¹ÊˆÇ¹¢Í§ � ÊíÒËÃÑº
¤ˆÒ � ã´æ ·Õè¡íÒË¹´¨Ðä´‰VV � ~� ¨ b I 
��*�`�@_ �¨ � I 
��*�`�@_ �

�� ! ~�� + s.ûs 0û ú _ + ���� ~� ¨ b I 
I�=� �@_ �¨ � I 
I�=� �@_ �
�� s ~�� + +s 0û ú + ���� ~� � b I 
I�=�$�3� ä �� � I 
I�=�$�3� ä �

�� �UJ ! 0��;-���)f)f)4� 
M� (4.31)

~� + Ù _�c L�h b _�ced b L )4)f) L�h ced b _ L�h c Ú+ + �� ~� ¨ b3b 
�+,�@_ �¨ � b 
�+/�;_ � Í
��

L ~� Ù V _ c L 
 h b V|L a b � _ ced b L )4)f) L 
 h ced b V1L a ced b � _ L�h c VBL a c Ú ++ 0 �� ~� ¨ b � L 
$�Q�@_ �¨ � �9L 
$�Q�@_ �
�� ! � ß 
$_ � (4.32)~� ¨ b I�
�+,�@_ �¨ � I�
�+,�@_ �

�� s ~� ¨ b Ò I d b Ó 
��Q�;_ �¨ �µÒ I d b Ó 
��Q�;_ �
�� ! ~� ++ �� � J ! -/�3è,��)f)4)f� 
 � (4.33)
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àÁ×èÍ � ß 
$_ � ! ~� Ù V _�c L 
 h b V1L a b � _�cgd b L ����� L 
 h ced b V1L a ced b � _ LOh c V1L a c Ú ¤ ßåIæ 
$_ �MLWq ßåIæ 
$_ �+ ��
s ~� V _ cgd b L 
 h b V|L a�b � _ ced=� L ����� L 
 h ced b V1L a ced b �+ �� r ß 
I�%ä �

s ����� s ~� V _ LWh b VeL a b+ �� r ß Ò4ced=� Óé 
I� ä �©s ~� V + �� r ß Ò4ced b Óé 
I� ä �
L ~���� + Ù _�ced b LWh b _�cgdB� L ����� LOh ced=� _ LWh ced b Ú+ +

� ���� ~� � b3b 
�+,���%ä �� � b 
�+,���%ä �
��

L ~� + Ù _ ced=� LWh b _ cgd � L ����� LOh ced=� Ú+ + �� ~� � b@b � é 
�+,��� ä �� � b � é 
�+,��� ä �
��

L ����� L ~� + _ LOh b+ + �� ~� � b3b ced=�é 
$+/�3�%ä �� � b ced=�é 
$+/�3�%ä � �� L ~� + 0+ + �� ~� � b@b ced bé 
�+/�3�%ä �� � b ced bé 
�+/�3�%ä � ��L ~� Ù V _�cMd b L 
 h b V|L a b � _�cMd�� L ����� L 
 h cMd�� V1L a c�d�� � _ LWh c�d b V1L a cMd b Ú ++ + �� ~� � b � L 
��Q�3� ä �� � � L 
��Q�3� ä �
��

L ~� Ù V _�ced=� L 
 h b V1L a�b � _�cgd � L ����� LOh ced=� VeL a cgdB� Ú ++ + �� ~� �Q�b �\L é 
$�Q���%ä ��Q�� � L é 
$�Q���%ä �
��

L ����� L ~� 
 V _ LOh b V1L a b � ++ + �� ~� � b � L cgdB�é 
$�Q��� ä �� � � L cgdB�é 
$�Q��� ä � �� L ~� V ++ + �� ~� � b � L ced bé 
��Q�3� ä �� � � L ced bé 
��Q�3� ä � ��
¨Ò¡ÊÁ¡ÒÃ (4.31), (4.32) áÅÐ (4.33) ÊÒÁÒÃ¶ËÒ¤ˆÒ q ¿ 
`_ � , q b , � ¿ 
`_ � , � ¿ 
`_ � , � ¿ 
$_ � , � f 
$_ � , � f 
$_ � ,� f 
$_ � ÊíÒËÃÑº h ! 05�@-/��)f)4)f��n ä´‰ ´Ñ§¹Ñé¹ã¹¡ÒÃ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº
·ÕèÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) ÊÒÁÒÃ¶¤íÒ¹Ç³ä´‰´‰ÇÂ¡ÒÃãª‰¢Ñé¹µÍ¹ÇÔ¸Õ·Õè
áÊ´§ÍÂÙˆã¹ËÑÇ¢‰Í 4.2

4.4 ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·Õè¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤Å×è¹

¾Ô¨ÒÃ³ÒÃÐºº¤Çºº¤ØÁ»„Í¹¡ÅÑº´Ñ§ÃÙ»·Õè 1.1 àÁ×èÍ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤Å×è¹·ÕèÁÕ
à§×èÍ¹ä¢¢Íº´Ñ§ÊÁ¡ÒÃ (3.6) áÅÐÁÕµÑÇ¤Çº¤ØÁ·Õè¶Ù¡Í¸ÔºÒÂ´Ñ§ÊÁ¡ÒÃ (1.2) â´ÂàÃÒÊÒÁÒÃ¶¨Ñ´ÃÐºº¤Çº
¤ØÁ»„Í¹¡ÅÑº´Ñ§¡ÅˆÒÇà¢‰ÒÊÙˆÃÙ»áººÁÒµÃ°Ò¹´Ñ§ÊÁ¡ÒÃ (4.1) áÅÐ (4.2) ´‰ÇÂ¡ÒÃ¡íÒË¹´ãË‰
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� b 
��M��� � ! ��
I����� �� � 
��M��� � !
ùù � ��
I����� �� � 
��M��� � ! s 0û

ùù � ��
I����� �
X YYYYYZYYYYY[ (4.34)

àÁ×èÍËÒ¼ÅµˆÒ§àªÔ§Í¹Ø¾Ñ¹¸Œà·ÕÂº � ¢Í§ÊÁ¡ÒÃ (4.34) ¨Ðä´‰ùù � � b 
��M�3� � !
ùù � ��
��M�3� � ! s.û �h�5
I�M�3� �ùù � � � 
��M�3� � !
ùù �
ùù � ��
��M��� � ! s.û ùù � � � 
��M�3� �ùù � � � 
��M�3� � ! s 0û
ù �ù � � ��
I����� � ! s 0û ú

ù �ù � � ��
��M�3� � ! s 0û ú
ùù � � � 
I����� �

X YYYYYYZYYYYYY[ (4.35)

¨Ò¡ÊÁ¡ÒÃ (4.35) áÅÐà§×èÍ¹ä¢¢Íºã¹ÊÁ¡ÒÃ (3.6) ·íÒãË‰ÊÒÁÒÃ¶¨Ñ´à¢‰ÒÊÙˆÃÙ»áººÁÒµÃ°Ò¹´Ñ§
ÊÁ¡ÒÃ (4.1) áÅÐ (4.2) ä´‰´Ñ§¹Õéùù �

~����� � b 
��M���
�� � 
��M��� �� � 
��M��� �
������� !

~������
+ + s.û+ + s.û ùù �+ s 0û ú

ùù � +
��������
~����� � b 
I�M�3�

�� � 
I�M�3� �� � 
I�M�3� �
������� (4.36)

~����� 0 + ++â0�++ + +
�������
~����� � b 
�+,� �

�� � 
�+,� � �� � 
�+,� � �
������� L

~������
+ + ++ + ++ ( s,V ù cù � c s 
 h b VBL a�b �

ù c�d bù � c�d b s )f)f) s^h c V�s a c ) ( ù cù � c L�h b
ù c�d bù � c�d b L )f)4) L�h c )

��������
~����� � b 
���� �

�� � 
���� � �� � 
���� � �
�������

!
~������

++( V ù cù � c L 
 h b V�L a�b �
ù c�d bù � c�d b L )f)4) L�h c V�L a c ) r�
�� �^L ( ù cù � c L�h b

ù c�d bù � c�d b L )f)4) L�h c ) V 
I� �
�������� (4.37)

¾Ô¨ÒÃ³ÒÊÁ¡ÒÃ (4.36) áÅÐ (4.37) àÁ×èÍáºˆ§ � ÍÍ¡à»“¹ 
U� ÊˆÇ¹ â´Âã¹áµˆÅÐÊˆÇ¹ÂÒÇà·ˆÒ¡Ñº�^!(� Ë 
M� ·íÒãË‰ÊÒÁÒÃ¶¹ÔÂÒÁµÑÇá»ÃÊ¶Ò¹ÐãËÁˆã¹áµˆÅÐÊˆÇ¹à»“¹
¯ ��
I� � �3� � Í?I » ~��� � b I�
��*�`��� �� � I�
��*�`��� �����I�
��*�`��� �

� ��� �UJ�! 0��;-���)4)f)4� 
 �
â´Â·Õè �=� v ¯ +,�3��Í áÅÐ¨Ò¡¡ÒÃáºˆ§ � ¨Ðä´‰ÃÙ»áººÁÒµÃ°Ò¹áÅÐà§×èÍ¹ä¢¢Íºà»“¹´Ñ§¹Õé
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ùù �
~����� � b I�
I� � �3�

�� � I 
I�=�$�3� �� ��I 
I�=�$�3� �
� ����� !

~������
+ + s.û+ + s.û ùù �+ s 0û ú

ùù � +
��������
~����� � b I�
�� � ���

�� � I 
��*�`��� �� ��I 
��*�`��� �
� ����� �UJ ! 0��;-���)f)f)4� 
M� (4.38)

~����� 0 + ++ 0 ++ + +
�������
~����� � b@b 
$+/���

�� � b 
$+/��� ��h� b 
$+/��� �
�������

L ~������
+ + ++ + ++ ( s,V ù cù � c s 
 h b V�L a b �

ù cMd bù � cMd b s )f)4) s^h c VMs a c ) ( ù cù � c L�h b
ù cMd bù � cMd b L )f)f) L�h c )

��������
~����� � b �9L 
��Q�3�

�� � � L 
��Q�3� �� � � L 
��Q�3� �
�������

!
~������

++( V ù cù � c L 
 h b VBL a�b �
ù cMd bù � cMd b L )f)f) L�h c V�L a c ) rj
�� ��L ( ù cù � c L�h b

ù c�d bù � c�d b L )f)f) L�h c ) V 
I� �
��������

(4.39)~����� � b I/
�+/�3�
�� � I/
�+/�3� �� ��I 
�+/�3� �
������� s ~����� � b Ò I d b

Ó 
$�Q��� �� ��Ò I d b Ó 
$�Q��� �� � Ò I d b Ó 
$�Q��� �
������� ! ~����� +++

������� � J !½-��@è/��)4)f)4� 
 � (4.40)

¨Ò¡·ÄÉ®ÕµÑÇ»ÃÐÁÒ³ ����� ã¹ËÑÇ¢‰Í 2.2.1 ¡íÒË¹´ãË‰ � ä 
Ir !±+,��0��;-���)�)�) � á·¹ÅíÒ´Ñº¢Í§¨Ø´
ã¹ªˆÇ§ ¯ +/� �W� ·Õè·íÒãË‰ � ¿ !±+ , � ä Ø b !ø� ä L � àÁ×èÍªˆÇ§¡‰ÒÇ � à»“¹¤ˆÒ¤§µÑÇ·ÕèÁÕ¤ˆÒÁÒ¡¡ÇˆÒ + áÅÐàÁ×èÍr�
I�%ä L � � áÅÐ V 
��%ä L � � ¶Ù¡á·¹·Õè´‰ÇÂ r ß 
I�%ä L � � áÅÐ V ß 
I�%ä L � � µÒÁÅíÒ´Ñº ÊíÒËÃÑº � v ¯ ��äQ�3�%ä Ø b Í â´Â
·Õè r�!Ä+/��0��;-���)f)f) ´Ñ§ÊÁ¡ÒÃ (4.29) áÅÐ (4.30) ´Ñ§¹Ñé¹àÁ×èÍá·¹ �z!Ð� ä L � ã¹ÊÁ¡ÒÃ (4.38), (4.39) áÅÐ
(4.40) áÅ‰Ç·íÒ¡ÒÃá»Å§ÅÒ»ÅÒ«ã¹ÊˆÇ¹¢Í§ � ÊíÒËÃÑº¤ˆÒ � ã´æ ·Õè¡íÒË¹´¨Ðä´‰
VV �

~�����
¨ b I 
I�*�`�;_ �¨ � I/
I�*�`�;_ �¨ ��I/
I�*�`�;_ �

������� !
~������
+ + s.û+ + s.û _+ s 0û ú _ +

��������
~�����
¨ b I 
I�*�`�;_ �¨ � I/
I�*�`�;_ �¨ ��I/
I�*�`�;_ �

������� s
~������
+ + ++ + s.û+ s 0û ú +

��������
~����� � b I 
I�*�`�3� ä

�� � I/
I�*�`�3�%ä �����I/
I�*�`�3�%ä �
������� ��J !ø05�@-/��)f)4)f� 
 � (4.41)

~����� 0 + ++â0�++ + +
� �����
~�����
¨ b � L 
$+/� _ �¨ � �`L 
$+/� _ �¨ � �`L 
$+/� _ �

� ����� L
~����� + + ++ + ++ Ù s,V _�c s 
 h b V�L a�b � _�cMd b s )4)f) s^h c V�s a c Ú Ù _�c L�h b _�cMd b L )f)4) L�h c Ú

� �����
~�����
¨ b � L 
��Q� _ �¨ � ��L 
��Q� _ �¨ � ��L 
��Q� _ �

� ����� ! � ß 
$_ �
(4.42)



35~�����
¨ b I 
�+/�3� �¨ � I 
�+,�@_ �¨ ��I�
�+,�@_ �

������� s ~�����
¨ b Ò I d b Ó 
��Q�;_ �¨ �µÒ I d b Ó 
��Q�;_ �¨ � Ò I d b Ó 
��Q�;_ �

������� ! ~����� +++
������� � J ! -/�3è,��)f)4)f� 
 � (4.43)

àÁ×èÍ

� ß 
`_ � ! ~����� ++V _�c L 
 h b V1L a b � _�cgd b L ����� L 
 h ced b V1L a ced b � _ L 
 h c V1L a c �
������� ¤ ßå æ 
`_ �

s ~����� ++V _�ced b L 
 h b V1L a b � _�cgdB� L ����� L 
 h ced b V1L a ced b �
������� r ß 
I�%ä �

s ����� s
~����� ++V _ L 
 h b V|L a�b �

� ����� r ß Ò4c�d�� Óé 
�� ä ��s ~����� ++V
� ����� r ß Òfc�d b Óé 
I� ä �|L ~����� ++_�c LWh b _�c�d b L ����� LWh cMd b _ LWh c

� ����� q ßåIæ 
`_ �
s ~����� ++_�cMd b LOh b _�cMd�� L ����� LOh cMd b

������� V ß 
�� ä �Us ����� s
~����� ++_ LWh b

������� V ß Ò4cMd�� Óé 
�� ä ��s ~����� ++ 0
������� V ß Ò4cMd b Óé 
�� ä �

L ~����� + + ++ + ++ Ù s*V _�cMd b s 
 h b VBL a b � _�cMd�� s )f)f) s^h cMd b VMs a cMd b Ú Ù _�c�d b L�h b _�c�d�� L )4)f) L�h cMd b Ú
�������
~����� � b ��L 
��ì� �%ä

�� � ��L 
��ì� �%ä �� � � L 
��ì� � ä �
�������

L ~����� + + ++ + ++ÖÙ s*V _�cMd�� s 
 h b VBL a�b � _�cMd � s )f)f) s^h cMd�� VMs a cMd�� Ú Ù _�c�d�� L�h b _�c�d � L )4)f) L�h cMd�� Ú
�������
~����� �Q�b �9L é 
��Q� � ä

��Q�� �9L é 
��Q� �%ä ��Q�� � L é 
��Q� �%ä �
�������

L ����� L
~����� + + ++ + ++ 
 s.V _ s�h b V^s a�b � 
$_ LOh b �

� �����
~����� � b � L ced=�é 
��Q� � ä �� � � L ced=�é 
��Q� � ä ��h� �9L ced=�é 
��Q� �%ä �

� ����� L ~����� + + ++ + ++ s.V 0
� �����
~����� � b � L cgd bé 
$�Q� � ä �� � � L cgd bé 
$�Q� � ä ���� �9L cgd bé 
$�Q� �%ä �

� �����
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¨Ò¡ÊÁ¡ÒÃ (4.41), (4.42) áÅÐ (4.43) ÊÒÁÒÃ¶ËÒ¤ˆÒ q ¿ 
$_ � , q b , � ¿ , � ¿ 
`_ � , � ¿ 
$_ � , � f 
$_ � ,�gf 
$_ � ÊíÒËÃÑº h !�05�@-���)4)f)f��n ä´‰ ´Ñ§¹Ñé¹ã¹¡ÒÃ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·Õè
ÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) ÊÒÁÒÃ¶¤íÒ¹Ç³ä´‰´‰ÇÂ¡ÒÃãª‰¢Ñé¹µÍ¹ÇÔ¸Õ·ÕèáÊ´§
ÍÂÙˆã¹ËÑÇ¢‰Í 4.2

4.5 ÊÃØ»

¨Ò¡¡ÒÃÈÖ¡ÉÒÍÑÅ¡ÍÃÔ·ÖÁ¢Í§ÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸Œ
ÂˆÍÂ·Õè Smith àÊ¹ÍäÇ‰¡ˆÍ¹Ë¹‰Ò¹Õé ¾ºÇˆÒÃÒÂÅÐàÍÕÂ´¢Ñé¹µÍ¹¡ÒÃ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¤ˆÍ¹¢‰Ò§
«Ñº«‰Í¹ à¹×èÍ§¨Ò¡ÍÑÅ¡ÍÃÔ·ÖÁ´Ñ§¡ÅˆÒÇà»“¹¡ÒÃãª‰·ÄÉ®Õ¾×é¹°Ò¹¢Í§¡ÒÃá»Å§ÅÒ»ÅÒ« ¹Ñé¹¤×Í¡ÒÃá»Å§ÅÒ
»ÅÒ«ã¹ÊˆÇ¹¢Í§ � áÅÐ � áÅ‰Ç¨Ö§ãª‰·ÄÉ¯ÕµÑÇ»ÃÐÁÒ³ ����� ã¹¡ÒÃá»Å§ÅÒ»ÅÒ«¼¡¼Ñ¹·Ñé§ÊÍ§¢Ñé¹
â´Â¢Ñé¹µÍ¹ã¹¡ÒÃá»Å§ÅÒ»ÅÒ«¨íÒà»“¹µ‰Í§Í‰Ò§ÍÔ§¶Ö§¤ˆÒàÃÔèÁµ‰¹ ·íÒãË‰¨íÒ¹Ç¹¢Í§¤ˆÒàÃÔèÁµ‰¹·Õèãª‰¢Öé¹ÍÂÙˆ¡Ñº
ÍÑ¹´ÑºÊÙ§ÊØ´¢Í§Í¹Ø¾Ñ¹¸Œ·Õèà¡Ô´¢Öé¹ (¤×Í r b , r � , r � áÅÐ rh� ) ã¹áµˆÅÐÊˆÇ¹¢Í§ÃÙ»áººÁÒµÃ°Ò¹ (¤×Íq ¿ ÙO�� é Ú , � ¿ Ù;�� é Ú , � ¿ Ù;�� é Ú áÅÐ � ¿ ÙO�� é Ú ) «Öè§Êˆ§¼ÅµˆÍÃÒÂÅÐàÍÕÂ´¢Ñé¹µÍ¹ã¹¡ÒÃ¤íÒ¹Ç³áÅÐ¡ÒÃ»ÃÑº
(update) ¤ˆÒàÃÔèÁµ‰¹·Õèãª‰ã¹ÃÍº r ¶Ñ´ä» ¹Í¡¨Ò¡¹Ñé¹àÃÒÂÑ§ä´‰¹íÒÍÑÅ¡ÍÃÔ·ÖÁ¢Í§ÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰
ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ·Õè¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ ÊíÒËÃÑºÃÐºº¤Çº¤ØÁ»„Í¹
¡ÅÑº·ÕèÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) ã¹ËÑÇ¢‰Í 4.3 áÅÐÊÁ¡ÒÃ¤Å×è¹´Ñ§
ÊÁ¡ÒÃ (3.6) ã¹ËÑÇ¢‰Í 4.4 ÁÒÊÃ‰Ò§¤ÅÑ§ÊíÒËÃÑºâ»Ãá¡ÃÁ MATLAB ã¹ÃÙ»¢Í§ mex-function à¾×èÍ¹íÒä»
ãª‰à»ÃÕÂºà·ÕÂº¼Å¤íÒµÍº¡ÑºÍÑÅ¡ÍÃÔ·ÖÁ·Õè¶Ù¡¾Ñ²¹Òã¹º··Õè 3 â´ÂÃÒÂÅÐàÍÕÂ´ã¹¡ÒÃÊÃ‰Ò§áÅÐ¡ÒÃãª‰§Ò¹ä´‰
¶Ù¡Í¸ÔºÒÂäÇ‰ÍÂÙˆã¹ÀÒ¤¼¹Ç¡ ¡



º··Õè 5

µÑÇÍÂˆÒ§àªÔ§µÑÇàÅ¢

ã¹ÇÔ·ÂÒ¹Ô¾¹¸Œ©ºÑº¹ÕéàÃÒä´‰¾Ñ²¹ÒÍÑÅ¡ÍÃÔ·ÖÁà¾×èÍ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº¤Çº¤ØÁ
»„Í¹¡ÅÑº·ÕèÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6)

ÍÂÙˆã¹º··Õè 3 áÅÐä´‰Í¸ÔºÒÂÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂäÇ‰ã¹
º··Õè 4 â´Âã¹º·¹ÕéàÃÒ¨ÐÂ¡µÑÇÍÂˆÒ§àªÔ§µÑÇàÅ¢ 2 µÑÇÍÂˆÒ§ à¾×èÍ·´ÊÍº¤ÇÒÁ¹ˆÒàª×èÍ¶×ÍáÅÐ¤ÇÒÁáÁˆ¹ÂíÒ
¢Í§ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ � ��� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ«Öè§à»“¹ÇÔ¸Õ·ÕèàÃÒ¾Ñ²¹Ò´‰ÇÂ¡ÒÃ
à»ÃÕÂºà·ÕÂº¼Åà©ÅÂ¡ÑºÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ·Õè Smith

àÊ¹ÍäÇ‰ ÊíÒËÃÑºµÑÇÍÂˆÒ§áÃ¡¤×Í»’­ËÒ¡ÒÃ¤Çº¤ØÁÍØ³ËÀÙÁÔ¢Í§á·ˆ§àËÅç¡áÅÐµÑÇÍÂˆÒ§·ÕèÊÍ§¤×Í»’­ËÒ
¡ÒÃ¤Çº¤ØÁ¡ÒÃÊÑè¹¢Í§àÊ‰¹àª×Í¡ à¹×èÍ§¨Ò¡à»“¹»’­ËÒ·ÕèÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§
ÊÁ¡ÒÃ (3.1) áÅÐÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) µÒÁÅíÒ´Ñº

5.1 »’­ËÒ¡ÒÃ¤Çº¤ØÁÍØ³ËÀÙÁÔ¢Í§á·ˆ§àËÅç¡

¾Ô¨ÒÃ³ÒÃÐºº¤Çº¤ØÁÍØ³ËÀÙÁÔ·ÕèáÊ´§´Ñ§ÃÙ»·Õè 5.1 [1, 15, 17] àÁ×èÍá·ˆ§àËÅç¡ºÒ§¶Ù¡ËØ‰Á´‰ÇÂ©¹Ç¹
µÅÍ´¤ÇÒÁÂÒÇ � Â¡àÇ‰¹·ÕèµíÒáË¹ˆ§»ÅÒÂ¢Í§á·ˆ§àËÅç¡ºÒ§ ÊÁÁØµÔÇˆÒ¿ÅÑ¡«Œ¤ÇÒÁÃ‰Í¹ (heat flux) ·Õè
µíÒáË¹ˆ§»ÅÒÂ �x!ê� à»“¹¤ˆÒ¤§µÑÇ ¡ÃÐºÇ¹¡ÒÃ·Õèà¡Ô´¢Öé¹¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1)

â´Â·Õè úÏ! 05)4050 � cm � �W � /J �K, û !�+,) + � 2 cm �W/K áÅÐá·ˆ§àËÅç¡ºÒ§ÂÒÇ � ! -ì+ cm (´ÙÃÒÂÅÐàÍÕÂ´ã¹
[15, 17]) ÍØ³ËÀÙÁÔÍ‰Ò§ÍÔ§ (reference temperature) rj
�� � à»“¹¢Ñé¹ºÑ¹ä´Ë¹Öè§Ë¹ˆÇÂ (unit step), äÁˆÁÕÊÑ­­Ò³
Ãº¡Ç¹ V 
I� � !ê+ áÅÐµÑÇ¤Çº¤ØÁà¿Ê¹íÒË¹‰Ò (phase lead controller)

\�] 
$_ � ! $ ) �,
`_ L +/) +5- � Ë�
`_ L +,) +\� � ä´‰
¶Ù¡ãª‰ã¹¡ÒÃ¤Çº¤ØÁÍØ³ËÀÙÁÔ

Controller

������������������������������� � � � � � � � � � � � � � � � ¡�¡�¡�¡�¡�¡�¡�¡�¡�¡�¡�¡�¡�¡�¡¢�¢�¢�¢�¢�¢�¢�¢�¢�¢�¢�¢�¢�¢�¢ Thermometer

Constant heat flux
Plant

Heater

Reference
temperature

£�¤¦¥+§¨©¤�¥y§«ª�¬�¤V­�®y¥+§¯9¤¦¥+§°�¤�¥y§ ± ²
ÃÙ»·Õè 5.1: »’­ËÒ¡ÒÃ¤Çº¤ØÁÍØ³ËÀÙÁÔ
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5.1.1 ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ
ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ � ��� ã¹ÊÁ¡ÒÃ (2.17) ÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº

¾ÔàÈÉã¹ËÑÇ¢‰Í 3.1.2 ¶Ù¡¹íÒÁÒãª‰¡Ñº»’­ËÒ´Ñ§¡ÅˆÒÇ´‰ÇÂ¤ˆÒ �#! +/) +�+È- 
 
 ! $9$\$9$È� , � ! +/)f0 áÅÐ
`�Ä�3� � ! 
�è,��' � â´ÂÊÑ­­Ò³ ��
������ � ä´‰áÊ´§´Ñ§ÃÙ»·Õè 5.2
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ÃÙ»·Õè 5.2: ¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº·Õè �þ!ê�
¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´ (maximum error) ¢Í§ÊÑ­­Ò³ ��
$�%�3� � ÊíÒËÃÑº � ¤ˆÒµˆÒ§æ ä´‰áÊ´§´Ñ§ÃÙ»·Õè

5.3 â´Â¤ˆÒ¼Ô´¾ÅÒ´·Õèä´‰à¡Ô´¨Ò¡¡ÒÃà»ÃÕÂºà·ÕÂºÃÐËÇˆÒ§ÊÑ­­Ò³ ��
��%�3� � ·Õèà¡Ô´¨Ò¡¡ÒÃãª‰ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐ
áÅÐÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ¡ÑºÊÑ­­Ò³ ¯ ��
$�Q��� � Í � L ·Õèà¡Ô´¨Ò¡¡ÒÃãª‰ÇÔ¸ÕàªÔ§µÑÇ
àÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ´‰ÇÂ¤ˆÒ 
 � ! 0 � + àÁ×èÍàÊ‰¹»ÐáÊ´§¤ˆÒ
¼Ô´¾ÅÒ´ÊÙ§ÊØ´¢Í§ÊÑ­­Ò³ ��
������ � ·Õèà¡Ô´¨Ò¡¡ÒÃãª‰ÍÑÅ¡ÍÃÔ·ÖÁ·ÕèàÊ¹ÍÍÂÙˆã¹ [17] «Öè§»ÃÐÁÒ³¾¨¹ŒÍ¹Ø¾Ñ¹¸Œ
à·ÕÂºµÑÇá»ÃµíÒáË¹ˆ§ � ´‰ÇÂ¤ˆÒ¤ÅÒ´à¤Å×èÍ¹·ÕèÍÂÙˆã¹ÍÑ¹´Ñº 	²
$� � áÅÐàÊ‰¹·ÖºáÊ´§¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§
ÊØ´¢Í§ÊÑ­­Ò³ ��
$�%�3� � ·Õèà¡Ô´¨Ò¡¡ÒÃãª‰ÍÑÅ¡ÍÃÔ·ÖÁ·ÕèàÃÒ¾Ñ²¹Òã¹º··Õè 3 «Öè§ÁÕ¡ÒÃ»ÃÐÁÒ³Í¹Ø¾Ñ¹¸Œà·ÕÂº
µÑÇá»ÃµíÒáË¹ˆ§ � ´‰ÇÂ¤ˆÒ¤ÅÒ´à¤Å×èÍ¹·ÕèÍÂÙˆã¹ÍÑ¹´Ñº 	�
��5� � ¨Ò¡ÃÙ»áÊ´§ãË‰àËç¹ÇˆÒÍÑÅ¡ÍÃÔ·ÖÁ·ÕèàÃÒ
¾Ñ²¹ÒÁÕ¤ÇÒÁáÁˆ¹ÂíÒ¢Öé¹´‰ÇÂ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´ÍÂÙˆã¹ÍÑ¹´Ñº 	�
��5� � (¤ÇÒÁªÑ¹ ³ - ) µˆÒ§¨Ò¡ÍÑÅ¡ÍÃÔ·ÖÁ·Õè
àÊ¹ÍÍÂÙˆã¹ [17] «Öè§ÁÕ¤ÇÒÁáÁˆ¹ÂíÒ´‰ÇÂ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´ÍÂÙˆã¹ÍÑ¹´Ñº 	�
�� � (¤ÇÒÁªÑ¹ ³±0 )

¨Ò¡¡ÒÃ¨ÑºàÇÅÒã¹¡ÒÃ»ÃÐÁÇÅ¼Å´‰ÇÂ¿’§¡ŒªÑ¹ÀÒÂã¹â»Ãá¡ÃÁ MATLAB ÊíÒËÃÑº 
 ¤ˆÒµˆÒ§æ ä´‰
¶Ù¡áÊ´§´Ñ§ÃÙ»·Õè 5.4 â´ÂàÊ‰¹»ÐáÅÐàÊ‰¹ä¢ˆ»ÅÒáÊ´§àÇÅÒã¹¡ÒÃ»ÃÐÁÇÅ¼Å·Õèà¡Ô´¨Ò¡¡ÒÃãª‰¡ÒÃáÂ¡µÑÇ
»ÃÐ¡Íº ��� áºº·ÑèÇä»áÅÐàÊ‰¹·ÖºáÊ´§àÇÅÒã¹¡ÒÃ»ÃÐÁÇÅ¼Å·Õèà¡Ô´¨Ò¡¡ÒÃãª‰¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº �B�
áºº¾ÔàÈÉã¹ËÑÇ¢‰Í 3.1.2 ¨Ò¡ÃÙ»áÊ´§ãË‰àËç¹ÇˆÒ¡ÒÃ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ´‰ÇÂÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐ
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áÅÐÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉã¹ËÑÇ
¢‰Í 3.1.2 ãª‰àÇÅÒã¹¡ÒÃ»ÃÐÁÇÅ¼ÅÍÂÙˆã¹ÍÑ¹´Ñº 	�
 
M� ÇÔ¹Ò·Õ (¤ÇÒÁªÑ¹ ³ 0 ) «Öè§µˆÒ§¨Ò¡àÁ×èÍãª‰¡ÒÃáÂ¡
µÑÇ»ÃÐ¡Íº ��� áºº·ÑèÇä»¨Ðãª‰àÇÅÒã¹¡ÒÃ»ÃÐÁÇÅ¼Å·ÕèÍÂÙˆã¹ÍÑ¹´Ñº 	�
 
 � � ÇÔ¹Ò·Õ (¤ÇÒÁªÑ¹ ³#- )
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ECTI−CON : O(δ)
FD&I

MN
 recursion: O(δ2)

ÃÙ»·Õè 5.3: ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´¢Í§ÊÑ­­Ò³ ��
$�%�3� � ÊíÒËÃÑº � ¤ˆÒµˆÒ§æ
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Special LU: O(n)
General LU: O(n2)

ÃÙ»·Õè 5.4: àÇÅÒ·Õèãª‰»ÃÐÁÇÅ¼ÅÊíÒËÃÑº 
 ¤ˆÒµˆÒ§æ
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5.1.2 ÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ

ÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂã¹ËÑÇ¢‰Í 4.3 ¶Ù¡¹íÒÁÒãª‰
¡Ñº»’­ËÒ´Ñ§¡ÅˆÒÇ´‰ÇÂ¤ˆÒ �&!Ð-e
 
 � !±0�+ � , �"!#+,)40 , 
$�ÄÛ �@�}Û � ! 
 � ��� � áÅÐ 
$�10.�@�e0 � ! 
$è/�3' � â´Â
ÊÑ­­Ò³ ��
$�%��� � áÊ´§´Ñ§ÃÙ»·Õè 5.5 ¤ˆÒ¼Ô´¾ÅÒ´¢Í§ÊÑ­­Ò³ ��
������ � ÊíÒËÃÑº �&!#' 
 
 � ! �5� �.�^!ê-x
 
 � !0�+ � �&�l! 0}
 
M� !ø-ì+ � áÅÐ ��!Ð+/) 2�
 
M� !Ð- ��� áÊ´§´Ñ§ÃÙ»·Õè 5.6 â´Â¤ˆÒ¼Ô´¾ÅÒ´·Õèä´‰à¡Ô´¨Ò¡¡ÒÃà»ÃÕÂº
à·ÕÂºÃÐËÇˆÒ§ÊÑ­­Ò³ ¯ ��
��Q�3� � ÍKI ¡ÑºÊÑ­­Ò³ ¯ ��
��Q�3� � Í �\L Á b � ¿ «Öè§¨Ò¡ÃÙ»áÊ´§ãË‰àËç¹ÇˆÒàÁ×èÍ � ÁÕ¤ˆÒÅ´
Å§¤ˆÒ¼Ô´¾ÅÒ´ã¹¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒÁÕ¤ÇÒÁáÁˆ¹ÂíÒÁÒ¡¢Öé¹ã¹ªˆÇ§àÇÅÒ � ¹‰ÍÂæ áµˆã¹ªˆÇ§àÇÅÒ� ��� ¤ˆÒ¼Ô´¾ÅÒ´ã¹¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒÁÕ¤ˆÒ»ÃÐÁÒ³¤§à´ÔÁ
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ÃÙ»·Õè 5.5: ¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº·Õè �þ!ê�
¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´¢Í§ÊÑ­­Ò³ ��
$�%�3� � áÅÐàÇÅÒ·Õèãª‰ã¹¡ÒÃ»ÃÐÁÇÅ¼Å·Õè � ¤ˆÒµˆÒ§æ ÊíÒËÃÑºÇÔ¸Õ

¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº
¾ÔàÈÉã¹ËÑÇ¢‰Í 3.1.2 ·Õè �O!ÿ+,)40 , 
$�Ä�3� � ! 
�è,��' � áÅÐÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸Œ
ÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ·Õè � !ø+/)f0 , 
$�ÄÛ �@�}Û � ! 
 � ��� � áÅÐ 
$�10.�@�e0 � ! 
�è,��' � ¶Ù¡áÊ´§´Ñ§µÒÃÒ§·Õè
5.1 àÁ×èÍ¨ÑºàÇÅÒã¹¡ÒÃ»ÃÐÁÇÅ¼Å´‰ÇÂ¿’§¡ŒªÑ¹ÀÒÂã¹â»Ãá¡ÃÁ MATLAB áÅÐàÇÅÒÊÔé¹ÊØ´à»“¹ 600 ÇÔ¹Ò·Õ

â´Â¤ˆÒ¤ÅÒ´à¤Å×èÍ¹¢Í§ÇÔ¸Õ·Ñé§ 2 ¶Ù¡à»ÃÕÂºà·ÕÂº´Ñ§ÃÙ»·Õè 5.7 â´ÂàÊ‰¹»ÐáÊ´§¤ˆÒ¤ÅÒ´à¤Å×èÍ¹¢Í§
ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ���
áºº¾ÔàÈÉã¹ËÑÇ¢‰Í 3.1.2 àÁ×èÍ �x!ÿ+,) +5+5- 
 
 ! $\$9$9$È� , �O!ÿ+,)40 , 
`�Ä�3� � ! 
$è/�3' � áÅÐàÊ‰¹·ÖºáÊ´§¤ˆÒ
¤ÅÒ´à¤Å×èÍ¹¢Í§ÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐÃÐººàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂàÁ×èÍ �}! -
 
M� ! 0�+ � , ��!#+,)40 , 
$�ÄÛ �3�}Û � !�
 � ��� � áÅÐ 
$�10.�@�e0 � !±
$è/��' �
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ÃÙ»·Õè 5.6: ¤ˆÒ¼Ô´¾ÅÒ´¢Í§ÊÑ­­Ò³ ��
������ � ÊíÒËÃÑº �|!#',) +/�z-�) +/�|0�) + áÅÐ +,) 2
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 recursion

Smith’s method

ÃÙ»·Õè 5.7: à»ÃÕÂºà·ÕÂº¤ˆÒ¼Ô´¾ÅÒ´¢Í§ÊÑ­­Ò³ ��
��%�3� �
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µÒÃÒ§·Õè 5.1: áÊ´§àÇÅÒ·Õèãª‰»ÃÐÁÇÅ¼ÅáÅÐ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´¢Í§ÊÑ­­Ò³ ��
$�%�3� �
CPU time(sec) max ´ error ´� FD&

�����
recursion Smith’s method FD&

�����
recursion Smith’s method

4.00 0.016 0.281 1.691 µ(0�+,d b 1.475 µ(0�+/d��
2.00 0.023 0.562 4.039 µ(0�+,dB� 2.056 µ(0�+�d b ¿
1.00 0.047 1.235 1.069 µ(0�+,dB� 9.683 µ(0�+�d b ¿
0.80 0.047 1.656 6.931 µ(0�+,d � 1.051 µ(0�+�d b ¿
0.50 0.093 2.844 2.758 µ(0�+,d � 5.988 µ(0�+�d b ¿
0.40 0.121 3.891 1.776 µ(0�+,d � 2.181 µ(0�+�d b ¿
0.25 0.187 7.422 7.004 µ(0�+ d � 1.024 µ(0�+ d b ¿
0.20 0.233 11.109 4.496 µ(0�+,d � 1.582 µ(0�+�d b ¿
0.002 24.437 - 4.321 µ(0�+,d! -

¨Ò¡µÒÃÒ§·Õè 5.1áÊ´§ãË‰àËç¹ÇˆÒÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸Œ
ÂˆÍÂ·Õè Smith àÊ¹ÍäÇ‰¡ˆÍ¹Ë¹‰Ò¹Õé ÁÕ¤ÇÒÁáÁˆ¹ÂíÒ¡ÇˆÒàÁ×èÍà·ÕÂº¡ÑºÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ �����
ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº �B� áºº¾ÔàÈÉã¹ËÑÇ¢‰Í 3.1.2 áÅÐáÁˆ¹ÂíÒ
´‰ÇÂ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´¢Í§ÊÑ­­Ò³ ��
$�%�3� � »ÃÐÁÒ³ $�s 0�+ µÑÇàÅ¢¹ÑÂÊíÒ¤Ñ­ «Öè§ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹
«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉã¹ËÑÇ¢‰Í 3.1.2

¹Ñé¹ ÁÕ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´¢Í§ÊÑ­­Ò³ ��
��%�3� � ÍÂÙˆã¹ÍÑ¹´Ñº 	�
�� � � ¹Í¡¨Ò¡¹Ñé¹ÂÑ§áÊ´§ãË‰àËç¹ÇˆÒÇÔ¸ÕàªÔ§
µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ ãª‰àÇÅÒã¹¡ÒÃ»ÃÐÁÇÅ¼Å¹‰ÍÂ¡ÇˆÒÇÔ¸Õ
¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº
¾ÔàÈÉã¹ËÑÇ¢‰Í 3.1.2 àÁ×èÍà»ÃÕÂºà·ÕÂº´‰ÇÂ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´·ÕèµÑÇàÅ¢¹ÑÂÊíÒ¤Ñ­ã¡Å‰à¤ÕÂ§¡Ñ¹

5.2 »’­ËÒ¡ÒÃ¤Çº¤ØÁµíÒáË¹ˆ§¢Í§àÊ‰¹àª×Í¡

¾Ô¨ÒÃ³ÒàÊ‰¹àª×Í¡ (string) ·ÕèÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ·Ò§¤³ÔµÈÒÊµÃŒ´‰ÇÂÊÁ¡ÒÃ¤Å×è¹ â´Â
»ÃÒÈ¨Ò¡¡ÒÃÊÙ­àÊÕÂ (loss) àÁ×èÍ¤ÇÒÁÂÒÇàÊ‰¹àª×Í¡ (string length) � !¹0 , ¤ÇÒÁË¹Òá¹ˆ¹¢Í§ÁÇÅ
(mass density) � ! 0 áÅÐ¤ÇÒÁµÃÖ§¢Í§àÊ‰¹àª×Í¡ (string tension) 0#!ø0 (´ÙÃÒÂÅÐàÍÕÂ´ã¹ [20]) ÊÁÁµÔÇˆÒ
àÊ‰¹àª×Í¡¶Ù¡µÃÖ§ (fixed) ·Õè»ÅÒÂ¢‰Ò§Ë¹Öè§ áÅÐ¶Ù¡·íÒãË‰àÊ¶ÕÂÃ´‰ÇÂ¡ÒÃ¤Çº¤ØÁ¾ÅÇÑµ·Õè¢Íº (dynamic

boundary control) ·Õè»ÅÒÂÍÕ¡¢‰Ò§Ë¹Öè§
â´ÂÃÐºº·Õè¾Ô¨ÒÃ³ÒÊÒÁÒÃ¶Í¸ÔºÒÂ·Ò§¤³ÔµÈÒÊµÃŒä´‰´‰ÇÂÊÁ¡ÒÃ·Õè (3.6) àÁ×èÍ ú�! 0 , û ! 0

à§×èÍ¹ä¢àÃÔèÁµ‰¹ ��
I���3+ � ! s +,) �·¶�¸¦¹ 
�+/) �*º � � áÅÐ G��
I�M�@+ � !m+ ÊíÒËÃÑº � v ¯ +,��0�Í ÊÑ­­Ò³Ãº¡Ç¹V 
I� � !S»h¼ ¶ 
�0�+�� � , äÁˆÁÕÊÑ­­Ò³Í‰Ò§ÍÔ§ r^!#+ áÅÐµÑÇ¤Çº¤ØÁ \ I 
$_ � !ê+/)f0 L 
�0�+5+5_ L 0�+5+ � Ë�
$_ � L -�_ L 0�+�+ �
¶Ù¡ãª‰ã¹¡ÒÃ¤Çº¤ØÁ [20]
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5.2.1 ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ
ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ � ��� ã¹ÊÁ¡ÒÃ (2.17) ÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉ

ã¹ËÑÇ¢‰Í 3.2.1 ¶Ù¡¹íÒÁÒãª‰¡Ñº»’­ËÒ´Ñ§¡ÅˆÒÇ´‰ÇÂ �ë! +/) +�+5+/0|
 
 ! $9$\$9$È� , � ! +/)f0 áÅÐ 
`�Ä�3� � !ÿ
$è/�3' �
â´ÂÊÑ­­Ò³ ��
������ � áÊ´§´Ñ§ÃÙ»·Õè 5.8 áÅÐ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´¢Í§ÊÑ­­Ò³ ��
$�%�3� � ÊíÒËÃÑº � ¤ˆÒµˆÒ§æ áÊ´§
´Ñ§ÃÙ»·Õè 5.9 â´Â¤ˆÒ¼Ô´¾ÅÒ´·Õèä´‰à¡Ô´¨Ò¡¡ÒÃà»ÃÕÂºà·ÕÂºÃÐËÇˆÒ§ÊÑ­­Ò³ ��
��%�3� � ·Õèà¡Ô´¨Ò¡¡ÒÃãª‰ÇÔ¸Õ¼Å
µˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ¡ÑºÊÑ­­Ò³ ¯ ��
$�Q��� � Í � L ·Õèà¡Ô´¨Ò¡¡ÒÃãª‰
ÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ´‰ÇÂ¤ˆÒ 
 � ! 0 � + ¨Ò¡ÃÙ»áÊ´§
ãË‰àËç¹ÇˆÒÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃÍ¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº��� áºº¾ÔàÈÉã¹ËÑÇ¢‰Í 3.2.1 ÁÕ¤ÇÒÁáÁˆ¹ÂíÒ´‰ÇÂ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´¢Í§ÊÑ­­Ò³ ��
��%�3� � ÍÂÙˆã¹ÍÑ¹´Ñº 	²
$�j� �
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ÃÙ»·Õè 5.8: ¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÊÑ­­Ò³ ��
������ �
¨Ò¡¡ÒÃ¨ÑºàÇÅÒ·Õèãª‰ã¹¡ÒÃ»ÃÐÁÇÅ¼Å´‰ÇÂ¿’§¡ŒªÑ¹ÀÒÂã¹â»Ãá¡ÃÁ MATLAB ÊíÒËÃÑº 
 ¤ˆÒµˆÒ§æ

ä´‰¶Ù¡áÊ´§´Ñ§ÃÙ»·Õè 5.10 â´ÂàÊ‰¹»ÐáÅÐàÊ‰¹·ÖºáÊ´§á·¹àÇÅÒ·Õèãª‰ã¹¡ÒÃ»ÃÐÁÇÅ¼ÅÊíÒËÃÑº 
 ¤ˆÒµˆÒ§æ ·Õè
à¡Ô´¨Ò¡¡ÒÃãª‰¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº �B� áºº·ÑèÇä»áÅÐ¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉã¹ËÑÇ¢‰Í 3.2.1

µÒÁÅíÒ´Ñº ¨Ò¡ÃÙ»áÊ´§ãË‰àËç¹ÇˆÒ¡ÒÃ¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ´‰ÇÂÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉã¹ËÑÇ¢‰Í 3.2.1 ãª‰
àÇÅÒã¹¡ÒÃ»ÃÐÁÇÅ¼ÅÍÂÙˆã¹ÍÑ¹´Ñº 	�
 
M� ÇÔ¹Ò·Õ (¤ÇÒÁªÑ¹ ³ÿ0 ) «Öè§µˆÒ§¨Ò¡àÁ×èÍãª‰¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº��� áºº·ÑèÇä»¨Ðãª‰àÇÅÒã¹¡ÒÃ»ÃÐÁÇÅ¼Å·ÕèÍÂÙˆã¹ÍÑ¹´Ñº 	�
 
 � � ÇÔ¹Ò·Õ (¤ÇÒÁªÑ¹ ³Ð- )
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MN
 recursion: O(δ2)

ÃÙ»·Õè 5.9: ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´¢Í§ÊÑ­­Ò³ ��
$�%�3� � ÊíÒËÃÑº � ¤ˆÒµˆÒ§æ
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General LU: O(n2)
Special LU: O(n)

ÃÙ»·Õè 5.10: àÇÅÒ·Õèãª‰»ÃÐÁÇÅ¼ÅÊíÒËÃÑº 
 ¤ˆÒµˆÒ§æ
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5.2.2 ÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ

ÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑº¡ÒÃá¡‰ÃÐººàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐÃÐººàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ¼ÊÁã¹ËÑÇ¢‰Í 4.4 ¶Ù¡
¹íÒÁÒãª‰¡Ñº»’­ËÒ´Ñ§¡ÅˆÒÇ´‰ÇÂ¤ˆÒ ��! +/)f0|
 
 � ! 0�+ � , � !±+/)f0 , 
$�ÄÛ �@�}Û � !ÿ
 $ ��0�+ � áÅÐ 
`�10.�3�e0 � !
$è/��' � â´ÂÊÑ­­Ò³ ��
$�%��� � áÊ´§´Ñ§ÃÙ»·Õè 5.11 ¤ˆÒ¼Ô´¾ÅÒ´¢Í§ÊÑ­­Ò³ ��
$�%��� � ÊíÒËÃÑº � ¤ˆÒµˆÒ§æ
áÊ´§´Ñ§ÃÙ»·Õè 5.12 â´Â¤ˆÒ¼Ô´¾ÅÒ´·Õèä´‰à¡Ô´¨Ò¡¡ÒÃà»ÃÕÂºà·ÕÂºÃÐËÇˆÒ§ÊÑ­­Ò³ ¯ ��
��Q�3� � Í I ¡ÑºÊÑ­­Ò³¯ ��
��Q�3� � Í �9L «Öè§¨Ò¡ÃÙ»áÊ´§ãË‰àËç¹ÇˆÒàÁ×èÍ � ÁÕ¤ˆÒÅ´Å§¤ˆÒ¼Ô´¾ÅÒ´ã¹¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒÁÕ¤ÇÒÁ
áÁˆ¹ÂíÒÁÒ¡¢Öé¹ã¹ªˆÇ§àÇÅÒ � � + Ø áµˆã¹ªˆÇ§àÇÅÒ � � � ¤ˆÒ¼Ô´¾ÅÒ´ã¹¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒÁÕ
¤ˆÒ»ÃÐÁÒ³¤§à´ÔÁ
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ÃÙ»·Õè 5.11: ¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº·Õè �"!(�
¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´¢Í§ ��
��%�3� � áÅÐàÇÅÒ·Õèãª‰ã¹¡ÒÃ»ÃÐÁÇÅ¼Å·Õè � ¤ˆÒµˆÒ§æ ÊíÒËÃÑºÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐ

áÅÐÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉã¹
ËÑÇ¢‰Í 3.2.1 ·Õè ��!�+,)40 , 
$�Ä�@� � !õ
$è/��' � áÅÐÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑº¡ÒÃá¡‰ÃÐººàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐ
ÃÐººàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ¼ÊÁ·Õè �þ!Ð+/)f0 , 
$�ÄÛ �@�}Û � ! 
 $ ��0�+ � áÅÐ 
$�10.�@�e0 � ! 
�è,��' � ¶Ù¡áÊ´§´Ñ§µÒÃÒ§·Õè
5.2 àÁ×èÍ¨ÑºàÇÅÒã¹¡ÒÃ»ÃÐÁÇÅ¼Å´‰ÇÂ¿’§¡ŒªÑ¹ÀÒÂã¹â»Ãá¡ÃÁ MATLAB áÅÐàÇÅÒÊÔé¹ÊØ´à»“¹ 100 ÇÔ¹Ò·Õ

¤ˆÒ¤ÅÒ´à¤Å×èÍ¹¢Í§ÇÔ¸Õ·Ñé§ 2 ¶Ù¡à»ÃÕÂºà·ÕÂºáÊ´§´Ñ§ÃÙ»·Õè 5.13 â´ÂàÊ‰¹»ÐáÊ´§¤ˆÒ¤ÅÒ´à¤Å×èÍ¹
¢Í§ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº��� áºº¾ÔàÈÉã¹ËÑÇ¢‰Í 3.2.1 àÁ×èÍ �Ï! +,) +5+�+/0#
 
 ! $9$\$9$5� , ��! +/)f0 , 
$�Ä�3� � ! 
�è/�3' � áÅÐàÊ‰¹
·ÖºáÊ´§¤ˆÒ¤ÅÒ´à¤Å×èÍ¹¢Í§ÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ àÁ×èÍ
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�^!(+,)40È
 
 � !±0�+ � , ��!ê+/)f0 , 
`�ÄÛ �3� Û � ! 
 $ ��0�+ � áÅÐ 
`�10.�3�20 � !�
�è,��' �
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ÃÙ»·Õè 5.12: ¤ˆÒ¼Ô´¾ÅÒ´¢Í§ÊÑ­­Ò³ ��
������ � ÊíÒËÃÑº �^!(+,)405�z+/) +ì',�6+/) +5- áÅÐ +/) +/0
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Smith’s method:   δ=0.1          
FD&I

MN
 recursion: δ=0.0001 

ÃÙ»·Õè 5.13: à»ÃÕÂºà·ÕÂº¤ˆÒ¼Ô´¾ÅÒ´¢Í§ÊÑ­­Ò³ ��
��%�3� �
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µÒÃÒ§·Õè 5.2: áÊ´§àÇÅÒ·Õèãª‰»ÃÐÁÇÅ¼ÅáÅÐ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´¢Í§ÊÑ­­Ò³ ��
$�%�3� �
CPU time(sec) max ´ error ´� FD&

�����
recursion Smith’s method FD&

�����
recursion Smith’s method

0.25 0.005 0.062 9.898 µ(0�+,dB� 1.083 µ(0�+/d�"
0.20 0.005 0.094 6.818 µ(0�+,dB� 3.072 µ(0�+/d��
0.10 0.016 0.188 1.592 µ(0�+,dB� 2.391 µ(0�+/d��
0.04 0.032 0.516 2.624 µ(0�+,d � 1.538 µ(0�+/d��
0.025 0.047 0.938 1.063 µ(0�+,d � 9.290 µ(0�+/d b ¿
0.020 0.066 1.266 7.195 µ(0�+,d � 7.441 µ(0�+/d b ¿
0.010 0.094 4.125 2.262 µ(0�+ d � 4.142 µ(0�+ d b ¿

0.0001 17.750 - 1.723 µ(0�+,d! -

¨Ò¡µÒÃÒ§·Õè 5.2áÊ´§ãË‰àËç¹ÇˆÒÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸Œ
ÂˆÍÂ·Õè Smith àÊ¹ÍäÇ‰¡ˆÍ¹Ë¹‰Ò¹Õé ÁÕ¤ÇÒÁáÁˆ¹ÂíÒ¡ÇˆÒàÁ×èÍà·ÕÂº¡ÑºÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ �����
ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº �B� áºº¾ÔàÈÉã¹ËÑÇ¢‰Í 3.2.1 áÅÐáÁˆ¹ÂíÒ
´‰ÇÂ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´¢Í§ÊÑ­­Ò³ ��
$�%�3� � »ÃÐÁÒ³ $�s 0�+ µÑÇàÅ¢¹ÑÂÊíÒ¤Ñ­ «Öè§ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹
«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉã¹ËÑÇ¢‰Í 3.1.2

¹Ñé¹ ÁÕ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´¢Í§ÊÑ­­Ò³ ��
��%�3� � ÍÂÙˆã¹ÍÑ¹´Ñº 	�
��5� � ¹Í¡¨Ò¡¹Ñé¹ÂÑ§áÊ´§ãË‰àËç¹ÇˆÒÇÔ¸ÕàªÔ§
µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ ãª‰àÇÅÒã¹¡ÒÃ»ÃÐÁÇÅ¼Å¹‰ÍÂ¡ÇˆÒÇÔ¸Õ
¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº
¾ÔàÈÉã¹ËÑÇ¢‰Í 3.1.2 àÁ×èÍà»ÃÕÂºà·ÕÂº´‰ÇÂ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´·ÕèµÑÇàÅ¢¹ÑÂÊíÒ¤Ñ­ã¡Å‰à¤ÕÂ§¡Ñ¹

5.3 ÊÃØ»

¨Ò¡µÑÇÍÂˆÒ§àªÔ§µÑÇàÅ¢·Ñé§ 2 µÑÇÍÂˆÒ§ àÁ×èÍà»ÃÕÂºà·ÕÂº¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´¢Í§ÊÑ­­Ò³ ��
$�%�3� � áÅÐ
à»ÃÕÂºà·ÕÂºàÇÅÒ·Õèãª‰ã¹¡ÒÃ»ÃÐÁÇÅ¼Å ÊÒÁÒÃ¶ÊÃØ»ä´‰ÇˆÒÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸Œ
ÊÒÁÑ­áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ·Õè Smith àÊ¹ÍäÇ‰¡ˆÍ¹Ë¹‰Ò¹Õé ÁÕ¤ÇÒÁáÁˆ¹ÂíÒ¡ÇˆÒÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹
«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉ ¹Í¡¨Ò¡¹Ñé¹ÂÑ§ãª‰
àÇÅÒã¹¡ÒÃ»ÃÐÁÇÅ¼ÅäÁˆ¹Ò¹ à¹×èÍ§¨Ò¡ 
U� ÁÕ¤ˆÒà·ˆÒ¡Ñº 10 (¤×Í ��! - ) ¡çà¾ÕÂ§¾ÍÊíÒËÃÑº¡ÒÃ»ÃÐÁÒ³
ã¹¡Ã³Õ·Õè¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐÁÕ¤ˆÒà·ˆÒ¡Ñº 10 (¤×Í �x! +/)f0 )
ÊíÒËÃÑº¡Ã³Õ·Õè¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) ¨Ò¡¡ÒÃ·´ÊÍº¤ÇÒÁáÁˆ¹ÂíÒ¢Í§
ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ���
áºº¾ÔàÈÉ¾ºÇˆÒ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´¢Í§ÊÑ­­Ò³ ��
$�%��� � ÍÂÙˆã¹ÍÑ¹´Ñº 	�
��5� � áÅÐãª‰àÇÅÒã¹¡ÒÃ»ÃÐÁÇÅ¼Å
·ÕèÍÂÙˆã¹ÍÑ¹´Ñº 	�
��
�� àÁ×èÍ �
 ¤×ÍÁÔµÔ¢Í§ÃÐºº «Öè§¹‰ÍÂ¡ÇˆÒàÁ×èÍà·ÕÂº¡Ñº¡Ã³Õ·Õèãª‰¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ���
áºº·ÑèÇæ ä»·Õèãª‰àÇÅÒã¹¡ÒÃ»ÃÐÁÇÅ¼ÅÍÂÙˆã¹ÍÑ¹´Ñº 	²
��
 � �



º··Õè 6

º·ÊÃØ»áÅÐ¢‰ÍàÊ¹Íá¹Ð

6.1 º·ÊÃØ»

ÇÔ·ÂÒ¹Ô¾¹¸Œ©ºÑº¹Õéä´‰¾Ñ²¹ÒÍÑÅ¡ÍÃÔ·ÖÁÊíÒËÃÑº¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº¤Çº¤ØÁ»„Í¹
¡ÅÑº·Õè»ÃÐ¡Íº´‰ÇÂµÑÇ¤Çº¤ØÁàªÔ§ÁÔµÔ¨íÒ¡Ñ´ áÅÐ¡ÃÐºÇ¹¡ÒÃ·Õè¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹áÅÐÊÁ¡ÒÃ
¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.1) áÅÐ (3.6) µÒÁÅíÒ´Ñº ´‰ÇÂ¡ÒÃ»ÃÐÁÒ³¾¨¹ŒÍ¹Ø¾Ñ¹¸Œà·ÕÂºµÑÇá»ÃµíÒáË¹ˆ§¢Í§
ÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹áÅÐÊÁ¡ÒÃ¤Å×è¹´‰ÇÂ¼ÅµˆÒ§ÍÑ¹µÐ Êˆ§¼ÅãË‰ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·Õè¶Ù¡áÊ´§á·¹´‰ÇÂ
ÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ¢¹Ò´ãË­ˆáÅÐà»“¹àÁ·ÃÔ¡«ŒÁÒ¡àÅ¢ÈÙ¹ÂŒ â´Â¨Ò¡¡ÒÃà»ÃÕÂºà·ÕÂºàÁ×èÍá·¹
ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº´‰ÇÂµÑÇá·¹àªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ¡ÑºµÑÇá·¹àªÔ§Í¹Ø¾Ñ¹¸Œ¾ºÇˆÒ ¡ÒÃá·¹ÃÐºº¤Çº¤ØÁ
»„Í¹¡ÅÑº´‰ÇÂµÑÇá·¹àªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÊÒÁÒÃ¶ÃÑ¡ÉÒ¤ÇÒÁà»“¹»¡µÔËÃ×Í¤ÇÒÁà»“¹ÈÙ¹ÂŒÁÒ¡¢Í§àÁ·ÃÔ¡«Œ
´Ñé§à´ÔÁäÇ‰ä´‰ áÅÐà¹×èÍ§¨Ò¡ÊÙµÃÇ¹«íéÒ � ��� à»“¹ÇÔ¸Õ·ÕèÁÕ¤ÇÒÁáÁˆ¹ÂíÒáÅÐà»“¹ÇÔ¸Õ·ÕèàËÁÒÐÊíÒËÃÑºÃÐºº·Õè
á¢ç§à¡Ãç§ ´Ñ§¹Ñé¹ÊÙµÃÇ¹«íéÒ ����� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ¨Ö§¶Ù¡¹íÒÁÒãª‰ã¹¡ÒÃ¤íÒ¹Ç³¼Å
µÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·Õè¶Ù¡áÊ´§á·¹´‰ÇÂÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ â´ÂÅÑ¡É³Ð
â¤Ã§ÊÃ‰Ò§¾ÔàÈÉ·Õè¾ºÍÂÙˆã¹ÊÁ¡ÒÃàªÔ§àÊ‰¹¾Õª¤³Ôµ¢Í§ÊÙµÃÇ¹«íéÒ �Q��� ¶Ù¡¹íÒÁÒãª‰»ÃÐâÂª¹Œã¹¡ÒÃ¾Ñ²¹Ò
áººá¼¹¢Í§¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉ ·ÕèÊˆ§¼ÅãË‰¨íÒ¹Ç¹¡ÒÃ´íÒà¹Ô¹¡ÒÃ¢Í§¡ÒÃáÂ¡µÑÇ
»ÃÐ¡ÍºáÅÐ¡ÒÃá·¹¤ˆÒã¹áµˆÅÐ¢Ñé¹¢Í§¡ÒÃÇ¹«íéÒÍÂÙˆã¹ÍÑ¹´Ñº 	²
��
M� ¢Í§¡ÒÃ´íÒà¹Ô¹¡ÒÃ àÁ×èÍ �
 ¤×ÍÁÔµÔ
¢Í§ÃÐºº

¹Í¡¨Ò¡¹Ñé¹ã¹ÇÔ·ÂÒ¹Ô¾¹¸Œ¹Õéä´‰·´ÊÍº¤ÇÒÁáÁˆ¹ÂíÒáÅÐ¤ÇÒÁ¹ˆÒàª×èÍ¶×Í¢Í§ÍÑÅ¡ÍÃÔ·ÖÁ·Õè¶Ù¡¾Ñ²¹Ò
´‰ÇÂ¡ÒÃà»ÃÕÂºà·ÕÂº¼Åà©ÅÂ¡ÑºÇÔ¸ÕàªÔ§µÑÇàÅ¢¢Í§ Smith [15] ÊíÒËÃÑºá¡‰ÃÐºº¼ÊÁàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­
áÅÐàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ·ÕèàÊ¹ÍäÇ‰¡ˆÍ¹Ë¹‰Ò¹Õé «Öè§à»“¹ÇÔ¸Õ·ÕèÁÕ¤ÇÒÁáÁˆ¹ÂíÒÊÙ§áÅÐãª‰àÇÅÒã¹¡ÒÃ»ÃÐÁÇÅ¼ÅäÁˆ
¹Ò¹ â´Â¨Ò¡¡ÒÃà»ÃÕÂºà·ÕÂº¾ºÇˆÒÍÑÅ¡ÍÃÔ·ÖÁ·Õè¶Ù¡¾Ñ²¹ÒÁÕ¤ÇÒÁáÁˆ¹ÂíÒ´‰ÇÂ¤ˆÒ¼Ô´¾ÅÒ´ÊÙ§ÊØ´·ÕèÍÂÙˆã¹
ÍÑ¹´Ñº 	�
��Q� � áÅÐÁÕÃÙ»áºº¢Í§ÅíÒ´Ñº¢Ñé¹µÍ¹ã¹¡ÒÃ¤íÒ¹Ç³äÁˆ«Ñº«‰Í¹·íÒãË‰§ˆÒÂµˆÍ¡ÒÃ¹íÒä»»ÃÐÂØ¡µŒ
«Öè§µÃ§¡Ñ¹¢‰ÒÁ¡ÑºÇÔ¸Õ·Õè Smith àÊ¹ÍäÇ‰·ÕèÁÕÃÙ»áºº¢Í§ÅíÒ´Ñº¢Ñé¹µÍ¹ã¹¡ÒÃ¤íÒ¹Ç³¤ˆÍ¹¢‰Ò§¨Ð«Ñº«‰Í¹·íÒãË‰
¡ÒÃ¾Ñ²¹Ò§Ò¹ÇÔ¨ÑÂµˆÍÂÍ´ËÃ×Í¹íÒä»»ÃÐÂØ¡µŒãª‰¹Ñé¹·íÒä´‰ÂÒ¡ µÑÇÍÂˆÒ§àªˆ¹ ¡ÒÃ¹íÒä»»ÃÐÂØ¡µŒãª‰¡ÑºÃÐºº
2 ÁÔµÔ (two-dimensional system) à»“¹µ‰¹ ´Ñ§¹Ñé¹ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ �ì��� ÊíÒËÃÑºÊÁ¡ÒÃ
àªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³ÔµÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉ¨Ö§¶Ù¡¾Ñ²¹Ò´‰ÇÂ¡ÒÃÊÃ‰Ò§¤ÅÑ§ÊíÒËÃÑº
â»Ãá¡ÃÁ MATLAB ã¹ÃÙ» mex-function à¾×èÍÊÒÁÒÃ¶¹íÒä»»ÃÐÂØ¡µŒãª‰ã¹¡ÒÃÍÍ¡áººÃÐºº¤Çº¤ØÁáººãª‰
¤ÍÁ¾ÔÇàµÍÃŒªˆÇÂµˆÍä»ä´‰
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6.2 ¢‰ÍàÊ¹Íá¹Ð

ËÅÑ§¨Ò¡·Õèä´‰¾Ñ²¹ÒÍÑÅ¡ÍÃÔ·ÖÁ·ÕèÊÒÁÒÃ¶ãË‰¼ÅµÍº·ÕèàÃçÇáÅÐÁÕ¤ÇÒÁáÁˆ¹ÂíÒÊíÒËÃÑº¤íÒ¹Ç³¼ÅµÍº
Ê¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·ÕèÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1)

áÅÐÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) áÅ‰Ç áÅÐä´‰¹íÒÍÑÅ¡ÍÃÔ·ÖÁ´Ñ§¡ÅˆÒÇä»¾Ñ²¹ÒÊÃ‰Ò§¤ÅÑ§ÊíÒËÃÑºâ»Ãá¡ÃÁ
MATLAB ã¹ÃÙ» mex-function ·íÒãË‰¤ÅÑ§·ÕèÊÃ‰Ò§¢Öé¹ÁÕ»ÃÐâÂª¹ŒÍÂˆÒ§ÁÒ¡ã¹¡ÒÃ¹íÒä»»ÃÐÂØ¡µŒãª‰ã¹¡ÒÃ
ÍÍ¡áººÃÐºº¤Çº¤ØÁ´‰ÇÂÇÔ¸Õ¡ÒÃËÒ¤ˆÒàËÁÒÐÊÁ·ÕèÊØ´àªÔ§µÑÇàÅ¢ à¹×èÍ§¨Ò¡»ÃÐÊÔ·¸ÔÀÒ¾¢Í§¡ÃÐºÇ¹¡ÒÃ
ã¹¡ÒÃÍÍ¡áººÃÐºº¤Çº¤ØÁ´‰ÇÂÇÔ¸Õ¡ÒÃËÒ¤ˆÒàËÁÒÐÊÁ·ÕèÊØ´àªÔ§µÑÇàÅ¢¹Ñé¹ ÁÕ»’Â¨ÑÂËÅÑ¡·Õè¢Öé¹ÍÂÙˆ¡Ñº¡ÒÃ
¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº «Öè§µ‰Í§¡ÒÃ¡ÒÃ¤íÒ¹Ç³·ÕèãË‰¼ÅàÃçÇáÅÐáÁˆ¹ÂíÒ ¹Í¡¨Ò¡¹Ñé¹ã¹
¡ÒÃ¾Ñ²¹ÒÍÑÅ¡ÍÃÔ·ÖÁ¹ÕéÂÑ§ÊÒÁÒÃ¶µˆÍÂÍ´§Ò¹ÇÔ¨ÑÂä´‰´Ñ§¹Õé

1. ÊÒÁÒÃ¶¾Ñ²¹Òã¹ÊˆÇ¹¢Í§¤ÇÒÁáÁˆ¹ÂíÒãË‰áÁˆ¹ÂíÒ¢Öé¹ä´‰ â´Â¡ÒÃãª‰ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐ»ÃÐÁÒ³¾¨¹Œ
Í¹Ø¾Ñ¹¸Œà·ÕÂºµÑÇá»ÃµíÒáË¹ˆ§ � ´‰ÇÂ¤ˆÒ¤ÅÒ´à¤Å×èÍ¹·ÕèÍÂÙˆã¹ÍÑ¹´Ñº 	²
$� � � ËÃ×Í 	�
�� # � à»“¹µ‰¹

2. ÊÒÁÒÃ¶¹íÒÃÙ»áºº¡ÒÃ¤íÒ¹Ç³ä»»ÃÐÂØ¡µŒãª‰¡ÑºÃÐºº»„Í¹¡ÅÑº·ÕèÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ
¤Ò¹ ËÃ×Í¹íÒä»»ÃÐÂØ¡µŒ¡ÑºÃÐºº 2 ÁÔµÔ

6.3 ¼Å§Ò¹ÇÔ¨ÑÂ·Õèä´‰ÃÑº¡ÒÃµÕ¾ÔÁ¾Œ

S. Arunsawatwong and K. Ngamsiritanakul. Fast Time-Response Algorithm for Heat Conduction Feedback

Systems Using
�����

Approximants. in Proceedings of the 5th Electrical Engineering/Electronics,

Computer, Telecommunications, and Information Technology Conference (ECTI-CON) . (Krabi, Thailand).

(2008): 605–608.
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ÀÒ¤¼¹Ç¡ ¡

¤ÅÑ§º¹â»Ãá¡ÃÁMATLAB ã¹ÃÙ»¢Í§mex-function

à¹×èÍ§¨Ò¡¡ÃÐºÇ¹¡ÒÃÇ¹«íéÒ (loops) ¢Í§â»Ãá¡ÃÁ MATLAB ÁÕ¤ÇÒÁàÃçÇã¹¡ÒÃ¤íÒ¹Ç³äÁˆ´Õà·ˆÒ
ÀÒÉÒ FORTRAN ´Ñ§¹Ñé¹ MATLAB ¨Ö§ä´‰ÊÃ‰Ò§â»Ãá¡ÃÁ·Õèà»“¹ mex-files ¢Öé¹ à¾×èÍãª‰ÊíÒËÃÑºàª×èÍÁ
µˆÍâ»Ãá¡ÃÁÀÒÂ¹Í¡ â´Â¨Ð·íÒ¡ÒÃ»ÃÐÁÇÅ¼Åº¹â»Ãá¡ÃÁ MATLAB ·íÒãË‰â»Ãá¡ÃÁ·ÕèÊÃ‰Ò§¢Öé¹ÁÕ
¤ÇÒÁàÃçÇÊÙ§¡ÇˆÒà´ÔÁáÅÐÊÐ´Ç¡ÁÒ¡ÂÔè§¢Öé¹ã¹¡ÒÃãª‰§Ò¹

¡ÒÃÊÃ‰Ò§ mex-files

1. ÊˆÇ¹»ÃÐ¡Íº¢Í§ mex-files� ÃËÑÊµ‰¹·Ò§ (source code) ÊíÒËÃÑº MATLAB ·Õè»ÃÐ¡Íº´‰ÇÂÃÙ·Õ¹ (routine) ¢Í§¡ÒÃ¤íÒ¹Ç³ «Öè§
ÃËÑÊ (code) ·ÕèÊÃ‰Ò§¢Öé¹¹Õé¨Ð¶Ù¡àÃÕÂ¡´‰ÇÂÃÙ·Õ¹à¡µàÇÂŒ (gateway routine) (ÃÙ·Õ¹à¡µàÇÂŒ·íÒË¹‰Ò·Õè
àª×èÍÁµˆÍÃÐËÇˆÒ§ÃÙ·Õ¹¡ÒÃ¤íÒ¹Ç³¨ÃÔ§¡Ñº MATLAB)

Fortran codeMATLAB
Gateway
routine

ÃÙ»·Õè ¡.1: ÅÑ¡É³Ð¡ÒÃàª×èÍÁµˆÍÃÐËÇˆÒ§â»Ãá¡ÃÁ MATLAB ¡ÑºÃÙ·Õ¹¡ÒÃ¤íÒ¹Ç³¨ÃÔ§

� ÃÙ·Õ¹à¡µàÇÂŒ¨Ðµ‰Í§ÁÕ¨Ø´à¢‰Ò (entry point) ¢Í§ÃÙ·Õ¹à¡µàÇÂŒª×èÍ mexFunction â´ÂàÁ×èÍ¿’§¡ŒªÑ¹
mex-files àÃÔèÁ»ÃÐÁÇÅ¼Å â»Ãá¡ÃÁ MATLAB ¨ÐàÃÕÂ¡¿’§¡ŒªÑ¹¹Õé¢Öé¹ÁÒãª‰§Ò¹ â´Â mexFunc-

tion ¨Ð»ÃÐ¡Íº´‰ÇÂÊÕèÍÔ¹¾Øµ·ÕèÁÕÃÙ»áºº´Ñ§¹Õé

subroutine mexFunction(nlhs, plhs, nrhs, prhs)

integer plhs(*), prhw(*), nlhs, nrhs

2. ÍÔ¹¾ØµáÅÐàÍÒ·Œ¾Øµ¢Í§ mex-files

ã¹ mex-files ¨ÐÁÕ¾ÒÃÒÁÔàµÍÃŒ·Õèãª‰ã¹¡ÒÃ¼ˆÒ¹¢‰ÍÁÙÅÃÐËÇˆÒ§ÍÔ¹¾ÖµáÅÐàÍÒ·Œ¾Øµ¤×Í nrhs, nlhs,

prhs áÅÐ plhs â´Â¾ÒÃÒÁÔàµÍÃŒ prhs áÅÐ plhs ¨Ðà»“¹àÇ¡àµÍÃŒ·ÕèªÕéáµˆÅÐ¤ˆÒµÑÇá»Ãã¹ÍÔ¹¾Øµ
áÅÐàÍÒ·Œ¾ØµµÒÁÅíÒ´Ñº ÊˆÇ¹¾ÒÃÒÁÔàµÍÃŒ nrhs áÅÐ nlhs ¨Ðà»“¹¨íÒ¹Ç¹ÍÔ¹¾ØµáÅÐàÍÒ·Œ¾ØµµÒÁ
ÅíÒ´Ñº µÑÇÍÂˆÒ§àªˆ¹

[C,D] = func(A,B)



54

¹Ñé¹¤×Í nlhs à·ˆÒ¡Ñº 2 (¤×Í C áÅÐ D) áÅÐ nrhs à·ˆÒ¡Ñº 2 (¤×Í A áÅÐ B) ÊˆÇ¹ plhs ¨Ðà»“¹µÑÇªÕé
(pointer) ¢Í§ÍÒÃŒàÃÂŒ¢‰ÍÁÙÅàÍÒ·Œ¾Øµ«Öè§ÍÂÙˆ·Ò§«‰ÒÂÁ×Í (µÑÇªÕé¢Í§ C áÅÐ D) áÅÐ prhs ¨Ðà»“¹µÑÇªÕé
ÍÒÃŒàÃÂŒ¢‰ÍÁÙÅÍÔ¹¾Øµ«Öè§ÍÂÙˆ·Ò§¢ÇÒÁ×Í (µÑÇªÕé¢Í§ A áÅÐ B)

3. ¡ÒÃÃÑºÊˆ§¢‰ÍÁÙÅ ¿’§¡ŒªÑ¹·Õèãª‰ã¹¡ÒÃÃÑºÊˆ§¢‰ÍÁÙÅ¢Í§ Mex-files »ÃÐ¡Íº´‰ÇÂ¿’§¡ŒªÑ¹µˆÒ§æ ´Ñ§¹Õé

Fucntion Description

mxGetPr Assign pointers to the various parameters

mxCopyPtrToReal8 Copy right hand arguments to local arrays or variables

mxCreateDoubleMatrix Create a matrix for return argument

mxCopyReal8ToPtr Copy output which is stored in local array to matrix output

áÅÐÊíÒËÃÑºÃÙ·Õ¹à¡µàÇÂŒã¹¡ÒÃÃÑºÊˆ§¢‰ÍÁÙÅÊÒÁÒÃ¶Í¸ÔºÒÂ´‰ÇÂá¼¹ÀÒ¾´Ñ§¹Õé

Inputs
Integer B
B = prhs(2)

integer C
C = plhs(1)

func.F

subroutine mexFunction(nlhs, plhs, nrhs, nlhs)

In the gateway routine:

integer plhs(*), prhs(*), nlhs, nrhs

     −  Use  the  mxCreate  functions  to  create  the
        MATLAB  arrays  for  your  output  arguments.
        Set  plhs(1), (2),... to  the pointers  to  the  newly
        created  MATLAB  arrays.

     −  Use   the   mxGet   functions   to   extract  your
        data  from  prhs(1),  (2),....

     −  Call   your   Fortran   subroutine   passing   the
         input  and  output  data  pointers  as  function 
         parameters   using   %val.

integer A
A = prhs(1)

integer D
D = plhs(2)

Outputs

A call to 
MEX−file func:
[C,D]=func(A,B)
tells MATLAB to 

B to your MEX−file.
C and D are left
unassigned.

pass variables A and 

MATLAB

MATLAB

On return from
MEX−file func:
[C,D]=func(A,B)
plhs(1) is assigned
to C and plhs(2) is
assigned to D.

ÃÙ»·Õè ¡.2: ÅÑ¡É³Ð¡ÒÃÃÑºÊˆ§¢‰ÍÁÙÅÃÐËÇˆÒ§â»Ãá¡ÃÁ MATLAB ¡ÑºÃÙ·Õ¹¡ÒÃ¤íÒ¹Ç³¨ÃÔ§
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¡ÒÃãª‰§Ò¹â»Ãá¡ÃÁMex-files ·ÕèÊÃ‰Ò§¢Öé¹

¡ÒÃ¹íÒ Mex-files ·ÕèÊÃ‰Ò§¢Öé¹ä»ãª‰ã¹¡ÒÃ»ÃÐÁÇÅ¼Å¹Ñé¹ ¨Ðµ‰Í§·íÒ¡ÒÃá»Åâ»Ãá¡ÃÁ (compile)

¡ˆÍ¹ â´ÂàÁ×èÍ Mex-files ¶Ù¡á»Åâ»Ãá¡ÃÁáÅ‰Ç¡ç¨ÐÊÒÁÒÃ¶»ÃÐÁÇÅ¼Åä´‰ÀÒÂã¹â»Ãá¡ÃÁ MATLAB àªˆ¹
à´ÕÂÇ¡Ñº M-file áÅÐ¿’§¡ŒªÑ¹ÀÒÂã¹ (built-in function) ·ÑèÇä» «Öè§â»Ãá¡ÃÁ·Õèà»“¹ M-file ¨ÐÁÕÃÙ»áººá¿„Á
¢‰ÍÁÙÅ (file) à»“¹ .m áµˆ Mex-files ¨ÐÁÕÃÙ»áººá¿„Á¢‰ÍÁÙÅ¢Öé¹ÍÂÙˆ¡Ñºá¾Åµ¿ÍÃŒÁ (platform) µÑÇÍÂˆÒ§
àªˆ¹ º¹á¾Åµ¿ÍÃŒÁ Windows ¨ÐÁÕÃÙ»áººá¿„Á¢‰ÍÁÙÅà»“¹ .dll (ÊíÒËÃÑºâ»Ãá¡ÃÁ MATLAB 6.5) áÅÐà»“¹
.mex32 (ÊíÒËÃÑºâ»Ãá¡ÃÁ MATLAB 7.0 ¢Öé¹ä»)

¡ÒÃãª‰§Ò¹â»Ãá¡ÃÁ heat.dll

ã¹ËÑÇ¢‰Í¹Õé¨ÐÍ¸ÔºÒÂ¶Ö§¤ÇÒÁËÁÒÂ¢Í§¾ÒÃÒÁÔàµÍÃŒµˆÒ§æ ·Õèãª‰ã¹â»Ãá¡ÃÁ heat.dll ·ÕèÊÃ‰Ò§
¢Öé¹ ¨Ò¡¢Ñé¹µÍ¹¡ÒÃ¤íÒ¹Ç³¢Í§ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ � ��� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ
ÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉã¹ËÑÇ¢‰Í 3.1.2 à¾×èÍãª‰¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§
ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·ÕèÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.1) â´ÂÃÒÂÅÐàÍÕÂ´
¤ÇÒÁËÁÒÂ¢Í§¾ÒÃÒÁÔàµÍÃŒµˆÒ§æ ÁÕ´Ñ§¹Õé

MATLAB CALL: [ 0 , ¾ ] = heat ( ú , û , � , �Õk n p , 
 � , 
 � , nÀ¿ , h ¿ , a ¿ , V ¿ )
àÁ×èÍ ú áÅÐ û ¤×Í¤ˆÒ¤§µÑÇÊà¡ÅÒÃŒ·Õè¶Ù¡¡íÒË¹´¨Ò¡¤Ø³ÊÁºÑµÔ·Ò§¡ÒÂÀÒ¾´Ñ§ÊÁ¡ÒÃ (3.1)� ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹¤ÇÒÁÂÒÇ¢Í§ ��Õk`n p ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹àÇÅÒÊÔé¹ÊØ´
 � ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹ÁÔµÔ¢Í§¡ÃÐºÇ¹¡ÒÃ - 1
 � ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹ÁÔµÔ¢Í§àÇÅÒnÁ¿ ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹ÁÔµÔ¢Í§µÑÇ¤Çº¤ØÁh ¿ ¤×ÍàÇ¡àµÍÃŒá¶Ç ¯ h ¿ b � h ¿ � ��)4)f)4� h ¿ c ] Í ·ÕèáÊ´§á·¹ÊÑÁ»ÃÐÊÔ·¸Ôì¢Í§¿’§¡ŒªÑ¹¶ˆÒÂâÍ¹ \�] 
`_ �a ¿ ¤×ÍàÇ¡àµÍÃŒá¶Ç ¯ a ¿ b � a ¿ � ��)f)4)f� a ¿ c ] Í ·ÕèáÊ´§á·¹ÊÑÁ»ÃÐÊÔ·¸Ôì¢Í§¿’§¡ŒªÑ¹¶ˆÒÂâÍ¹ \�] 
`_ �V ¿ ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹ÊÑÁ»ÃÐÊÔ·¸Ôì¢Í§¿’§¡ŒªÑ¹¶ˆÒÂâÍ¹ \�] 
$_ �

â´Â·Õè \^] 
$_ � ! V ¿ L a ¿ b _�c ] d b L a ¿ � _�c ] d=� L )4)f) L a ¿ c ] d b _ L a ¿ c ]_ c LOh ¿ b _ c ] d b L )f)f) LWh ¿ c ] d b _ LOh ¿ c0 ¤×ÍàÇ¡àµÍÃŒàÍÒ·Œ¾Øµ ¯�� ¿ �z� b �|)f)4)f�z� � åDÍ¾ ¤×ÍàÇ¡àµÍÃŒàÍÒ·Œ¾Øµ ¯/��
$�%��� ¿ � �z��
$�%��� b � �&)f)4)f�.��
������ � å � Í
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¡ÒÃãª‰§Ò¹â»Ãá¡ÃÁ heatSmith.dll

ã¹ËÑÇ¢‰Í¹Õé¨ÐÍ¸ÔºÒÂ¶Ö§¤ÇÒÁËÁÒÂ¢Í§¾ÒÃÒÁÔàµÍÃŒµˆÒ§æ ·Õèãª‰ã¹â»Ãá¡ÃÁ heatSmith.dll ·ÕèÊÃ‰Ò§
¢Öé¹ ¨Ò¡¢Ñé¹µÍ¹¡ÒÃ¤íÒ¹Ç³¢Í§ÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºÃÐººàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐÃÐººàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ
¼ÊÁã¹ËÑÇ¢‰Í 4.3 à¾×èÍãª‰¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·ÕèÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡
Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤ÇÒÁÃ‰Í¹´Ñ§ÊÁ¡ÒÃ (3.6) â´ÂÃÒÂÅÐàÍÕÂ´¤ÇÒÁËÁÒÂ¢Í§¾ÒÃÒÁÔàµÍÃŒµˆÒ§æ ÁÕ´Ñ§¹Õé

MATLAB CALL:

[ 0 , ¾ ] = heatSmith ( ú , û , � , �Õk`n p , 
 � , 
 _ , h ¿ , a ¿ , V ¿ )
àÁ×èÍ ú áÅÐ û ¤×Í¤ˆÒ¤§µÑÇÊà¡ÅÒÃŒ·Õè¶Ù¡¡íÒË¹´¨Ò¡¤Ø³ÊÁºÑµÔ·Ò§¡ÒÂÀÒ¾´Ñ§ÊÁ¡ÒÃ (3.1)� ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹¤ÇÒÁÂÒÇ¢Í§ ��Õk`n p ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹àÇÅÒÊÔé¹ÊØ´
 _ ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹¨íÒ¹Ç¹¢Í§¡ÒÃáºˆ§ �
 � ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹ÁÔµÔ¢Í§àÇÅÒh ¿ ¤×ÍàÇ¡àµÍÃŒá¶Ç ¯ h ¿ b � h ¿ � ��)f)4)f� h ¿ c ] Í ·ÕèáÊ´§á·¹ÊÑÁ»ÃÐÊÔ·¸Ôì¢Í§¿’§¡ŒªÑ¹¶ˆÒÂâÍ¹ \�] 
$_ �a ¿ ¤×ÍàÇ¡àµÍÃŒá¶Ç ¯ a ¿ b � a ¿ � ��)f)4)f� a ¿ c ] Í ·ÕèáÊ´§á·¹ÊÑÁ»ÃÐÊÔ·¸Ôì¢Í§¿’§¡ŒªÑ¹¶ˆÒÂâÍ¹ \�] 
`_ �V ¿ ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹ÊÑÁ»ÃÐÊÔ·¸Ôì¢Í§¿’§¡ŒªÑ¹¶ˆÒÂâÍ¹ \�] 
$_ �

â´Â·Õè \ ] 
$_ � ! V ¿ L a ¿ b _�c ] d b L a ¿ � _�c ] d=� L )4)f) L a ¿ c ] d b _ L a ¿ c ]_ c LOh ¿ b _ c ] d b L )f)f) LWh ¿ c ] d b _ LOh ¿ c0 ¤×ÍàÇ¡àµÍÃŒàÍÒ·Œ¾Øµ ¯�� ¿ �z� b �|)f)4)f�z� � å Í¾ ¤×ÍàÇ¡àµÍÃŒàÍÒ·Œ¾Øµ ¯�¯ ��
��Q�3� ¿ � Í � L �^¯ ��
$�Q��� b � Í � L �&)f)4)f�&¯ ��
$�Q��� � å � Í � L Í
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¡ÒÃãª‰§Ò¹â»Ãá¡ÃÁ wave.dll

ã¹ËÑÇ¢‰Í¹Õé¨ÐÍ¸ÔºÒÂ¶Ö§¤ÇÒÁËÁÒÂ¢Í§¾ÒÃÒÁÔàµÍÃŒµˆÒ§æ ·Õèãª‰ã¹â»Ãá¡ÃÁ wave.dll ·ÕèÊÃ‰Ò§
¢Öé¹ ¨Ò¡¢Ñé¹µÍ¹¡ÒÃ¤íÒ¹Ç³¢Í§ÇÔ¸Õ¼ÅµˆÒ§ÍÑ¹µÐáÅÐÊÙµÃÇ¹«íéÒ � ��� ÊíÒËÃÑºÊÁ¡ÒÃàªÔ§Í¹Ø¾Ñ¹¸Œ¾Õª¤³Ôµ
ÃˆÇÁ¡Ñº¡ÒÃáÂ¡µÑÇ»ÃÐ¡Íº ��� áºº¾ÔàÈÉã¹ËÑÇ¢‰Í 3.2.1 à¾×èÍãª‰¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§
ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·ÕèÁÕ¡ÃÐºÇ¹¡ÒÃ¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) â´ÂÃÒÂÅÐàÍÕÂ´¤ÇÒÁ
ËÁÒÂ¢Í§¾ÒÃÒÁÔàµÍÃŒµˆÒ§æ ÁÕ´Ñ§¹Õé

MATLAB CALL:

[ 0 , ¾ ] = wave ( ú , û , � , �Õk`n p , 
 � , 
 � , nÁ¿ , h ¿ , a ¿ , V ¿ )
àÁ×èÍ ú áÅÐ û ¤×Í¤ˆÒ¤§µÑÇÊà¡ÅÒÃŒ·Õè¶Ù¡¡íÒË¹´¨Ò¡¤Ø³ÊÁºÑµÔ·Ò§¡ÒÂÀÒ¾´Ñ§ÊÁ¡ÒÃ (3.1)� ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹¤ÇÒÁÂÒÇ¢Í§ ��Õk`n p ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹àÇÅÒÊÔé¹ÊØ´
 � ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹ÁÔµÔ¢Í§¡ÃÐºÇ¹¡ÒÃ - 1
 � ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹ÁÔµÔ¢Í§àÇÅÒnÁ¿ ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹ÁÔµÔ¢Í§µÑÇ¤Çº¤ØÁh ¿ ¤×ÍàÇ¡àµÍÃŒá¶Ç ¯ h ¿ b � h ¿ � ��)4)f)4� h ¿ c ] Í ·ÕèáÊ´§á·¹ÊÑÁ»ÃÐÊÔ·¸Ôì¢Í§¿’§¡ŒªÑ¹¶ˆÒÂâÍ¹ \�] 
`_ �a ¿ ¤×ÍàÇ¡àµÍÃŒá¶Ç ¯ a ¿ b � a ¿ � ��)f)4)f� a ¿ c ] Í ·ÕèáÊ´§á·¹ÊÑÁ»ÃÐÊÔ·¸Ôì¢Í§¿’§¡ŒªÑ¹¶ˆÒÂâÍ¹ \�] 
`_ �V ¿ ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹ÊÑÁ»ÃÐÊÔ·¸Ôì¢Í§¿’§¡ŒªÑ¹¶ˆÒÂâÍ¹ \�] 
$_ �

â´Â·Õè \ ] 
$_ � ! V ¿ L a ¿ b _�c ] d b L a ¿ � _�c ] d=� L )4)f) L a ¿ c ] d b _ L a ¿ c ]_ c LOh ¿ b _ c ] d b L )f)f) LWh ¿ c ] d b _ LOh ¿ c0 ¤×ÍàÇ¡àµÍÃŒàÍÒ·Œ¾Øµ ¯�� ¿ �z� b �|)f)4)f�z� � å Í¾ ¤×ÍàÇ¡àµÍÃŒàÍÒ·Œ¾Øµ ¯/��
$�%��� ¿ � �z��
$�%��� b � �&)f)4)f�.��
������ � å � Í
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¡ÒÃãª‰§Ò¹â»Ãá¡ÃÁ waveSmith.dll

ã¹ËÑÇ¢‰Í¹Õé¨ÐÍ¸ÔºÒÂ¶Ö§¤ÇÒÁËÁÒÂ¢Í§¾ÒÃÒÁÔàµÍÃŒµˆÒ§æ ·Õèãª‰ã¹â»Ãá¡ÃÁ waveSmith.dll ·ÕèÊÃ‰Ò§
¢Öé¹ ¨Ò¡¢Ñé¹µÍ¹¡ÒÃ¤íÒ¹Ç³¢Í§ÇÔ¸ÕàªÔ§µÑÇàÅ¢ÊíÒËÃÑºÃÐººàªÔ§Í¹Ø¾Ñ¹¸ŒÊÒÁÑ­áÅÐÃÐººàªÔ§Í¹Ø¾Ñ¹¸ŒÂˆÍÂ
¼ÊÁã¹ËÑÇ¢‰Í 4.4 à¾×èÍãª‰¤íÒ¹Ç³¼ÅµÍºÊ¹Í§àªÔ§àÇÅÒ¢Í§ÃÐºº¤Çº¤ØÁ»„Í¹¡ÅÑº·ÕèÁÕ¡ÃÐºÇ¹¡ÒÃ
¶Ù¡Í¸ÔºÒÂ´‰ÇÂÊÁ¡ÒÃ¤Å×è¹´Ñ§ÊÁ¡ÒÃ (3.6) â´ÂÃÒÂÅÐàÍÕÂ´¤ÇÒÁËÁÒÂ¢Í§¾ÒÃÒÁÔàµÍÃŒµˆÒ§æ ÁÕ´Ñ§¹Õé

MATLAB CALL:

[ 0 , ¾ ] = waveSmith ( ú , û , � , �Õk n p , 
 � , 
 � , nÀ¿ , h ¿ , a ¿ , V ¿ )
àÁ×èÍ ú áÅÐ û ¤×Í¤ˆÒ¤§µÑÇÊà¡ÅÒÃŒ·Õè¶Ù¡¡íÒË¹´¨Ò¡¤Ø³ÊÁºÑµÔ·Ò§¡ÒÂÀÒ¾´Ñ§ÊÁ¡ÒÃ (3.6)� ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹¤ÇÒÁÂÒÇ¢Í§ ��Õk`n p ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹àÇÅÒÊÔé¹ÊØ´
 _ ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹¨íÒ¹Ç¹¢Í§¡ÒÃáºˆ§ �
 � ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹ÁÔµÔ¢Í§àÇÅÒh ¿ ¤×ÍàÇ¡àµÍÃŒá¶Ç ¯ h ¿ b � h ¿ � ��)4)f)4� h ¿ c ] Í ·ÕèáÊ´§á·¹ÊÑÁ»ÃÐÊÔ·¸Ôì¢Í§¿’§¡ŒªÑ¹¶ˆÒÂâÍ¹ \�] 
`_ �a ¿ ¤×ÍàÇ¡àµÍÃŒá¶Ç ¯ a ¿ b � a ¿ � ��)f)4)f� a ¿ c ] Í ·ÕèáÊ´§á·¹ÊÑÁ»ÃÐÊÔ·¸Ôì¢Í§¿’§¡ŒªÑ¹¶ˆÒÂâÍ¹ \�] 
`_ �V ¿ ¤×ÍÊà¡ÅÒÃŒ·ÕèáÊ´§á·¹ÊÑÁ»ÃÐÊÔ·¸Ôì¢Í§¿’§¡ŒªÑ¹¶ˆÒÂâÍ¹ \�] 
$_ �

â´Â·Õè \ ] 
$_ � ! V ¿ L a ¿ b _�c ] d b L a ¿ � _�c ] d=� L )4)f) L a ¿ c ] d b _ L a ¿ c ]_ c LOh ¿ b _ c ] d b L )f)f) LWh ¿ c ] d b _ LOh ¿ c0 ¤×ÍàÇ¡àµÍÃŒàÍÒ·Œ¾Øµ ¯j� ¿ �6� b �&)f)4)f�z� � åüÍ¾ ¤×ÍàÇ¡àµÍÃŒàÍÒ·Œ¾Øµ ¯�¯ ��
��Q�3� ¿ � Í �\L �&¯ ��
$�Q��� b � Í �9L �|)f)4)f�^¯ ��
��Q�3� � å � Í �9L Í
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»ÃÐÇÑµÔ¼Ù‰à¢ÕÂ¹ÇÔ·ÂÒ¹Ô¾¹¸Œ

¹Ò§ÊÒÇ¡Ã¡¹¡ §ÒÁÊÔÃÔ¸¹Ò¡ØÅ à¡Ô´àÁ×èÍÇÑ¹·Õè 1 µØÅÒ¤Á ¾.È. 2527 ¨Ñ§ËÇÑ´¡ÃØ§à·¾ÁËÒ¹¤Ã à»“¹
ºØµÃ¢Í§¹ÒÂ¾ÔªÑÂ §ÒÁÊÔÃÔ¸¹Ò¡ØÅ áÅÐ¹Ò§Ç¹Ô´Ò á«ˆâ§‰Ç ÊíÒàÃç¨¡ÒÃÈÖ¡ÉÒÃÐ´Ñº»ÃÔ­­ÒÇÔÈÇ¡ÃÃÁÈÒÊµÃ
ºÑ³±Ôµ ÊÒ¢ÒÇÔªÒÇÔÈÇ¡ÃÃÁä¿¿„Ò ÁËÒÇÔ·ÂÒÅÑÂÈÃÕ¹¤ÃÔ¹·ÃÇÔâÃ² Í§¤ÃÑ¡ÉŒ àÁ×èÍ»•¡ÒÃÈÖ¡ÉÒ 2548 áÅÐ
à¢‰ÒÈÖ¡ÉÒµˆÍã¹ËÅÑ¡ÊÙµÃÇÔÈÇ¡ÃÃÁÈÒµÃÁËÒºÑ³±Ôµ ã¹»•¡ÒÃÈÖ¡ÉÒ¶Ñ´ÁÒ ³ ÀÒ¤ÇÔªÒÇÔÈÇ¡ÃÃÁä¿¿„Ò ¤³Ð
ÇÔÈÇ¡ÃÃÁÈÒÊµÃŒ ¨ØÌÒÅ§¡Ã³ŒÁËÒÇÔ·ÂÒÅÑÂ ÊÑ§¡Ñ´Ë‰Í§»¯ÔºÑµÔ¡ÒÃÇÔ¨ÑÂÃÐºº¤Çº¤ØÁ
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