CHAPTER 1V

Let V be a finite-di

vector of V with highe. Suppose fm—ml and A(hy) = ma.

I'I1

Then a Verma basis of ] 't t

where a1, a2, as,a4

]

We want bitrary element of

Il

0(5,C) on an arbit H elemen@ of V; for this it is sufficie 4 to know the action

of the elements of a enerators of 0(5;C) on the elements of a Verma
basis of ‘ﬁ S:J m E\le;]fﬂhjction of the
Chevalley generators {z1,%2,v1,y24 on the elemelﬁof the above Vﬂa basis

ARIRNNIUARTINIRE

The following notations are used in this chapter. Let B denote the

above Verma basis. For each i € {1,2}, let

S; = span{z;, hi,yi} and B; = span{z;, h;}, where h; = [z, y:]-
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 Observe that for each z € {1,2}; S; is isomorphic to sl(2,C), while B; is a

two-dimensional nonabelian subalgebra of S;.

Lemma 4.1.

i) X = span{y}-v -module,

is a basis of

ii) For each k

xrit 1

is a basis of Yi, and with 1 > my + k.

L o

Proof:

\Y' ,\.l |
i) Since vt 1@ 13 lows-from the theory of
J
s{(2,C)-mo J

"B 1 jtﬂw Wt
"&ﬁ’ﬂﬁﬁﬂ‘i’ﬂi umqﬂma EJ

= span{y?2y} - v* |1 € Z§ with p <1 < ma},
and let

Y =span{y%y‘f’y§ vt 4,5 €Z with0<j <k, pu<i<ma},



35

where p = max{0,a; — my }, k = 2az ~ p. Also, for each j€Z§, with0<j<

mo, let

1) X is a By-modul ”ﬁ module S(k + n,k —n),

where n = my

{C#+,y2y?2y£‘+' .  with 0°< 0 <1< mg—p}
is a basisof Y.

Proof: Fix a; € Z§. s a By-module . This is

—

- obvious if X = {0}. Suppose X # {0}; it : o show that for any 7 € Z¢
et S L i

e

with p < ¢ < moy 22 « (Y1 °¥s ), ; Y12y e d the fact that

- -
yi?ys - vt isa k }‘ € X. On the

other hand, m m

ﬂumwﬂwmmﬂi
RRAGIABRENINY A

ase 1. g < i < my. Then by Lemma 4.1 ii), yf2y;7" vt = 0if ap > m +1
and it is an element of X if a; < m; +:.
Case 2. i = u. Then a3 = m;+t¢ > my+i—1. Thus by Lemma 4.1 ii),

yityy vt =0

11bBFHHYS
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Hence z; - (y§2y3 - vt), ke - (y52ys -vt) € X, and X is a Bs-module.

Next, we will show that

Zy = {C'u+tyilzyé‘+l

is a standard basis of X

ythOSisz-p}
@s a string module. The

d

an, p+i

elements y{2ys " - v, ¢ distinct elements of

8, hence they form a i X as well, because the

coeficients C\4 are z

Next, we will look a elements of Z,. Fix

i€zt with0<i<m

az, pti

ha - (Cutiyiyh (hz)yi"yé‘+' vt

az, pti +
Y1’yz v

z)
21)

y;lzyé"*" . 'U+

| =0,
. 2, BT -
z (C‘H—B Y2 ’ Covi yl2ypti—1, m if:>0.

p+i—1 yz Y

i S EN ST 3

hz (Cuyi®ys -v™) = (m2 — 28 + a2)Coyiys -

q‘maﬂmm ummmaﬂ

hy - (szyl y2 ) +)—(2a2 _m2)szy1 y2

and

‘Thus X = S(my — 2p + 2a3,a3 — my). Therefore X = S(k + n, k — n), where

‘n=ms— U
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ii) First, we will show that
Zy = {Cppivdy2ys™ vt | 4,5 € Z§ with 0< j <k, 0 <i < mg —p}

is a basis of Y. It suffices to show that k ='min{m, + a2,2az}, for then the

elements of Z, will be nonzero scalar multiples ef‘elements of the Verma basis

$B. Indeed we have

Jor = 2(12 i
= 2ds ~max{0,a; —m;}

= 2a, + min{0, m; — a2}

= miri{2as, myj+ a2 }

Thus Z is a basis of Y.
Finally, we will show that'¥ is a Bs-module. This is obvious if Y = {0}.

Suppose Y # {0}; it suffices to-show that for any z'_,j € ZF with0 < j < k,

0 < i < my—p, wehavehs-(Chyitdui?us ™ v t), @2 (Cpriviwi*vh T vt) € Y.

As before, h, -(C#+iygy;‘2yé‘+‘. P——

vT) €Y, since y‘gy1 s T s a weight vector.

" On the other hand,

22 - (Curidyizyh - 74
al _ if:=0andj=0,
Cppicy®yl Tt ifi>0@andj=0,
= QB n 1 g DGy wiys v if i = 0,andj >0,

Gk +n—2— 5+ 1)Cuyiyy yPrys™ v

az, pti—1 vt

| 4 Curicvlyliyt ifi>0andj>0.

Thus z; - (C +,-yjy“2y“+i -vT)€Y,and Y is a By-module. #
n+iY2Y1° Y2 '
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Lemma 4.3. DefineY as in Lemma 4.2. Then an action of y2 can be defined

on Y which makes Y into an Sz-module.

Proof: By the proof of Lemma 4.2 ii) we have Y is a By-module such that for
anyi,jEZg'withOSjSk,OSisz—p, |

1) hy - (Critdy ot by = (b my — p = 22250 G avdyyf T o

and

2) 22 - (Cppivdyl2 yh e )y mal— pp— 2 = § F)Crivd yi2 ™ ot

2

+ Chim vy s T oY
Then by Lemma 1.7,¥ can be made into an S3-module by keeping the same
action for z; and h, and defining an action of y; by the following: for any ¢,

jE€ZF with0<j <k, 0< i< ms=p,

3)If0<j<k,then

oyl PR ) = g+l i
y2 - (Curivdui?ys -0 ) = Curiys yi’ys" -7

4) If 0 < i < mg —p, then

ﬂ‘lq-p.—i

~ sl
i —1f{Mm2— =1 .
v - (Cppatbylryl™ vty = 3 (-1 ( Ty >H<k+1—r><z+r+1>
’ p=1 r=0 :

| k+1+p ptitp |+
Crti+pYe YT Ys v

5y Gy ¥ Y7 ot ) =0,

Thus we have Lemma 4.3. ' #

Note that from Lemmas 4.1, 4.3, Theorem 2.5 and Lemma 1.6, we have

the following formulas for the actions of ks, T2 and y2 on an element y53yr2y,"
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v+ of the Verma basis *B. Let a1, az, a3 € Z7 with 0 < a3 < m3, 0 < ap <
my 4 a1, 0 < a3 < min{m, + az,2a2}.

1) The formula

hy - (y2°y1%y2"

is-clear. | x
2) By Lemmas 4.1,/

a1:0:a3’
ifa; >0and a3 =0,

if ay =0and a3 >0,

| +as(mz —2a; —as . ifa1>0anda3>0.

az—1_a>
>3 Yo Y1 ypt

is an element of B ”l ot be an element

. J

We consider,y53y;y 2y, 10w+ in the case a
Haummw%’umm
If a, < mi + aj, then y; yf@‘“‘1 -oTt

Rk Flnpald AR1INYIAY

+) _ya3+l 22,21 4 +

y2 - (v2°y1tyg' - Y122

and this is an element of B.
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4)If0 < a; < mg and a3 = min{m; + a2, 2a;}, then

. ag ai—s 1— r)(a — + r + 1)
. (1®39,%29,81 . ) = g4 —1)es—s Hr—o (a3 + v 1 — M
y2 - (¥2°y1?yet -vT) =@ E ( (a3 +1—9)(a1 +as+1—s)

,/// yyyprypiTestiTe ot

s=az—mz2+a

where g = max{0,a; —m

Observe that /
a) s <ag
b)1<a3+1
c)a;+1<

d)0<a1—

e) [1720°(as +

Let
1 mao + a) + 1< 0 3
so = ﬁ"f" HJ
' +1>0.
;_,
Then I:.'"

B I”I

as a3——3 1 _ (a _ + r + 1)
3,,82 T a 1 aa—3 T— (a3 + 1~ ¢
T

ﬂ‘LlEJ’J VIEJVI?W L i
‘ﬁcﬁﬁﬂﬁﬂ‘ifﬂ‘ VNN AR

11<a1+(13+1-—3 mo, 0 <

ysyPrygrtesti=e ot € @

5) If a; = m, and a3 = min{m; + az,2as}, then

y2 - (y32y52yst -vt) =0
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. Lemma 4.4. Fix a3 € Z{, let

Blas) = {yi*yb2y2yd? - v |by, ba, b3, by € Z§ with

Sy-module.
Proof: Since B(as3) 13 Sp ans »I is a basis of Z(a3).

.Next, we 7' an S -module. If a3 = 0, then Z(a3) =

1+ b2,2bs, 03},

I"nﬁﬁ_ﬂ -

N 2]}}

, 04 ﬁg’ With

0 < by £ my,
o

AUt NN eIy

0 < by < min{m,, |as 2.”}

QARG RN AN &

max{a;; —mj, [a3/2]} S b2 S ma + bl,

0 < by < min{m,, |_a3/2J}} .

We will finish the pfoof of this Lemma by induction on a3.
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Basis: a3 = 1. Then

Z(as) = spa.n{y1 y2 y1 y2 ~vt | by, bo, b3, b4 € Z7 with

Sb2 Sml'*'bl)

b2, 2b2,0},

- —— A
) , w}}
_span{yIM o) 0§b2 §m1'+b1}

Induction step: Ass Jule \ Z*. Then V/Z(as3)

"'x 1- -module. For each

Y(a3,b1)=spa.n{y lthOSZSml-*-bl}

We will first show tha 75 b7 s a B ote that
E"'ﬂ vt + Z(a3)

;
VU ENTHYANT e 1

2&13 if 2 = 0.

AAINIUNBIING IR ..

Y (a3, b1) is a By-module.

h1 - (y5°yivs

and

Now let 4 = max{as — my, [as/2]} and let

By = {y3°yivs' v + Z(as) |1 € Z§ with p < i <my + b1}
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We claim that 9B, is a basis of Y (a3, b1). Clearly %1 C Y(as,by). First, we will -
show that B, spans Y(as3, b;). Fix, ‘i € Z§ with 0 < ¢ < m; + b;. 'We must

prove y23yiydt . vt + Z(a3) € span?

Case 1. a3 < min{m; +¢,2¢

Thus

Case 2. a3 > min{
. .b
Y2 V1Y

Subcase 2.1. b = 4.3, yd3yiylt .ot = 0.

Subcase 2.2. b; # ma. 4.3, ys3ys yl,_,” vt can be written

T e et

as a linear.com

{y2 y1y2 3 i,2t,a3 — 1},

iil ;
. b1+1<a1 < my

ﬁHEJet’J‘%fIEWﬁW Al

Thus in Ca y2ayiyle . ++Z({) = Z(a3).

ST AN

Secondly, we will show that inearly independent. Suppose

my+by ‘ : .
> diystyivet vt + Z(as) = Z(as),
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where d; € C for all: € ZaL with 4 <17 < my + b;. Then

my+by

i aombination of elements

| ——

az, i,.b1

{ysvivy! vt |i €

\ d ’: e disjoint subsets of
. F ’ \\\ <: < mip+ b;. Thus
B, is linearly indepe .--- - \ A

Next, we will ] 'd hal

”1

where

i #£0forall i € ZF

)
ﬂﬁﬂﬁwﬁ%’wmm

is a basis of ¥ (a3, b1).

TR Inhm N e

z1 - v = Cuz1(yg*yiys* - vh) + Z(as)

for all i € ZF with(

with 0 < 5 < my +E 4. Thus

{ Z(a;;) if H = 0,

p(l—p+mi+b)ys°yl gt vt + Z(as) i p >0
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Consider y5y4 “lydt .yt + Z(a3) in the case p > 0. Recall p = max{az —

my, [a3/21}

Case 1. u = a3 —m;. Then

min{m; + (¢ — 1)

and %3— < [a3/2] £

If a3 < 2(0.
If a3 = 2(a 77 - mq) 03 — 2.
Thus
ml) 3
min{m; +
2(0.3 - ml)
Hence
_ < Z{az — ml) s
ygay{‘ :_
I,*-.rJ 3—my),
T
Case 2. p = [a3/2 Then A

i SR Tt BT -

and az — m; < [a3/2], which 1mpl£s az < my + [e3/2].

ammnmummmaﬂ

if a3 1s even ,

2

[a3/2] =
93—2ﬂ if az is odd .



46

If a3 < mq + [a3/2], then 2[a3/2] < my + [a3/2] which tell us 2[az/2] — 2 <
my + [a3/2] — 1. If a3 = my + [a3/2], then 2[a3/2] —1 < m; + [a3/2] which

tell us 2[as/2] — 2 < mq + [a3/2] —1||

—9

is odd.

min{m; + (p —

Hence
1, if a3 is even,
ag 1
Y2°y1 Ya
agz is odd.
"Thus in both cases implies y,* A s zero if by = mo and a

linear combination of
{y5e #1a1'+|a173€‘ <mg, 0< b3 <a; —1}

if by # m2, and this la

that is, z1 - vp = m)
for all z € +w1th0<z <

Next, we will'show that z - v; =
oo BULATETITWINNAS
— 21 - (Coy 3 bty by L 70 e/
ama JHaAIIneay
= Curilp+ )1 — p—i+my +b)ygyd T gt ot + Z(as)
as, pti—1 bl

= Cuti-1¥2°01 vF + Z(a3)

= Vi1
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Finally, we calculate

hy - vi = Cpyihi - (y2 y{‘+l ! v"') + Z(as3)

hy - Umy+b, by - ; L ' )vm1+b1—#

Then Y (a3, b1) is a stri 416 S( £ —my — b1). Thus

Next, let
T(ag,bl)—sp kE, p<i<mi+b}

b fll laiming that

VRN R e

is a basis cmT(ag, by). Since Cpy; 75 0forallze Z"' with0<i:<m 1 +a; —

ﬁ‘mﬂ"ﬂﬂ‘iﬂd NiﬂTJﬂEJ']ﬂEJ

{ylygay{"*"yg‘ vt 4 Z(a3) | 1,5 € Zf with0<j <k, 0<i<m;+b —

We will show thatﬂag, b1

7
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is linearly independent. Observe that

k=a3—-u

Thus

pti, by

{ylyZ Y1 Yoo < my +a; — p}

is a subset of ‘B, ly with 0 < 5 < k,

0<i<mi+a—u %Y
{yly2eyt iyl ot + Z(a3) | 47 € Zg wit j<k 0<i<mi+a —u}

-

is linearly inde D ‘_ia,——.

By Le *r_ : '1" 3). Observe that

) as well.

AR ISR A ANy

hi-(z+ Z(a3)) = h1 -z + Z(a3) € Z(a3z + 1)/ Z(as)

Z(aa +1)/Z(as) % T(as, b1)
will thenﬂ ul ;ﬂuymodu e ofEJ n W EJ’] ﬂ ‘j

Thus

hi-(z+4 Z(a3)) = 2' + Z(as3)
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for some z' € Z(as + 1), so h1 -z = z + 2" for some z" € Z(a3) C Z(a3 + 1)~.
Thus k- z € Z(as + 1). By the same argument we haire z1-2z,y1-2 € Z(as +1)
as well. Hence Z(a3 + 1) is an S1-submodule of V. Thus the result holds in the
case ag + 1.

Therefore we have Lemma 4.4, ' #

The following proceduresd, II, II1, IV and V are important tools. They
will be used for finding the action of the Chevalley generators of 6(5, C) on an

arbitrary element of the Verma basis ‘B.
I. Fix a3,a1 € ZE,*'. Let

p = max{as —mijs[as/2]}.

Basis elements with the given exponents a3, and a; are:

ia1

{yiysyiyst - ot | j € Z¢ with 8< 7 < min{m, |a3/2]}, p < i <ma + an

We comnsider ygay{‘—l'y_;‘ oyt T = 0 or y23yETigs .yt = 0, then

we will consider the action of y; on this basis elgment in II. If g # 0, then
p = a3 —my, or f = [a3/2] and by the same argument as in the proof of
Lemma 4.4,we have that min{m, + (x.— 1),2(x — 1)} is.a3.~ lor az — 2.
Case : a; = my. ‘Ther by Lemma 4.3, 524 7 ygr'. vt =10.UThus we will
consider the action of y; on this basis element in IL
Case & a; # ma.

Subcase : min{m; + (g —1),2(x — 1)} is a3 — 1. Then we will consider

the action of ¥, >on this basis element in III.

Subcase : min{mi + (z —1),2(px — 1)} is a3 — 2. Then we will consider

the action of y; on this basis element in-IV.
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II. Fix a3,a; € Z[)". Let
p = max{as — m1, [a3/2]}.

i

{vivseyivst -vt |4,5 <j miﬁ}, p<i<mi+a}

Suppose y3°yf' ’1y§/

We will find

Basis elements with the giv

the basis elements

with the given expon

X = span{y - 'm’ with 21+ ar}

= span{ys°yf" '¥g* v [i e ZEWw m1 + a1 — p}

!
andletc;z(m1+al)(. g'withOSiSml-l—al.
Tt is clear that {g§sy"t? |1 € ZF with n1 @ — p} is a basis
of X. We claim_ 3 [u] 1.,‘

D, = {cu+mz‘3yi‘+iy§‘ 0T [ € Zg with 0 <4 Sﬂ + a1 — p}

g 1< 1L L

clear that m is a basis of X with 0 <1 < m; + a3 — i, we have

CLRERIRIvH el UL

= curi(p+ 1)1 — p =i +m1 +a)ysyl T Tyt 0T

_ . a3, p+i—=1_a
= Cut+i-1Y2°Y1 Yo' - vt

( observe that if i = 0, then z, - (c,y2°y1y2' -vt) =0) and
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2) hy - (c#+iy§3y{f+iy§‘ . v+) =(m1+a —2(p+ i) + a3)c#+iy§3yf+iy§1 o7t

Thus X is a B;-module and D; is a standard basis of X. Observe that

+

hy - (cuys®yiys® - v 2u + a3)cuyr*ytyst - v

while
mi+ay,,aq +

a - a
hl . (Cm1+a1y231{ F - Rl C oo alyzayl Y21 v

’H\ :

Then X = S(my + g ch is the same as S(k+n,k—n)
ifk=a3 —pandn - \

Let

Y = span{yJysy! y k<1 <mi+ar}

We claim that

_D2 = {c#+iy{y;3yf'+zygl y —f_'f:—#g%._ ] < k, 0< <mj+a; — ,U,}

is a basis of Y Mt=suffices-to-showk-=inii '“—‘ﬁ“ﬁ—"s#—.- en the elements of

ﬂsc 1€ % ma basis, B. Indeed

D, will be nonze e
!

we have

¢

- AUNTMANINENNT
QRIANTEAF TN Y

Thus D, is a basis of Y.
" By Lemma 1.6, Y is an S;-module . We will use Lemma 1.7 and Theorem

2.5 to find the action of y; on the elements of D;. At the same time, we will
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write down the actions of h;, z; and y; on the corresponding elerﬁents of *B.
First, we wiil show that the actions of h; and z; oﬁ D, satisfy Lemma 1.7. For
1,7 €ZF with0<;j <k, 0<i<my +ay —p.

1) by - (curiylyeeylTiyst - vt) = (B tn = 205 2)curiyyseyl iyt ot

That is,

hy - (yiySeyldiget Ty =k +1n — 20— 2] usRyl tiyg vt

ag, Ati a, as, pti

2} 1 - (curiviya®yr ygd®o ) = ({21, vl +wdz e astyr yst vt

. ] +:
£ [r1, 9 epriysyl Tysr ot

F Cp+iy{y;3 ([zl ’ y{t+1] + y{‘-*qzl)y;l ’ ’U+

That is,

zq - (ylyyhtiyst vt

(§(1—j +m1+a+ag=2p— 20y uotyl g o vF
+(p+ D) +ar — p— i+ Dylystyd T g ot ifj>0,1>0,
=4 (p+ ) (mi+a —p St DySEytT g if;j=0,:>0,
i1 =7 +my+ a1 +ay =2yl ustutyst vt ifj>0,i=0,
L0 £i=0 i=0.

First, we consider y{_lygsy{‘“y;‘ +v* in the case 7 > 0y¢ > 0. Then

0<j—1<k, pu<p+i<mi+ag Thusyl Tygeyttiysr vt €Y.

Next, we consider ly{ygay{‘“—lyg‘ syt in the ecase 5 > 0,2% 0.~ Then
p<p+i—1<m;+a. Thus ylygoyktiTlys .yt € Y. Hence the actions of hy
and z; on the elements of D, satisfy Lemma 1.7. Thérefore Y can be made into

an S;-module by keeping the same action for zl' and h; and defining an action

of y1 by the following: for any :,; € Z[,*' with0< <k 0L <my +a; —p,
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3) If0 < j <k, then

+1 1
1 - (yiyBeyttiyg oty = it yasybtiyen ot

y1 - (curiviugul ygt o

mi+a,—p—i J \
\\""*\‘ k4+1—r)i+r +1)}

az, ptitp a;

Pygtyt T Pys oyt

That is,

+1—-r)zi+r+1)
s p+i+k+1-3s)

v - (yEy@eyttiyst v

yiygsyt T T ys ot
where -
A
'I 1+—i)<0,
Sg =
k-l—k— mi +a; —1) 1fk+1—(m1+a1 —1) >0.
obsewetﬂ'lJEJ'J VIEW]TW e179
a) ( +1—5)>0
N AT F@&}N"ﬂﬂ? NYIAY
c) Hr_o(k+1—r)—01ﬁ's<0
d) 0 S So S k
Thus y3 ygsy{‘+'+k+l sy‘z"1 -vTt is an element of Y, moreover it is an element of

%forallsezgwithso <s<k.
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mi1+ay

5) y1 - (cmy4+a ¥ yz2y T4 y5t - vF) = 0. That is,

k a3z, mi+a1,,a

y1 - (Y1 y2° 1 Yg ' -

Loty =0,
. Wy) [a3/2]}. Basis eléments

min{ma,laz/2]}, p <i<my+ar}.

' \?\.{ 1 the basis elements

with the given expone et po =-max{ 1}. Then by Lemma

II1. Fix a3,a; € ZE,*'.

with the given exponen

{vivsruiys* - vt |44
Suppose min{m; +

We will find

4.3,

p—1 +
Y22yl yat v

—r)(a —po 7+ 1)}

az — s)l(ay + az — s)!

5 ;y{*—ly;1+aa—s ot
-
AY )

T
1 a az — My .'!lll. >

where

0
‘ 1+ a3 —my iful—ag—mQZO.

AU AVLRINENT
PR RIATIRIRSRETA Y

Observe that ¢; # 0. Then

az—1

— -1 -
vt st ot = ) qeysyl gt e v (1)

3=3p
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Foreachi,sEZ('J" with 0 <:<mj+a; —p, so <s<asg, let

Observe that p;, ds w1th 0<1<m +

— u, let

Observe that
a) sop <s<az—1
b) p<p+e

E e

¢) a1 Pl artar—

Vi 4

Then the element 3y Zs ;.,. i<mi+a —p, .
|

!- i¥
so < s < a3 are all 1stnct elements of 8. Hence

ﬂ‘lJoEJ’J RENINEIAT
ﬁ“ﬁ”ﬁmﬁ‘imﬂﬂﬂﬂmaﬂ

Let X = spanD3;. We claim that X is a 31 module and D3 is a standard

basis of X. This will also tell us that X is a string module. For each i € Z§
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i, we have

with0<:1<m;+a; —

' ) a 4 1
\
_GZ gsCs o Nt T ?-Eﬁ\ y2y1+' 1y;1+43—‘3 . v+}
s=3g ! “'
k "

= pPi-1 ! s
dsl(;);) a3 .i- = ;]

az—1 d(l 1)

- Z )
= vi-1 'F N

il
I a3—-1
a3 1y2 . +)__ (y2yl ya1+a3 s,

i ”°‘f51{1;s'm ;m_w 61N
am RMGaAINEIANNAY

3=3g

a3—-1

-1 a1+ +

=p°{y§3y1 gt vt = ) gyl Tyt }
8=38g

=0
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Also, for each i € Z;,* with0<:<myp+a —
hi-v; = (m1 +a, +az3 —2u — 2i)v,~.

Thus X is a B;-module with standar

Observe that

while,

S(k;{—n,k;n),w

Let

Dy = {y] v my + a1 — p},
and let Y = spanD,. We'clai i tha g . It suffices to show linear
independence.

First, observe ths

—mu,[as/2])

ﬂuaﬁwgﬂﬁﬂawni

=a3 — max{as

‘ﬂﬂmﬁﬂﬂ{ifﬂ ﬂ‘lﬂﬂ’mﬁl'l Y

a3——1 Py
s d() pt+i, ay+az—s  +
- Fo vivivit'ys ‘v

8=80 Ts
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Observe that,

(1)

a3z Taz

b) yiyseyttiyst v

¢) By Lemma 4.4 t € Z(a3)

Then by Lemma 2.10 ZE)F with 0 < j < k,

0<i<my+a—

1) hy-(y] -vi) =

2) 21 - (vl vi) = {[a

=3j(l—J Dyl - vi +y] vina
— (k
Thus Y is a B1 -—----——---——--— _'E‘J 1sfy 1) and 2) of
Lemma 1.7. There eY c N0« ér!‘ ;r keeping the same

i
action for z; and h1 and defimng an actlon of y; by the following: for any

’“Z*ﬂ'l{ﬁi’ﬁ’]ﬂ?ﬁ“"r’m’lﬂ‘i

Ny TRUELyE) el Tate

mi+a;—p—1 ~N p—1
0 (y{‘ vy = Z {(_1)p-—1<m1 +(11p—‘l1—z> H(k—l-l )i 1)}

p=1

k4+1—p
Y1 * Vitp
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Lett=k+1—p. Then

k : | ~ k—t
yi- (1 i) = E {(_1)k_t <m1 a1 2 z) (k+1—r)E+r+ 1)}

t
Yy * Vitk+1-—t

0 / e nl—ay -t pti<0,
to =

k+1 3 - n g+ p+1>0,

where

For each i, t € Z7

Then

X

titktl—=t ay .+

Y1Y2° Y1 Yyt U

(0)
t=tg ) da3 Tas

11 TN
IR IUNRINYIAY

k, a3, pti_ a;

yx-(y{‘-vi)=pi{g@$“—-y1-(y1y2 vityg - vh)
r

ag ‘as

a1 4D
sQs i -
- oy (uvsyd Ty e ’-v+)}
Ts

8=gqg 9
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Thus

.(yk ag, p+i_ ay

p+i aitaz—s +
1Y2°Y1 Ygp oV 1rasz— )

1 (yFysyt T ys ‘v

a, ptHitk+l—t a,

J J-z "U+l

‘k&i\‘}g" utitk+1— tygl+a3 s v+>}

(%)

The usefulness of e v how to express

y1- (yFysyi Pygr oo vt ) and yiysy T

we know how to express y; yﬁg;

5) Y1 (yillc ) vm1+a1—/.t) = F [1S=tells

+ in term of B, then

5 of B.

d

’ amm}
s ﬂUﬂ?VlEJﬂ?WEﬂﬂ'ﬁ '
Wﬁ"‘éﬁﬂimiﬁﬂ AYiEARE

The usefulness of equation (**) lies in the fact that if we know how to express

-

U) .
s Ts

E 8=3g d

- (y¥ yzym1+a1y‘2”+°3—’ - v1) in terms of B, then we know how to express

Y1 '(yl Ys yin”L‘”yz1 -v71) in terms of B.
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We can find formulas for z; - (y1y§3y{‘+'y§1 vt) for all 1,5 € ZF with

0<j<k 0<i<m;+a;— p with the help of formula 2). We obtain

-1 a3, puti_ a vt
Yly1 Yl cvT

Thus

a3 -1
a3 Ta3

1 -(y1y2 y{‘_H 2! Ui)ﬁ ,)

pzd( zry]

AUEATI ﬂ?ﬂﬂlﬂi

Qﬁﬂﬂﬂﬂ‘imlmﬁ’”ﬁ‘ﬂﬂqﬂﬂ

](k +n—2t—7+ 1)p,d( )yl ly"sy"""

d(o)

az Tas

4 i d{T Dydygaystizl)ym 'v+}

(%)



This shows us that if we know how to express y1 ygy{‘”"'ygl“*‘“s Syt

+i - F'+1 -1 a y #+1 -1 +
L (Ylygyttiymtreee ot ylygsytt T gl vt and ylysyl T T g e 0t

3, mt+i, a1

in terms of B, then we will know how ess z1 - (ylygey! vp' v1) in term

of *B.

IV. Fix a3, ’ 3/2]}. Basis elements

{y1y2 yiyé’" +| ,;L<'L<m1+a1}
Suppose
min mo
We will find the formul &) Al Y1 and 2 he basis elements with
the exponents az,a;. o 12 vy Lemma 4.3,
-1, a1 , +

Y22yy Y2

—po+r+1)

' l
E.\?:So " (as —1-5)(ar + a3 — 1= s)!

a1+az—

meﬂuﬂﬁﬂﬂﬂﬁWﬂWﬂﬁ
ol AN IR TIMA Y

For each s € Z(T with s < s < a3z —2, let

Ha3_2 (a3 —1— r)(al o + 7+ 1)
(as —1—3s)(a1 +a3 —1—3s)!

qs- = al'( 1)a3-2 s



63

Observe that ¢; # 0. Then

az. . p—1_a +_ -1 _a;+az—1-—s +
y23y1 y21 . = Z n * y21 3 L. )

Observe that for each's < as —3, Y5 Ui 1y§1+“3_1_’ -vt s

-2 p -1 _a;+1
y2 - (¥2° 7y v

1)(a1 ;1,0—}-7'—}-2)‘
—1 N(aq +a3——1——s)'

p—1 -
y;y{‘ y§‘+a3 3~v+

where

ay + az — my ifa1+a3 mp 20,

o BN NN
CLRCRECb i sk

Observe that ¢, # 0 and y§y~ 'y5:7237° . v* are elements of the Verma basis,
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B. Hence

a3—2

-1
yeryt Tyt ot =) qlysyt Tyt ot

ot
+
We need to compare v
Case 1. a3 + a3
Case 2. az +a;1 —m . ) so + 1.
Thus
—1_ay ‘-'_.--——-———-——— s
y2 yl Y2 - oYY afas +a; —mo—1< O’
v. L) ‘

fa3+a1 mg—-lZO.

i
In Case 1, let lo—qoimdl =q' +gs forallsEZ+ with s < a3 — 2.

o 2ﬁﬁ8ﬂ“’1ﬂ HYEREINT

a3—2

ARSI &

for'both cases.

For all i,s € ZF with 0 <:<mj +a; — g, and to < s < ag, let
0 K

ds? i LAY
3 1 1_a
vi = pid Vs Ut st ot~ rom A A

az Tag s=ty s 'Ts
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where

i:

for all s € Z+ W1th¢ g sa : - me s 1n II, we have that

Y :span{y C kY, T < mi + ay —-ﬂ.}

that for each 2,5 €

1) Y1 (y{cygay{‘*ﬂy;l - ’ ; . Yt 3y§‘+1y;1+aa—s . ’U+)

is an S7-module,

Z§ with 0 < j < k,

Lygayptithel- tyé’" +

YU ANYNINYIAT <

k+1——m1——a1 u‘—z if k+1—m1—a1 ,u+z

Qﬁﬂﬂﬂﬂ‘iﬂmﬂﬂﬂﬂﬂﬂﬂ

ett) = (—=1)*~ t(ml :_zll ) H(k+ 1-n)(i+r+1)

where

Jo

for all 1, € ZglwithOSiSml +a; —p, 30 <t<k
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ag—2
l
2) yi-(yFysey T rypt vt) = d(o)raa{z (o; 1 (yFysyrt g tes ’°v+)}
s=tg Ys 3

3)

az, pti ar |

Iy - (y1y2 Y1 Y2 . (J(k +n—2 -7+ 1))TJ{_1

Y1+ 7 — 1)y;1+a3-3 . ’U+)

1_ag pu+

\\ 7+ 1yl vyl

Observe that

. r:'
{Eﬁygl. vt i€ 2 withp<i<my 1) 1}

“*’““W‘EJ“%W?W dlip]

Lemma 4. 5 Let ! € Z. Suppgse that there exist a3, a1 € Z+ ch that

AR R DR 2 1 2 e

no negatlve integer such that {i € ZF | y2eyiyd vt € B} # 0, where b =
| — b3. Then
i) z1 - (y2yfyst - vt) = 0, where p = max{bs — m1, [b3/2]}.

ii) X (b3, b;) is a By-module.
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Proof: i) We will prove this by contradiction. Suppose z; - (yg"y{‘yg1 -vt) #£ 0.

Then g > 0 and

1 (vulyst - by yt Nyt vt
is nonzero. Hence y5? y ave that

of 8, where

Thus there '.;f?— bitbs—s .+ 8.

Asmc: s + (b ), 1o of bs. Therefore
TR TJET”] VIEJ“V]“?W gng
KR aﬁﬂ'ﬁm UAINYIAY

V. Next, we will explain how to find the action of z; and y; on an
arbitrary element of the Verma basis, 8. We must go through the following

procedure. Fix as,a) € Z§ with {i € Z§ | y53yiys' - vt € B} # 0. The basis
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elements with the given exponents a3, a; are:

{yiygeyivet vt 14,5 € ZF with

B} # 0, where b3
First, loo

b3, bl are:

}<i<my +a}

nts with the given
]

hasis ele@nts with the given

We can determine
exponents b3, b ‘f‘
Next, look at X (b3

exponents b3 + 1,5 —‘1

AN TNEINI
A ANSEEI TN A Y,

Let k = min{ml, (s +1)/2]} and g = max{bs +1 — mq, [(bs +1)/2]}.
Case : z1 - (y52F1y#y21~1 . v+) = 0. Then we can find the action of y; and z,

on the basis elements with the given exponents b3 +1,b; — 1 by using II again.
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Case : zp - (y2tlytyli—1 . vt) £ 0.
Subcase : min{m; + (¢ —1), Z(p.— 1)} = bs. Then we can find the action
of z,,y; on the basis elements with the given exponents b3 +1,b; — 1
by using III and our knowledge of the bs,b; case.
Subcase : min{m; + (& —1),2(p —1)}»= b3 — 1. Then we can find
the action of z;,y;.en the basis elements with the gi\}en-exponents
bs + 1, bi — 1 bydSimgdV. and our knowledge of the bs, by éase.
Continue this process with the pairs (bs+7:,0; —2) , as ¢ goés from 2 to az — bs.
Finally, we willdescribe the'action of 2, and y2 on an arbitrary element
of the Verma basis 8. Fix @,82,a3/a4 € Zg with 0 €< a3 < my, 0 < gy <
m1 +a;, 0<az; <min{m; +aq,2a}, 0< ay < min{my, |_a3/2J}..

We consider the action of zg first,

z2 - (¥ ystyiyst vt ) = {lo ) + vt ea fust vy tys - oY

- y;"‘{[a:z,y;"] 2 ygal.z}y;:zygl . v+ .

=yi{ze, ytlyssyityst vt

+yityse([z2, v52] + yizz2)yst - vt

.0 +
= yr*lze, 122 lyT 2y v

+ oyt ystyia (22,080 + v5tes) - o

=yt [z2huslys st - v,

a

EEE e | EPNY S
= a3(l —a3 +m2 —2a; + 2(12)yil"y‘zla_lyiuytzl1 ot
al—l

+ a1(1 — a1 + m2)yT*y3*y  2ys ot

We must be able to express y3*ys* " 'yf2yst - vt as a linear combination of
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elements of B whenever a3 > 0 and likewise for yi“‘yg"yfzyg‘—l - vt whenever
ay > 0.

. - —-1 a
First, consider y;*y3®  y;2

Case : a4 < min{m,, |(as3 — 1)f21} Then f ' f2yst - vt € B.

"Case : a4 > min{m,, [(a LT | 1 az —1)/2|} Then

Case : a; =my + ay.
Case: a; <mj + a;.

Finally, we look

Case : a4 = 0. Then y, - (y92y12yst - vt) which can

be expressed as.a 1 3 - Lemma 4.3.

¥

- AugINENIweIng
RININIUNRIINYIAL

Case : a4 # 0. ' ay) = {0} and




adzl(yQ) € L_(ay+20,) = {0} and a3 > 2, by Lemma 2.9, we have that

asg,, Q3 a

vz - (yf1 3%yt ?yst - o) = (vaydtys®)yityst - ot

1—1 _.a 1 1
'\ yilz'*' ygl -’U+

S8 ygl.v"l"

We start our discussion of the --=e s-in thi ith yieysetiyfeyst ot
Case : a3 < min{m; + ¢

: N s
Case : a3 = min{my+as;2as T

i

T
vz - (ys2yi2yst <o),

+1
Yy?

Yo' vt =y

71

= Ineen -

ag—1_az+1, . as+1, a; ‘-}-

AR ANgaL,

Case: as <my + a;.

Subcase : a3 < min{m; +az + 1,2(az + 1)}. Then

ag—1 +1 1
ypi Ty Tyt lys Lot € 8.
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Subcase : a3 > min{my + az +1,2(az + 1)}. Let
k = min{m; + a; + 1,2(a; + 1)}.

Then

y;rly;aﬂ vzt o),
which can ‘t/ B by using Lemma

4.3 and V.
Last comes y;

First, we look at , Y2yrtyst-vt € ;B

Next, we look at y T irice ' 2L /2 0, 19292yt vt ¢

Observe that_

and

Y]
LI/2} - 1)} =

M1ﬂUH?ﬂ8ﬂ§W81ﬂi

if a3 =mo,

TN TR Y

{ 0 if a3 =m; + a1,

. T
min {m1 + (ma: {1 —my, |

(yzylyz vt) =

Qﬁqﬂﬂﬂ

a : a1 = mq. Then by using II,

y1 - (Y2yr2yst - v

ag +1 . T
a2+1y2y;2 Ya' - ot eB if a <m1+a1.
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Case : a; < my. Then by using III,

0
d( )’"1‘10 artl a1+l 4 o og

1 if a; = mj + ai,

y1 - (y2yd2yst -v) =

if a; < my + a;.
Observe that y‘””"1 g . are elements of
B. Then y33y1y2y;°Ys i © the elements of B
by using Lemma 4.3 a

be expressed in terms of

the elements of B by using

ﬂ'lJEJ’J‘VIEWIﬁWEJ’]ﬂ‘i
ammnimummmaﬂ
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