CHAPTER III

sl(3,C)

Let V be a finite-dimensional irreducible’s[(3;C)-module, v+ a maximal
vector of V with highest'weight A. Suppose that A(hy)= m; and A(h2) = ma.

Then a Verma basis of V_censisis of all elements of the form

a3, a2

Y1 vty -of

where aj,az,a3 € Z(',* and

0 < a; Sme +a;
0 S asz S min{ag,mg}

We want to be ableto calculate the action of an arbitrary element of
5[(3, C) on an arbitrary element of ¥; for this it is sufficientto'know the action
of the elements of aset of generators of sl(3, C)' on the elements of a Verma
basis of V. The purpose of this chapter is to find formulasfor the action of the
Chevalley generators {z1,Z2,¥1, Y2 },0n the eierﬁents of the above Verma basis.
The following notations are used in this' chapter. | Let @B denote the

above Verma basis. For each i € {1,2}, let
S; = span{z;, h;,v;}"and B; = span{z;, hi},

where h; = [z;,yi]. Observe that for each 7 € {1,2}, S; is isomorphic to s((2, C),
while B; is a two-dimensional nonabelian subalgebra of S;. For each a; € Z¢,

let 4 = max{0,a; —m2}, k =az —p, and n =m; — p.
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Lemma 3.1.

i) X =span{yi -vt |i € Z}} is an irreducible Sy -module,

3 . ° -
is an irreducibl

is a basis of Yz, with i > mo + t.

Proof: i) Since vt is a maxi

. ; f!!?’ ';- X
s1(2, C)-modules. i -'

is follows from the theory of

i) Since y! - v ig a-maxin | V6ct0E=0fmSprthis=tollows.from the theory of

v X

sl(2,C)- modules agas f
] I
Lemma 3.2. For each g, € Z&, 1

qumnamwﬂm
AN TS0 M aneE ]

Als , foreachj € Z§ with0<j < m,, let

4

! .
C;= %‘(ml — )
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i) X is a Bi-module,-and in fact X is the string module S(k +n, k —n),

with standard basis

{C#+ty‘212yi‘+1 v
i) Y is a Bi-module
{Cp+iviva®yt

is a basisof Y.

Proof: Fix a; € Z;,".

1) We will show first ] obvious if X = {0}.
Suppose X # {0}; it s ' show that ; . 3 T with g <1 < my,
z1-(y32y1 -vt), ha-(y2 at Y532y - vt is a weight vector

makes it clear that hq - (y5?yi : — Or other hand,

RO, 2= 0,

" in the case z > 0. m

:zztm;ﬂmﬂ'a ﬂww Bty
Cﬁ{i&’m@ﬂﬁu AATTY LUK

Hence z; - (y5%yi -vt) € X, and X is a B;-module.
1 .

~ We consider y, y1

Next, we will show that

Zy = {Cpyivi?y?t vt | i € ZF with 0 <i < my — u}
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is a standard basis of X. This will also tell us that X is a string module. The

elements ygzy{""i cvt, i € Z§ with 0 < 7 < my — u, are distinct elements of

9B, so they form a basis of X. Thus Z; is a basis of X as well, because the
coefficients C\4; are all nonzero.

Next, we will look at the action of 1 and hgon the elements of Z;. Fix
i € Z§ with 0 <i <m; = . Then
hy - (C#+iy§2y{‘+i v ) Cu+i(/\ —(p4i)ay = a2012)(h1)y§2y{‘+i ot
=Cpi(m =2p +-az - 2i)y;2y{‘+" .ot
LCh 1 (FAFnE 20)ys2 gy ™ vt
and

: _ 0 a i£i=0,
21 - (Cutiys?yt Hvt)y=

Copim¥gt 7 vt ifi>0.

Therefore we have Z; is a standard basis of X. Observe that
i (Cuyz?yl - v™) = (m1 — 2 + a2)Cuyp?yy 0™

while
h 1 (G, Us2 U v )i (02 =m0 )Gy 20 ™,
Thus X = 8§(m; — 2p + az,a2 — my1) = S(k + n,k —n).

ii) First, we will show that

Zy = {Cupiyt2y?t vt |4, j € ZF with0< j <k, 0<i<my —
u 192 %1 0 H

is a basis of V. It suffices to show that k = min{az, m2}, for then the elements °

of Z, will be nonzero scalar multiples of elements of the Verma basis 8. Indeed
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we have

Thus Z is a basis 7
Finally, we s

Suppose Y # {0};4

obvious if Y = {0}.
with 0 < 5 < k,
.Ogiﬁml—u,m “+i-v+)EY. As
is a weight vector.

before, h; - (Cy+iy{y

Also,

pti o+
1 (C#+zy1y;2y1 v

([z1,y52] + y52z1))yb ¥} - ot

o= Cuni{lzn iyttt iyt e gt + yi‘+1$ )} ot

Y ‘

—iifz ptt |+
7 tJ1

5] ‘v
as, pti— 1

u+1 1 yl yﬁl

. AUANENINLINT
TN I g

Proof: By the proof of Lemma 3.2 ii), we have Y is a B;-module such that for

a.nyi,jGZgwithOSjSk,OSigml—p,

1) b1 - (Curivdyg?yf ™ - v¥) = (k+n = 2 — 2))Chrayfug i ™ - o7
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2) z1 - (Coupitdy22yt ™ vt) = j(k +n =20 — j + 1)Cuyiy] Tys2yttt ot

+ C#+i—1y{ygzy{‘+'_l ot

Then by Lemma 1.7, Y can be made S1-module by keeping the same

y by the following: for any
_/_“-'—
e —

N

action for z; and h; and d

y1-(Curiviyg?yl ™ 34l ‘!.,,k +1—r)(i+r+1)}
1 0

k+1-— t
_+py1+ Pyg"y{"*"'*'p .ot
5) y1 - (Conyyryg vy -v*) =0 0 -
) =T i
Thus we have L im #

Y]
Application : m

Note thatyf e 5 5,.and Bemma 1.6 we
B30 1130 1)
1) A1 - (P y22y ot = ( +a‘—2u—2'—2i yazy bt gt O
ARTRINBHAHIVENa Y
(- 2p =2+ ey + Ly Tyt o

3)If0 < j <k, then

. ; 1 .
e (y{y;"’y{‘+ -v+) — y{+ ygzy{l-i'! . v+
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4) If0 <: <my — u, then

ok+1—7)i4+r+1)
(k+1—s)'(p+z+k+1—s)'

v - (yFysrgtt o) = (u +4)!
s=k+1

a; ptit+k+1—s
yi"yz2 Y1 -vt

5) v - (whys ol - vh) =0 \
Then we have, il ~<¢\\'*~; actions of hy, z1, y1, he,
z2 and y2 on an ele » ¥ f the : \*x et a1, az, az € ZE)F

with 0 < @y < my, 0 VAN (a2, m2).

1) The formula

hy - (y1 yz

is clear.

2) By Lemmas 3.1 and 3.2, . . -
o e / Bt

o1 WY P ——— —7
0

ay=0=a3 4

al(ml—a1+‘)y2 yar~lyt ifa; >0and az =0,

AUl ‘ﬁﬂﬂﬂﬁﬂﬂﬂﬂ?“W“
q 'fmmtuﬂ““'mmaa”'

Obse erve that if a3 > 0, then 0 < a3 — 1 < min{az, m2}, so y7°~ lyszyfs

-1

an element of B in this case. However, y{%y;3%y;! ™" - vt may not be an element

of B.

We consider y22y22y$*~! - vt in the case a; > 0.
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a11

If a = ma + ay, then yj2ys32y;i ™" - vt =0.
If az <m2+a1,then yisygrytil .yt € B.

3) If 0 < a3 < min{m2, a;}, then

and this is an elemeW
4)If0§.a1<m1a = miin{m;

ay—p+r+1
y1 - (Y22 ys2ytt v r)( )

+a3—|—1—s)'

8y42J0~1+aa+1 s ‘U+

Note that
a) s < a3
b)1<az+1-s< .,:E%f ~
c)a; + x;:-—— ————————— :
d) 0 < 'Fg

o 15"

.
ﬂumwﬂw%‘wmm
a3—m1+a1‘+1 if a3 m1+a1+1>0 .
ARIAINIUNRIINYIAE

az—39

e l—r)ay —p+r+1)
(18334,82,,81 ) — ] —1)as SHr—O (0.3 + 1 H
y1 - (¥1°y22yrt c v )=a Z( ) (a3 +1—s)(a1 + a3 +1—3)!

Let

8=38¢

a2, a1taz+l—s

Y1Y2 Y1 +

-V
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We con51der Y1y y“l"'“*’""1 . v* for each s € ZF with s < s < a3. Since

ai+1<a+taz+1—5<m;,0<a; <my+a;+az+1-s,and0< 59 < 5 < as,

yiyyp T T 0t € B

5) If a1 = m; and a3 = min{m

6) Clearly,

ha - (y7°
7) A simple calculati

if ag = 0 9
z2 - (Y1°y2 Y1 - v _ ,
yrt-vt ifap; >0 .

We must consider y;®y;? >0, since it may not be an

element of ‘B.

Case 1. a3 = 0.

Case 2. a3 # 0. '
Subcase Z.E < min{az — 1,m,}. Then y;3y5? ‘ﬁ‘l"‘ vt e 3B,

S‘FT*“ ‘%“1?] Enm
9% RS HHNITNUAT

linear combination of elements of B by formula 4).

8) By Lemma 2.6,

+_a2+1 a3 a3 as+1 a1_+
) P yl»y + -

az—1_,a2-+1 a1+1

ype T lygr iyt

. as, a2 al_v
Y2 - (¥1°¥2° 0 +1
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Again, we must consider whether this expression shows us how to express y; -
(y2y52yst - vt) as a linear combination of elements of 8. First, we consider

ytlzaygz+1y1a1 vt

Case 1. az = ma + a;. The g__ s y;”'ygz""y;“ vt =0.

Case 2. az < ma + a;. Then
az+loai+1

Finally, we consider y{®~

If az =0 or a :
If a3 > 0 and g3'< i1 then 0 < : -.,|.'-. u;\‘\-ﬁ 1 <ma+(a1+1),
. e il"'.i"-» '-.
and 0 < a3 —1 < min do , SOy Yok W1 "-.,,_ €.'B.
% % -"'H.__

N\

AULININTNEINS
ARIAINTUNNINGAY
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