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Let L be one of the simple Lie algebras s1(37€) or o(5,C), V a finite-
dimensional irreducible L-module, v a maximal vector of V with highest weight
A. Set A = A A

Set (hl) m, and (hZ) myt MLet {xl’XZ’yl’yZ} be a set of Chevalley
generators of L and let hi = [xi,yi] for all ie{l,Z}

a goraL = s1(3,C)4 a Nerma /basis of V consists of all elements of the
form Yy y22yl .v+, where 27,8923 € ZB and 0% als my

0< azs m,+a

a i
O; §3$ min{mz,az}

raL = o(5,€), a Verma basis of V consists of all elements of the
2

Fo
form ya ya3 R vi, where a,yés,25,2 eZ+ and 0< a.;<m
1 Y2 %192 -V 1 =412
0< a2§__ml+al
0< a3§_m1n{ml+a2,2a2]
0< a,< mln{ml,La3/2J}

The main results of this research are as follows

For L.= s1(3,€), we have found closed-form formulas for the actions of

X19%95Yy and ¥y, on the elements of the Verma basis of V given above.
For L = o(5,€) similar results have beenm obtained, except jithat in some

casesmit has not been possible to find cloged-form formulas ‘for ‘the lactions. In

these cases algorithms are given for calculating .the 'desired actions.
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INTRODUCTION

The ability to calculate explicitly the action of the elements of a Lie
algebra L on the elements of an L-module ¥ can"be a great asset in several
applications. The most importantcases ¢can usually be reduced to the case where
L is a finite-dimensional simplealgebra and V is a finite-dimensional irreducible
module. Furthermore, {0 caleulate the action of an arbitrary element of L on an
arbitrary element of V, it is sufficient to know the action of the elements of a set
of generators of L on the elements of a basis of V. In this thesis our objective
is to begin to attack this problem, by finding rules for calculating the action of
the elements of a set of Chevalley generators of L on the elements of a Verma
basis of V in the cases Li= s{(3;C) and L = 0o(5,C), and V is an arbitrary
finite-dimensional irreducible L-module. The other algebras have been left as
an open problem.

Let us describe more precisely what we have done. The two algebras
considered in this thesis both have four Chevalley generators, which are denoted
by z1,22,y; and y,. Also associated with each algebré is é number n, equal to
the number of positive roots in its.root system; and a sequence 21} 22,...,, of
elements of the set {1,2}, determined by the sequence of simple reflections in
arrediiced éxpréssion forthe longest elemeéntiof the " Weyligrouprof the algebra.
If we fix our Lie algebra L and let V' be a fixed finite-dimetisional irredicible
L-module with maximal vector v, then a Verma basis for V consists of all

elements of the form

i vl vt 1)



for which the exponents a;, as,...,a, satisfy a certain set of inequalities.

The actions of z; and z, on an element of the form (1) can be calculated
in a straightforward manner, resuiting in alinear combination of elements of the
same form. Unfortuhately, even if the element acted upon is a basis element,
some of the elements in the resulting linear‘combination may have exponents
which do not satisfy the inequalities. However, the problem is always that some
of the exponents are tgerlarge; therefore these elements can be viewed as the
results éf acting repeatedly on basis elements by y; and ys. Thus, if the actions
of y; and y; on the elements of the basis can be found, the actions of z; and z,
‘will be kndwn as well. When L = sl(3,C) this program has been carried out,
yielding closed-foﬁn formulas for the actib_ns of ;,2,,y; and y, on the elements
of a Verma baéis_for an arbitrary finite-dimensional irreducibie L-module. When
L = o(5,C), the program has also been completed, except that in some cases
it has not been possible fo find closed-form formulas for 'the actions. In these
cases algorithms have been given for calculating the desired/actions.

The notatignal conventions, definitions, and results quoted from other
sources used in this work are given in Chapter I. In Chapter II, Qe prove some
results on sl(2, C)-modules and some computational lemmas needed for the rest
of the thesis. In Chapter III, we calculate the action-of the elements of a set of
Chevalley generators for 5[(3, C) on the elements of a Verma basis of V. Chapter

IV "does-the samea for o(5) C).
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