CHAPTER IV
A FINITE INVERSE BIPREFIX CODE WHOSE
SYNTACTIC MONQID HAS n D- CLASSES

In this chapter, we sh | constriict fe ygwven positive integer n > 3, a finite

ONC as n nonzero D- classes.
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inverse biprefix code C w0
We begin the con
Foreachi € {2,3,...

Foreach j€{2,3,...,n

{l

Let C = { a1a,. ana1a2

an—l U (UC

Thenolsaﬁﬂewwamwmm
o QU S AR as 1

(i) For each ug,vp € A2As... Ay, u; C=v;'C (k=2,3,...,n—1).

(i) For each ugy, vk) € AsAs... Araras. .. ay, (ury)~1C = (wgy)~1C

(k=23 ..., m—2 and [=1,2,...,n—k—1).

Now, we will label the tree representation of C*.

By (i), for each wug, vk € AgAz... Ay (k=2,3,...,n— 1), the node associated
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with uj and vy, are labelled with the same name.

By (ii), for each g, vk € AsAs. .. Arasas.. . q (k=2,3,....n—2 and [ =
L,2,...,n — k — 1), the node associated with uk, and v, are labelled with the
same name.

From the above observation, it suffices to label only the nodes associated with

For each j € {1, @10z . .. a; is labelled

For each k € {1,2,.. | with ajas...a,a109...a;

is labelled

For each j € {2}

; ?—ﬁ———lt 0203 . . . a; is labelled

V.

y .
For cach b {u,g ﬁ*ﬂ&‘l W%.’ Y L P e asocoted wit

a2a3. ..axa1ay .4 q; is labelled

ARIANTURNINYAE

s=0

J

o

Since each of the remaining unlabelled nodes has the same subtree as one of
the above labelled nodes, they must have the same name. Hence Pg.) has been
constructed.

The corresponding syntactic monoid M (C*) is generated by

{7(@) | i=12,...,n}.



Notations:

E

(i) For each 4, let A; denote the domain of 7(a;) and

V; denote the image of 7(a;).

(i) Let

for all i > 2.

A few remarks on 7(q

Remark 4.1. (i)

Since maz A(4) & "l i

I (Z)ﬂ]

ﬂuﬁﬁfﬁﬂ“ﬁ%’wﬁ“ﬁ'ﬁ“’“’”“

Vi=A0n for all © > 1

QWWMFIT&'UNWI’W H18 Y

Dom 7(a;iaiy1...a5) = A and  Im 7(a;a:41 .. .a;) =V;

for alli,j € N ( the indices are integers modulo 1)

(i) 7(a;)’s are defined as follows:

25
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1 Fa=n
ST(al) =
s+n otherwise,

ﬂummmw'm
ARIAAIUURIIN AT

For each i € {2,3,...,n},

AQ)-{2} ifi=n
({1} UA@) )7r(a) = { Z

Al +1) otherwise,
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2 ifi=
Bl ={ ) -

B(i+1)U{1} otherwise.

Lemma 4.2. For eachi € { 1,2,....
Dom 'r(a,-aH_l -+« Q@ g 1V T(Q InG109 . . . ai_l) = Ai.

Moreover, there exists

Proof. 1t follows from Remie

Theorem 4.3. Thewco UC 1S a finite

inverse biprefiz code. 4.

({1
I d¥

Proof. To show that M &C ) is an inverse semlgroup, it suffices to show that for

wnic 0o PHATAHHRE VR 1 1T

By Lemma 4.2,%br each i € {1,2,. 0 n}, there ex1sts leN such

ARIANDL Mlﬂ’l'fmmﬂﬂ

Let
J=it
@ = T(Qi41Gi42 - . . ArQ1Q2 . . . G;_1)T(CiGi41 . . . Anazag . . . ai—1) .

Then o; € M(C*) and

(i) = T(aiGit1 - . . n@1a2 . .. ai1)' = Ipoma,.
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This yields
7(ai)out(a;) = 1a,7(as) = 7(as)
and

ai'r(a,-)ozi = OlilAi = Q4.

“‘1 /g ;

Therefore, M (C*) is an inverse s O

Corollary 4.4. The sy contains 1pa, for alli.

Lemma 4.5. 7(a;a;...0

Moreover,  st(ajas.

Proof. By Remark 4

depending on s.

To prove 7(aya;3. .. a, , lefiid & ”\‘ \x, ("’ he proof into three cases

Case 1:s=n.

Caso 2 s_ﬂ‘NEJ’J‘VIEWﬁWEJ'ﬂi

A W‘iﬂm‘%ﬂ’w BIaY
1+ Y (n—1)

=0

=2.
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Case3:2<s<n-1.

s7(a10z ... a,) = (s7(a1a;. .. Q) VT O < 5« Oy}

n—s—1

= (5 + Z (0 = D) i o o s 805

=0

O
The next theorem s i ), the existence of a cycle of
length i. This theorem is
‘ A 7 :
Theorem 4.6. The syntactic ﬁf:i!',r (C*), contains a cycle of length

pr:l ,J
ion {1YUAG+1) forallisn i

L
e

Proof. One can choosé.

..I
vy

gu@f"‘i‘”“”ﬂ Mens
1

=T7(a102.. g0,) = ( 1 24,.-n).

- AWAINTUUNINY

=(1345...1i4i+1).

We will show that 6; € M(C*).

In order to obtain 6;, we first verify the following statements :

(a') 1V.'+2T(a'i+1 ),
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()  (7(anan)0™2)* forallk,1<k<mn—3.

(a) : Dom 1v,.+27'(a,-+1) = Ai+3 U Ai+1 = {  § } U A(Z + 1)

Observe that

This yields

(b) : Dom 7(a,)" 2 I} M Tm i I = By,

Dom ( 7(a,)"2 ) SA, —{3)

Observe that
Al if‘? Tliks  aaeads
Consequently, 4

qmmmm HIANY1a Y

(@)™ =< s_2 ifse A(n)
n—1 if s € B(n).

It can be shown by induction on k that

Dom (7'((1,,)9"‘2)’c (A1 NA)(T(an)0" ) = Ap — {3,4,..:,k+1 1},
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and
(1 fg=] N
(T(an)0™2)F =S s _ & itseAm)—{3,4,....k+1}
- (k—-1) ifse B(n).

forallk,1<k<n-3.

Since

19,7 (0 ) 0" G ) SN SN i 1) =4,

Remark 4.7. For any a & Ch 0t ' the tdentity map on Dom a.

Lemma 4.8. ; .:‘! y subset A of A1 of

cardinality n — 1, thei 5 1S 0p , that Dom oy = A; and Im ag = A.

i¥

g inpminy

9 m;ﬁﬁ%”%ﬁmﬂiﬁﬁwmaﬂ

Writing A = Ay — { k } for some k € A,
we choose ag = 7(a,0,)0%%  where 0 = 7(a10z . ..a,). Then ay € M(C*).

To prove that Dom a4 = A;, observe that

Im 7(ana,) € Dom 6%~2,
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Consequently, Dom oy = A4;.

Note that
Im ag = A7(anan, )02 = 4,652
By Lemma 4.5,
a
Lemma 4.9. If A and Dsets " f the same cardinality, then there
exists  in M(C*) with
Proof. Let A and B be sullSetd of /¢ :fr" ality forsome 1 <k <n-1.

For k = 1, there exist by Lem (C*) such that

-
-

Dom « g oM Qi - Y, ag=B
T l';i
for some subset A; of 1. ’

gy TR

Imy=B. U ¢ - v
Sur.asw Ellaﬂaﬂﬁj m L}d %ﬂ&g %lﬂ%ﬁﬂue for all

A',B' C%\ such that [A| = [B| =n—k . | |

Let A, B C A; be such that |[A| = [B| = n — (k + 1).

Choose s € Ay —A, t € A; — B with s == 4.

Let Ay = AU{s}, Bi=BU{t} and B, =BU{s}.

Then | A; |=| B, |=| By |=n — k.

By Theorem 4.6 , there exists a cycle 6n_r in M(C*) of length n — k such that
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| Dom 6,4 | = | Im 6, | = n — k. By induction hypothesis, there exist a1, Qg
such that Dom oy = A;, Im a; = Dom 6,,_x, Dom a5y = Im 0n—r and Im oy = Bj.
Since 0, is a cycle, there is [ € N such that so;6%_, = to; .

Set ¢ = 16, _, 5. Then ¢ € M(C*). It can be shown that Dom ¢ = A;, Im ¢ =

B, and s¢ = t.
Set n = ¢lp,. ThennEM(C* Since 4 i n=Aand Im n = B.
' O
Proposition 4.10. Lé(‘ subset f Ay i, respectively.
If A and B have the s ' ‘ ists n in M(C*) with the

Proof. Let A C Ai,B
Let a; = 7(a;a541 - .. ap,
Then Dom «; = A, Dom oy

We have | Im o; | = | Im @; ﬁr

By Lemma 4.9 , t e € exists 1 ;) €

O(i,j) = [T areane Ms) =1
=gl 8 T 1) 'ﬂ‘?’ﬂﬁ" naq

It can be showrjthat Dom n = A and Imn=

ammmmumw YIaY ©

Theorem 4.11. Let o, f € M(C*).

aj.

aDB  if and only if rank o = rank (.

Proof. The sufficient part follows from Corollary 2.2.
For the necessary part , assume that rank o = rank B = m for some m < n.

Then [Ima | =|Im 3 | = | Dom 8 |. By Theorem 4.10 , there exists n € M(C*)
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snch that Dom n = Im o and Im 7 = Dom . Set v = anB. Then v € M(C*)

Sl dfowinble
: lom v C Dom « and rank vy = rank a, Dom v = Dom .

‘ank 7 = rank 8, Im y = Im (. By Theorem 2.1 , aR7y

1. O

*h n, there isyo
% ¥ 1

finite inverse biprefiz code C' whose syn-

: clas

"u, - > z‘-.-
=i
o /I‘r-' ire

leorem 4.3, Theorem 4.6,
O
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