CHAPTER IV
MULTIPLICATIVE INTERVAL SEMIGROUPS IN IR

In this chapter we are concerned with intervals in |R .which are
closed under usual multiplication. The puupose is to characterize mul-

tiplicative interwval semigroups in IR admitting the structure of an AC

semiring with zero.

The first proposition gives all of the types of multiplicative

interval semigroups in R 4

b.1 Proposition. For § & IR,.8 is amultiplicative interval semigroup

in IR if and only if S is one of the following types

(1 R, (D0}, (38) L2k . WL (0,=) 5 (5)  [0,=) ,
(6) (a,») “where a > 1 ,

(7) 1la,») where a > 1,

(8) (05B)0 | where (070 b1,

(8) (0,B] where 0< bg 1,

(103 ©T0.b)<) where=0i< bis| 4],

(11)% [0,b] where 0 <bg 1,

N
N
LY )

2
(12) (a,b) where -1ga<0<a &b

2
(13) (a,b] where -1 g a<0<a <bg 1,
(14) [a,b) where -1 <a <0< a2 <bsg1,

(15) [2,b] where -1 g a <0« a2 £b g 1.

Proof : Let S be a multiplicative interval semigroup in IR.
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Let

inf § if S is bounded below,

~o if S is not bounded below,

sup 8§ if S is bounded above,

© if /S is not bounded above.

Since S is an interval inR ., (a,b) & S.

R, so S =R . Thus S is of

Case a = =» and b = o, Then" (&.b)

type (1).

Case a = -» and b < «, A Then (a,b) (-=,b), so

(Y. b)Y ifb ¢ S ,

(==, b3 ifFbe S .

Since —(|bl+1) € S and S is closed under multiplication, we
have (-(|b|+1))% € S.dBut (~(|b]+1))% = |b| #2fp] + 1 > 2[b]| 2 b,

a contradiction. Hernce this case cannot occurs:

Case -» < aand b = ». _Then (a,b) = (a,*), so

(a,») ifa¢ S,

[ag=) if a /8.

If a < 0, then b, %-e S, so 4(%) = 2a e S8, a contradiction since 2a
< a. Then a » 0. Suppose 0 < a < 1. Then there exists an element ¢
€ S such that a g ¢ < 1, so ck < a for some positive integer k, a con-
tradiction since ck e Sand a = inf S, Hence a = 0O or a » 1. Thus §

is of type (4),(5),(6) or (7).

Case -® < g and b < =, Then
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(a,b) ifa¢ Sand b £ S,
(a,bl ifa ¢ Sand b e S,

[a,b) if a e Sand b ¢ 8,

[a,b] ifaeSand b e S.

Claim that (-1 s a < 0ora=0o0ora=1)and 0<b < 1. If

a < -1, then there exists an element % 4n'S such that a £ % < -1, so

2.n : . . . 2.n
X ) > b for some positive integer m, a eontradiction since (x ) e §

(

and b = sup 8. If b > 1, them there exists an element y £ S such that

1 <ygb, so ym > b for some positive integer m, a contradiction

since ym € S and b = sup/S. Hemce -1's a £ b< 1. Ifb < 0, then

there exists an element c/e 8§ suchithatiec £ b < 0, so c2 £ S and c2 > b,

a contfadiction. If 0 ai< 1; then there exists an element d € S such
k

that a £ 4 < 1, so 4~ < a for some positive integer k, a contradiction

since dk € S and a

"

inf S. "Hemnce we prove the claim. Therefore we

have (a = 0and 0 g bug 1) ora=b=1or -1 5a,<0g<bsg 1.

Subcase 1 : a“= 0, 0 £ b < 1. If b = 0, thena =b=20, s0 8
h
= {0}’, hence S is of type (2). If 0 <b g 1, then S is of type (8),

(9),(10) or (11)x

Subcase 2°: a = b =1. Then S = {1}, so S is of,type (3).

Subeasge 3 :li-1'¢/a <0 ibig 1, a eSS and b e Si Then

S = [a,bl. Since a € S = [a,b] and S is closed under multiplication,

2 2
we have a° & b, hence -1 £ a <0 <a g bsg 1. Thus S is of type.(15).

Subcase 4 : -1 g a<0gsbg 1, ace S andb £ 8. Then

S = [a,b). Since a € S = [a,b) and S is closed under multiplication,

we have a2 <b, Since b¢ S, 1 £S5, soa# -1, Hence -1 <a < 0 < a2

<b g 1. Therefore S is of type (14).



35

Subcase 5 : -1xa<0gxbgl,ad Sand be S, Then

2 2 2
S = (a,b}. To show a” & b, suppose a > b, Then -a = |a|] = va” > /b ,
so a < -Yb . Then there éxists an element c € S such that a < ¢ < -vVb
since a = inf S ¢ S. Then 02 > b, a contradiction since c2 € Sand b

= sup S. Hence -1 g a < 0« a2 £ bg 1, so S is of type (13).

Subcase 6 : -1 x a< 0gbg 1, a¢ Sandbd¢ 8. Then

S = (a,b). The proof that N < b can be'given the same as that of the

2
fifth subcase Hence -1 & a < 0< a < bg 1, so S is of type (12).

The converse follows easily from the property of multiplication

in R . #

Next, we shall determine.the multiplicative interval semigroups
in R of which types in PBropositien 4.4 ,which admit the structure of an
AC semiring with zero. The pvesult is in the next theorem. First we

introduce the following four lemmas.

4,2 Lemma. If S is a multiplicative semigroup of nonnegative real

numbers, then S admits the structure ¢f, an AC semiring with zero.

Proof : Let S be a multiplicative semigroup of nonnegative

real numbépsh i Défine @ ©on 8 by

X0y max {x,y} ,

x 6 0 = 0 & x = X

for all %,y in S. Then (80,9) is a commutative semigroup with identity
0. To show the multiplication in s® is distributive over @,.1ét =,y,z
£ 8% Ifx=0,y=0o0rz=0, we clearly obtain x(y & z) = xy @ xz.

Assume %,y,z € S. Then
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xy if y

W

Z,
x(y @ z) =
Xz if z 2 y.

If y > 2z, then Xy 2 xz since x 20, so xy ® xz = xy, Similarly if

z >y, then xy ® xz = xz. Hence x(y @ z) = xy & xz, #

4.3 Lemma, If 8 is a multiplicative interval semigroup in IR of the
form [a,1], where -1 £ a < 0 < a2 £ 1, then S does not admit the struc-

ture of an AC semiring with-zero,

Proof : Suppose S admits_the structure of an AC semiring

2
- with zero under an additdon/@s /Since -1 £ a <0 <a <1, (-lal,lal}

= [a,lall € [a,1] = S. @laim that x ® (-x) = 0 for all x ¢ [-|al,|al].

Let x ¢ [-]al,|all and x # 0. . So % @ (%) = a for some a € S. Then

X2 ® (—xz) = x(x ® (-x)) = %o “and (—x2) o x° = -x(x & (-x)) = -xa .

2 2 2 2 :
Since x 8 (-x ) = (-x") 8 X, =xa = =xa which implies that o = -o

since x # 0, so o =)0, Hence we have the claim.

S
Since L;J £ S+, L%JS is a subsemiring of S. But l%l

2 2
= [ lél? lil 1] ={ 72 la] 1, so [ = lil ] is a subsemiring of S
- 2 * 2 2 5 ' 2/° "3 g

la]s 2’
containing 0 and 1 ¥ SU. Iflx,y e €0, 5} suchithat 1 & x = 16y

-

2
in §, then x'@ X2 ="x @ ¥y sthich| implies w =0+sx (B K& X 3 -x & x & xy

= xy since x £ (0, %-] c [-lal,lall , so x = y (since x # 0). This

5
shows that for x,y € (0, 51 if x # y, then 1 ® x # 1 @ y in S. It

2
follows that there exists an element ¢ in (O, g-] such that 1 8 ¢ # a

) 2
and 1 + ¢ # 1. Therefore -1 s a < 1@ c <1, So (18 ) [—%-,l%l]

n n.* n.*% 2
for some positive integer n. But (1@ c) =186 () c® (,)c &.
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n % n-1 n.®n ® 3 i i i .
}c @ (n) ¢ where k cmeans c ® ¢ ® . . . & ¢ k - times,

® (n—l

2

so (1 @& c)n = 1@ cx for some x € S, Since 0 < ¢ ¢
2 2 2 2

we have that o £ CX s-% » SO cx & | _%-, %- 1 € lglﬁ . Then -cx

2
2 2
[ ~2

and -1 g x g 1,

N

€ 2,%.15-1%1-5. Thus 1 =1 @ cx @ (-cx) = (1 ® c)™ @ (-cx)
| . als
€ |g 5 since (18 c), -CX € l%l§~ and l%l- is & subsemiring of S,

a dontradiction. #

4,4 Lemmd. If S is @ multiplicative interwval semigroup in IR of the
form [a,bl, where -1 € a <0 < a2 <b' g 1, then S does not admit the

structure of an AC semiring with zerao.

Proof : Since @& < 0, 8 = [a.b] = [=]a],b]

Case |a| <.b. Suppose therel/exists an operation ® on S such that

(5,8,+) is an AC semiring with zerc where + is the usual multiplication

-2

on 8. Leta = %-. Then—S—=—fasbl-=—fabsbl-and-=11¢ a < 0 < a- g 1.

bx & by

5 for all x,y € [a,i].

! il 1
Define an operation ® on [a,1] by x 8 ¥y =

t -
To show ® is associative, let x,y and,z ¢ [a,1} . Then

[ (by” 8 bz)
b

i @~b(bz g bz)
b

' '
x@ (y & 2z)

H

bx & (by @ bz)
b

(bx @ bg) ® DZ  (iince @ is associative

on 8)

b(bx : 5Y) ¢ bz

b

I

(bx @ by) _'
— ]
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1 ¥
(x® y)o z
- ' -
Next, to show the multiplication is distributive over & in [a,1], let
x,y and z € [a,1] .. Then

x(by @& bz)
b

x(y & 2z)

bx(by & bhz)

b2

= (bx) (hy) @2(bX)(bZ) (since the multiplica-

b

tion is distributive
over @ in S)

b(bxv) & b(bxz)

2
b

,b(bxy 8 bxz)

b2

bxy @ bxz
b

1
= Xy %2
Hence the multiplicative interwval semigroup ia,1] admits the structure
of an AC semiring with zero which contradicts to Lemma 4. 3.

Case |al > b. Then asS.= [ab,a2] and Jab|. = |aj|pl < |a|2 = a2. By

the first case, a3 dogs not admit the 'structure ‘of 'an AC semiring with
zero. Ifthere exists,an,operation &, en~S. sueh, that-(S,85+) is an AC
semiring with zero where °* is the multiplication on S, then aS is a
subsemiring of (5,8,¢) containing 0 which implies that aS admits the
structure of an AC semiring with zerc. But aS does not admit the
structure of én AC semiring with zero, so S dces not admit the struc-

ture of an AC semiring with zero. #
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4.5 Lemma. Let S be a multiplicative interval semigroup in R of

one of the following forms :

(a,b) where —1sa<0<a2<b<1
2

(a,b] where -l ¢a<0<a €bcg¢l
2

[a,b) where -1 <a<0<a <bsgl1

Then S does not admit the structure ofl an AC semiring with zero.

Proof : Suppose there exists an operation @ on S such that

(S,8,+) is an AC semirimg with zero where * is the multiplication on S.
2 2

. b b R . ab
Claim that {a_ s 5 1 is afsubsemiringef S. Let d = min {b- 55 -a}.
: b
Then d > 0 and 3 +& £/§ ffor‘every & such that 0 <& <d. Hence

(% +€)s is a subsemiring of (8,6,°) containing 0 for every & such

that 0 <& < d which implies that n (E +£)s is a subsemiring of
2
0<€<d
2
(S,®,*) . To show that n (-];—+5)S = [%,%] » clearly
O<E<d
2 )
ab b b
[T’E]Q n (E-l-s)S since
O<g<«d
(), Cab b2
(S8 y5rrp8) ] ifs=(ab),
b &b b2
) 988 3 S € 3t @E 43 €56 | ifps = (a,b] ,
ab b2
L [=+ak, 35 +bE) if s = [a,b) .

and a€ <0 , bE > 0 for all € such that 0 < € < 4. Conversely,
2 L2
a

o ab b b b
let xeS\[—2,§],so X <= or x>3%
Casex<2§_. Let & = min {% (31%— X}, %} . Then 0 < & < d, and

ab ab ab 1 ,ab y _ ab .ab
—2+a8o>—§—8o > - (Gl -x) =5 -~+

a
T}

(ST

x  x, %
t3>73 13
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= x since -1 ¢ a and §-< E%-, so x ¢ (§-+ &, )S and thus
x g N (§+6)s.
0<g<d
2 2
b .
Case x > 5. Let 65 = min {%-(X - %')’ %J . Then 0 < €, < d and
2 2 2 2 2 2 2
b b b 1 b b X b b X pe X
= +bf g£= +€, 5= += -~ )==.+2-2=2 =2 T <y 2=
5 bsg tbsgtzlx-3)=5 +5-0 =g +5<35+2=x
. x b’ b b
since 0 < bgland =>= , so % £ (=+£&,)S , hence x ¢ n (= +€&)s.
2 4 2 2
0<&<d
b ab % b2
Hence N (+&)s=1—% ., %5 1 is a subsemiring of S which contra-
2 2 %
O<g<d
dicts to Lemma 4.4, #

4.6 Theorem, Let Sbe amultiplicative interval semigroup in R .
Then S admits the strueturé of an"AC Semiring with zero if and only if -

S is one of the followimg types :

(1) R ,(2) {0y, (3) 41}

> 3

(B) (0,@) , (5)  [0,),

(6) (a,») where a

WV
[y
w

(7) [a,*) w where a

W
[
-

(8) (0,b)  "where O < b

N
e
w

(9) (0,b] where 0 < b

N
S
w

(10) [0,b) where O < b

A
Y
w

(121) [0,b]"" where "0 <=b

A
[N

Proof & If 8, is a multiplicative interval semigroup in IR ,
then from Proposition 4.1, S is of type (1) - (15)., If S is of type

(15), then from Lemma 4.4 S does not admit the structure of an AC
semiring with zero. If S is of type (12), (13) or (14), then from
Lemma 4.5, é does not admit the structure of an AC semiring with zero.
Hence if S admits the structure of AC semiring with zero, then S is

one of type (1) - (11).

The converse holds from Lemma 4.2.
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