CHAPTER IIT

TRANSFORMATION SEMIGROUPS

In this chapter, we characterize various transformation semi-

groups, including well-known ones, whieh admit the structure of an

AC semiring with zero,

For any

Throughout this chapter. the following notation will be used.

set X, let

GX the pepmutation group on X (the symmetric group on X),

PX the partial transformation semigroup on X,

TX the full transformation semigroup on X,

IX the 1-1 partial transformation semigroup on X (the
symietric inverse semigroup on X},

UX the -semigroup of all almost identical partial trans-
fonmations.of X,

VX the semigroup of all almest identical transformations

7 o, X, |

WX the semigroup of all almost identical 1-1 partial
transformations of X,

MX the semigroup of all 1-1 transformations of X,

EX the semigroup of all onto transformations of X,

CX the semigroup of all constant partial transformations

of X,
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PX = the semigroup of all constant transformations of X.

For any set A, let 1A denote the identity map on A where 1¢ is
the empty transformation 0. If X is a set, ¢ # AS€ X and x € X, we
let A denote the constant partial transformation of X with domain A

and range {x}. Hence for any set X,
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If Ay38n50.058 are/elements of a set X, then the notation

jul

(ai,az,...,an) denotes" thef permutation of X defined by

2. O N = a, » 1= 1,2,...,n-1,
X(ai,a2,...,an) = ay AR = a
x otherwise.

For a set X and for a cardinal number EMwith 1 < £ g [X|, let

RE’ Dg’ ig and BE dencte the following transformation semigroups :

R @ o= {o ¢ Py hva| < £},
Dy = {a"e 'py, tfaal=< &},
ig = Lo <980 B 1val) Q20 |
_BE = {aeP | 8] <e}.

The first theorem gives a characterization of GX’ MX and Ey

which admit the structure of an AC semiring with zero.

3.1 Theorem. Let X hbe a set and let § = GX’ MX or EX. Then S admits

the structure of an AC semiring with zero if and only if |X| < 2.



Proof : Assume that S admits the structure of an AC semiring

with zero under an addition + . To show IXl £ 2, suppose on the con-

trary that |X| » 3. Let a,b and c be three distinct elements in X.

Then (a,b,c),(a,c) € S, so

(a,b,c) + (a,c)

1]
+]

for some g in S°.

Case a = 0, That is, (asb,c) + (a,c) =0 .. Then we have

n
o

(a,b,c)(aye) solade)(a,c)

and

(a,c)(a,bfc) & A4, cila,e)

"
[
“

which imply that

H
o
»

(a,b) + 1y

]
o

x

(b,e) = 0+ (b,c)

it

= (a,b) + 0 = _(a,b)._ ..,"a contradiction.

Case a # 0. Then o : X -+ X is 1-1 if o ¢ GX or MX and

is onto if a'Ee GX or Ex.

Subcase 1 : a is 1~-1, Since

(a,b)(a,b,c) + (a,b)(a,e) = (a,b)({a,b,c) + (a,c))
we have that
(a,c) + (a,b,c) = (a,bla

so a = {(a,b)a which implies aq = ala,blo = ba . Since ¢

(a,b) + 1x + (b,e) = (a,b) + ((b,

c) + 1X)

(a,bla ,

is 1-1 ,
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a - b , a contradiction.

Subcase 2 : o is onto. Since

(a,b,c)(a,c) + (a,c)a,c) = ((a,b,c) + (a,c))(a,c) = ala,c) ,

we have that

(a,b) + 1X afa,c) .

Therefore

(a,b)(a,b) + 1X(a,b) aa,e)(a,b) = a(a,e,b)

and thus

Iy + (agb) ala,c,b) .

It then follows that ala,c) = wla.c,b)e. Since o is onto, there is an

element x in X such that /xa/ = c,. Then
a = cla,c) .= zala,c) = xa(a,c,b) = b ,
a contradiction,
Conversely, ‘assume—that IX| < 2. Then S Gy = My = Ey. If
|x] = 0 or 1, then |s|"= 1, so S admits the structure of an AC semiring

with zero. If X = {a,b}l, a # b, then § = {lx, (a,b)}, so S is a cyclic
group of order 2V By Proposition 2.6, S admits the structure of an AC

semiring with zero.

We shall characterize an alternating group admitting the struc-

ture of an AC semiring with zero in the following theorem.

3.2 Theoren. Let n be a positive integer such that n 2 2 and A the
alternating group of degree n. Then A_ admits the structure of an AC

n
semiring with zero if and only if n < 3.
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Proof :  Assume A admits the structure of an AC semiring with
zero under an:laddition + . Suppose n 2 4, let a,b,c and d be four dis-
tinct elements in X. Therefore (a,b)(c,d) , (a,d)(b,c) A, sO

(a,b)(c,d) + (g,d)(b,c) = «

0
for some a ¢ An .

Case g = 0. Then (a,b)(c,d) + (a,d)(b,c) = 0. Since (a,b)(c,d)

= (a,b,e)(a,d,c) and (a,d)(b.ec) = (b.d.e¢)(a,d,c) , we have that

(a,b,c)(a,d,c) + (b,d;c)(a,d,c)

= 0 ,
so
((a,b,c)é™ (bgdjc)Ma,d,c) = 0
which implies that
| (d.b,e) + (byd,c) = 0
Theﬁ
(a,c,b)((a,bge) + (byd,c)) = 0
and hence
1,0+ (a,b)(c,d) =70,
Therefore
1.+ {(2,b)(c,d) '+ (a,d)(b,c) =" (a,d)(b,c)

Since (a,b)(c,d)(+ (ald)(b,e) = 0 |, we“hdve 1y (ajd)(b,c) , a con-

tradiction.

Case o # 0! Then

(a,c)(b,d)((a,b)(c,d) + (a,d)}(b,c)) (a,c)(b,d)a
which implies that

(a,d)(b,c) + (a,b)(c,d) = (a,c)(b,d)a .

Since (é,b)(c,d) + (a,d)(b,c) =a , o = (a,c)(b,d)a , so (a,c)(b,d)
= 1x (since o # 0) , a contradiction.

Conversely, assume n € 3. .If n = 2, then IA2l =1, s0 A,
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admits the structure of an AC semiring with zero. If n = 3 , then A3

is a cyclic group of order 3, so it admits the structure of an AC semi-

ring with zero by Proposition 2.6. #

3.3 Theorem. For a set X, the full transformation semigroup on X,
TX » admits the structure of an AC semiring with zero if and only if

lX| < 1.

. . o
Proof : Assume that there exists an operation + on TX such

that (T;,+,-) is an AC semirping with zerc where * is the operation of

o .
Tx. To show |X| ¢ 1, suppeselon’ the contrary that |X| > 2. Let a and

b be two distinct elements;in X. _Then

X -4
Xa in 5 o
- o
for some o in TX'
Case o = 0. That is, Xa + Xb = 0, Then we have
0 = OXa - (Xa + Xb)Xa = XaXa + XbXa = Xa + Xa
which implies that
Xa = xa+0 = Xa+(xa+xb) = (xa+xa)+xb = 0+xb = Xb,
& .contradiction:
Case o # 0, Since
xa(xa + xb) = X,o s (X, + X)X, = oX_ ,
we have that
X +X = Xao 5 X +X = aX
a b a a a a

. : = = | 1 that
respectively. Since Xau Xaa and aXa X_ 5 it follows
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= X (a,b) + X (a,b)
a b

= (Xa + Xb)(a,b)

= % (ab) .

Xb A Y
Hence X_, = Xaa(a’b) 3 X, 1 \ag =\ b

X if avc # a and ac # b..

ao
If ae = a, then X = X_ = X/ 4 a contradiction. If am = b, then X
a ao b b

= Xaa = Xa s & contradiction. -If ax # a and ao # b, let B be an element
of TX defined by

a if x=awerx=5>»,

xB =

»® otherwise .

so we have that
0= Ryt Xy = XB+ XB = (Xa * Xb)B = Xab Xaa 2
which is a contradiction since ag # a.
The converse is obvious since |TX| =1 if |x| < 1. #

The next five theorems give characterizations of the transfor-

mation semigroups Py, Iy, Uys Wy and Cy which admit the structure of



26

an AC semiring with zero. To prove these theorems, the following lemma

is required.

3.4 Lemma. Let a and b be two distinct elements of a set X. If § is
a subsemigroup of the partial transformation semigroup of X, PX’ con-

taining {a}a, {a}b, {b}a , then § does not admit the structure of an AC

semiring with zero.
Proof : Assume _cnethe contrary that S admits the structure of
an AC semiring with zero under an addition + ., Then
{ald +{a) 2 8 \a
a b

for some a in S°. Then

{a}aa

{a}a({a}a + {a}b)

1l
=
ol
et
il
+
~—
[Al]
—
o
1l
Q

and

]
=
jal]
e
-+

u{a}a‘ ({a}a + {a}b){a}a 0 = {a}a .

If follows from {a}a = u{a}a that « # 0, a € Aus-a € Vo and ao = a.
Then {a}au = {a}a , and hence {a}a = {a}aa =g = {a}a + {a}b .

Since {b}a e Siowe have that

0 =,fak b} - =, Hak, + (ah)ibly = 0+ {ad 2, fa}, ,

a contradiction. #

If a set X contains two distinct elements a,b, then {a}a, {a}b,
I U WX and

{b}a are elements of the transformation semigroups PX’ x> Ugs

Cy- Hence the five following theorems are obtained directly from Lemma
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3.5 Theorem. For a set X, the partial transformation semigroup on X,
PX, admits the structure of an AC semiring with zero if and only if

(x|l < 1.

3.6 Theorems For a set X, the symmetric inverse semigroup on X, Iy

admits the structure of an AC semiring with zero if and only if |X| < 1.

3.7 Theorem. For a set X, the semigroup-of all almost identical
partial transformations'of X, UX’ admits the structure of an AC semi-

ring with zerc if and only if |%| < 1.

3.8 Theorem. For a set X, the semigreup of all almost identical 1-1
partial transformations of X, WX’ admits the structure of an AC semi-

ring with zero if and only if [X| < 4.

3.9 Theoremn. For a set X, the semigroup of all.econstant partial-
transformations of X, CX’ admits the structure of an AC semiring with

zero if and only if |X| < 1,

The next théorem gives a-characterization of'the semigroup of
all almost. identical transformations of a set X, VX’ which admits the
structure of an AC semiring with zero in term of the cardinality of X.

First, we require the following lemma.

3.10 Lemma. If the semigroup of all almost identical transformations

of a set X, VX’ admits the structure of an AC semiring with zero, then

X is finite.
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Proof : Assume that the semigroup V, admits the structure of
an AC semiring with zero under an addition + . To show the set X is
finite, suppose on the contrary that X is infinite. Claim that'lx + 1X

- _ _ o ’
=0 or 1X +1,=1_,. Suppose that 1X +1,=¢acc¢ VX » @ # 0 and a # 1X.

X X X
Since o # 0, o € VX. Since a # 1X s S(a) #.¢ where S(a) = {x e X |
xo # x} , the shift of a. Then S(a) contains some element of X, say a.
Therefore ac # a. Since o € Vs |(a) < » . Thus X~S(a) # ¢

because ¥ is infinite. Let b be an element of X~S(a), Then ba = b,

Hence

= (a,b)ix(a,b) + (a,b)lx(a,b)
= (a,b)(lx + 1X)(a,b)

& (a,b)al(a,b) ,

so b = bo = ba,b)ala,b) = asla,b). Since aa # a, we have that either
ac = b or aa ¢ {a,b}le If aa = b, then b = aala,b) = b(a,b) = a, a con-
tradiction., If aas ¢ {a,b}, then as = as(a,b) = b e {a,b}, a contradic-
tion. Hence we prove the claim., It then follows that either 8 + B = 0
for all B ¢ VX gr B+ B =B Toriall/p e VX' Inparticular, B + B = 0
or B+ B = B for'every B € VX.
For| convenienee, for x,y in X, let the notatiom (x =+ y) denote

the element’of Vy defined by

v if €t =x,

tx > y) =
t otherwise.

Let a,b be two distinct elements in X. Then (a + b) and

(b »a) e Vx » SO
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(a+Db) +(b»a) = «
for some o in V5. Hence
(a~>Db)a~>Db)+(b>a)a+Db) = wa(a=>Db),
{(a > b)(a,b) + (b > a)(a,b) =  ala,b)

which imply that

(a~>Db)+ (a =+ Db) = afa > b)

L

(b > @)y=+(a -~ b) ="""qa(a,b) ,

respectively., The last eguality gives a = afa.,b) since (a =+ b)+(b =+ a)

= a

Case ¢ = 0, Then (a +'b)+(b + a).=a = 0 = e(a > b) = (a + b)+(a > b).

Hence

(a'> b) (a»Db)+0

= (a=2>b)+ ({(a=+>b) + (b~>a))
= ({(a+b)+ (a~>>b))+ (b~ a)
= 0+ (b= a)

o VDR

a contradictien.

Case a # 0, Then (a » b)+(a +b) = ala + b) # 0 , which implies that
(a » b)+(a,>'b) = (al+'b) since B ¢+ B =0ior A+ B/= Bidior every B € Vye

Thus (a + b} = a(a » b). Since a = a(a,b) and for x e X,

b if xgy
xala,b) =

a if xa

a ,

i

b,

it follows that a,b ¢ Va. In particular, aa # a. Since (a - b)

1

a{a - b) and ao # a, we have that b = a(a + b) = aa(a + b)

(aa)(a > b) = as € Va , a contradiction. #



3.11 Thecren. For a set X, tiie scemigroup of all almost identical
transformations of a set X, Vy, admits the structure of an AC semirings
3 §

with zero if and only if |Xl < 1.

Procf : Assume that VY admits the structure of an AC semiring
with zero under an addition +. Then the set X is finite by Lemma 3,10,
Hence VX = TY’ the full transformation semigroup on X. t then follows

from Theorem 3.3 that |X| < 1.

The converse is.ebvicus since IVKI =, if |X| <t . #

If X is a set;“the B =lix |éx & X} and XXy = X, for all x,
y € X, hence Fy is a right zero semigroup, so it admits the structure

of an AC semiring with Zerg by Proposition 2.1. Therefore we have

3.12 Theoremn. For a set X, the semigroup of all constant transforma-

tions of X, Fx, admits therstructure of an AC semiring with zero.

Recall that for a set X and a cardinal number £ with 1 € £ &£ IXI,

R, D_, R_and B{ denote the following transformation semigroups :

£ & &

RE = {o € By | |9a} < EY ,
De .. 3. o€ Py | |aeh < €},
RE = {ae Py | |va] < €},
ﬁE = {ee?P, | laa] < €} .

The next two theorems give characterizations of these transfor-

mation semigroups which admit the structure of an AC semiring with zero.

3.13 Theorem. Let X be a set and 1 £ &% lXI. Then

(1) Rg admits the structure of an AC semiring with zero if
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1.

and only if §

(2) Dg admits the structure of an AC semiring with zero if

and only if §

i.

Proof : Assume £ > 1, .Then [x] > 1, so-there exist two
distinct elements a,b in X. Hence {a}a, {a}b and {b}a are elements of
Rg and DE' By Lemma 3.4 RE and DE do mot admit the structure of an
AC semiring with zero.

If é = 1, then Ry= {0} = D_, s0 R. and D, admit the struc-

. 3 £ & g

ture of an AC semiringwiths/Zzero. i

3.14 Theorem. Let X'be & set and 1 < & £ [X|. Then
(1) RE admits the structure of an AC semiring with zero if
and only if |Xx| = 1.

(2) 5€ admits the structure of an AC semiring with zero if

and only if [X| = 1.

Proof : Assume |X| > 2. Let a,b be two distinct elements in

"~ X. Then {a}a, {a}b and {b}a are elements of ig and 55. By Lemma 3.4,

R_ and Bg do not-admitythe strueture) of an) AC) semiring with zero.

£
If |X|'= 1, then ig = Bg = Py which admits the structure of an

AC semiring) with zero, by Theorem 3.5.



	CHAPTER III TRANSFORMATION SEMIGROUPS


