CHAPTER 1

PRELIMINARIES

Let S be a semigroup. An element z of S is called a right
[left] zero of S if xz = z [2x = 2] for every x € S. An element of §
is called a zero of S if it is both,a left and a right zero of S. An
element e of S is called a pight [left] identity of S if xe = x [ex = x]
for every x € S. An element of S-is called apn identity of S if it is
both a left and a right ddentity of S. A semigroup can have at most
one zero and at most one identity. The zero and the identity of a
semigroup, if exist, are wsually denote by 0 and 1, respectively.

A right [left] zerg semipgroup ds a semigroup S in which xy = y

[xy = x] for all x,y € S. Then a semigroup S is a right [left] zero
semigroup if and only, if every element of S is a right [left] zero of
S.

A semigroup S-with zerc 0 i1s called a zero semigroup if =y = 0

for all x,y € Sj.and, it is'called a Kronecker semigroup if

X if x = vy,

0 if x#y

for all x,v e S.

Let S be a semigroup, and let 0 be a symbol not representing

any element of S. Let the notation SU 0 denote the semigroup obtained

by extending the binary operation on S to 0 by defining 00 = 0 and

0a = a0 = 0 for all a € S, and then let the notation s°® denote the



following semigroup :

S if S has a zero,

SU 0 if S has no zero.

Similarly, let S be a semigroup and 1 a symbol not representing any
element of S. Let the notaticon SU 1 denote the semigroup obtained by

extending the binary operation on S to 1-by defining 11 = 1 and 1a =

= al for all a e S, and det the notation S1 denote the following semi-

group :

S if S has an identity,

SuUa1 if S has no identity.

Let S be a semigroup. For TS S, T is called a subsemigroup

of S if T forms a semigroup under the same operation on S. For a non-

empty subset A of 8, let
B> = fadyl..a | a; €A, nelN}

where N is the set of all positive integers. Then for A& S, A # ¢ ,

<A> is a subsemigroup\of § and it is called the subsemigroup of S

generated by A. For a € S, let <a> denotes <{a}> and it is called the

n
cyclic subsemigroup of S generated by a. Hence <a> =f{a [ neN}

for every a € S. If S = <a> for some a € S, § is said to be a cyclic
semigroup. TFor a € S, if <a> is finite then there exists a positive
2 m

. m 2
integer m such that <a> = {a, a™ ', ..., @ } where a, a~, ..., a are

all distinct.

a



Let S be a semigroup and A a nonempty subset of S. Then A is
called a rigﬁt [left] ideal of S if ASS A [SA € A]. We call A an

ideal of S if A is both a left and a right ideal of S.

A semigroup S is said to be right simple {left simple, simple]

if S is the only right ideal [left ideal, ideal] of S.

A semigroup S is said to be rights[left] cancellative if for

a,b,x € S, ax = bx [xa = xb] implies a = b. A cancellative semigroup

is a semigroup which is both ieft and right cancellative.

A semigroup S isfcalled a right group if it is right simple
and left cancellative. JA left group is defined dually. A semigroup
S is a right [left] group if @and only if S is the product of GxE of a

group G and a right [left] zZero semigroup E [1, Theorem 1.27].

Let S and T be semigroups and #h & map from S into T. The map

Y is said to be a homomorphism from S into T if

(ab)y = (ap)(by)

for all a,b € S. A homomorphism ¥ from S into T is called an isomor-
phism if ¥ is a~1-1 map., If there exists|an| isomenphism from S onto
T, we say that the semigroups S and T are isomorphic, and we write

s T,

A semiring is a triple (S,+,+) such that (S,+) and (S,.) are
semigroups and x+(y + 2) = xey + %z , (y + 2)+x = y+x + z-x for all

X,¥,2 € S. If S = (8,+,+) is a seﬁiring, the operation + and +« are

called the addition and the multiplication of the semiring S, respec-
tively. An element 0 of a semiring (S,+,+) is said to be a zero of

the semiring (§,+,¢) if %0 =0ex =0, x+ 0=0+ x=x for all



x € S. A semiring (S,+,+) is additively commutative or AC if (S,+) is

commutative.

Let S be a semiring, For TS S, T is a subsemiring of S if T

forms a semiring under the same operations . on:S. Observe that for every
x € S, x5 and Sx are subsemirings of S.

A semigroup S is said to admit the structure of an additively

commutative semiring with zero if there exists a binary operation + on

the semigroup S° such that (8°,+,+) is af additively commutative semi-
ring with zero, where e.is the operation on s% Hence the following

clearly hold :-

(1) A semigroup having cnly one element admits the structure

of an AC semiring with zero,

(2) Any semigroup admitting a ring structure admits the
structure of an AC semiring with Zero.

(3) If a semigroup S admits the structure of an AC semiring
with zero, then for any semigroup T with T XS, T also admits the

structure of an AC semiring with Zero.

For any set A, let |A| denote the cardinality of A.

Let X bea set. "A partial transformation of\X is a map from

a subset of X into (a subset of) X. The partial transformation of X

with empty domain ig'called the empty transformation amd it is denoted

by 0. For 'a partial transformation ¢ of X, the domain and the range
of o are denoted by Ae and Va, respectively. Let Py be the set of all
partial transformations of X including the empty transformation O.

For a,B € P define the product oB as follows : If VanNag = ¢ ,

X 2
let aB = 0. If VaNAB # ¢ , let

o = (a | _1)(61 )
(Va NAB)a Va NAB



(the composite map) where 1 and B8] denote the

(Va NAB)a Vo N AR
regstrictions of o and B"uj(Vu!1AB)a_1 and Va NAB, respectively. Then

PX is a semigroup with zero 0 and identity 1, where lx is the identity

map on X and it is called the partial transformation semigroup on the

-1
set X. Observe that for a,B € Py, AaB = (Va NAB)o. "€ Aa and VaB
= (Va NAB)B € VB. A partial transformation a of X is called a 1-1

partial transformation of X if a is 1-1.. Let IX denote the set of all

1-1 partial transformations of ¥, that is,
IX 3 {a € Py | o is 1-1} .

Then IX is a subsemigroup of PX with identity 1X and zero 0, and it is

called the 1-1 partial transformation semigroup or the symmetric inverse

semigroup on the set X. By a transformation of a set X we mean a map

of ¥ into itself. Then an element o € PX is a transformation of X if
and only if Aa = X. Let TX denote the set of all transformations of X,

that is,

Ty

H

{ae Py | Aa = X} .

Then Ty is a subsemigroup of Py with Tdentity 1X and it is called the

full transformation semigroup on_.the set X. The permutation group on

X is denoted by GX' Then

G = {a € PX'I Ao = Vo = X and a is 1-1}.

c c
Observe that GX = IX S P and GX c TXL:_ P

X X -
The semigroup of all 1-1 transformations of X and the semigroup
of all onto transformations of X are denoted by My, and EX, respectively.

Hence



M, = {a :X +>X/}ois 1-1}
= {ae I | 8a = X}
and

E = {a

X + X | o is ontol

= {a e TX | Va = X}

It is known that for any set X, MX = GX if and only if |X|] <, and

E, = Gy if and only if | x| < = .

We denote the semigroup of all constant partial transformations

of X and the semigroup ofall constant transformations of X by Cy and

F_, respectively. Henge

X
C A F Fie(e%5 " |9 =711 U {0} ,
I:‘X = {QETX|IVG|=1} ifX#qbs
FX = {0} ifFX=9¢ .

The shift of a partial transformation o of X, S(a), is defined

to be the set {x ¢ Ad | xa # xt. A partial transformation a of X is

said to be almost identical if the shift of a is finite, that is,

|s(a)] < » . Let

U, = {a € Py | |S(u)| < w} |

¥l 3g {aETX| |s{a) | < I}
and

Wy = {eeIy | Is(e)]| < =} .
If o,8 € P, , then S(aB) & s(a)U S(B) . Hence U,, vy and W, are
subsemigroups of PX’ Tg*and IX’ respectively, and UX’ Vx and Wx are

referred respectively as the semigroup of all almost identical partial

transformations of X, the semigroup of all almost identical transfor-




mations of X, and the semigroup of all almost identical 1-1 partial

transformations of X. Observe that if X is finite, then Uy = Py 5 Vg

= TX and.WX = IX

By a transformation semigroup on a set X, we mean a subsemi-

group of the partial transformation semigroup of X.
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