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ABSTRACT

A semigroup S ig said to admit the structure of an additively

commutative semiring with zero or to admit the structure of an AC semi-

. . . . . . o
ring with zero if there exists an operation + on the semigroup S such

that (SO,+,-) is an additively commutative semiring with zero where -
is the operation on 8°, 8° = g if S has a zero'and if S has no zero,
let S° be S with a zéro adjoined.

There are two main purposes in this thesis. The first one is
to characterize . well=known'  transformation semigroups which admit the
structure of an ‘AC semiring with zero. The second one is to charac-
terize all miltiplacative Interval semigroups in R which admit such a

structure.  The main results are as follow

Theorem 1. Let X be a set and let S be one of the following transfor-
mation semlgroups :

(i) the symmetric group on X,

(ii) _ the semigroup of all 1-1 transformations of X,

(iii) the semigroup of all onto transformations of X.
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Then S admits the structure of an AC semiring with zero if and only if

%] < 2.

Theorem 2. The partial -transformation semigroup on a set X admits

the structure of an AC semiring with zero if and only if |X| < 1.

Theorem 3. The full transformation semigroup on a set X admits the

structure of an AC semiring with zerg df/and only if |X| < 1.

Theorem 4. The symmetpie inverse semigroup-on a set X admits the

structure of an AC semirimg with zero if and only if |X| < 1.

Theorem 5. For any“Set X, /the semigroup of all almost identical

partial transformatioms of X admits the structure of an AC semiring

with zero if and only df |X| < 1.

Theorem 6. For any set X, the semigrouwp of all almost identical
transformations of X admits the structure of an AC semiring with zero

if and only if |X| i1,

Theorem 7. For any set X, the semigroup of all almost identical 1-1
partial transformations pf X admits the structure of an AC semiring

with zero if and only if (x| </ 1.

Theorem €., If 84is.d multiplicativel inténvall semigroupiin R , then
S admits the structure of an AC semiring with zero if and only if S is
one of the following types : |

R , {0} , {1} , (0,°) , [0,») ,

(a,») , l[a,=) where a > 1 ,

(0,b) , (o0,b] , {0,b) , [0,b] where O <b g 1.

Theorem 8 is obtained by the following lemmas
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Lemma 1. A subset S of R is a multiplicative interval semigroup in
IR if and only if S is one of the following types :

(1) R , (2) {0} ? (3) {1} » (‘4) (O,m) s (5) [O,m) >

(6) (a,*) where a 2> 1,

(7) [a,=) where a 2> 1,

(8) (0,b) where 0 < b g 1,

(9 (o,b] where 0 </b% 1,
(10) (0,b) where 0 < b sy
(11) [0,b] Whére | |0 < b <,
(12) (a,b) where 1 10 N, a2 sbsg 1,
(13)  (a,bl where © =1 € a <. 0 < a2 <bsg 1,
(14)  [a,b) wiere , -1 € a < 0 < a’ <b < 1,
(15) [a,b] where =1 x%a < 0 < a2 < b g 1.

Lemma 2. Every multiplicative semigroup of nonnegative real numbers

admits the structure of an AC semiring with zero.

Lemma 3. A multiplicative interval semigroup inm R of the form [a,1],

2

where -1 ¢ a < 0 < a“s 1, does not admit the structure of an AC semi-

ring with zero,

Lemma 4. A multiplicative intérval semigroup in R ofthe form [a,b],
2
where -1 € a < 0/<la "s/b ¢ 1) does not admit the structure of an AC

semiring with zero.

Lemma 5. If S is a multiplicative interval semigroup in IR of one of

the following forms :

2
(a,b) where -1ga<0<a <bgl,
(a,bl where -1 € a < 0 < a2 £bsg 1,
[a,b) where -1 <a< 0« a2 <bsg1,



then $ does not admit the structure of an AC semiring with zero.
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INTRODUCTION

The theory of rings has long been studied. As the multiplica-
tive structure of rings is actually the structure of semigroups, so
mathematicians have been studying semigroups that admit ring structure
({4, [51,1[61).

By the definition, semirings are a generalization of rings and.
they have multiplicativesstpucture as a semigroup. Nowadays semirings
have been widely studied. /A semigroup that admits the structure of a
semiring is likely to be studied but every semigroup always admits a
semiring structure if we define an addition by x + y = x for all x,y
or x+ y =y for all x,y , so there is nothing to study further.

There are some who study special semirings, for example regular
semirings [7) and inversive semirings [2], so there should be some
study of semigroups. that admit a structure of special semirings.

The subject of this research is to study semigroups admitting
the structure of an additively commutative semiring with zero, The
property of being additively commutative dand having zero is also a
property of rings. So such a semiring is a kind of generalization for
a ring,

Examples of semirings which are additively commutative semi-
rings with zero but are not rings :

(1) (INU{0},+,+) under usual addition and multiplication
where IN is the set of natural numbers,

(2) ( u+lJ{0},+,-) under usual addition and multiplication

+

where @ * is the set of positive rational numbers.

(3) (R*U {0},+,+) under usual addition and multiplication



where RT is the set of positive real numbers,

(4) Mn(S), the semiring of nxn matrices over § under usual
addition and multiplication of matrices where S is one of the semirings
in (1), (2) or (3).

Transformation semigroups are important in the study of semi-
groups., A multiplicative interval semigroup in IR is a kind of semi-
groups of real numbers under multiplicatién. Thus these semigroups
have some importance in mathematics, The aim of this research is to
find the neccessary and sufficient conditions that give the structure
of an additively commutative semiring with zero in these semigroups.

The preliminaries and notation usea for this work are given in
Chapter I. We give examples and general properties of semigroups admit-
ting the structure of an additively commutative semiring with zero in
Chapter II, <Chapter III and Chapter iV are the main results of the
thesis. In Chapter III, we characterize wvarious transformation semi-
groups, including well-known omnes, which admit/the structure of an
additively commutative semiring with zero, and in Chapter IV, we cha-
racterize all multiplicative interval semigroups in IR which admit such

a structure.
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