Chapter 2
Ligand-Gated Ion Channel

One of the problem of mathematical biology for physics is the study of

structures of biological membranes and their functions among which the problem

of charge transfer. There are var © ’ @8 of jon transport such as ion channels.
\ :

Ion channels can be descrih :_‘j_: 2

allow a flux of ions to paSE¥HAEEdefined Cw& Channclemay besither
voltage-gated or ligand-gat®eL#THer/ n 0 .“"1‘\ ely ion-specific and allow

S ; Broteins of excitable cells that

fluxes of typically ions.
Voltage-gated igff cifinfidl whose pernieabil of ions is sensitive to the
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transmembrane potentia hese dissertaton, mainly we

are interested in the otha annel. Its permeability is

increased by the binding offfé ally a neurotransmitter at a

chemical synapse. The permea often severe. When no ligand

bound, channels le istbound, it allow passage

b

adependent ion channels.
l"
lons are a selective filter whied

at up to 107 ions p

The functional organl imparting specificity of
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2.1 Nonstatlonary Lyotropic Model

Ion channels locate in the lipid bilayer of the membrane, lyotropic model, and

mediate the ion motion across the membrane by using its electrochemical po-



tential. The study of real ion channels allows the experimental data and some
assumptions.

In ligand-gated ion channels, transmembrane curerents here will be cal-
culated in a nonstationary. The model is lyotropic in the sense that dynamics

become nonlinear functions of the reactant concentrations. The derived total cur-

rents fit recorded data signifi p than those derived from mass action,
Ising, and other stationasg pe modeié
J .
Ion channels arevexeitable rotmﬁorm hydrophilic pore across
membranes of nerve, and other tisst hey produce and transduce

sible, for a large number of cell
regulatory functions afid flegbrk feractio .\\ h,as in the immune and cen-

#no *\.\\. (e also a major target for drug

e ligand-receptor interaction and var-

tral nervous systems.

therapy. The moleculargbagis

A
lous gating mechanisms gf io ?j_ henc@ a central issue in contemporary
TR
biological physics. — =
SR , 500 24
== o
Many studie: ( uature of gating mechanisms

governing the .W. 0 , 'l" tuating current observed
through patch cla !I technique see more in Hamill, LJ arty, Neher, Sakmann and
Sigworth (1981) ﬁﬁ | (%\; ltrﬁrﬁies of interest to elec-
trophysiologﬂga e f;ﬂg ﬂrrm anNEll

the current variance due to random

¢
e ﬁ”‘ffﬁg\fﬁ‘i‘fﬂﬁ\fﬂ“ﬁﬁfﬂﬁﬁm e
ciated goniormational transitions of transmembrane channel proteins have thus

been described in Markov processes by Colquhoun and Hawkes (1981, 1982) and
Horn (1984), other diffusion model by Millhauser, Salpeter and Oswald (1988) and

Lauger (1988), fractal time theories by Sansom, Ball, Kerry, McGee, Ramsey and
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Usherwood (1989), and ferroelectric model by Bystrov, Lakhno and Molchanov
. ( 1994). Cooperativity and superposition of many different or identical ion chan-
nels have also béen studied in Ising and lattice type models in Kijima and Kijima

(1980), Liu and Dilger (1993), and Ghosh aﬂd Muherjee (1993).
The response from a system of ion channels, the electric current, propor-

tion to the open probability times the ber of ion channels. It may be induced

by a shift in the voltage—gated nealaed, or mechanical deformation.o’f
the channel. b
The ligand-gated stationary such as Hill
(1913), Langmuir (1918 e models. However, the
response and ligand cg centration of receptors
and both initail reactaafco
- Two different le to molecular cooperativ-

ity in biological systems. A subunits of a macromolecular

channel protein called long #nggices und the interaction between indi-

For 1nstance ------ ""f""“j‘*—‘r?_'"“—i'.i on is apparent. Bind-

ing of oxygen O, at fo rirece 0 o'r: b) molecule is coupled
i

such that binding of the ﬁ}st oxygen 1ncreases the affinity of hemoglobin for bind-

s o ad“‘“"“ﬂ*“rﬂeﬂ“}%ﬂlﬁ PRI F G e i

reaction,

QW’WNWWWWBW&H

in which n¥s the number of binding sites per hemoglobin molecule (n =4). The
rate equation for binding of oxygen molecule to hemoglobin as

ov n /
E‘—kp T—k‘I’ (21)
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where ¥ is the concentration of oxygen-hemoglobin complexes, p is the concen-
tration of oxygen, r is the concentration of hemoglobin, and also &’ and k are the

dissociation and the association constant, respectively which define the affinity

K as

K
K= m (2.2)
If we assume that K is ident ding sites, that is the binding of one
ligand does not influenc - to binding site on membrane
However, it is common 6 Leractions to display such influences
The binding of one ligs {¢eptor may entoirage the binding of a second

ligand to binding site afrabfaherThat is said telbe cooperativity.
From Eq.(2.1)4fTt gogfl Ferd & atienary model based on mass

action law by condition ;

(2.3)

Derived from Eq. (2.1) with gondi u_ l (238) by Eq. (2.2), then
2L -

fréportional to the ratio of

. er of receptors with boundar o

Matsson(1996) as

occupied to total nu itial constrain ro = r+ .

i responsﬁuggﬁyv] UNINNT

‘c————- 100 0 (2.5)

~ATANIATII N ...

maximum comparing with the measured scale. Hill found the expression for

fractional saturation S of hemoglobin as

o
S = Smax s .
K (2.6)
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where Spax is the peak of scale in measurement or maximum effect. This type
of response predicts a scaling in the ligand concentration in units of K/ which
usually deviates from the half maximum response of Effective Concentration writ-
ten ECjs assessed. In experiment, it is not always easy to measure the maximum
effect because an error in it will affect all the data. The power n(sometimes writ-

ten ny), is also called Hill coefficient, has sometimes been called the slope of Eq.

(2.6) although it determines t e ste ‘, « 238 /o Llie_curve this is perhaps misleading
because the slope is not ca -vm..l eve cher are usually interested
in the slope in the mi s oughly linear and is the
region used in bioassa;

This discrepa: 1 8due to transport of ions
through the channels i ary state in the ligand-
receptér interaction is | ofsf : ed by Bevan, Oriowo and
d Oriowo (1988), Barlow
and Blake (1989), and Kendkin(f989) sh esponse derived from stationary

theories applied to nonstationa#y-ly: gical systems may deviate by

several orders of mag y’""-"-— s = .f' ]
Kijima and Kiﬁla G fate mg@del differencing between

the response mduced(coop%tlve 1nteract1 by subunit protein on a lattice of

s sl SHE13 MRS PRI e o

and systems of 13£nt1ca1 multisubunit proteins(oligomers) weaklyyinteracting at

»atancol ] QYT Bl BVl i Db on

restricted relatlon between the Hill coefficient and cooperativity.
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2.2  Short Range Cooperativity: Ising Model

The contribution from short range cooperativity to the Hill coefficient has also
been evaluated in a nearest neighbour interaction, Ising model, by Liu and Dilger
(1993). Ising model was first introduced to describe interactions between fermions

which are arranged in an array and are placed in an external magnetic field.

A is the unliganded stite.and"R is mlisliganded state. These mean A with
the nonconducting clost At and B with the conducting open state. The open

channel probability g€ d fnctiot he ligandieoncentration entering into

Liu and Dilge ‘ _;"' : e-dimensional square lattice with n
ligand binding sites ox { ' and and a linear combination of the
three interaction potentifll eper; . ¥ J €4B, €44 and egp, in units of
kBT , between nearest neighb en (AB), closed/closed (AA), and
open/open (BB)4 i_“'_.:;;::.;;:;:"

Fi -
E J=5AB = GAA 4—83 i i (27)

e °"tamﬂ ﬁlﬁ@%ﬂ NINYINT
AR ﬁﬁﬂiﬁﬂ*ﬂ%ﬂ@ﬂﬁﬂﬁ '

The energy of the system depending on n is

n (€+0) (EAA—eBB)
H =
2ksT | 2

(2.9)
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where ¢ is the binding energy of one ligand molecule reduces the energy of the
system and 6 is the chemical potential energy of the ligand in solution which is
defined as

0 =60+ kgT In|p] (2.10)

where 6 is the standard chemical potential of the ligand and p is the ligand

concentration. Then yields an open prebabi

) (2.11)

and total mean current 6 #la¢a) ion channels and current i per channel are
obtained

(2.12)

However, Eq. (2.11) scalesgin 3 ligand binding equilibrium

constant, which obscures afmoleculas phy \; etation much the same as
d

for Eq. (2.6) and other statighar n-:- fols

s nonstationary systems.

Another serious problem ydels is that the Hill coefficient

could be derived from gui rent, forms vity and it is unclear

._y.

‘:"J

which form is the co -i- obtaining knowledge of

ed for the threshold for resp se, and how the slope

of response dep ﬁ les, then what is

the value of a s ﬁly In which the alms arel?:!uce jﬂj a curve that fits

data, ancﬂr ﬁwai Wmeﬁ Erhat is the
MCts on Dr

impact of ing o neurons and related biological functions, and

previously molecular sta

the potency' and efficacy? of various humoral factors and drugs on organs with

!potency- It is closely related to the affinity of the ligand for the receptor. One is more
potent than another because it has a smaller ECj.
2efficacy- the maximum response that ligand can elicit.
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large variations in the expression of vacant receptors? Without a correct physical
treatment, discussions tend to become formal. These are some reasons for the
subsequent physical, but unusual approach to what is usually considered to be
familiar problems.

Contrary to the stationary type models, in a nonstationary, long range

Interaction, lyotropic model, whi derived previously by Matsson (1996)

and Grzegorczyk, Jacobsser \ ardenyarie”amd_Matsson (1998), we find that in
a system of ion cha: l‘-h;-—r-!i mete shold for response and ECs,

depend markedly on"tHe g id ree rations and their start values.

Matsson (19964200 ///o ' N0

/ LN
line MLA-144 and D ' 16165 =] = 1, no net contribution

f a leukemic gibbon ape cell

due to short rangeCogperdtifity it oxpabted ._\ 1s only one binding site per

receptor. The derived d the scaling parameter, FCs,

\

are in perfect agreement ith absossad 8ata from Smith (1982) compared
in Fig. (2 ik (a)) Similarly=& =

(1998), the derlv re

Jacobsson, Jardemark and Matsson

g5sed whole cell ion channel

A

current mediated 'S" opus oocytes in Fig. (2.2).

L |
The derived slope of response, ny = . , agrees almost exactly with the values

observed in b m

vﬁ g nﬂ n mﬂln gasted lyotropic model,
signal_fir eur ﬁ the system of
cha aa ﬁtﬂj\a g‘.\ﬁ Tm Q\Mr ci?il Eel::[en tlglmdmdual ion

channels.
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Ligand conc.

flie dérived nonstationary ly-
otropic model ( solid line proliferation®data (points) from the
leukemic gibbon ape cell dine MLA-144 withy EC5 = 0.055 nM(b) Example of
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Figure 2.2: Compa dsbn between Tecorded ligand-indticed current data (points),
Hill equation with nge= 1 (solid line).}nd current derived from the derived

f;fggzéo::@mﬁm&ﬂvmar ured relative to peak
A AN UNRIINNAY
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2.3 Ligand Gating

Liu and Dilger (1993) assumed in the Ising type model, an ion-channel may have n
- different binding sites for a ligand, and a corresponding number of conformational
substates. However, to demonstrate the nonstationary, lyotropic character of the

scale and threshold for signal firing, for simplicity, each channel is here assumed to

or unliganded/closed.

The rate of formatiomnoflic ,_;;23_{30 with concentration

(2.13)
through the initial const ) ‘ - \ % 0. Substituting into Eq.
(2.13), the second order rag it o '

(2.14)
where we use and d N as

Px = a { (2.15)

AUEIRBIEINT e
’Qmaxﬂﬂ‘iﬂg@]ﬂﬁﬂmaﬂ -

and also play the role of renormalized concentrations with

(2.18)

v =rg -0 (2.19)
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p=px—" (2.20)

From Eq. (2.14), it can be integrated and carried out (see detail in appendix A)
In [ﬁlr—"} —2k Va2 -2t (2.21)

Accordingly, in a high affinity system which K = 0, the dynamic concentrations

in Eq. (2.21) can be replaced by 7x = 19, pe = py, 7 = r and p’ = p which will

be used subsequently unles

(2.22)

| The time p4 fepftfdg \\
that it relates the ##8ua g nt
Matsson (2001)4r¢ \ \‘ o DNA replication, many im-
portant biological fuatig @\1\ \ génerated under nonstationary
\»- lerived with Eq. (2.13) kept

strictly nonzero. It impliedfa‘der ' d f the entire system on the reactant

,\o\ iological time in the sense

cactant concentrations.

dynamical conditions
concentrations. Apart fromt! ale, the numbers of nearest neigh-
—'.# and closed ion channels,

bours of ligandedrroceptors
S

also depend on “!l ariak tratigns. However, in stationary

J.l-'

model these numbers‘are fixed and ch gspn ad hoc, thus obscuring the derived

results. It 1sﬁ>éusﬂ ﬁg %ﬁtﬁﬁyw E]']aﬂa'ﬁ éhiemical patential 0y

by adding a ﬁl‘m kgT In[p| to agcommodate for the ligand gopcentration in the
open’a‘%‘}ﬁﬂ ﬂ ‘iw ulﬁﬂ % ﬂﬂ}g};agso depends on
spare r ceptors and the initial reactant concentrations. Another problem is that
depletion of the reactants, ligands and receptors, and the formation of ligand-
receptor complexes in the actual nonstationary, chemically open system, require

a modeling with all concentrations treated as probabilities.
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2.4 Nonlocal Correlations

For instance, the definition of concentration of a ligand requires that each macro-
scopically small, but microscopically large, volume element about a receptor at a
certain site should contains a large number of ligands and vice versa. However, at

a critical ratio between the ligand and receptor concentrations, when ligands be-

come almost depleted, the number, of igands,in such a volume element decreases

below one, and vice versa for_the receptors actant concentrations should

ceptor complexes U, plays the

“\\\\‘ or any finite number of
\ \ Bl <v<mn, depending on
the concentrations of the N , 5 orny mplex. The probability to
find a definite number of ligandec: i,?f R i \i annels (or excited synapses)
at certain sites z, on a cell t .. tefore be given by the infinite

series of products

(2.23)

n=0 \@ v=0

where the surf ensional aperiodic
lattice. The teﬂ ﬂ 3) accounts for os51b111ty of having
a contn]a a!ljeay q ﬁ oduct may
represent q or a smal er m of ﬁlcle mﬂg on g and the initial

reactant concentrations, through the normalisation coefficient a . Similarly, any
product with less than n factors may be proportional to the probability of finding

n complexes.
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In the slow interaction, long wavelength limit, where receptors and chan-
nels do not move or vibrate essentially relative to each other, Eq. (2.23) reduces
to an infinite power series in ¥ , because, the spacing between receptors could

then be neglected in comparison to the wavelength

(2.24)
The normalization pa} : : X6 t0"De determined such that firing
of a neuron occurs at g gumber, _‘._“ ofiganded ion channels, or excited

synapses. This correspl rent, Imax = N 1, induced

across the membrane

2.5 Total C

Consider Eq. (2.13), the #f8 | it Aigands D eptors on a patch of membrane

or a whole cell, and rearran

5’: (2.25)
Rearranging form Eq.(224 L7 ,
ﬂUEJ'J'ﬂgJVI WEINS -

o il BN g IUAINLNA L e

a in these two equations, it becomes

a_fzka (uz_wg) (2.27)
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that is the rate for binding of ligands to ion channels with solution ( see detail in
appendix B)

Y= \/:2_%1)2 [1 + tanh [ kvVa? — b2 t]] (2.28)
The integration constant in Eq. (2.28) accounts for the possibility that some
receptors / channels have been liganded / open already from the start. The total

number of interacting membrane recep ion channels is given by

(2.29)

Depending on p and »'N can thus assume dif-
ferent values varied froMl og€ si '”T? 1 andl subs \ another. It is suggested
that the neuron fires wiin if t: il Thre 3 sponding to a definite N
value. | _

Combining the two Olubions: Bas and (2.28), the total probability

for ligand binding to a patchee ridrith e cell becomes

— ———

(2.30)

We use Eq (2.5), respo e theory, we obtain

ﬂ‘UEI’J NERTNYINT 231

which can be called a half-maximal #esponse whieh becomes fromsEffective Con-

cnnss oL bYWt S bl S BELT B ey

E =1) and r is the density of vacant (spare) receptors corresponding to closed

ion channels. Then,

o= N [1+ tanh[ L 4 [Egsom (2.32)
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The current I (p) with N liganded/open ion channels, is then proportional to

: p
) = Wi |1+ task| 22 m
(p) i [ + tan [ n[Ecso
p
= oy ——— 2.33
p+ ECso )
where
(2.34)
see more detail in appenidi RN
2.6 One Bin¢
Cooperative effectsgfitic # Yrange i n bétween individual ion channel,
may be well understgbd i : bticet . ydels by Liu and Dilger (1993).

However, with one bifidide 8ite et i

short range cooperatiyity, ! %
iz

LT

1, in the limit of vanishing

Then the energy F- G oyobom o gs. (2.9) and U (2 10) becomes

..i
i

: n[p]
2kBT+ 5

totﬁ%&’ﬂr%&!ﬁipwmﬂ 9
amaﬂnﬁmmﬁwmaﬂ 230

By inse tlng Eq. (2.35) in Eq. (2.36) then

(2.35)

-y p
R S R AYIC D) o
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and comparing with Eq. (2.33) one readily finds that the ligand concentration
for half-maximal response, like in other stationary models, becomes a constant

related to the equilibrium affinity constant,

(6 =+ 00)]
ECsg = e —_—
50 Xp [ kpT

- K (2.38)

Corrections obviously due to gh " g6l goebarativity, J # 0, cannot account

for the neglected nonstatiofi#s system depending on con-

centration.
Matsson (1996, Bialing in the leukemic gibbon
ape cell line MLA-1447"a difeqf’ slaticn Débwe & Cso does not hold. In

that cell line a half-ma%

(1982) studied this binding

[Cs0 = 0.055 nM. Smith
0.5 nM for intermediate
affinity IL-2 receptors. his mismatch. One finds
. il
that the response is no longer finearly flonal to the receptor occupancy.

Moreover, in high affinity syStems the rés sited redominantly at non-

;,""-_ﬂ . This can be shown

in Fig. (2.1). ) | i

stationary boundary .-ig.ff i

The same tipe of imeonsistency is@ifidicated in m i ligand-gated ion

il mum HELIT)
WY 47 RV TIEI 10k 11

a response without any net contribution to the slope coefficient due to short-

channel syste h as in glutamate

range cooperativy, hence ny = 1 is approximately valid. Bevan, Oriowo and

3agonist- This word use in phamacodynamic effect. Here is the ligand.
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Agonist ECs (pM) | Binding K (pM)
S-sulfo-L-cysteine | 594 7.8 0.13
L-HCSA 946 + 91 1.2
L-Cysteate 3310 £ 547 4.1
L-CSA 3981 + 741 8.5

Table 2.1: Ligand-gated ion channel system in glu-receptors of AMPA type with
different agonists representing ECsy and K values with ny = 1. This data come
from Patneau and Mayer (1990).

Bevan (1986), Mackay ( 088) lake (1989) observed that ECs,

5t tﬁs of magnitude in the ligand

concentration. Bevan, Bgv# .- -._,_!: ) and Kenakin (1989) have

and K" values may .differ-by-alm

speculated that the a e to transport proteins or a

variable affinity. Howe D nsate for the lack of station-

ary (steady) state in th

O’Dell and veltage-clamp on native AMPA

receptors in horizontal cg HSting (Dasyatis sabina) represent an even

more clear-cut example with 2 ent ny = 1.06. Patneaux and Mayer

(1990) studied a . ulsqualate (QA), is here

almost 3000 time 5" 05p!. Therefore, the mass-

o
action based responsé with ny ~ 1 hence ECs, =~ % is displaced from assessed

response dat ﬁm f ration.
ﬂjg}j ELY[; ng t[sf];se models have the un-

realis nieao In fact, both

potena reSponse ﬁmy vary apprec1ab ﬂom one tissue to another

depending on large differences in receptor expression on different cells.
Celentano and Wong (1994) studied on the y-aminobutyric acid (GABA)

receptor function in patches from guinea pig hippocampal neurons. It is a ligand-
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gate chloride ion channel found on the surface of virtually all vertebrate central
neurons. They observed a triphasic response. Apart from a steady state current,
exposure to GABA indicated fast, intermediate and slow components at values
of 19 uM, 10.2 pM and 4.33 pM which are about 13, 7 and 3 times larger,
respectively, than the separately assessed affinity constant K = 1.47 uM. The

corresponding Hill coefficients were ng = 0.93, 1.06 and 1.00, respectively.

AULINENINYINS
AR TN TN
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