CHAPTER IV

DERIVATIVES OF FUNCTIONS ON THE SIERPINSKI

GASKET

/4-

Thoughout the rest of this.chapter, we demlote d /y__} the set of directions on

SG and set pg,p1 and py be this chapter we will define a

'”"'\

natural derivative of real-va. istent with the existing theory

of analysis on fractals and inyestiga nmetry of SG, it suffices to

prove our works only for‘direcfion

4.1 Definition of deri at
t‘:{ ",-:J"'

Definition 4.1. Let f be a functionen 5G, p and m be the smallest value for which

p = pi(w) € Vi for somig i \5 >m, j € {0,1,2} and

iy = (—) define the V_ A X'

'Lmes “J

ﬂum NI,

N mm%mnma d

DY f(;(w)

n—m times

f(p1(w)) — f(po(w 111- 1))

D7, f(p1(w)) = =
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and
n-—m times

Dt flpalw)) = L 22 ai ) = £p2(w))

n—m times

f(p2(w)) — f(pr(w 222-- 2))

an

D~ f(p2(w)) =

= {p eVnlp = p2 (W0) fonysomew € Whn-1}.

ﬂUEI’WlB'Vl?WEI’]ﬂ‘i
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Figure (5). Approzimating sequence of D% . f(po(w)) and D, f(p1(w)).
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Py

PN Py(t)  Pa(an)

Figure (6). All of the pointsvin-domains ¢ nd Dt ., respectively.
, -

It is clear that Dom (D/ ) = n > 1. By Remark 4.2,

it follows that |: Ay Ud\“) U {po} € Dem D}’nf) . Let p € Dom (D+'nf) .
Then there exists uﬂt,l ﬂ msg ;maﬂ ‘uﬁwz---wm =w € Wn

such that h ﬁrﬁ Note that p = pf{wiwe...Wm) EPwm (w1ws...wga0) . If m =0,
poj, Gonsi

ﬁ&ﬂiﬁu o3 & LN fat w20

Then p € A/'m U A\_m and hence Dom (Dj,,,f) c U@ uA;)| U ipo}. The

then p =

j=1
other statements can be shown by the same way. O

Definition 4.4. Let f be a function on SG,L € R. Fix m € Ny. For n > m and

p € V,,ND}, f for some u € {\./,_}, wecall L the right-hand derivative of f
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at p in direction u if lim D, f(p) = L. L is denoted by D f(p), i.e.,
Dy f(p) = Jim D;.f(p)

if the limit exists. Similarly, for n > m and p € VN D, . f for some u € LN sk ¥

we call L the left-hand derivative of f at p in direction u if lim D_, f(p) =

Ayj,u €U Then

Moreover, each A, is dens X 5 ains Dom (D f) and

Dom (D7 f) is dense 'S Y}

Proof. We will show that D‘pm ( ) A /UA\U{po} C@early that A  UA\ U{po} C

Dom (D}, 7). Lﬁ uﬂ ’b} ﬁn Wﬁtwﬂﬂmﬂegmw integer m

andeWm,me‘NO such that p = Po (w). ThuSpeA/UA\U{%g

o 0 ST BTN HEAR Y oo -

pGSGu
nelghborhood of p. Then p € SG,, for some w € W,,. Thus ¢ = po (wl) € SG, C

SGpp- Hence g€ A, NSGpp, ie, AxNSGpyp is nonempty.

Therefore, A, is dense in SG and it is the same for A_ and A\. a

Observe that there is a relation between our derivative and the normal derivative.
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In fact, WLOG, let p = po(w) and w € Wy. For k > N,

N+m m m
Onf(p) = lim_ (g) [2f(po(w)) ~ f(p1(w0---0)) — f(p2(w0---0))

m times m times

i {@0@) = f(p1(w000---0) - f(po(w)) - f(p2(w000-—-0))

m—00 aN+m M=e0 AN+m
k—N times k N times

= lim f(pO(“’))"f(Pl(‘*’ G000 4 4 F(polw)) ~ f(pa(w §00-0))
k—oo , L -~

= — lim Dj,kf(PO ,,,,,

= —D% f(po(w)

: lerivativ » N at any point p, we have
Dom(D,f) € A,, Dom A== v\\‘\\\\ A\. Moreover, for each
peViNW there is at mos & - ich ~ f p) exists. This is shown
in the following: ' &qg \
M’” Z

u € U such that p € A,. We

Qe statement is straightfor-

Proof. Applying the eguation Retims
f. Applying % o

ward. O

Definition 4.7. Let f bé asfunction on S@uL € R. For p € A, for some u €

PR iy Z&‘iﬂaﬁl cihiige ok £51 ) ol airecion «
AR1aN ﬂ;ﬁl&l%’]@ﬂmﬁ d

Now we will prove the linearity property of differentiation of any functions on SG.

Theorem 4.8. Let f and g be functions on SG and a and b be fized real numbers.

If f and g have derivative at p € V. \ Vp ,then af + bg has derivatives and

Dy[(af + bg)(p)] = aDuf(p) + bDug(p)
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where u is the admissible direction of p.
Proof. Let p € A,. Then p = po(wl) for some m € N and w € Wi,_1. Then

D} (af +bg)(po(wl))

= lim D} (af + bg)(po(w1))

ML
~ lim 9)G j..{/;g, (af +bg) (po(w1))

+ b li
= oD 1oyl ) F98;
Similary, D (af + bg) (po(w])) Z6D Fpal @B 5D 9(po(w1)
Hence
‘" ). (4.9)
O
Now talis 5 = ﬂﬂﬂ') Mnmm 9
AR Q\Wﬂi‘fﬂ‘?ﬂm’ﬁﬂﬂqﬁ ¢
Next, take a=>b=11in (4.9). The result is
Du(f +9)(@)] = Duf(p) + Duglp). (4.10)

Repeated application of (4.10) to a sum of a finite number of functions gives

Du[fl i f2 il fn](p) = Dufl(p) o Duf2(p) T o T Dufn(p)'
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Theorem 4.11. Let f and g be functions on SG. If f and g have derivatives at

p € Va \ Vo, then fg has derivative and

D.[fg(p)] = f(p)Dug(p) + 9(p)Duf(p)

where u is the admissible direction of p.

D (f9)(po(w L))

= lim
n—oo

lim (fo)p:

n—oo

n—m times ‘ﬂ

r? f(m w1 00067-0)) —f(p_oﬁl%
RDRRES

n—o0 Qn

n—m times

£ (p1(1000---0)) — f(po(wD))
an

+ g(po(w1)) lim
n—o00
n—-m times

1 000 -0)) —
Since lim G ) — F(po(w1)) exists and lim a, = 0, we get that

n—oo an n—oo
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n m times

lim_f(p1(w1 000 800---0)) — f(po(w)) = 0.

Then

n—m times n—m times

lim f(py(w1000---0)) = lim £(p(w1000--- 0))—f(po(w1))+f(po(w1)) = f(po(wl))-

Hence

Similarly,
D3 (/w0 04 N 2:80)07 /0
4.2 Derivative of a 1101 - i
Lemma 4.12. Let f be a harm :, 7. _Then pre-derivatives at the three
points in F, (Vo), et NS S Yo S S LT : equations written in the

matriz form as follows.‘
‘ |

DY . f(po(w)) "a‘ -3"""as bom n-—m f(po(w))
-t HAHNTHE AT ||

DY, f(pale) P T )

5t Q RAIRINTUNN N8
D\,nf(po(w)) T =1 b } )
D5 @) | = 5mmas | biem =3 bam— 1| | f2)
D= W f(r2(0)) A A )

where n > m,a, = (3)" and b, = T



27

Proof. If f is a constant function, by Definition 4.1 we get that D+,n f=D{,f=0
for all n > m. Assume that f(po), f(p1) and f(p2) are not all equal real numbers and
pE Dom(Dj,nf) N Dom(DZ . f). We can write p = po(w) for some w € Wy, and

m € No. Let n > m. By definition of D} f(po(w)) and DT, f(po(w)), we have

DY F (o)) = LI = S0(0)

and

»

g'\\\
g .\\\

D\ mf(pO(w)) = /

Assume that

D o (o0()) = gz ra—- e D08 P01 () + (e — DI (22())]
LT
D\ n f(po(w)) = y.h :':v‘ + bn—mf(p2(w))]

/7 ;I

i
|

u‘

where n > m. Then

qm'mﬂmwmm
QWM%HT@JMWTN]EJ’]R d

an41

n—m times n—m times

_ f(p2(w 00---0 ) +2f(pr(w 60--0 )) +2f(po(w)) — 5f(po(w))
dan+1
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Gn 3 Qan

n—m times n—m times
_2 |:f(1)1(w 000---0)) — f(po(w))] 1 [f(po(w)) ~ f(p2(w 000 - 0))]
3

2DY f(pow)) DC . f(po(w))
3 3

=30 D= £ (o () + (3bn—m — 1) f(P1(w)) + (3bn—m — 2)f (P2(w))

Note that
3bn-m — 1 5

Then

D;,n.q.]f(pO(w

_ =30 (o ) + bt ty)-m = DI @2()

Moreover, we get tha

vl

DS 1/ (po(@) " i

¢
(n+1)—m times -

F(po(@)) 2 f (ﬁmoo
W5WU1ﬂs
RNy

n—m times B n—m times
_2 [f(po(w)) — f(p2(w 000-- 0))} f(p1(w 000 - - 000---0)) - (po(w))}
3

J
.
q

WU—‘

Qan Qn




29

2D f(po(w)) D7, f(po(w))
- 4 B :

_ 30D £ (po(w)) — (8bn—m — 2)f(P1(w)) = Bbn-m — 1) F(p2(w))

3.5 Mg,

_ 30D £ (po(w)) = Cnrn)-m = DS (P1()) = bintn)-mf (P2(w))

5(n+1)-—ma

By induction, for n > m,

D% f(po(w)) = «"5 o 'éﬁy)mb = 1) f(p2(w))]

and

af(Po(w)) = )) + bn—m f (p2(w))]-
The other equations inv - B f, D~ .f can be proved
similarly. O

By Lemma 4.12, we derive € W,, and n > m,

n—m times ! E‘:t{.ﬁ
f(p1(w 000---0)) — f(p (w3,

~An

=wmwf=======ﬁa

= g TGN OO + @ — 1) pa(w)].

"‘-‘hm‘mphe“hﬂuﬁl’mtlmw g1N9
"%‘ﬁgé DIHIIIANI AL

Then we have the following Lemma:
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Lemma 4.13. Let f be a harmonic function on SG. If w € Wp, and m, n. € N,

then we have a matriz form

( n times
f(Pl(WOOO"'O))\
n times 5 — 3" bn b, —1 \
f(pz(w 000--- 0)) gn _ 3n b —1 bn
n times
f(po(w))
f(po(w11l:--1)) 1 b =1
n times =t b b f(pl (w))
flpa(w111-- 1) | -§ " )
n times - —=3n
Flpo(w?222---2)) i
n times =3 )
\f(pr w822
where b, = 3‘"7"'1
Lemma 4.14. Let f be a i oA Ay . The left and right derivatives
in direction u € U are give
f(po(w))
Dt , D1 (w))
)

and '| I'

ﬂuﬂmﬁﬁiﬂﬂﬁﬂ‘i

ammﬂmwwmaﬂ

where w € Wm, m € Np.

Proof. If f is a constant function, then D} f = D f =0 for all u € U. Assume that

f(po), f(p1) and f(p2) are not all equal real numbers. Let w € Wy, and m € Ny. By
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definition of D% f(po(w)), D f(po(w)) and Lemma 4.12, we get that
DY, f(po(w))
= lim D7 . f(po(w))

— Yirg —3n_mf(P0(w)) + bn—mf(pl(w)) Tt (bn—m - 1)f(P2(w))

Ry 8 n—mgq

and

D f(po(w))
= lim D, f(po(w))

n—oo MMy v_ iy d

= D% f (o))

—ETEa T :

AR RN}
point p €V, \ Vp in the admissible direction.

Proof. Recall that f has derivative at p in the direction u € U means D f(p), Dy f(p)

T
i¥ |

exist and Dy f (p) = Dy f (p). Assume that p € A,. Then p = po(wl) = p1(w0) for

some w € W,, and m is a nonnegative integer. If f is a constant function, the
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derivative of f at p is zero. Suppose f(po), f(p1) and f(p2) are not all equal. Thus

m+1
DY f(po(wl)) = (g) [_ Fpo(wl)) + f(p12(w)) 1 f(pzéwl))]

5m+1

= 2() + 2/ (o(w) + 2 (1)) + 5 1 ()

2f(p1(w)) + 2f (p2(w))]

and

\\ \ )

’d 0l )
/ \\\\ 2f (po(w)) + 2f(p1(w))]
_ ' : : \ (po(w))]

) N

D> f(p1(w0)) = p

Similarly, if D{ f(p2(w0
Vi i
) o)1 (w)))

i ,,ﬂﬂ)umm B3NN
awmmigﬁmwmaﬂ

Then f has derivative at every point p in V, \ V,. O
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Corollary 4.16. Let f be a harmonic function on SG. For w € Wy,,m € Ny, then

—DZ f(po(w1)) = D} f(po(w1)) = (g) [f(Pl(w)) ; f(Po(w))]

" [f(po(w)) ; f(pz(w))]

(0)) = —D7 f(p2(w0)),

Proof. This corollary is ight for 2 ‘and Theorem 4.15. O

Lemma 4.17. Let f be

each n € N,

atimes o n times
0 =D f(p1 (w: 1000---0)) — D/ f(po(w01i k1))
; I-\‘,’d imes
vZ ( 000 -

n times n tmca

ﬁﬁﬁwfm ﬂ?ﬁi
+D/f pl(w2000 0)-D_ f(p1 w0222---2))

QW]Mﬂ‘iWNW]’JﬂH’]ﬁB

n times n times

0=D_f(pa(w2111--- ))—D__f(pl(w1222 -2))

n times n times

+ D\f(po(wl 222 2)) = D/f(po(u)? 111--- 1))
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For each n € N, we get that

n times — ' -
D/f(pl(wIOOO 0’ ’% Do v,

s —

+D_ f(pa(w IU‘VL—— X ‘

_ (g) [_c@ m+,[.ﬁp0(w1))2— 1)
l(sﬂﬂﬁ%%f%ﬁm e
Qzﬁhﬂfﬁﬂ"i’i‘ﬁﬂlﬁﬁ%"ﬂ’l N

'_ m+nf(p0 W]-)) =0.

1) — S(po(wl)

Similarly, for each n € No, set

) n times n times
al, = po(w0222---2), b, = p2(w2000- - - 0),
n times n times

’ G e iy
Ch =p1(w2000--'0), dn =p1(w0222,,_2)'



For each n € N, we get that

n times n times

D\ f (po(w0 222~ 2)) — D\ f(p2(w2000 - --0))

n times n times

+ D, f(p1(w2000---0)) — D_f(p1(w0222---2))
_ (i)"‘*" [f(a;_l) — f(po(w2)) )"‘*" [f(po(w2)) - f(b;_l)]
3

()]

pris [f(po(w2)) ~ f(d;_l)]

f (c:‘l—l)r— -i: II % i

For each n € N, we get th

- f(p2(w2111-

:D\f”"mﬁﬁﬁp?%w mj)— ,,1)]
;@ Wmﬂ'ﬂﬂ%]

2 (g) [£(@o0) + 1) + F(Er) + Fldr ) = 45 (a(2))]

1/5
=§(§) Hponf (11(2)) = 0.

T221625%6

35
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(AL

poCad e Paw)

Ap ) - (A2 A O%) Pyt
0P ) Byutto) i :

n

=
and p;(w0---02), n =1,2.

Proposition 4.18. Let | nction on SG. For w €

W, m € Ny, the sequences®

n

{D/f(Po(w2 21)) o ST =0 \ D f(p1(w0-- 02))}
all converge to zero.

Proof. Fix m € Ny and w ¢

D7, f(po(w21))

_ (g)mﬂ Lf(pl( y 16 __—_

()™ [t i ) NSt o) =2 )]

(@™ Mﬂﬁﬁﬂﬂiﬂﬂ’]ﬂi

2R ANN TN INYIAY

For n € N, assume that

D} fpow1))

D/f(po(w2 B iy =
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Then

n+1 .

B n+1
(5)’"*"“ fr1(2--2) — f(po(w?2---2))

2

n+1
D} f(po(w?---21) =

n n :‘
B (i)"‘""“ fpr(w?2---2)) — f(po(w?2:--2))
2.5

4

..“a ‘.. , ;\ ‘t'q\\
N \
ool e g
Since DY f(po(w?2---21))'= ) fllpo(w2: 2. AN
L
converge to zero. ‘ A -"- _ A
r‘(# “Y:.J
Lemma 4.19. Let f be a E;;{F__jzj ,_‘,

nction on SG. For m € Ny and

w € W,,, the sequences_

.yl. x:"‘

: fiw-g«s}'

e W’rﬁ*ﬁﬂ"‘i’fﬁmﬁ T 8 TRY)
{ f(po(wo’z"‘»}{ (w02 2))}

{D;f(pz(mb---o))} ; {D{f(pl(wz‘o o o))}

5y 0
converge to M and the sequences
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{D+f(p2(w2m)}{ f(po(w21-- 1))}
{D_‘_f(pl(w12---2))},{D;f(po(w12---2))}

+
converge to B-L(';—(wi)).

Proof. By Corollary 4.16, it implies |

= o |2+ ;3> f(po(w))] ,
and
D}f(?2(“’10 gl
5m ) !- 7 ' n—1 .
= oy T D -;--»s-—ZIA—:- + ; 3 ) f(pO(w)):| ¢

It easy to see that

D/f(m(wlo)) —— .‘7

s)m+ (@) 1l w))+2(w))+2f(P1(w))]

f ummmmmm
AV G THRAAIN A Y

_ (5)"‘“ [f(po(w)) + 2f(§1.(¢5»>) - 2f(pz(w))]

_ (g)’"“ [f(pz(w)) + 2f(€o'(;))) + 2f(p1(w))]

= e () — S



Assume that the claim holds for n € N. Then

n+1
D% f(p1(w10- 0))

‘I’l

=(§)"*”‘“ Flor(w10-- 0))—f(po(w1))
3

o (5>n+m+1 0... b )+2f(p0(w1)) f(poéwl))}

n ; ; X
. = W iz
== \f(p2(3w1 0---0 + V -r:“_:.."..r..-:

1

_by f(pg(wl 0 -'V

)
=q, Tl R *ﬁ‘ﬁ%”ﬁﬁ@%ﬁ%@ﬁ’”

n+1 A
D} f(p2(w10---0)) = (g) L F(pa (w10 0))—f(po(w1))}

and
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=(5>"+"‘“ f(m(wl’o 3)+zf<pz(w1’o 3)+2f(po(w1>) f(po(wl))]
2-5

B n-1
_ (é)"*’" f(p1(w10---0)) = f(po(wl))
2
|

2 (5N | Frale1 0D ol

D¥ f(pr (w107
3

_ D168

3
5 [ i = i
= 3 3nFmtl 3+ o 3 Z 3" ) f(po(w))
L i= i=1
L i
It follows that

4
Jim D}f(pl (w10

,mo%@@ﬂ &mwan(ﬂ'z ) s
‘Q’iﬁ%&%ﬂﬁﬂiiﬁﬂ’l’a NYQY

_ (Pl(w)) = f(po(w)) (5)

T LR PP
2 ncs\3 | B 3n-1

[ (@) = f(po(w)) (_5,)"' 1
- 2 3 2

D5 i(po(w))
N 2
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and

n

Jim D}f(pz(wl‘o )
= im oo [(Z 3') F@1() + F(pa(w)) - (1 + Z?f) f(po(w))]

_ f(m(@)) ; f(po(w)) (3)

_ D7, f(po(wl))
e

Similarly, we get that fo

D/f(PO(WO |
2 .21:+m 231) f(po w)):|
and \
5m n-1 n-1
T 2.3 | - 23’) ¥ (po(w))} :
Moreover, ‘ — l::--
Jim D/f(po( 1)) = lim D/f(pz(w01 :u /f(Po(wl))

F’WEJ'J‘VIEWI?WEHﬂ? 0
Theoreazﬁfiﬂl N w ﬂﬂﬁﬁ%m ﬁ‘ﬁn TFAE:

(a) f is afconstant
(b) Dif =0,
(c) DF f is continuous on its domain.

Moreover, this also holds for D7 f.
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Proof. Let u be /.
(a) = (b). Let p € Dom(D}f) = A, UA\ U{po}. Recall that

A, = {p € Valp = po (w1) for some w € {0, L2}

n=1

(o]
A = | {p € Valp = po (w2) for some w € {0,1,2}" '}

n=1

Then p = po(w) for some Wy, and :

By lemma 4.14, we get that

DY f(po(w)) =

since f is a constant fungfion #lg ‘ -0
(b) = (c). Let p € Dom(17 f ) d andaBSG p | ] 8G. be a neighborhood of

p. For each ¢ € SGp,p andl ¢

Hence Dj f is continuous on Dot(D )
(c) == (a). By lemma ;': = I:."_ e to pa(w) and
(D f(po(w?2-- 21)) converge to 0 fo w' DY f is continuous, we

have DY f(p2(w)) = 0 for alles€ W, m € Nos

tw=o thenoﬂuu&'xlﬂeﬂ%iwﬂﬂﬂ‘i
Qﬁﬂa@ﬂiﬂﬁ“ﬁ%ﬂ?ﬂmﬂﬂ -

If w =00, then

0= D5 sat00) = 3 - [ LO=TB] 11 +270) - 31000

so that

f(p1) = 3f(po) — 2f (p2)- (4.22)
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By the equations 4.21 and 4.22, f(p1) = 3f(po) — 2f(p2) = f(po). Hence f is a

constant on SG. ' O

- Return to Theorem 4.8, we can reproof the statement for any harmonic functions

by our formulas in the following theorem:

Theorem 4.23. Let f and g be harmio unctions on SG and a and b be fized

real numbers. Then

bt 0D, g () (4.24)

where p is a nonbounda: gl U %5 an. adr .ssible direction of u.

Proof. Let p be an element i JThen p = po(wl)forseme m € N and w € Wi, _1.

Recall that af + bg is a n 4.15, we obtain that

D /[af + b))

= DY [af + byl o(W1)
aplip)
ﬁﬁl ﬁf‘fiﬂ%ﬁ“ﬁ& ICER
q

= aD ¥ f(po(wl)) + dD 7 g(po(wl))

=aD,f(p) +bD ,g(p).
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However, we can not prove Theorem 4.11 for harmonic functions by our formula
because for any harmonic function f and g, fg is not necessary a harmonic function.

In general, fg is a harmonic function only when one of them is constant.

Lemma 4.25. Let f be a nonconstant harmonic function and g be any harmonic

function on SG. Then fg is a harmonic function if and only if g is a constant.

Since fg is a harmonicffincti /¢ gbtain that (fg) ). = f(P1(2))g(p1(2)). Then

azx + 2by + 2c
5

Saz + 10by + 10cz = Gy a7 00 -+ dby 4bz + 2cz + dcy + 4ez,

2ax + 3by +3cz = a

Morever, (fg)(p0(2) N7 oW T

by + 2azx + ed } ,
5 5 3 U
i

5by + 10az + 10cz =='byt 2bz + 2bz + 2ay + 4az + daz + 2¢cy + dex + 4ez,

e L ME INENINLIINT
P QI EARTBIIR TN 1R 8

cz + 2azx +2by [z+2z+2y] [c+2a+2b]
5 B 5 5 ’

5cz + 10az + 10by = cz + 2cx + 2cy + 2az + 4az + 4day + 2bz + 4br + 4by,

3az + 3by + 2cz = 2ay + az + 2bx + bz + cx + cy.
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Stepl WLOG, we will consider that z = 0.

Case Z= 0,z # 0,y # 0. The above equations imply that

6az — 3bz — 3cz + 9by — 3ay — 6cy =0, (1)

6az — 2bz — dez + dby — 2ay —2cy =0, 2)

=0, (3)

(1) - (2); =0, (4)

1) - @) =0, (5)
(4) + (5); =0.

Then b = c. In stead o

Case 2=0,z# 0,y

e e Sy
el

It easy to see that a b b/ function.

AUL INBNINLINT
Apply t}a Fﬁﬁﬂﬂtﬁ’ﬁnﬁi ‘ﬁﬁ '] fj ﬂ E] r] ﬁuﬂ O

By two steps, g is a co

Wl .
unction and

Definition 4.26. A real value f(p) is a local maximum value of the function f if
f(q) < f(p) for all ¢ sufficiently closed to p. Similarly, the real value f (p) is a local

minimum value of f if f(q) > f(p) for all ¢ sufficiently closed to p.
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Proposition 4.27. Let f be a nonconstant harmonic function on SG and p is any
point in V. \ Vo. If f(p) is either a local mezimum value or a local minimum value

of f, then D,f(p) =0 where u is the admissible direction of p.

Proof. Assume that f(p) is a local maximum value of f. Note that p take’s one of

the three form po(wl), po(w2), or pi(

2). Let p be po(wl) for some m € N and

>

ot oY) FEe _,

w € W—1. For n € N is large er

Then
DY f(p)
Moreover,
Then
Dot @t;’—_—_ : ) > 0.
Since p € Vi \ W, by ’ﬂdrem 115, f has derivative atip, i.e., DY f(p) = D f(p),

and we get that

Aueingmingans
QRIANTUNAINGINY  ©

In this section, we will define a new derivative satisfying Definition 4.1 at every
nonboundary point for any harmonic function for which the second derivative is zero.

To this purpose, we will replace ()" in Definition 4.1 by z5r (™.
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Definition 4.28. Fix f, a function on SG. Define Df : SG — R by

Df(po(wl))

n times n times « n times n times

f(pl(wl 000---0)) — f(po(w0111- )) + f(pz(wO 111- 1)) — f(p2(w1000-- ))

Df(po(w2))
n times

o J(Po(w0222---2)) — f

n times n times

(w2000 - - 0)) — f(p1(w0222- ))

ﬂ,—’

and

Df(p1(w2))

n times n times

i Fflpa(w2111---1) 2)—f(p0(w2‘111 1)

= i i | (&1 : '\
where a, = =5+ (2)™ and ‘ -, £50 \ limit exist.

)

Theorem 4.29. Let f be a harmonit func . If p is a nonboundary point
Vi = Eﬂ

m V,, then

where u is the admissible directio POV fi= D(Df) emists at every

p € V,\V and

ﬂumwmowmn‘s
) ma NRNINTIN T

Case p = po(wl). By Lemma 4.13, we get that

Df(po(wl))

n times n times n times n times

f(Pl (w1000---0)) — f(po(w0111- 1)) + f(p2(w0111---1)) — f(p2(w1000-- ))

e gt (8)”




Qo | ut

(3)" tim, 5"~ 3 1) + b a01) + o = ) (1)
 ou (o(w0)) + (57 — ) £(p1(w0) + (bn ~ 1) (p2(w0))]
£ [(Bn — DF(0(0) + (57 3 F(21(0)) + b (p2(w0)]

— (5™ = 3" f (po(wL)ght (bn, — 1) f (P1(w1)) + ba f (P2(w1))]

H&vmwn“fif e + £ (p2(w0)))

RN

Moreover, by Lemmaidid
'l
“] n times

lx“Df(pl(wIOOO 0 _ Df(po(w0111---1))

sz(po(wl)zu
EF’J ‘VI ﬂm HIIREN
pggwonl 1)

Df (p2(wl ooo

'-wm am‘;gy mnmm

n times n times

ﬁ
f(r ,"‘--‘ : 2f(P2(°J)) +2f(P1(w))]

+ D__f(pg(w() 111---1)) _ D\f(pz(wl 000---0))
an

an

48
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Case p = po(w2).

D f(po(w2))
e n time times
f(po(wo‘zzz 2)) f(pz(w2 000 - - 0)) + f(p1(w2000- - 0)) f(p (wo'zzz -2))
R s (8)"

=§<3 £$WJ@NWD+Wr4)uwmwwv—sw@mwm

(6" — ) g2 b 2) + bn f (p2(w2))
3 . - d
b 1S (p2(w2)

~\wmmom
\\
A

\,
, ‘\

.......

& [(511 _ o ol o) f .. -._

|
oo | ot
w| ot
LS
3
=
)
o
P
€
N
L
|

2f(Pl(w)) ‘i 2f(po(w))]

+
AN
w| ot
\_/
—

[y

' Q

o
—
(3
N—r
N—r
NJ

Il
P i oo | Ot
wW| o

SNy colon N
w| ot
\_/

[4f £ (pa( _-_'— 4
'!f.-, hY )
)fmwnlmw ]

-D\f@oﬂMU’mﬂVﬁWﬂ’]ﬂ‘i
M°“"°VQW?]‘§€U NWW')V]EJ’J@EJ

Df(po(wo‘zzz 2))  Df(pa(w2000-- 000---0)

an

DMﬂm»gl

n times

’Df(pl(wZOOO 0)) ’Df(pl(w0222 -2))
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n times n times
oy D f(po(w0222--2)) D\ f(p2(w2000--0))
n— an a
n times - n times

i D, f(p1(w2000---0)) D_f(p1(w0222---2))
an an
=0.

Case p = p1 (w2)

Df(p1(w2))
n times ime n times n times
_ iy [ea@2TIT-T)) —fipiCae 200 u\\k\\;‘___ 3)) - Fpo(w2 Tl 1)

5 F5\" .
=5 (5) m (oo

= [(on - f

\“‘ bnf (p2(w2))]

(5" — 3™) f (p2(w1))]

+ oo f rollo)) Z L (5" — 3™ f(pa(w1)

.'5’
(b 1) f (p2(w2))]

=§(§)m,3;n;°[ 3 150
-5 ﬁ% o w))+2f(po(w))+2f(pz(w))]
Sk 0 O
8 3 5 €

IB4A3RUMNINGIAD

™ f(p2(w)) — f(p1(w))
3 2

= D_ f(p1(w2)).
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m
Moreover, for a, = 3;% (%)

Df(p2(w2‘111 ) Df(pl(w1‘222 2))

D*f(p1(w2)) = Jim

n times

Df(po(w1‘222 2)) Df(po(wz‘nl 1))

t es ntzmes
i DS @2 U4y, D f(pl(w1‘222 -2))
= e : 'n ’ /
- -~ n times
— M‘“ D / f (po(w2 111 ---1))

ﬂﬂEJ’J‘VIEWITWEl’Iﬂ‘i
qmmmmummmaﬂ
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