CHAPTER II

THE SIERPINSKI GASKET

%deﬁne harmonic functions on it.
pesbies

.mnore details and proofs.
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In this chapter, we introduce

Moreover we will discuss som

Definition 2.1. Let po,p1 and t1

in the R? plane. For i € S =

which is clearly a contracti piy i.e., Fi(p;) = pi. Then the
set of contractions {Fj, i= f‘% 1f-s -\ \ t SG, the Sierpinski gas-
ket. Then £ = (SG,S,{Fi}; §ap ost € inite self-similar structure. In
fact Cz,56 = {po(1), p0(2),P1(2)} 402 = (10,01 21,13} and P¢ = {0,1,3}. Also

Vo = {po,p1,p2} -

Figure (1). The Sierpinski gasket.
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Figure (2). Approxi

Next, we define a sequence

Definition 2.2. For Vp = I}, DQL T . , (po,p2) , (P1,p2)}, and {Fi}?=o is
the collection of contractionst e~ erpinski gasket and each integer m > 1, we

set

U F.).

0,1,2}™
B = {(Fy; 0 - o Fi,, P&, im (21 A< 2 0<k<l<2}.

p;) and set Vi = Lﬂ/ The closure V, is the
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Definition 2.3. Le l (Vin) ={f1 F : Vo & R}, and deﬁne a map

o R T RN T I U UANINYAY.

Hnf)®)= >, (fl@)—F®),

q€Vm,p

For convenience we writm (w)

where f € £(Vin), P € Vin and Vi, p denotes the set

Vinp = {a| ¢ is connected to p by an edge in (Vs Bin )}

= {q| (p,q) € Bm or (¢,p) € Bm}.



In term of matrices we have the following:

-2 1 1 (Hof)(po) f(po)
Ho=| 1 -2 1 |,and | (Hof)(p) | =Ho| f(p)
1 1 =2 (Hof)(p2) f(p2)
If we set
-2 1 1
T = 0 -4 1 )
0 1 -4
T JF
we get Hy =
X
The maps Hop and H; are related ji £he.
Lemma 2.4.
s U 1
= (Ho )& =1 f) (4:).

¥

where g; = pj(k) and i # j# k€ {0,1,2}. Seeﬂgure 2 7

Definition 2.5. ﬂnuﬂ gsm ﬂsmﬁemﬂ:l T;]Ijlued functions on SG,
CY o1 STk i 1o

Hy,f)(p)=0

|
W

for every m > 1 and every p in Vi, \ Vo.

Theorem 2.6. Given three numbers o, 3,7, there exists a unique harmonic function f

satisfying f(po) = &, f(p1) = B and f(p2) =~.



o f,(w)

B.Cw), £, Py () € Vg

2442847 24+27+p 2,09, §,061,4,09) € Vet
5 5 W EACH

p 26127+ SO Pyl
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Figure (3). (a) Values

from Vi, to Vint1
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for every w € W, m € No ‘and @;, E’ 1-2-in, Big
Theorem 2.7. (The Mazimum Brinciple)- 1 @] nic function defined on the Sierpinski

gasket SG attains the mazimum va ' G\ Vy of SG, then f is constant

.

throughout SG.
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Definition 2.8. For any oBtin ;

X

. % Vim \ Vo, write
AuB VTSNS

C(K h
(K) we have ¢

RIPANIHURIINBINY

Then we write Au = ¢ and call it the Laplacian on the Sierpinski gasket. Furthermore,

Suppose for some

we denote by DomA, domain of A, the set of all u € C(K) for which there exists some

¢ € C(K) such that Au = .
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