CHAPTER I

INTRODUCTION AND PRELIMINARIES

1.1 Introduction §’y_/{"==r

Many examples of fractal the Ca he

ierpinski gasket and the Koch

curve were known to mat i in the ! ‘Q’i h eentury as purely mathematical

objects. In the 1970s, tion of fractals as a new class of

mathematical objects whigh ature, For example, some coast lines were not

o

d seme self-similar sets is now well
known, the first order derivatiye a J" ' n s thesis, we define derivtive of a

real-valued function on the Sierpin I

o
A_'_r

as a simple structure. We also compare

our work with the definitio
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This thesis is organized iV J otation and preliminaries.

In chapter 2 we introdum the Sierpinski gasket, armoni@mctions and the Laplacian

on the Sierpinski_gasket. ﬁ-ﬂa%] 3, we expldin the Neumann derivative, the normal

ter 3,
derivative, the t Y uﬂ;lt ﬂm rm\ﬂ :f]sn;litz. In chapter 4, we

define a derivative of functions on the Sferpinski gasketrand study the rélation between our
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Throughout this thesis, let R, R* and Ny denote the set of all real numbers, the set of

all real numbers without zero and the set of all non-negative intergers, respectively.



1.2 Self-similar structure

In this chapter, we introduce some definitions and the existence and the uniqueness
theorem for self-similar sets (see [1],[3] and [4]). To understanding the self-similar structure
which will be introduced in the last of this chapter, we need the notations on self-similar

sets. These notations are defined by Kiga

i\ (see [2] for more details).

Definition 1.1. ([1]) A map continuous with respect to the

Euclidean metric d if there )) < cd(z,y) for all z,y € R2.
This constant c is denote € (0,1), then f is called a

contraction with contracti

Theorem 1.2. ([1]) Let ith respect to the Euclidean

metric d. Then there exists @ or words, there exists a unique

red point of f, then {f" (a')}nZO

converges to z, for all a € R? o 4855 the iteration of f.

solution to the equation f (z)
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The adva.ntage of having a Hausdorff metric implies the following theorem

Theorem 1.3. ([3],[4]) The Hausdorff metric dy turns K (R?) into a complete metric

space.

Theorem 1.4. ([1]) If fi : R? — R? is a contraction with respect to the Euclidean metric

d for i = 1,2,...,m, then there exists a unique non-empty compact subset E of R? that



satisfies

E=J4(B).

i=1
E is called the self-similar set with respect to {fi, f2, .., fm}-

Definition 1.5. ([3],[4]) Let N be a natural number and m € No.

(1). WV ={1,2,..,N}" = {wwa...

\;\ ”'- 2,..,N}° = {¢} and call ¢ the

(2). If f; : R? —» RZ jseawetfitzaction wi] -‘e to the Euclidean metric for

‘\;\\.

i €{1,2,...,N}}. When m = 0, we define
{1,2,..,N}™ as a singleton set wh
empty word.

1 = 1,2,...,N and that espect to {f1, f2, ... fn} . For

W= Wiwa...wm € W, We \
K
Moreover, f,(p) = p(w) Tor Fo \ enience we make the following
convention; fs = the identi \

of symbols {1,2,..., N} is denoted by

(3). The collection of one-51de

SN, which is called the, shift-space with N - lore precisely,

¥ = {1524 ! ,for i € N}.

For k € {1,2,..,N}, dey amap o ZN—>ZN by

Also deﬁ f Xﬁ i iz and o is called the shift map.
For ease o n io a ﬂ‘/ﬁ M‘&H apggllvely

Theorem 1.6. ([1]) Let f; be a contraction on R? with respect to the Euclidean metric d
for i € {1,2,..,N} and K be any self-similar set with respect to { fi}il. Then for any
W = wiwows... € Y, Nm>1Kuwiws..wom contains only one piont. If we define 7 : > = K

by {7 ()} = Nm>1Kwiws..om» then T is a continuous surjective map. Moreover, for any

i€{1,2,.,N},mo0; = fiom.



Definition 1.7. ([1]) Let K be a compact metrizable topological space and let S be
a finite set. Also, let F; be a continuous injection from K to itself for any ¢ € S. Then,

= (K, S,{Fi};cs) is called a self-similar structure if there exists a continuous surjection
m: Y, — K such that F;om = moo; for every i € S, where ) = SN is the one-side shift

space and 0 : 3, — 3. is defined by o;(wiws...) = iwwa... for each wiws... € 3.

Proposition 1.8. ([1]) If £ = (K, 5,1 ‘ I} lf.similar structure, then m is unique.

In fact

Definition 1.9. ([1]) Let s A B },2) e a'sel ~. struture. We define
cek= | (& dPc=|Jo"(Ce)-
i,j€S,i#] e

Cr is call the critical set o critical set of £. Also we define

Vo(£) = 7(Pr).

Proposition 1.10. ([1]) imglar struture. For any p € K

and any m > 0, V_— i"‘

m,p = ' Kw' @

UEWm €Ko

Then {Km,p}m>ﬂfu“ﬂa‘a‘*ﬂ mw'ﬂljf P

Definition 1.11 q[l]) Let £ = (K,S,§F;};cs) bea lf-31m11a.r structyre . L is said to be

post crﬂ:ﬁqa(ﬁ;ﬂfi m NW?I{!}% %j q al H P is a finite

Lemma 1.12. ([1]) Let £ = (K, S,{Fi};cg) be postcritically finite and let p € K. If

F,(p) = p for some w € U Wm and w # ¢, then 771 (p) = {w}.

m>0
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