CHAPTER V
LOCAL CONVEXITY

Definition 5.1 Let X be a TVS(IH). X is locally convex "(lec) if each

ggnvex neighberhood of 0.

neighberhood of 0 includes 3

ver H is a locally convex

with |[z]| 5 = e shall she “that Ji: is not locally convex.

let {tk.'l be a & - or some t ¢lH and let

1

() e S II:; ba‘; sequence. such that ||z, - z H,, - 0 for some z&!ﬂ

Then ntkzﬂ u&lqﬂﬂk‘ﬂiw ﬂaﬂitn: - 2N4t(z] - 2

N rﬂwqﬂ\iﬂﬁkﬂi%ﬁ}%ﬂﬂmz ¢ 2 e ol

As k == , we get that [l:k-t]" ~ 0 and |z£‘—z“]'i = 0, since the
absolute value | % ! is continuous and + is continuous. Hence

I t .z, - t-.z”,:I = 0 as k =~ ® so we have the claim. It is clear that ".”.’
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is not a seminorm. Let U -{ze!n':“[z"ll <1 } . We mustshow that U

includes no convex neighberhood of 0. Let V& Hc{_’l}_he convex. Then

there exists an e> 0 auch that 'd’_,':_l{.".| Hz"l,i ). Let g = 5-.2 eH.
n

Choose nﬂe IN such that 2 < Ez. Let %, = & Eﬂ :'5k where Gk is
n 0 n
0 0 k=1
the séquence z in gﬂl’ such gk =1and z, = 0 if 24 k. Since
sk I v M SO b
|| €6 Iﬁ = kﬂna z, Pl #t‘. &6 €{z G!H]ﬂzﬂhig } 2
hence z'&kev fnr/ Lat ™ ' guE'ﬁkt (E' £ £
- AR — R e el gty
: | NN By 8y o
: e n !
0,0;0,:.3). ig conw ~ ZA.x.€Vwhere 0 < A, < 1
. : , d i“i - i =
i=1 *
n
for all i, I A ie{1,2,3,...,n} . we shall
i=1
prove this by ind ' Vet then 1.xi= xiEv ; so it is

true for n = 1. Suppose 5 been show for n-1 > 1 that every

T | . B n~1 -
element I —_— here A, >-0 foral¥ $iand I li = 1. Consider
n o i=1 \Z ) i=1 i
z J&xi where 1@ ( Let ¢ = :I Jv.i.
i=1 t i=1

n
51 A %5

FULIMMTNEANG -

R NN

o !
Since V is convex, I }‘ixi = ay + (1- l:l]'xn € V so we have the claim.
i=1

n :
Since ﬁké V for all k= 1*2"'”".@ and Eﬂ ;:-: = 1 by the previous
k=1 "0
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n n 2 nﬂ 1
claim, X, = & 52 &= 201 ev. mus|xll - 2 {-ﬂ-—}:‘
"0 k=1 k=1 "o k=1 0

>1 so x. €& Utherefore VC U. But V was arbitary ;

1 L
Ny =) = By 0
"o

so U includes no convex neighberhood of therefore f;: is not locally

convex. #

Definition 5.3 Let X be'a IWg(j#i). Then B € X is called a barrel if

and only if B is a balanced cofifesf abBorbing closed subset of X.

Theorem 5.4 S(Hi Then X has a local -

base of neighb

Proof : convex. Since U e&N(X),

there exists a b@lagts # \ 0 such that W € U. Let V

= the convex hull Jof is balanced, V is convex.and

VE€U. Since U is : balanced, convex and closed.

-—

Since V € N(X), by ;’é W/ 3.18 § absorbing therefore V is barrel ;

=\of) 0 which are barrels. #
Lamma 5.5 mﬂ(bea vector space ovargandﬂafilter base of

covex sets such fh&t for each WE; U includes a member of B. Then

5 16 ﬁﬂﬂuﬂﬁﬂﬂﬂ§WHﬂﬂi
QW@@QH“?E&W“%‘HW@HM"”

sinca U is covex, U cC 2U+ iu:vv.r So B is additive. #

hence X has

5 -
Theorem 5.6 Let X be a locally convex Space over |Hand B a totally

bounded subset of X. Then the balanced convex closure of B is also

totally bounded.
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Proof : Claim that if B is totally bounded then B is totally
bounded. Lét U &N(X). Choose a clnsaﬂ set V & N(X) such that V € U.

Since B is totally houndad, B = L_)‘Bj where Bj in amall of.ordar V
J=1

for all j = 1,2,...,n. Since Ej is small of order V, Ej- B, €V for

L=5

all j = 1,2,...,n. Hence, by Theorem 3.24, B - EjEEj- B.cV=V

for all j = 1,2;--.;“ B

Since V cu, Ej is F each j = 1,2,...,n. But

—_—

1. n - T - : ,
B= B, =\ B is|sr “Gfwosder U for each j = 1,2,...,n
j=1 3 j=1 v F/0 1 \ - -

thus B is totally

gf B, that is, for all

Let B, bg
s
Xx&B ,x= Ir.k |r|{1,1=12,...,s.
. p e
i=l
We must show that B _;_-.,.g ded I1f we can show that B, is
W oes 1
totally bounded then BL f='ﬁ=—-—‘ ally bounded by the claim. Hence
_,/_,.ka <r
the balanced colex €lo: 7 i1y bounded. Let U €&N(X).

YW =i \
We must show V : X such that B c G+ U,

= 1
Since X is a lc maca over |H, there exists & balanced convex uet
V e N(X) Bkﬂ Eﬂ?ﬂ ﬁj?rgrpj‘qﬂy unﬂaﬂ, there exists
a finite nq , Ba ch that B € F+V. Since

) ﬁ”%ﬂ%ﬁ}NW’]‘% FEF QY e oo
Defina" ell, - z |t;] - ret D be the unit disc in " : that is,

D = {zﬁlﬂnlﬂzﬂ.l <1}. Then D is compact in JH" so D is totally

bounded. Hence there exists a finite set A € H“ such that D € A +

{ ZﬁHnH[z.ﬂI < % }. Then for each t €D, "t - a” i%for some aﬁh..
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n
Let G = {j_f-;aifila = hi .az,...,nn] €A}. Then G is a finite set.

Claim that B, €G+U. Let xe B,. Since B, is the balanced convex

5 8 8
hull of B, x = izﬂaibi where r; €& IH, b; € B and _izﬂ]ri| <1, i = 1,208

Since B CF+V, hi = fj{i}"" vy for some f“i}i F and uia".',

8 s
i = 1;2;...38. Lat w % u= j_f*triui' Then x = if.‘ribi

R M C S = w+ v . Since V is
; i (i)
i=1
' 8
balanced and con U = r.v, €V. We must
\ i=1
show that w €G re each gq. = 0 or g, is the
sum of the r_. and &« . b Aoy y®nce. Thus I |q i
J : : ‘ i=1
z|r1|-c'_|, o q = (g D. Choose a = (a,,a,,..-,a_)

\J
I:a.f + Eiq-nlf.
™ i=1 i i=1 i

||
I

€A such that ‘!-'5 [ <

=3 ;
Let g= I a, {}f 50 W = g+u, Clearly g €G.

FUHIMNINEAs
Hnmstshn"thatuev Wpite u, é - af = I mlgg-a ) (o) .
Vl

AN IUNRVINGA Y.

SinceqF Emv, f:: mev for each i. E mtqi- a, 1 =m 121 |q - ﬂil =

m"q —a“1 < mt’fm} = 1. Since V is balanced and covex, fi;’mev for

n

each i and E 'qu -a, }l'-': 1, v, = b qui—ai]{fifm']&\?. Hence x =
i=1 i=1

WH+UVEG+V +VEG+U. Since x B was arbitrary, B, €G + U so

we have the claim. #
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Lemma 5.7 . Let (X, "“ ) be a seminormed space over IH. Then [I-]] is

continuous if and only if {x[ "x " *E‘.l} e N(X).

Proof : (=) The statement is clea:rly true.

(=) For r > 0, let U ={x|[lx]]<r }. Let L

be a net in X such that Xe = 0. Since Uz = EU.I € N(X) for alle> Il‘.l,

there exists a 6§ €D such thatl § 5 implies that Xy €U_ so || xa" < e

-Hx,ﬂ-ﬂf_ suﬂ”-ﬁﬂ

et [xﬁ} eDbE a net in X .

"aﬂ Since x

- for all 6° > 6.

g N

It Tar \ " > 6 implies that
Xgo- @ Uﬁfz. ‘ : \u €p< e so "xau-* ”a”
therefore ". || is : - as arbitrary, |[|. || is

continuous on X.

Theorem 5.8 Let(X, _.a'-. a onvex TVS(|H). Then there exists

a set P of cemindrms =uch that T — oo

\Z A i

Proof : ﬂt P be the o cantin@us seminorms. Since
net in (X, T) such

Y 1T T 1 Ul

)
by camnary 1.11, u!’ T. “ml‘ﬁﬁ?ﬁﬁﬁgﬂut E% BT
awfl(aq jm: xﬁ Let U N(X) be a balanced r.'nnvex

set. Let p be the gauge of U. Since {x|p(x) < 1)& N(X), by Lemma 5.7,
P is continuous. Then there exists a & €D such that &'}__ﬂ implies that
F-Exa,} <1 8o Xo-€U for all 6 >6 therefore Xge =0 in(x, T). By
Corallary 1.17, T E op hence, T = op. # .
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Notation : We write (X,P) for any locally convex TVS(IH) where to

pology is oP, where P is the family of continuous seminorms.

Theorem 5.9 Let P be a family of seminorms on a vector space X over

I[H. Then for any U & N(X ,oP) there exists an € > 0 and PysPys---P E P

Proof : 7' ) le a:ﬁlp{x} <el,peP. Then {%{E_}}Em+

forms a subbase © 22 6TLbe ‘ "(X, oP). Let B be the the

set of finite integfecfif £ & n{H{E}} . Then B is

a base for N(oP) J 2 E' = \\\ . for some p. & P, E;> 0,

ia= 1;2;.-.;“.

U:)ﬁ{xlpi(x} <% IO aisla #
i=1 P At o
Theorem 5.10 ~Letd(#,5) be allc or g and fexF .

-

— & - |
Then f & X if \gp \ "‘ 0 and PyiPys--P & P
T

such that |flx}‘E< M E pitxl for all x. P is the set of all

=°“timuﬂ$lrﬂm'.3 m &me gkAT179
Wﬂfﬁﬂ‘ﬂ"im W‘T"ﬂ“ﬂ E]m]ﬂ' el < e noo

s0 b}qﬁmnrem 5.9, there exists ane > 0 and P, 1Pys-sPp € P such that
n
{ x][£x)] < 1]2{"\ {x|p,(x) < e}. Letp= 3 P;. Let x€X be
i=1 i=1

such that p(x) < . Then xeM{ x[pi{xj < g} Balf{x” < 1. We must

n
show that |fhc}|E l— L P; (x) for all xgX. Suppose that there exists
i=1
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n !

an x ¢ X such that |fl’x}|' }% b pi{x]. Then there exists a t > 0
A=1 '
i | - . 1 x
such that |f[x]l >t> E 1E1pi.{xl. Let y = (-EJ %x. Then pi{E} =
a*:
lp (x) < : 2 X p;(x) < e. But If{£J| =4 ]f{x1|> 1, a contradiction,
otk -t =1 i i £ t .

hence l.fhr.!l < A3

By assumption, there exists

n
<M z Py (x) for.all x€X.
y. s di=1

« 3

an M and 5‘1':‘2’”7

Let p= I p,. _-lﬁl Then |£(x)]| <

i=1

is linear and continuous

Hﬁl-{csﬂf

at 0, £ is continug

Theorem 5.11 Let (X sonvex space over JH. Then

SCXis bounded if and is bounded for each p€ P.

Proof & & & ed. Let peP. We must

show that p(S) ﬁ bounded : Since p is a Bm:innm, n{x|ptxl < 1}

;:x;x} m}]ﬁcyfﬂﬂ?ﬂlﬂ Iﬁ ﬁw such that S CmU.
'5] W'] aﬂ ﬁﬁm %WQW“@ Er.'hun, for each peP,

p{ a/ '-l.'.‘r since 5 is bounded ; hence n -'D by Theorem3.29. 4

Definition 5.12 Let X, Y be vector spaces over Hand A a set of maps

from X into Y. A is called total over X if and only if f(x) = 0 for

all f &€ A implies that x = 0.
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Theorem 5.13 Let (X, P) be a lc space over |H. Then X is separated

if and only if P is total.

Proof : (#&=) Let y = 0. Since P is total, there exists a
p €P such that p(y) > 0. Let U = {x[plx} < (%)ply)} . Then U €N(X)

and y € U. So X is separated.

P is not total. Then there exists

an x & X such that x =N & ( éall pe P. By Theorem 5.9,

xelUfor all U & N(X] BV L is nnt separated. #

Corallary 5.14 Leg P, ‘ vax separated space over [H.

. Proof orem 5.13, since X is separated

P is total. Hence # ; b e B ¢ h that pi{x) = 0. Let

y = (X, p). Then Y ca'over [H. By Theorem 3.6, since

y s/
{0} is closed and x ¢ s an f € Y such that fi{x) = 1

$ 0. since o :‘L --------

Theorem 5.15 l.n (X, P) be a locally con@x space over [Hand f ¢ §°,

o ATV ] SRpARs
TSR SAGTIURT AR Y e o

there exist an M > 0 and q,,q,---,q, € Qsuch that [£(x)]| < M :: q, (x)

i=1
n
for all x € 5 where q = pi[s' p; € P. Let p(x) =M I pi(x} for all
i=1

' ¥
x € X. By Theorem 2.7, f can be extended to Fe X with IF{::]I < plx)

for all x € X ; hence, by Theorem 5.10, F is continuous. #
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Corollary 5.16 Let X be a locally convex space over IH, S a subspace

- '
and xe X\ S. Then there exists an FeX such that F(x,) = 1 and

F=20o0ons.

Proof : .Defincnf : 8 +<xu>—vl-{ as follows : let x €5 +-n:xu>

Then X = 5 + txn for some s €5 and t € |[H. Define f(x) = t. Since xnfﬁ

ll-def:.nad-

a subspace, x, = 0 ; hence

kerf = {xes + <x . Since xu#s kerf = S is not ﬁanu

in 8 + <x_>. We s closed. Suppose that ker f

0
= S is not close e ';._ > exiSts, : § such that péS- Hence f(p)

Hence xﬂ— Tip

L
Tip }GS theref

Thecrem 3.47, £ is

Thus kerf is closed so by
prém 5.15, there exists an FeX”

such that F = £ on & 1 and F =0 on 5. #

Corollary 5.17,Let a“local: space over [H. Then § is

fundamental if tf— ly if ¢ % )0 on s implies that f = 0.

Proof : '.'F} Suppose t.ha.t § is not fundamental. Let

<] G Y NG o oo

F(x) = 1 and F-ﬂonﬁsb‘aol?:DnnShutF#

AR ﬂ\ﬁ@%@l&%ﬁﬂ’l%ia T T

such that f =0 on S. We must show that f = 0. Let xeX. Then

x€<S> hence either x¢<s> or x is a cluster point of <s>. If
n

X €<5 > then x = _£1iisi_for some J‘i € H and 5; € 8, 1T = 1;2,::es0.
l=
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: n
Then f£(x) = £ ( I A;s.,) = I Af(s;) =0. If xisa cluster point

i=1 i=1
of <5 > then there exists a net {x&}ﬁﬁn in <5 > such that Xg = X.

Since f is continuous, f(xﬁi -+ f(x). Since xﬁc:-{s > for all 6€D,

: n : ; - T
1. i i id
xﬁ = if1t d. :I_‘:'nr sSOme tﬁe IH and sﬁe 5. Then f(x6] = f( i;ﬂt%sﬁl
L e |
= ¢t fls )=0. Hence #
i=1 6
Theorem 5.18 vex TVS(IH) and X a TVS{H).

Proof : o fYre omposition of continuous maps

: .-\- et in X such that x — 0.

Since pe€ P is mntinua v- fix 0 ; hence, by Theorem 3.11,

flxﬁ] -0 in F

0 ; hence everywhere. #

Lemma 5.19 Le&d> Let p,q be seminorms

j i

on X. Let f&X" utiaf.}r |£(x} < p(x) + g(x) for all x. Then there

. UL RORTHYART == o

o AT AR R

: D =R by ulx, x) = f(x). Since |£(x)| < p(x) + qlx) for all x,

Jutx, x)| < rix, x) for all x. By Theorem 2.7, we can extend u to Y,

with Ju(x, y)| < r(x, y). Then f(x) = ulx, 0) + ul(0, x), |ulx, ﬁl[
< ri(x, 0) = p(x) and ]u(ﬂ, x}l < rl0, %) = gix). Let g(x) = ul(x, 0)

and h(x) = u(0, x). Then g.hexi with Ig(x}[ < plx), |h(x1[ < qix)
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and f =g + h. #

Theorem 5.20 Let ¢ be a collection of locally convex topologies

on a vector space X over H, Then f €(x, v®) " if and nn.ly if there

-

#
exists !["1.'1' ...,,Tni P ; 9, ,gz,.-..gnex such that each gie Gy T.i.“

n
and £ = I g..
i=1 *

Proof :
gie {xl V'}‘ ¥ f

all continuous seminorms

on (X, T) for e » T) = (X, P(T)) for all

TE® . By Theo -p, € P(T) and an M > 0

such that ]f{xil By Lemma 5.19, there exist

#
g1lg21"'lgnex
n
& g

‘l.

sUch that g, € x ' for all i

such that f = *. Since P; is

continuous for & T' -1'“- all x, g, is continuous
J n
= I g‘i. i
i=1

ﬂUEl’J‘VIEWIﬁWEI']ﬂ‘i
ammnmum'sﬂmaﬂ

for all i. Hencé g & (X, T Y is such that
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