CHAPTER IV

THE OPEN MAPPING AND CLOSED GRAPH THEOREMS

Definition 4.1 X is called a Frechet space over M (abbreviated by

FS (IH) if and only if X s ated complete paranormed space

over |H.
le 4 IH is a FS(H).
€ IH for each n e N} with
fzl = = L1 Then (w, ||.]l ) is a Fs(m)
n=1 2

z) = Iznl i - {zn}n‘m-ﬁw

It is clear that P 1;‘!‘ : W for each n €IN. By Theorem 2.5,
we have showf Bkl is clear that ||.|| is
not a norm ; mh space over|H. By Theorem

2.5, we have the pr-:sparty that for any net z inw, 2z -0 if and

only if ﬂzu-ﬁl %ﬁﬁm Wg'}\ﬂa the space of infinite

tuples of ternions, letgT ﬁ on w and let

A AR

z-(z Jﬁﬁ_nbeanet inwmmh that zu-l:lin {w, ¥ Thun

s ;
2 —=0in H =o Pn(zﬁ} = 0 in H for each n &lN. Hence fz:[ = 0 for

each n € IN sof a:I =0 in H for each né IN therefore z -__Ezﬁlﬁin = 0 in

(w, T). By Corollary 1.17, 'ﬁ "'2 T. We can prove similarly that T2T
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so T =T and hence the paranorm||.|gives the product topology i.e.

I w
(w, ‘lli_ ) = (H", 7). since Mis complete, by Theorem 3.55, B is

complete so (w,[|.[) is complete. Let zy€ w\{0} . Then uzuﬂ > 0.
Choose U ={z & wmz" < "zu”fz }. Then U is a neighberhood of 0 in w

and z € Uso w is separated e w is a separated paranorm space

over Hso (w,||. | is not a Banach space over H. #

Definition 4.3 )a be paramermed space over H. A series

f==]
b1 xninxia
n=1"

: ergent if and only if
(-}
I Hxn"-ﬂ ®,
n=1
Theorem 4.4 A pa complete if and only if

every absolutely conVergeat sorie envergent.

& _';‘-?‘{f}..j‘" | _7
i T ﬁ ‘o ce over IH-

,:t\f an absolutely convergent

series. We must sfigw that I x gonverges. Claim that { I xi}n:_ -

ﬂuﬂﬁﬂﬂﬂﬁ?ﬂmﬂ’i

is cauch be gi ven We must show that thure exists an

WQﬁ*ﬁﬂfﬁH‘&mﬂ"ﬂﬁ‘%ﬂﬂﬂgﬁ - Bl

<= . Since I "xnﬂcnn\rerggs, there exists an L ¢lRand an Né& N such
n=1 .

Proof %

(=>) Assume t

n
that n > N implies that | I j]xi I - L] <e/,. Letm, nembe such that
i=1

g m
m, n. > N. Suppose that m > n. Then || £ x, - zxi] l] zx Il < 3""1“
i=1 -=n+l ‘A=n+1



76

z RO T S B 2l b |
= Iflx §- Z{lx. |l< = 1= Z [Ix.lll=] ( £ fIx.)I-L) + (L = zllx. b
i-TH i 7 R i S e S £ S i S j=1 *

-

m n ' :
< '_1‘.1"::1! =L [ + | L- 131 ]|xi]| | <el2+€ef2=€ so we have the claim. Since
= -

n
X is complete, {ifl g ln & converges ; hence 151::1 converges.

m, n > implie > N . Let =
1"]: k+1 k *k . 11‘1:4-1
-y - ™ = 1. By the
k
comparision test [ynln elN has no convergent

subsequence, {xk] rde so I X\ does not converge. #

Definition 4.5 Let A linear map f : X - Y is

called al.moat wopen_if and onlv SE-for—each UEN(X), £(U) eN(Y).

Lmad.ﬁ Letg Ysbe - Let £ :m-«!halinearandsuppbsa

that for eﬁfh u eﬁﬁ ﬂ‘gﬁwgqtﬁﬁ Then f is almost
Q Wﬁ-‘a@ﬁ @‘@H’N%’}ﬂ}%ﬂﬂﬁﬂm it

. Let ye Int (£(V)). Since £ is linear, f(V) - £(V) =

£(V-V) € £(U). By Theorem 3.24, £(V) - £(V) C £(V) - £(V) c f£(u)

s0 £(V) =y ={x-y|xef(V)} € {x-z[x, z¢£(V)} = £(V) - £(V) c £(U).

Since 0 6Int (£(V) - y €N(X), £(U) €N(Y) therefore f is almost open. #

Lemma 4.7 ©Let X, Y be TVS(IH)’sand let f : X = Y be linear. Suppose
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that £(X) is of second category in ¥. Then f is almost open.

Proof : Let U & N({X). We must show that f(U) € N(Y). Let

V=f(U). Claim that X = \_J {nU}. Let x¢X. Since U is
neN

absorbing, there exists an e > 0 such that txeU for |t| <e. Choose

1
<E, = x €U so x&nut:l-thnrafm
0

x € \J {nu} so we. éﬂﬂ £f(X) =£( \J{nvl)

g — | N o
= U {nf(Ww}= w4 [I%). is of second category, there
n &N ‘

1
nuﬁml such that-ﬁ-f.:.

exists an me mist show that Int(V) # @.

Let y & Int(mV). ‘set W3y such that W ¢ mV

= mf(U). Claim Then there exists a

fe there exists an open set

H‘Elr— such that Hf‘fﬂJJ sfore mMNmf(U) = §. Now mM>z and

since M is openh ! m} .4nd mMAME (U) = @,

Hence z;mﬂu £ e claim. Since Wy

Int(£(U)) # §. By Lemma 4.6,

and W < mﬂul. Y EH! f.'. f(u} g0 Int{w =

- - AUBARIRSHENNT
ﬁ,ﬁmﬁmﬂ DYk eI

almost open. Then f is open .

Proof : Let U be an Open set in N(X). We must show that

£(U) €N(Y). sSince Ue N(X), UDM_ = {x| ||x|| <e} for some e > 0.
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Let V = M ,,- We must show that £(V) C f(U). Let ze £(V). Since

f is almost open, for all neN, f“‘;; n] € N(Y) ; hence there existsa a:n::-n
2

such that ﬁHEfgnJ'?"{YE!!PwJ < él;' }. Let ﬁn = min {51"&2',..-,\‘.'!!;}

Then { ﬂn} n e 18 @ decreasing sequence of positive real numbers

]
_su{:h that fmﬁ:fzn]?"{y';_ i ‘ {_ﬁn}fo.r n=1,2,... Let

B-{y&Y'p{z-y} <8 ' = @,B-jﬂsuaisanonmt}r open

set. Since z ef

such that p(z - : . \\ f{H 4)- Choose
NN '

X, € thl. such th : r=f "_\ Repeating this argument,

we get that for e # & cIets an ‘EHE; e such that -

plz - E f{x )) < At 1 \ s by Theorem 4.4, x = I x
i=1 : n=1

i @
converges . Since]|.||is x[l< z ]|xn|| < e; so xeU.

=
el g : -~
¥

L

Since plz-f( 43
i

e for all n.= 1,2,...

———

and {5 ) IEtM:|.s defruam.ng, z = E Xy ) = f(x)e £(U) so £(V) ¢ f(u).

_ﬂ‘IJEl’J‘VlEJVlﬁWEJ’Iﬂ‘ﬁ

Since f(V) &IN(Y), £(U) € m? therefnre f is open,

mecblalils| Bl g £l ARIINYA ﬂ d

I..et X, ¥ be FS(H)’s. Let f : X~ Y be linear, continuous and onto.
Then f is open.
Proof : Claim that Y is of second’” category. Let mn}nim

be a sequence of closed sets in Y with empty interior.
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Given n¢ N, let G = Y\A . Since Int (Y\G ) = Int(A ) =4, G,

is a dense open set for all ne|N. We must show that (F\ Gn = g.
nejn

Let 4 be the metric of ¥. Since G, is an open nonempty subset of ¥

there exists a Y, €6, and an y, > 0 such that D(y,, 7,)

= {y lﬂ{}'; }'11 < 74 le G,. Since G, is dense in Y, Gz{"m[y‘.'-”] + g.

exists an 1'2' > 0 such that ,

D(y_, Tzl ={ y|a( Let v, = min{ Yg» ;2 }
Then D {yz, 'rz} . Continuing this
mehtod, we obtaffl e ’ \ ST < T“fz and

D {yn y* Faly such that m > n. Then

Ymébfym, 'rm} C Dly ,' i A T therefore (y }n&ﬂﬂ
is a Cauchy sequence §ince. Y is ite, {ynln ¢ convarges to

a point in ¥, say y for.all m > n and D(y_, Yn)

=

is closed in Y, Tbr each ] BRdch n. Hence y €6 _for

allnso [ 16 mﬂ’.. Hence \UJ A # Y so v is of the second cateany.
n
ne&ln nem

v vame £} UH 3N smmg'mﬁn cpen.
“HRIN S LYY AT e

H, an@ £ : X = Y linear and continuous. If f(X) is of second category

in Y then f is an open map from X onto Y.

Proof : Since f is linear and f(X) is of second category in

-

Y, by Lemma 4.7, f is almost open. By Lemma 4.8, since f is linear

continuous and almost open, f is open. We must show that f is onto.
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Let y €Y. Since f(X)€ N(Y) and Y is a TVS(H), f(X) is absorbing so
there exists an € > 0 such that ty &€ f(x) for| t| <e . Thus

1,2."? ef(X); hence yeg f(X) € f(X) so f is onto. #

Corcollary 4.11 Let X, Y be Frechet spaces over [H and f : X =Y a

linear., continuous, cne-to-one and onto map. Then f is a homeomorphism.

=1

Then f is continuous ;

Corollary 4.12 pologies for a vector space

over ﬂimﬁat be

Proof : Hwith two comparable

Frechet topologig \ AT, 2'.1‘2- Let i : (X, T,)
= (X, Tz} be the idafit P en i3is linear, continuous, 1 -1

and onto. By Corollary 4 - 9—?1 = hmemrphism. LetQ ET1 be

.

. l" 4"’"’-'"""‘ ot
open. Then 1[ = - Henos :ﬁ* Then T, CT,.

Theorem 4.13  (Clésed graph Theogem).

e x, v o F b d Y Vi3 NE W in o cronen

graph G. Than f is continubus.

AW1ANN I IM1ANaY

Proof : Claim 1 XxY is a FS(H)

Define||.|: xx¥ =M by [[(x.y)] =Py (x) + p,y(y) whera P,:P, are the

paranorms on X and Y respectively. We must show that]| . [[is a
paranorm on Xx Y. Let x €Xand yeY. Then|-tx, y)|| = [l(-x, -y)|

= P(=x) + py(-y) = p,(x) + pyly) = [lx, |l . Let (x, y), (v, v) ExxY.
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Then || (x. y)+ (u, W =[[tx+u,y+ v = Py (x+u)+p,(y+v) < p,(x)
+p, () + P, (y) + pylv) = (py(x) + Py (y)) + (py(u) + py(v)) = (KET 2|
+[|tu. v)|| . Let (t ) be a sequence of elements in Hsuch that £ —~t

for some t €IH and {{xn. yn]}

nemc Xx Y with |[(x_, y ) - (x, y)|= 0

for some (x, y)€X x Y. We must show that l]tn[xn. y,) = tlx, y)| = o.

Since ;.'-_1itnxn—~tx} =

le, 05,0 ¥,) -

+ pz{tn}fn-ty] - [] " is a paranorm on
Xx¥. Let (x, )|| =0. Then

P, (x) + pz{y} = = 0. Since P, and p, are
total, x = y = 0480 Yexxy \ {to, 0)} .
Then || (x, y)|| > 0. Then (x, y}%BHI}. 0), r)

s0 XxY is separa ‘hat Xx ¥ is complete. Let

(xg- Yﬁ}ﬁen be,a Cal hy n X ¢ m that [xajﬁen ig a Cauchy

net in X and }f— T5 YV ne 7\‘;7: Ueg N(X) and V € N(Y).

Since Ixﬁ Y& éﬂ is Caucl
that o« > ﬁiﬁ %gw }euw; that is,
b:-xB. u) EJ?L ﬂjim yﬂévfor all a > &;
B > Wg]h;a G e g
Q for smamm;]m&jﬁﬂ ﬁﬂ']:xxf so

XxY is complete. Hence (Xx Y. “ : ".’! ia a separated paranormed space

i Y) ara exists a6 € D such

so (xx¥,|[.|[) is a FS(}H) and the topology induced by||. || is the

product topology of Xx Y.

Claim 2 G is a FS([H) with respect to the relative topology

Let||. ||be paranorm on Xx Y. Then (G, II-1] » is a paranormed space
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over IHwith respect to the relative topology. Since {(0, 0)} is

closed in Xx Y and G is closed in Xx Y, {(0, 00} = {(0, 0)} G .

Thus IG.H .|l ) is a separated paranormed space over [H. We must show that
(G,]|. ) is complete. Let [xﬁ, ﬂxﬁ”ﬁen be a Cauchy net in G.

Then txﬁ}'ﬁ&l} is a Cauchy net in X and (:E{xénﬁﬁn is a Cauchy net

ete, x - x for some xn&x ‘Since

y auchy in Y. Since ¥ is complete,
Qﬂn& vy €£(X) s0 G is

i '* t to the relative tupolngy

net in f(X). Since X is

[:I:‘i.’:':‘.',‘]‘;'al éD is Cauch

f[xﬁl =34 for s
complete and thus
) = x. Clearly, T’I is

linear, contin --‘ e ‘- | \onite ince G is a Frechet space
T_I :iisahamaaml.o :-Ygivanb}rth'x,ylny

is continuous. % T‘.l are continuous, f is

continuous. #

Theorem 4.14 T ittt #f : % — ¥ be a 1inear

if for each net (x.)

map. Then f haﬂa clos 6 5&D

" H Wiphi ﬁ%"ﬂ:ﬁ"mﬁ
pr8bs : (=) Suppose that f has a closed graph, say G.

iy ﬁﬂﬁﬂﬂ‘i’ﬂm%&%% HAGE)y cox wom

y EY We must show that y = 0. Since (x 5’ flix ) = (0, y), (0, y)€

CG=Gsoy=£f£(0) =

(&) Let G be the graph of f. Let (a, b)€ G.

Then there exists a net {g&}ﬁﬁl} in G such that 9g ~ (a, b) in Xx V¥,
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say g, = (x, , £x;)) where (xg)s . is a net in X. By assumption,
Xg = a and f{xﬁl = b.. Then Xg- @ = 0 and fx,- a) = fixg) - f(a)
-b - f(a). Hence b - f(a) = 0, so f(a) = b. Hence (a, b)& G so

G is closed. #

Corollary 4.15 Let X, Y be TVS(H) s with Y separated. Then a

£.2) : have closed graph.
,\\\\ y)’

continuous linear map

Proof : == c 4 ' x such that xa - 0 and
f{xb] = y for some y gV inge T4 nuuua and Xg = 0,
ffxﬁ} = £(0) = 0 ; e ( By The \ 4.14, f has closed graph. #

Theorem 4.16

with closed graph

open. #

i
Definition 4.17 - -

W B be vector subspaces of

X. A and B are al ? braically cim%lmnmy if and only if A+B = X

= 200 G RO YT W BT e = - oo

beB. P il alled the PI‘OJEG'I:J.DI'I on A-

AMIRSDITUANNDININNE, . ..

which are algebraically complementary. Then A, B are closed if and

only if the projection on A has closed graﬁh.

Proof : (=) Suppose A and B are closed. Let P be the
projection on A. We must show that P has a closed graph. Let

{xﬁ]ﬁen be a net in X such that X = 0 and P{xﬁ} ~ y for some y € A.



Since A+B = X, X5~ P{xﬁle B and X5 P{xﬁi -0 -y =-y. Since B is
a closed vector subspace of X and -y € B, y € B. Since P{xﬁi EA,
‘P{xﬁ} -~y and since A is closed in X, y€A. Hence ye ANB={0}; so

y = 0. By Theorem 4.14, P has closed graph.

=) Let (a,) be a net in A such that a, - a

Since aﬁ - a, aﬂ_ a-—-=0;

ince P has closed graph, by

for some ae X. We

hence P{aﬁ- a) = 8

Theorem 4.14, a A" therefore A is closed.

Similarly, we &8 X. #

Definition 4.19 A, B be algebraically

complementary of d\ topologically. complemantary

-if and only if f 8 @ontinuous.A is said to be

complemented in X if® e of a pair of topologically,

complementary suhapace h case we write X = A + B,

Theorem 4.20 | T;-._j. and let A, B be

algabraicaliy c@plem 1tar .—ﬂ- of X. Then A and B are

topologically comglementary.

ANGINENITNYINS

Let P be tha projectlnn on A, We must show that P

~ SRINIIIC RTINS e

closéfl graph. Since P is linear and has a closed graph, by the closed

graph theorem, P is continuous. #

Definition 4.21 Let X be a TVS(IH). A basis for X is a sequence
o

th“lnem such that every x € X has a unique representation x = I t, b".
n=1
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For example, let ey = the set of all sequences converging to

0 with [|x]| = sup { |x_|[[nem }. Then l’ﬁnjn ¢ Iy i® @ basis of c, where

6nisthesequencawit.hx =1and x =0 if k ¢ n.
n k :

Definition 4.22 Let X be a TVS(H). Let {hn]nemhe a basis of X.
[=-]

Define £ : X = IHby £ (x) = t_where x = % tnbn. For all nelN, 2
. ‘n-1 .

\ // the property of forming with

is a linear functio

tb"}“m a bi ﬁrxn{hk} =0 if n # k and

1n{hn} = 1. Po eh, alled = urdmnta functional and
n i

(b :’nem is ca "only if each zncx.

Definition 4.23 vector space over |H of

Remark 4.24

sequences which has ach Pn is continuous, where

w:l.th basis B = (§" ’n&lﬂ'

. \‘

Bﬁs a Schauder basis.

Then X is a K-- .
B 1} et e A
“”“ﬂ“W“I’ﬁWﬂT?Hﬂ HAFNHAGE) -1 5o

Schaud&: basis.

(¢€=) Since B is a Schauder basis for each neé|N

there exists an 2 € X* such that En{bkl =0 if k 4 n and xnu:"J = 1.

-

Then g {x} LB ( z x 6 1) = X . Since tne X', there exists a topology
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in X which makes In continuous for all né|N. Thus X is K-space over

H. #

Remark 4.25 Let X be a TVS( H) with basis {bnjnelﬂ' Then X is
linearly homeomorphic to a sequence space Y with basis l’ﬁn}n eIN*

Furthermore, Y is a K-space Hif and only if (p" } n e is a

zis (b") . We must show that

Proof : nemn
there exists a se ‘&n}ne IN and there exists
au: X=Y such ' ; ar \hemeomorphism . Let

Y= {t=(t) Since YE.I],Y"F.

n‘nelN

e x€X}. Letu : XY

m
be defined as follow ilet & ex = I t b", define u(x) =
n=1

5 e v¢ —

Let T -ﬂl G in X such that
M=ul(G) }. Cleardy T is a topolegy on Y. Also u is continuous with
e o4 SANUNSHA Foor v 1
u{h}-ﬁnand = P_ o u ghere =PHt] )=t , n€NN.
~ABNAIDTRERAY WA

that ¥ is a K-space over |[H if and only if th ;"ndH is. a Schauder busis'fﬂrx:#

Lemma 4.26 Let(X, p) be a paranormed space over [H with basis mn}ne N E

n . @ ;
Let gi{x) = sup{ p( I xi&}]nelhl and x = ¥ xialj. Then g is a
i=1 i=1

paranorm for X and q > p.
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- ' n .
Proof : For x&X, let W= u™(x) = I x6 = {x.l 1Ko eeasX )
i=1 = ll

0,0,...,0). Then q(x) = sup {p{u“:n|n €IN}. We must show that gq is
a paranorm on X. It is clear that g(x) > 0, glx) = g(-x) for all
x €X,q(0) = 0 and q(x+y) < g(x) +qly) for all x, y €X. We must

show that scalar multiplication is continuous.

f elements in H such that

Ty < 0. Then q(r XISeGeilr cach Towme. (1)

such that r, = 0. Let

X €X. We must sholl %) =0. "Let'e> 0 be given. Since.
n n I' . Y 4 n -
W) e = (06 vergey to|x\ir P)s (™) . is bounded ;

so there exists iplies that p{tun} < g,.-"z

for all né|N. e exisfs an NéIN such that k > N
|

such that k > N. Then

- {rkun}lni IH]E Efz < g

"‘
-l
N

K11
“RTAN T e g

Let €% 0 be given. Let Ué&N(X, p) be such that p(tu) < gfz for all

so we have claim.

k

nlﬂ;uthq}} i ﬂup

uel. Since q(xk} - 0 and p[uk’"} =p Itx!lc,x;,...,x

{ p{uk'"}} < q{xk}, there exists an N élﬂ such that k > N implies that

uk‘n = {xr.x:.--.,x:,u,u,...}E-u for all né€IN. Let k& N be such that

k > N. Since uk'néu and p(tu) < t:fz for all ueu, p{tuk'"} < m"'z



for all neJN. Then ql’txk]' = sup {~p£tuk’n}|n£m}£ €s2 <g 80 we

have claim 2.

Claim 3. Let (r, ) be a sequence of elements in |H and {xk}ke N C X.

k'keIN
(3)

If r =0 and q(x*) = 0 then a(r, x) = 0.

a balanced neighberhood of 0 in (X, p)

Let € > 0 be given. Let U

with pl(u) < €/ for = ere exists an N€IN such that

k > N implies thatsjjeadb< 1 ande @ for all n€IN. Let k€N be

v I - - — k
such that k > N.7 ,: Jl and \ balanced, r 'ne rk.U cu

k
for all ne|N all neN. Thus qfrkx )

laim 3. Let {tk}kéfﬂbe

 for some t€lH and let

= sup {p Erkul_':

sequence of eles
L

. such that ql‘.xk- x) = 0 for.

) be a seq

)y e

some x €X. We must s ,.. Let rk-tk—tfnr
all k €[N and % w_mgj;:;;:;: ';, ‘ q{rk{x - X) + rkx-l- t'[:lt - x)

_tx ) < qtrky | By claim 3, q{rky ) -0

and q[tx ) = 0. @#ysclaim 1, gl ) - 0. By claim 2, q{ty ) - 0 hence

s f;u,mmﬂm T
“ARTNIA T INEAFE -~

< sup {pf( E x 45 )jneml } = g(x) therefore P<a 4
i=1



Theorem 4.27 Every basis of a FS(|H) is a Schauder basis.

Proof : Let (X, p) be a FS(IH). By Remark 4.25, we can take :

(X, p) to be a sequence space with basis {ﬁn]nem = For: each xe X,
£ : -n i :

X = Exiﬁl, let g(x) = sup{p ( Exiﬁlln-hzd.---}. By
i=1 _ i=1

Lemma 4.1'*5, g is a parano

and . q > p. For each n¢iN and for

/'-h:‘,xz,:..,xn,ﬂ,ﬂ,... J- CJ-m

- : ————
that u is contipued X, |g) for"eaglin €IN. Let neNand aé€X.

all xeX, let u”

be such that gq(x-a) <6.

Then g(u (x) - u (x.-a.) §)
k k 0
=sup{pl I (x sup{p( Z (x;-a;) 8 )|
i=1 i=1

JJu is continuous at x = a.

Since a was arbitrary, pt i,"'_“ nuous on (X, g) for each n. Since
_1 2 I -
u (%) = u /% k ) 7 :’3’ 3.48, Pn is continuous
W, X ) £
on (X, q) fer a- Tﬁ complete. Let (x }nelﬂ
be a g - Cauchy sgquence. Sinc is linear and continuous on (X, q)
'
oo UR AT BIBBANT o oo+ e

s a Cauchy sequénce in IH fer each k. = 1lim xk .

men'ggmmwmaﬂ

We sKall show that converges in (X, p) Since p is continuous

5 k Yk
on (X, pl. p ( Exkﬂ}n lim p ( Exkﬁlfnrallu,vem.
k=u o Py k=u

Let €> 0 be given. Since (x™) is g - Cauchy, there

né|N
- exists an Né& IN such that n > m > N implies that q{xm- x") < EIS.
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v

Let n&IN be such that n > N. Then p( I _x:ﬂk}
k=u

v v
: N,k N k
-p{E[xn-le&+ £ x6")
k k=u

J v
< ot El’x;—leﬂk}-rp{ Ex]':é‘l
k=u

u-1

v
x0165) + p 5 x:a"i

n ‘ | L
k=1 : - “’\‘;‘\‘ k-u Gk] '
S e \
iy _:_ , g
P, c '-

K i® P e ige (X, p) is complete,

A

=

4
s

I A

o

]
!
I

+

xkﬁke X taken with_tha p

metric. We shall show tfat G Let € > 0 be given. Choose

NE€IN such -'_-m-'}:’:fi'::"fﬁ‘ﬁm”ﬁh'“ } < e. Let nymeN be

such that n > mE . I-Tﬁ'; ) < q(x"- x™) < ¢ for
: _ ! o

k=1

- PN IR
’ﬂ IR SR AT

is a FSHH]I. Since p < g, by Corollory 4.12, the topolgy induced by p

equals the topology induced by g. Hence Pn' is continuous in (X, p) for

each n so {ﬁn} is a Schauder basis for X. "
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