CHAPTER II

PARANORMED M&D SEMINORMED SPACES OVER THE QUATERNIONS

Definition 2.1 LetX bé a vector space over H. A map J-I: x ~Rr is

said to be a paranorm if || .|| satisfies the following

properties : -
(en1) |
(PN2)
(PN3) T« ' R X'y xI + Iyl
(PN4) 4 05/ glg ewof elements inH such that
t:l'l. =t and {Kn;'. 1 S s nents in X such that -
n ‘ SRAR

Definition 2.2 'I: um H. AmapJ.[| : x -

is said to be a s%mm on X if r:l only if I- n satisfies the following

e U NN NGNS
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A seminorm is called a norm if and cnly if it is total.

. 1
Example 2.3 Let n € N. Define P, : H=R by pn{x} = ]xln. Then Pﬁ

is a paranorm on H for each n € IN ; but P, is not a seminorm on H for

n>2.



M.: Let n ¢ N. It is clear that .pn satisfies (PN1) and
- toieo
(PN2). Let x, y € H. Then p (x+y) = [x+y]“.5|x]n+[-y|" = p,(x)+p_(y)
n-1 — -5
otherwisg|x+y| > [x| + |y| + z M (fx]» ® (ly])". a contradiction.

So P, satisfies (PN3).

Let ttk} of elements in H such that tk -t

for some t € [H and lefeis 5 .2 segquence in X such that pn(xk—xl-vu

b:] = “tk' ) (x, - x)

for some x € H. P
| - \X\ i
+{tk—t]x+tf f : +|tk-t;[]|
+ | t] ka_ x | y n s \* atisfies (PN4). Thus p_ is
e A
a paranorm on H for T - isfclear that P, is not a seminorm

Remark ey seminorm is a para - \‘

Proof 'm Let l ﬂ be a seminorm w .t.a vector space X over H.

Then (PN1 ?ﬂﬁ Lat X, vy € X and let
e, £t 6H. (t+ e)(x = y+a:+£y|< |t ||yl+':l " x|

A mﬂ‘?é@mﬁﬂiﬁl ek

sequence

t € H and let l'xn} be a sequence in X such that Ixn— xl -0.
ne¢MN ; ;

Since ot Sl andﬂ x - X "40. as n - @ thann tnxrll- tx" = .

[!-..{_[I:n- t) + thx - x) + x) - tx|[ =~ 0. Thus I.l is a paranorm on x.#
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Definition 2.4 A paranormed space over H is a pair (X, ]].ﬂ ) where

X is a vector space over H and Il .|l is a paranorm on X.

A seminormed space over H is a pair (X, [|.| ) where X is a

vector space over M and II is a seminorm on X.

Theorem 2.5 Let (p_l. NN ence of parancimson a vector space
X over H. Then ther&sexists : Il "nnxnunh that fnrnny net

=0 furoachnEH.

& 6€D
@ p (x)
Proof et W s X € X

1

-

-

)

Let x, v & X. ] A \ " + ﬂyu Consider f(t)= _t

>'0 for all t > 0. Then f is

= 3 pnlx1+pn(yl
an increasing -fum:t:L 1:.!_;{.3,- S-S "‘Pn{x}"'l-"n{‘f} for each
:‘ P, Y)

-*Pn(x.'l ]'{1+pn[x]'+pn{y}}

< Py (y) P, (x] {x] s (y)
T ISR T e

P (x+vy) = p {x]'-l-p (y) o0

M é@h?@ﬁumvﬂma

< l x| + | yll. Hence ||.|| satisfies
ni 1+p ) T nﬂ 1+p T+p_(y) l I H I "

(PN3).

Claim that for any net (xg)g . din X, | x5ll=0 if and only if Py (%) = 0

for each n & M.
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Let (x4), o be a net in X. suppose || x,|| = 0. Let né& N and 6 € D. Then

: @ (x.) p.(x.)
-« Px'% -n Pn"s s
I xﬁ" = Ij‘ 2 WJ > 2 T o) ? therefore. pn[x&}
n . = n
2 "" I 2 || x|
'—'ﬁ—l- . Since |1 Xg |[ = 0 and pn{xﬁl < —nni'— for allb e D,
T2 Hxﬁﬂ 1-2 Il xﬁ“

pr;{xﬁ} -~ 0. Since n € EhW ' pn{xﬁ} = 0 for all n €.

Conversely, Suppose 11 n € IN. We must show that

| x4l = 0 that is s a6 €D such that 6 > §,

implies that [lx.4 Since
L L 0 asm=— = ‘W such that m > M implies that
n=m 2" '
o
El-:g,f IN, there exists a 6, € D
n 2
n=m 2
such that 6 > 6 i i =12yl Letéu}
© p.(x.)
1 n &
max {ﬁ 15 B = E -
Bt net 2" t+p {x )}
: ;’ 1 om * oyt oe ey
n=t 20 nepel 20 M Tanay
s *ﬂﬁ’ﬂ“’ﬁ ‘Vlﬂﬂ‘iwmﬂ?“ e
{tn}n‘“ a sequence in [H such that t X n!ll be a

~ARARATRAN TN o oo

51m: :u: - x - 0, by the claim, pk[x - x) = 0 for each k € [N. Since
Py is a paranorm for each k € N, ™ e and pk[x - x) = 0 for each k€ N,
we get that Pk(t X - tx) = 0 for each k € N. Hence Ht x - tx Il
pk(tnxn- tx)

o
1
" . E.— = 0. Sul.ﬂ satisfies (PN4). Thus ||.|| is
ot 2 Dy (B Bl I-4

a paranorm on X such that for any net (x Ja ¢p in :-l. “ [[-l] if and
only .j,f pn[xb';-oﬂ for each n € N.
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Theorem 2.6 Let A be a balanced convex absorbing set in a vector space
X over H. Then there exists a unique seminorm [|.|[ on X such that
{ x| fIx]] <1 }Ent_’:{xl 1=l <1 ). The seminorm is a norm if and only

is A does not contain a one dimnsionnlﬂvectnr subspace.

, there exists a tua- 0 such that

‘.-|[ is well-defined. We must
e ———

dn Xebeb € X and t € H. Must show that

xetuh; so { £>0

show that ".H is

-

z th B2 s . i
\\\ at "x" < s. Then there -
- W\ :

% b e B S e e

" \ 0 t s

exists a t, el
0

and A is balanced, Ly g8y, Then x € sA. So tx ¢ stA. Claim

that ¢a =|2|a. If asult is obvious. Assume £ § 0.

Let z ¢ 2A. (Since A i a and \ (Y () N
€ b — R & W 2] K-
Hence z ¢ |]'. v  c|e] __ can show thatil'.lh € fA, so

we have the clmu. Thus txéstA = B|t|3.ms-n |tx] < s|t|for all s >0

SR LN 5
LRGN R/ M A

Let x, ¥ € X. We must show that |'|x+y" < I[xl] + "y" . Let s,
] IR+ be such that "xu < 5 and [l}r“ < t. Then x &8A and y-&tA.
So x+y esA+ tA. Claim that sA+tA = (s+t)A. Clearly (s+t)A &

sA + tA. Then z = s'a1+ I:a2 for some a1, '2 €A -



But z = sa,+ ta, = {-s—:EHa+t}n1+ (?EEHa+tJaz

1 2
sa ta,
: = {B+t”m'+ 'ﬁ]
sa1 t.az i
Since A is convex, ek e €A. Thus z ¢ (s+t)A. So we have the

claim. Thus x+y € sA + tA = (s+t)A, so ﬂx-i;yﬂ < s+t for all s,

t € R such that [|xj| < < t. Hence [|x+y| < =l + 1l 3""ﬂnd

a seminorm on X.

¢ (x| fIxll<1..}

sq ". " satisfies
' r——

We sha ‘ P “xf [5efpein }
: \5\5
S

We must show that x € A.
L . en there exists a tn:r o -

Let x € { x[
Since [Ix" <

such that [|x|| @ result = € A. Since

ltg] = tp< 9 € A. Hence {x| [|x]| < 1}

C A. Let x & A. s Ao t > 0|x etA} . Hence
=l < 1.

inorm on X such that

We must show tha€ py=[.|| on X.gSuppose that there is an x; € X such

e pofl U ] EWWW BN
p{a,,wmmmmj’a ('} M

'?"x I <1, a contradiction. {becausa_ It—"{ 1, so t—é{x] “::"c! | &

Xq Xg X
So £~ € A. Hence — € {x|p(x) < 1} , therefore pigr <1, a

contradiction)

Case 2 p(x,) <|l %y I . The proof is similar to the proof of

case 1.
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Hence p = | . I]on X. We must show that ||.|| is a norm if and only if A
dose not contain a one-dimensional vector subspace. Suppose that ||. |[
is not a norm. Then there is anxnaxsuch that x, Jﬂandﬂ Il =0
Hence <x_.> is a vector subspace of A. Suppose that A has a one

0
dimensional subspace, say B. Lat{ Xg } be a base of B.

Thnnt.x € A for all t € t|I|:5"=- [Itx H-c‘lfﬂralltél-l.
Hence [|x,|| < ”
a norm.

Notation :

xoll = 0, therefore ] - Jlis not

H and A E X. Then h# denote

the set of al

Theorem 2.7 %, p) be a seminormed space

over H. Let f ned only on a vector subspace

A\ Y 2
8 of X and such all x € S. Then f can be

extended to FE&X )} for all x € X.

&r 3'As a vector space over the
' |
L[,i X and £ is a real linear

functional defin?:‘.l on S. Let pi = {gq ] g e T # for some vector

w5 Y PR Y0 1 €20 1o

X € T } Since f € P, B fa. Parta.ally order p h},r the relation that

"3 WA RIRFRIBIHFIRE AR Y

,Let{gn}u‘ be a chain in P. Thang eTg# for.all a & I, whera'
o

field R, S is

T is a vector subspace of X, T‘g 2 5 for all o €I, gu]s = f and

gu 3 o

lg_(x) | < p(x) for all x € T_ . Define g : \J T -Ras follows :
= 9y asl a

x € \_JT . Then x € T_ for some a €I, let g(x) = g_(x). Then g
asl “a 9a i3
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is well-defined and g < g for alla € I. Hence the chain has an
upperbound. By Zorn'lemma, P contains a maximal chain. Let M be a

maximal chain in P. Let D = U T . We must show that D is a vector
geM

subspace of X. Let x, y € D anda, B € R. Tl'mnxt-Tg,yde for
some g, g € M. SincaHisachaj.n,gdg"nr g < g, say g’E g. Then

x €T . 8l T. ig. ; ce of X,ax + By € T_C D.
» Y q o A \\\ ; A A T
Define F : D R as fodle ~' .. Then x &Tg for some g € M.

Define F(x) = g(x). * F is IR - linear. Let %, y €D,

a, B€R. Since & Tq for some g € M. Hence

Flox + By) = gl E(x) + BF(y), therefore.

F isR - line 53 '~; _:': -v». e T for some g & M. Than|E'tx]|

< |gx) | < ptx) 'aﬁ:; ‘V D3 Is = 9|g = & and |F(x) ]

< p(x) for all x € @ e oY et - X. Let yo € X\D. Let
u=sup {Fix) - p( -, 'v. = inf { F(x}+p{yn-x}| X E€D}.

Claim that ue< ¥ Lok &3'® Then Fib) - Fla) = F(b - a)

.-u_ b) < Fla)+ P{Fg'a}'

p{y@;h}] bé& D} is a lower

bound of { F(a) +.|1: -a} ] a ﬁ- . Hence u = sup { F(b) - p[yu-h} |
ben) ﬂﬂﬂ'ﬂ%ﬂﬂ‘i%iﬂﬂ?w have the clain.
Let D, = D+<yu DefinedF - gas follows iglet x € D;. Then

amammmm NHARY- v« o,

must ahuw that F, € P. Since By e X f<F<F,. Let x €D,. Then
D
xnd+t}rnfurmmadﬁﬂandtem.

Case 1 t =0. Then|F,(x)|=| F(d) | < p(d) = p(x).

012460 o
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Case 2 t # 0. "Since d € D and D a vector subspace of X and

-d -d d -d d
t £ 0 then == € D. Hence Ft—t] - p{yn + 'E] <u<v< F{—tJ + p{yu+ tH*l.

If t > 0, multiply the inequality (*) by t. Then we have the inequality

-F(d) - p{tyn+ d) < tug -F(d) + p{tyﬂ+ d). Then -p(xi = -p(tyu-:- d)

< F(d) + tu = thxl < p{x} <

| B,(x) | < p(x) in the case where t > 0.

) by = £t. Then we get that

&- Hence -p(-x) < -F(d) - tu
——

= -F,(x) < p(-x) : ‘@ semifiozm on X, -p(x) = -p(-x) < -F, (x)

< pl-x) = plx)d % < e case where £t < 0. As a
result, we hav {'_ i\\\ lxen,sul? € P.. Hence

P,I 4 M, so MU ; o n (because M is maximal). Hence

D = X. So we ha 98 2 8) 5 ' that F| . = f and | Fex) |
ks - e I 1 E

< pix) for all x € fder X as a vector space over

. -
H , San H - ve 3 §F ¥ 8nd f an I - linear functional

defined on s ‘Einca | gty |« | £6Ge) )

< pix) for allE &

X with | 6(x) | 4 pix) for all 3 ¢

Q‘W’J ‘iﬂ.ﬂﬂiﬂ AT AN
AR AR

%, ¥y € X. Let x € X and A&H. We must show that F()x) = AF(x). Since

*

g to ﬁ IR = linear functional G on

A€JH, there exist a,b,c,d € IR such that A = a+bi+cj+dk.
Then F{kx) = F(la+bi+c j+dk)x)
= Flax+bix+c jx+dkx)

= Glax+bix+cjx+dkx) +illax+bix+cjx+dkx)

+jJilax +bix+c jx+dkx) +kK(ax+bi x+cjx+dkx)
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= ;Gtx} +bG(ix) +c G(jx) +dG(k x)+i(-Glilax+bix
+c jx+dkx)))+ j(-G(jlax+bix+c jx+d kx 1))
+k(-Glklax+bix+cix+dkx))).

= aG(x) +bGpix) +cG(jx) :-d G(kx) -a iG (i x) +ibG(x)

—ciG(kx)+di6G(ix)+]jal-G(jx)+b jGlk x) + ¢ j G(x)

= (a+bibe)re +bi+ci+adk)i(-G(ix))
)+(a+bi+cji+dklk(-Glkx).

%) + §7(x) + kK(x))

© We riow ' CFrispun iqua, datermined by its real part.

the real part of ; ‘1'-(‘7 JF° =R ir+jJ3+ kK. Since F'is
+k K (ix) = E' (ix) = iG(x)
- I°(%) + kJ7(x) -Gk eI do= G(ix) ; s'a I7(x) = -G(ix).

3 "'c.__—-
Similarly, J D =—=ctyxrrR-txr

Then F (x) = %)i

= G(x) i (-G(ix)) +3(G(] x®)) +k(-glkx)).

A ‘N:ﬂaflﬂﬂ H3cd $eep 17179

= Fix) .

o 8 W IS NURIRBYARY owee v

un:.qualy determined by its real part and the real part of F.= the real

part of £ (on S} then Fls = f.. We must ?shmr that| le]_l_i pix) for all

x € X.

Let x &€ X. Since F(x)€ H. there exists a u € H such that |ux| =1
and F(x) =| F(x) | u. Since{ x € H | x| =11} is a group, u;‘ exist

and |u;1|. 1=
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Let y = u;1 x. Then Fly) = !‘{u;1x1 = u:‘ F(x) = u;1] le)'lux = F(x).
. 4
so|F(x)| = Fly) = Real part of Fly) = G(y) = [G(y)| < ply) = p{u;xl

- |u;1 Ip(x} = 1+p(x) = plx). HEI'IGEIF[::J' < p(x) for all x € X.

Definition 2.8 Let (X, |[. |[ ) ana (¥, |- ) be seminormed spaces

and Y. Define ||T" = sup { ”T(ﬂuzl

over [H. Let T be a mappi

=l < 1} ,/./4’,
' e ———
Theorem 2.9 Let (G M and _:..*Lj'a!, _ bu seminormed spacs over ll-l

and let T : X — . the following are equivalent :

(a) at ‘1"_.‘
(b) , \Q
(©) e t\ ke i.e [|7]] < o

(d) 45 - t at [|T(x) ||, < M Hxll for all °,

continuous at a point

B e o -ﬁu-ﬁ &

\ d

a ¢ X. We must]g sm.‘h Let x € X and let

b
(x J baaaeq.t e in X suc atx - x. Then a+x -x- a. Since
. mﬂ%q KA PRI R 1 - s
+TIK}- :-:‘J-T{ai-x -x‘-*T{a}-' {a). Thrus'r }) - T(x), B0 T is=s

VAR B HAS L e oo .

(b)=3 (¢) Claim that if a, b € R’ are such that| x||, < a
implies thatFT{xJIZ <b, then a]T{x}lz- <b Bx{h for all x € X. To prove this
suppose not. Then there exists an x, € X such that al{i‘l‘.:’cn'lﬁz >b 'ﬂxol.!.

. ab
Now there is a t > 0 such that a“.‘l‘{xu]"z >t}hxlxﬂ!1. Let x = ()X, -

) b"x |
ab 0 -
men il = [1€owy = a(E2) < a1 =
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: ) ajt(x
!utIT(;x)Hz_- I‘I'-{%'__El‘nxﬁﬂ_z = E:-i IT{xD}ﬂ = b :‘—t-g—z “>1.b = b, acontradicti

S.o we have the claim. Assume that T is continuous on X. We must show
that||'T ||[< ® . By assumption, T is continuous at x = 0. Thus

~V(8to, 1)) = ix]| ]]'mﬂz{ﬂ is a neighberhood of 0. Then there exists
an >0 and open set U = {xlbgl, <€} such that U c{ xjHTxﬂ < 1}.: By the
- /onr_.-e <]l < -":t[l.l for all x & X.
X éﬁﬂ

fore |T|[< = .

Py dizll< » . cnoose M = |-
Must show that _ .. \\ Ci\ Let x 6 X. Iffx][<1
thanl[ Tx “E HTI . , T I M " ”, for all x € X

\

“that\ there is an M € R such that

({consider a = 1

 that T is continuous at x = 0.

Nxll< ml x [ €or

Let € > 0 be qi.van.. _ There exists an M€R

such that || & >0. Let x & B(0,6).
Then || T(x) - Tiw < 1 r 5|< € » so T is continuous
at x = 0.

ﬂ‘lJEl’J‘VIH‘V]‘ﬁWEI']ﬂ‘i
QW'W&Nﬂ‘iﬂJ um'mma 8
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