CHAPTER I

PRELIMINARY

The Algebra of Quaternioms

IE‘. The quaternion produet o ¥2_then the R-bilinear product with

2_ 52,2 4,

1 as its multiplicative-< ntit; s formulae i
ij =k = =ji, j and kiv= f"s=wgik. In this thesis we shall

denote the R- H", . See [3].

Each qua i ‘7.‘ .‘. TN

- a,.1¢ e ana Sl A4 | \

real quaternion par + 3 _-__;,.i;-;; | pure gquaternion part of q.

a. j+33k{a:ltforall

| + Pu(g), where Rel(qg)

3, ‘Relg) being called tHe

The conjugate g af s gua on q is defined to be the
quaternion
for all a, be Hand RIE and only if a = a, while

Rela) = 3 {a+a) eu}d Pufa) = -— {a-a.'l See [3].
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a. Ifa,tu then |a| # 0 and “2- 2= = 1. So we have :
jal? Jaf

Proposition 1.1 H is a division ring.

Proof. See [3]. #

Proposition 1.2 Ia.b | = |a || b | for all a, be H.




Proof. See [3]. #

Proposition 1.3 H is complete with respect to this absolute value.

Proof. Standard. #

Linsar algebra over H.

Definition 1.4 A left \ Eghdh X over H is a set of elements in

which the operatiomswef addition‘and"&falar multiplication on the left

are defined su ' E an abel!SW group under addition and if

From now on unl HeEw o specified a vector space over M

means a left Vg vector spaces over H

(1) S e in B
)y )
(iii) €= “zn]naﬂ | z € H for all né N and (z ) g converges }

ngfimt.igﬂ I&ﬂg mnﬁ mﬂm ﬁanﬂ ¢ #ACX. Then A
:’é;ﬁ’:']:éﬂ ?a wﬁmgﬁ’gﬂ only if

Definition 1.6 Let X be a vector space over Hand A € X. The span of

A, written by <A>, is the set of all (finite) linear mh'inal:iona of A,

Definition 1.7 Let X be a vector space over Hand A € X. Then A is

called convex if sl+tﬁ£hfor'ofn, £t<1,s8+t=1: balanced if

ta € A for |t| < 1 ; and absorbing if for every x €X there exists an



€ >0 such that tx € A for |t| < e . For a balanced convex and
absorbing set A, define ||x|| =inf {t>0 | x eta } . i.l is called

the gauge of A.

Definition 1.8 Let X be a vector space over H. A vector subspace S

of X is called maximal if r

yifoXanﬂJ::S*F{x:-“fnrsm
X € X. M 2

over H. A subset W }EE‘I

Definition 1.9

of X is said to & f and only if for any finite

vﬂtl 'Juz,...,‘i? at ﬁm = 0 for all m.

(v_) is 1i it is not independent.

a oael

Definition 1.10 " 8et spanning a vector space X

is called a basis o

Definition 1.11 es oyer Hand £ : X = Y a map.

=

Then £ is sa f THEs

WY 1 £(ax + by) = af(x) + bf(y)

w%’wmni

s

for all x, y EE& d 1o

Def:.nitinn Definition 1.12 seuddine tri.c on amset X is a fighl valued function
(1) d(x, y) = dly, x) > 0 for all x, y ¢ X,

(2) d(x, x) = 0 for all x € X

(1) dix, z)

1A

d(x, y) + d(y, z) for all x, y, z & X.

If also, (4) d(x, y)

0 implies that x = y, d is called a metric.



Defintion 1.13 Let X be a topological space. S T X is said to be

of the first category in X if it is the union of a sequence of closed

sets each of which has empty interior. Tf S is not the first category

in X it is said to be of the second category in X.

Theorem 1.14 (The Baire category theorem) A complete pseudometric

space X is of the second

- \\\\ a topological space X, a&X.

We say x, = a if o if ¥fa harhnoduofatham exists

a 6D such that

Theorm 1.16 Lgf X topadogical | es and £ : X =Y. Then f is
continuous at a € implies that f(x,) = f(a) for

each net fxﬁ.'!ﬁ en

Pmu 3

Corollary 1.11r

net {xajﬁED in :i- - ain (x ) implies that x, = a in (X, T').
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Theorem 1.18 Let be a collection of topologies for a set X. Then

X

: oﬁa set X such that for any

there exists a unigue topolegy, denoted by v ¢ (= the set of all unions

of finite intersections of members in ® ), such that-for any net {xﬁ]ﬁt—n

in X, Xg < a in (X, v¢ ) if and only if x, = a in (X, T)

6



for each T ¢® . For any topological space Z, a function f : Z —= (X,v®)

is continuous if and only if f : Z = (X, T) is continuous for each

Ted .

P:;nnf : See [1]. 4

Theorem 1.19 Let X ba

Fu{t;:x-*‘!{JueIlwhem
for each a eI, !f Then there exists a unique
any -net {xﬁl Lo dn X
: 6 €D
CRM—"F (a) in Y
AN -

for eacha & i.
: Z = (X, wF) is continuous.

topology on X,

-x& - a in (X,

For any topologic

if and only if achao € I.

2 W\
Proof : : ;% : ] ol : X - Y.. Let wf = { £ (c) 6
is an open set in Y s ody for X and £ : (X, wf) = ¥ is
continuous, so for .gi"a' A . ~dn X aur.-h that Xg ~ @ in (X, wf)
: . Convers v.-‘:,r ppose that f{xﬁ} - f(a)

in ¥ where (x_)— and™h € X. We must show that
5 6.dp .[j

= a in (X, wf}.f t U be an gpen neighberhood of a in (x, wf).

e - AU IR SASTHIAA S 7. s forg) = 6@

and V » f(a), there existsgh 6° ¢D sugh thaté > 6§ uplies that f{x Jev.
) VR ) RN w.ﬂ'l’aiml a LT TR
in m, wf). Let Z be any topological space. Suppose that g : 2 - (X,wf)
is continuous. f;::g is the composition of continuous maps. Then fog

is continuous. Conversely, suppose fog is continuous. We must show that

g : 2 - (X, wf) is continuous. Let a & Z be arbitrary. Let l'x&}
5 &D

be a net converging to a. Then f {g{xﬁi )= flgla)) therefore,



gl’xﬁ} = gfa) in (X, wf). Hence g is continuous.

In the general case, let wF = v {w{t l fué Fy ael} = the

set of all unions of finite intersections of members of \ { “fu} -
= e

By Theorem 1.18, wF is a topology on X. By Theorem 1.18,

only if Xg ~a in (X, wful for all.

= a in [x,‘wgl for alla eI if

Xg @ in (X,wF) if 3

a € I. By the one ‘- ~

and only if f{xu} a €I. The uniqueness of wF

come from Corol sove the rest of the theorem.

Let Z be any t Z =+ (X, wF) is continuocus.

Let o € I. Si dofit nuo A, (X ) 409 1 B0, ds

continuous. continuous for eacha € I.

We must s=how th gl : &-‘ -_:v_- ous. Let a € Z,. Let

[xﬁil be a net"in Since g og is continuous for

G€ED

each a« ¢ I, % fgfxs}] forecach a elI. By the one function

case, g{xaj .,-'- a) ir : : ie'e 1., By Theorem 1.18,

g{xai —-gla) #) is continuous. 4

Definition 1.20 + gsbe a fam:.ly of tepological spaces.
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X =X F - L -
s or eachg g I. For eachg eI, definu 1; | xﬂ x“ by 1; (x)

= :1:‘!t « Giveng €1, 1=::I is called the pmjeé:tinn on the o th fnétor.

Theorem 1.21 Let { Ha | @« € I} be a family of topological spaces.
There exists a unique topologyon ﬁxu{called the product topology) such

that for any net txﬁlq.n in ﬂé ,xﬁ = a if and only j.i':‘:»:i":!l -*n“' for



each a¢I. For any topological space Z and function g : Z — X, g

is continuocus iflnnﬂ only if Paoq is continuous for eacha & I.

Proof : See [1]. "
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