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CHAPTER I
INTRODUCTION

This thesis composes of th rst part, we give a uniform bound

ing. The second part, we obtain
a uniform bound on a ¢ i i al-limi eorem. In the last part, we
give a non-uniform b fal appr mation of randomized orthogonal

array sampling.

by McKay, Beckman and Conover
4. > 2, a latin hypercube sam-

0,1]%) is defined to be

{X(Ul(i)ﬂb(i),---,ﬁdw
1. for all 1 <y, ..., z'd<n 1<]<d

ﬂuﬂ?&ﬂ&l ANEIAT
ARINAN AGREHRIINHIE B

2. 77k = (Me(1),me(2), ..., me(n)), 1 <k < d, are random permutations of
{1,...,n}, each of which is uniformly distributed over all the n! possible
permutations;

3. Uiyoigg 1 <liny.yig <m, 1 <j <d, be [0, 1] uniform random variables;

4. the U;, .. i,;’s and n;’s all be stochastically independent.

.....

Hence an unbiased estimator for = E(foX), where X is a random vector having

a uniform distribution on [0, 1]¢ and f is a measurable function from [0, 1]¢ to R,



that based on a latin hypercube sampling is

_ %Z FOX (k) o (R), .oy ma))).

If Var(fi,) > 0, we define

where
V(lla 7/l/d) y - —k(Zk) + (d - 1)1“’]7
(w(i1, .. iq) = Ef o 0. 5ig) and iy (i) = SN ulins ia).
_ J#k 1=
Moreover, he gave the rate of rg.g CLECI ~ without the value of C,; under the

finiteness of the absohite third moment. Theorem s his result.

Theorem 1.1. T he@em zch depends only on d such

that for sufficiently lar%e n,

ﬂwwammnm

" WﬂtMWﬁWﬂ%@@ 7 EI ’] g
— Z ZE|V iy

i1=1 1g=1

Corollary 1.2. If E|f o X|> < oo, then

Cq
sup |P(W < z2) — ®(z2)| < —.
up | PV < 2) — #(2) < 2



Recently, Rattanawong [31] showed that there exist random permutations 7y, . ..,
Tg—1 on {1,2,...,n} which are uniformly distributed over all the n! possible per-

mutations such that
W= "Y(i,mi),... (i)
i=1

and Y (i1,...,14)’s and m’s are sto tically independent. Indeed, for any j in

{1, e ,d}, let 7'(']'((4)) = 77j+1(

each iy, ...,iq € {1,...,n}, define

(i1, ey i) + (=1)%], (1.1)

and

)

Note that the l";?""-‘TEETT__’:;‘-“"""“’m'sf‘ om that of V(iy,...,14)’s
given by Loh [15] thﬁt : G s% the following property:
for each j € {1,2 d‘}

ﬂ‘LJEJ’J BHNINLINT 12

z]—l

ﬁ ﬁm }ﬂm ﬁiﬂon inequality
approach and ass e finiteness of fourth moment o} glve a constant Cy. This

is their result.

Theorem 1.3. Suppose that E(f o X (iy,...,iq))* < 00, 1 < iy,...,iq < n. Then
for n > 6% 4 3,

11.946  1.037 5.014d
< + fﬁ‘* +8.314d1 3, + 11. 76564+—ﬂ4
zeR Vn ns ns

2\/ 2m 4

’[’),8

sup |[P(W < z) — ®(z)] <



where
br=—3 Z ZE|Y T
n i1=1 ig=1
In this work, we use a concentation inequality approach and the ideas of Neam-

manee and Rattanawong [19], [21] to obtain the constant Cy by assuming the

eorem 1.4 is our main result.

: : Sl
Theorem 1.4. Suppose that E|f ¢ (il,.// 00, 1 <iq,...,2g < n. Then for

n > 6%, —
~3.88 +2.09d 9
sup |P(W < z)— & ——|—1.035
zeRl ( \ \ \/_ ’
5 oL
5) +0(-),
where

Corollary 1.5. S ".v,.,'_,m <igyeig < n. Ifn > 64

and O3 ~ % then I

AN mn'm;mm
tma%nwew MaNYIAY

28.725 + 5.014d + 1. 314V/d
wup [P(W < 2) — a(z)| < 23726 +5:014d + 037v/d +8.314V/d.
z€R \/’ﬁ

Although this bound is sharper than the result in Corollary 1.5, we establish a

p)

uniform bound under the finiteness of absolute third moment.



1.2 A Uniform Bound on a Combinatorial Central Limit

Theorem

Wald and Wolfowitz [38] established the strong sufficient conditions for the asymp-
totic normality of n,, = z”: a;bia(i) where a; and b;; are two sequences of real num-
bers and « is a randorni:Sermutation of {1,2,...,n}. The weak conditions were
given by Noether [24] and then simplified by _Hoeffding [9] who also studied the

random variable &, = E e(iyal(i V\_/}lere ko) i, g = 1,2,...,n, is a sequence

of real numbers. In 1957 . Mateo [16] proved that a Lindeberg-type condition
is sufficient for the asymptotic normziility of &,. This condition is also necessary
for n,,, which is showed by Hajek [6 ] ‘Affer that, a Timit theorem for 7, and &,
is given under various COIldlthIlb S€e, f(ﬁr examples Bolthausen [3], Kolchin and
Chistyakov [10], Robiuson 32]. . JJ

In the case that (i, j)'s are any random varlables we use the notation Y (7, j)’s.

A theorem for the asymptoti¢, normdhty ch Vi = Z Y (i,7(i)) where 7 is a ran-

— =1

dom permutation of {1,2, . oniis (alled a gombmatonal central limit theorem.

If Y(i,7)'s and 7 are all independent, the rate of Conve1gence O(—=) have been

NG

provided by Ho and Chen 8] and Von Bahr [37] under some bounded condition,
1
ike supl (1) = OF =)

concentration-heguality of Stein’sjmethod o jobtiain, the amiform rate of conver-

In 2005, Neammanee and Suntornchost [23] applied a

198
gence under thefiniteness of third moment and gave the rate T More precisely,
n

for eagh, igjy=142, . & 0, et g and afj be thesmean and.variance of Y (i, ),
respectively, and

= gz_:/lz‘av Ky = 5;%, Hij = EZZW’

i=1 j=1
1 n on
— M. — ,U]"‘M)Q and Uzzﬁzzggj.
i=1 j=1 i=1 j=1

From Ho and Chen [8], we know that VarV,, = d* + 2. Define

n n

1 ~
W= N ;(Y(Za (i) — p..)-



Then EW =0, VarW =1 and

Vo, —EV, —~—,. .
W= Nuae ;Y(z,w(z))

where Y (i, j) = (Y(4,7) + pi. — po; + po.). Their result is Theorem 1.6.

1
d2+ 2

Theorem 1.6. Suppose that E|Y (iyj)|? < oo, 1 <4,7 < n. Then for n > 32,

where

Later, Neamma d the finiteness of fourth

AW, e 4 \l Sh
moment to yield the constant to be 27 \‘1 : \>\ is the following theorem.
Theorem 1.7. Suppose that E¥*( <00, 1 <4, <n,VarW =1, and

J ‘f!
ZEY i,70) =0 for. .#5?"’,,

=1

4‘ G Y (ig,7) = 0 for a fized ig.

Then for n > 30, — ,}.
]
53/4 .l!l] 5]_/2 5 228
sup | P(W < z <116 +1002—+1467—+
ZEHI;' ( e 2 * ISVE ni/A " n

e AUBANENINENNT
awwmnﬁm@%ﬁﬂmaa

Furthermore if 04 ~ —=, then

\/_

27.72
sup |[P(W < z2) —®(2)| < .
up | PV < 2) — @) <

By assuming the finiteness of third moments, we give a shaper constant than

78.9
that of Neammanee and Suntornchost [23]. Indeed, we obtain the rate to be —.

vn

Theorem 1.8 is our main theorem.



Theorem 1.8. Suppose that E|Y (i,7)]? < oo, 1 <i,j <n, VarW =1, and

Z EY (i,jo0) = 0 for a fized jo and ZEY(iO,j) =0 for a fized ig.

i=1 j=1

Forn > 36,

sup|P(W < z) —

z€R

< 70.8503 +

where

Futhermore, if 03 ~

Approximation of

Randomlzed Orthogonal Array .amplmg

A orthogonﬂ 14 T PUNTIEAN T e

elements taken from the set {0,14...,q — 1} sueh that for angn x ¢ submatrix,
o Pl mﬁmm kTt ol & bf e ere . g an
t are p081t1ve integers with ¢ < d and g > 2. Of course n = A\¢*. The class of such
arrays is denoted by OA(n,d, q,t) (see Raghavarao [30] for more details).
In this work, we consider the class OA(¢? 3,q,2). For this class, Loh [14]
constructed the samplings X1, X, ..., X,2 on the unit cube [0, 1]* as follows: Let
(a) 71, m2, w3 be random permutations of {0, 1,...,¢ — 1}, each uniformly dis-
tributed on all the ¢! possible permutations;

(b) Ui, in.is.; be [0, 1] uniform random variables where i1, 49,43 € {0,1, ...,¢—1},



j €{1,2,3}; and
(€) Ui insis,;’s and m;’s be all stochastically independent.
An orthogonal array-based sample of size ¢, {Xi, X, ..., X2}, is defined to
be the set

{X(mi(aiy), mo(ais), m3(aiz)) : 1 <i < ¢*},

Wd]e{ms}

12, Z3 ), X3(iv, i, 13)),

where, for each iy, 19,13 € {0, 1,.

X(ilv i?a Z3)

X;(i1, i

and a;; is the (i, )" ¢ somearhi :‘. at £ edAEOAq 3,q,2).

We use

as an estimator of u = £ ndom vector having a uniform

distribution on a unit hypert measurable function from [0, 1J?

to R. Assume that Var(f)

.\_‘ (1.3)

_ = 1. Lolﬂlzl] gave a first version of
V1203 112 (e 1T e M
PRINRIRURINBIAY o

1
Observe that, the rate of convergence in (1.4) approach O(—) as r — oo.
q

Note that EW = 0-and VarWW = EW

Neammanee and Laipaporn [18] obtained this rate by assuming only the sixth
moment exist. Recently, Neammanee, Laipaporn and Sungkamongkol [22] relaxed

the assumption by assuming the finite fourth moment and got the rate to be

1
O(%).



For a non-uniform bound, Neammanee and Laipaporn [12] took the first step.

Their result is

1 1 1 1
PW <z)—®(z max s0(—=), —O(—
POV £2) = 0] < max{ 550, O

concepts in probability t and the idea ¢ v nethod. A proof of Theorem
1.4 and Theorem 1.8 are iu pter 3 andid, respe ively. In the last chapter, we

prove Theorem 1.9.

ﬂ‘NEJ’JVIEJVIﬁWEJ’]ﬂi
ammmmwnwmaa



CHAPTER 11
PRELIMINARIES

In this chapter, we revie

#//Encepts in probability which will be

he proof is omited but can be

2.1  Probabili and Randorm Variables

A probability sp igfa ure s = P) for which P(Q2) = 1. The
measure P is called ili '-_ ‘me o. The set Q will be referred as a
sample space and its
elements of F are called s For any event A, the value P(A) is called the
probability of A.

Let (92, F,P) a ability i---:ru;.—-—-:---f-r-':' X : Q — R is called a
random variable if fo ‘Bo | X (B) belongs to F. We
shall use the notation P X € B) in place of P({w ey (w) € B}). In the case

where B = ﬁwﬁ Wﬂ%ﬂﬂﬁpﬁvﬁ or Pa < X < b),

respectively.

Le'arwm el SIS i R

is called the distribution function of X.
Let X be a random variable with the distribution function F'. Then X is said
to be a discrete random variable if the image of X is countable and X is called

a continuous random variable if F' can be written in the form

_ /_ OO F(t)dt
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for some nonnegative integrable function f on R. In this case, we say that f is
the probability density function (or the probability function) of X.

Now we will give some examples of random variables.

We say that X is a normal random variable with parameter x4 and o2, written

as X ~ N(u,0?), if its probability function is defined by

‘ <m—u>2).

Moreover, if X ~ N(0,71) the )@s s@ a standard normal random

variable.
We say that X i parameter n if there exist
T1,To,...,x, such t

X ~U(n).

1,2,...,n and denoted by

If X is a continuo dﬁ e wi ability function

We say that X is ‘

We say that random vector if and

only if there are me rable function f : R” — [0,50) and joint distribution

functlonFﬁ(ﬁtﬁrﬁ ﬂﬂjﬂﬂ’]ﬂﬁ
aﬁm ,@i@%ﬂf AW Z«L‘ﬂﬂﬂl @y&l ix

Furthermore, we say that 7 is a random permutation if 7 is a permutation-
valued random variable.
2.2 Independence

Let (€2, F, P) be a probability space and F, a sub og-algebra of F for each a € A.

We say that {F,|a € A} is independent if and only if for any subset J =



12

{1,2, ...k} of A,

where A, € F,, form=1,... k.
Let & C F for all & € A. We say that {&, | « € A} is independent if and

only if {o(&,) | @ € A} is independent where o(&,) is the smallest o-algebra with
& Co(&) -

|

We say that the set o ar o | a € A} is independent if

{0(Xa) | a€A}isin where @(—1(3) | B is a Borel subset

of R}.

Theorem 2.1. Ran BS 2% PO . independent if for any
Borel sets By, Bs, ... . :

Proposition 2.2. If X;;

fi : R™ — R are measumW 13,,

independent.

,...,m; are independent and

1m1)|z—12 n}is

-

2.3 Expectatla Variance, Conditional Expectation and

C"“‘FTTJ“EI’J‘VIEW]?WEJ’]TW

Let X be any random variable onfa probabilitysspace (Q, F, R)s

AR A SRR Y
=/QXdP.

Proposition 2.3.

1. If X is a discrete random variable, then E(X) = Z xP(X = x).

zelmX
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2. If X is a continuous random variable with probability function f, then
E(X) z/xf(x)dx
R

Proposition 2.4. Let X and Y be random variables such that E(|X]) < oo and
E(]Y]) < 00 and a,b € R. Then we have the followings:

1. E(aX +bY) = aE(X) ”y
2. If X <Y , then l§ /

3. |B(X |<E|X|

Let X be a ran 2 ', Then E(|X|*) is called the
k-th moment of X origin an *] the k-th moment

We note that

1. Var(X) = E(X?)=FE*X

- GUE mmwmm
Pmpﬁtﬁﬂﬁf\%ﬂ O MRV Y 1

then
1. B(X,X,..X,) = E(X,)E(X,)...E(X,),

2. Var(m X, + -+ a,X,) = aiVar(Xy) + -+ + a2Var(X,,) for any real

number ay, ..., a,.

Theorem 2.6. Let (X,,) be an increasing sequence of randon variables on a prob-

ability space (2, F, P) to [0,00) and hm X, =X a.s. Then lim E(X,) = EX.

n—oo
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The following inequalities are useful in our work.
1. Holder’s inequality :
E(IXY]) < B3 (| XIP)E+(|Y]?)

1 1
where 1 < p,q < oo, —+ - =1and E(|X]?) < 00,E(]Y]?) < 0.
p 4q

Let X be a rande £ ' » expected value on a probability space
(Q,F,P)and D as : | efine a probability measure Pp : D —
[0,1] by '

Then, by Radon- Py and there exists a unique

measurable function £2(X) on (Q, F, P) such that

qUBBAUNING W0
ARSI T A

Moreover, for any random variables X and Y on the same probability space

(Q, F, P) such that E(|X|) < oo, we will denote E°Y)(X), the conditional expec-

tation of X with respect to the o-algebra generated by Y, by EY (X).

Theorem 2.7. Let X be a random variable on a probability space (Q, F, P) such
that E(|X|) < oo, then the followings hold for any sub o-algebra D of F.

1. If X is a random variable on (Q, D, Pp), then EP(X) = X a.s.[Pp).
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2. B7(X) =X a.s.[P].
3. If o(X) and D are independent, then EP(X) = E(X) a.s.[Pp].

Theorem 2.8. Let X and Y be random variables on the same probability space
(Q,F, P) such that E(|X|) and E(|Y|) are finite. Then for any sub o-algebra D
of F the followings hold.

1. If X <Y, then EP(
2. EP(aX +bY) = or any a, b € R.

3. |[EP(X)| < E

Theorem 2.9. Let X ‘ ndom va \\\: the same probability space
(Q,F,P) such that £ | \~ and D1, Dy be any sub o-
algebras of F. If X is a 1 Jableswith \ ect to Dy, then

i)

1. EPY(XY) =

2. EP2(XY) =
Theorem 2.10. ”:"" 7 n-negative random vari-
ables on the same pmability space (L, F,P). If X X a.s. and E|X| < oo,

L el e

Theorem 2.11. Let X be a mndom vamable on the probabzlzty space (U, F, P

e RAWIANAT OIS ey rpy o

independent of then
EePrP2} (X)) = EPY(X) a.s. [P].

Let (2, F, P) be a probability space and D a sub o-algebra of F. For any
event A on F, we define the conditional probability of A given D by

P(A|D) = EPI(A)
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where I(A) is the indicator function defined by

1if we A,
I(A)(w) =

0 if w¢ A
Let X,Y and Z be discrete random variables on a probability space (€2, F, P).
HPX<zY<yl|Z=z2=PX<z|Z=zPY <y|Z=z) forall
x,y, z € R such that P(Z = 2) > 0, then swe'say that X and Y are conditionally

independent given 7. 2

Proposition 2.12. Let XoV_ and Z | be random variables on a probability space
(Q,F, P) such that Z istdiserete. X Il];md Y are eonditionally independent given
Z. Then e ¥

Eky = E%{E,—ZXEZY).

dd

2.4 Stein’s Method for Normal Approximation

,u

In 1972, Stein [33] mtroduced FPOW erfl,rl‘ and general method for obtaining an

i

explicit bound for the error in the normal approxnndtlon to the distribution of a

sum of dependent ra-n_dom variables. The technique 11§ed was novel. Stein’s tech-
nique is free of Fourier methods and relied instead on the elementary differential
equation. This method"wés adapted and applied to the Poisson approximation by
Chen in 19751[4]. [Since then; Stein’s method has'stimulatéd an area of intensive
research in combinatorics, probability and statistics.

There are at|least three approaches to use Stein’s method when the limit distri-
bution is normal, namely a concentration inequality approach(see, for examples,
Ho and Chen [8], and Chen and Shao [5]), an inductive approach (see, for exam-
ple, Bolthausen [3]), and a coupling approach (see, for example, Stein [35]). In
this work, we use the concentration inequality approach.

Let Z be a standard normally distributed random variable and let Cyy be the
set of continuous and piecewise continuously differentiable finctions ¢ : R — R

with El¢'(Z)| < oo.
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For g € Cyq and any real valued function [ with E|I(Z)| < oo, the equation

g'(w) —wg(w) = I(w) — EI(Z) (2.1)

is called Stein’s equation. If we choose I in (2.1) to be the indicator function

I.(w) = 1(w < z) where z is a real number, then (2.1) becomes

(2.2)

The following propertigs ofig

Proposition 2.13. Fo

1. 0 < g.(w) < min(

rJ.'
2. <L (195, p.23
|9, (w))| (155] p- g?y*f

3.

a‘ma

g.(w + u)

([5], p-247).

+u<z,w4+v >z,

Eﬂﬂﬂﬁﬂﬂlﬂi o
‘iﬂJ iliﬂﬂ“ﬂﬁqail

—g.(w+v)
(
-1 if w+u>z,w+v<z,
Y (ol + ) (lul + o) ifu >, (24)
K0 otherwise,



From (2.2), we note that
E(g.(W)) = EWg.(W) = P(W < 2) — ®(2)

for any random variable W. Thus, it suffices to find a bound for

instead of

Al
(]

AULINYNINYINT
ARIAATAUIM TN
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CHAPTER I11
UNIFORM BOUND ON NORMAL APPROXIMATION
OF LATIN HYPERCUBE SAMPLING

Latin hypercube sampli isi &y McKay, Beckman and Conover

- —
in 1978 [17] as a tool.k ifferent important sampling
method. After the has been used widely in many
computer experime ose the points to calculate

the integral

where f is a measurable f i ! [0 .. Computing this integral is
equivalent to finding pu X)) v lere. is a random vector having a uni-

form distribution on a unit _hy;pg@ab?’ 0,1} The Monte Carlo method give the

n
=1

w0 X P BREIAG WEI )T

For positivéintegers n and d, d > 2, alatin hypercube sample of size n (taken

f”%%ﬂﬁ@‘ﬂﬁfﬂ%%ﬁﬁmﬂ“m% ol

1 <1<}, where

1. forall 1 <iy,...,ig<n, 1 <j<d,
Xi(ir,ooyia) = (i = Uiy igg) /75

and X(il, ceey Zd) = (Xl(il, ceey id), ceey Xd(il, ey Zd)),

2. = (Me(1),mk(2), ..., mk(n)), 1 <k <d, are random permutations of

{1,...,n}, each of which is uniformly distributed over all the n! possible
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permutations;
3. Uiyroiigg 1 <iin,.yig <m, 1 < j <d, be [0, 1] uniform random variables;

4. the U;, . ;,;’s and ni’s all be stochastically independent.

..... id

Hence an unbiased estimator for u that based on a latin hypercube sampling is

fin = S FX O R) () o 1a ()

If Var(fi,) > 0, we define

Then
(3.1)
In this work, we Jequalitylapproach and ideas in [19] and
[21] to obtain a unif | I* . mal apps dimation of LHS by assuming the
finiteness of the absol T is our main result.

Theorem 3.1. Suppose

n > 64,
3.88 + 2.09d
P(W < 2) — &)< (22 1.0362
sup IPIW <) N ) e
: ®)
:.ll- +O(_)7
i n

where

AULInENINEIAT

iqg=

A Inenas

Corollary 3.2. Suppose that E|foX (i1, ....iq)]> < 00, 1 <y, ...yig < n. If n > 64

1
and 63 ~ —, then

vn
26. 1.08d 1
sup [PV < 2) — d(z) < 20003108 5 1
z€R \/ﬁ n2a

In case of d = 2, Corollary 3.2 yield

88.92 1
sup |[P(W < z) —®(2)]| < +O0(—).
up [P(W < 2) = 0(2)| € = + O()
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3.1 Auxiliary Results

In this section, we will give some lemmas which are used in the next section.
Almost all of them, we improve the results from [21] by relaxing their assumption
to be the finiteness of the absolute third moment. Throughout this work, we

assume that for 1 <iy,... i3 < n,

and let

Lemma 3.3. forn >

Proof. By (3.1), we have

— EW? ¥
1=EW (7

_E[ZY i, (i E g1 (i
—ZEWFH@EJ’MEJVI?WEJ’]T’I?

@ﬁ'mmmwﬁwmm -
_\/—52+d1 dlz ZZ ZEY@l,... )EY (j, - -, ja)

i1=1 ig=1 j1=1 Ja=1
J1701 JaFid

— Vit + g S S Y )

i1=1  ig=1
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Hence
1 n n
Viiby €1t ety D DY (i)
i1=1  ig=1
1 n n
<1 ‘s EY?%(iy,. ..
s b+ nd=1(p — 1)d-1 “Z::l ; (i1 .. id)
\/ndo

U
Lemma 3.4. If n > 36, then't | 3 '. ' \ ,ma—1(k))])? < 1.02943n.

Proof Observe that

%Zgzmwmmwmwmm) ,,,,, Tt (m)
REGNEVIWEIND

EYz(z m(k),. &, ma-1(k)) = Q/

Q‘WQ’@ AURARTINEINE

EY(’L 7T1(]€) ..... Td— 1(]€) Y(l 7r1(m ..... Td— 1(m))

=1 k= 1l1m1
’L

+ Z ZZEY i,m(k),. .., ma-1(k))Y (I, (k), ..., ma-1(k))

i=1 k= lll

+ Z Z Z EY (i,m(k),..., Ta-1(k))Y (i, mi(m), ..., Ta-1(m))

=1 k=1 m=1
mAk
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— zn:zn:EYZ i,m(k),. .., ma-1(k))

i=1 k=1

" Z Z Z Z EY (i,m(k), ..., Ta1 (k)Y (I, m(m), ..., ma-1(m))

i=1 k=1 I=1 m=1
m#£k

+ Z Z Z EY (i,m(k), ..., Ta1 (k)Y (I, m(k), ..., ma_1(k))

i=1 k=1 I=1
I#£i

<n\/_53-la

&wmwﬂmwmm

O
For eaﬂﬂ.jzaeq‘ﬂ ‘jwwgi(lﬂef]q 7] EI’] a E]
Yo(is, .., iq) =Y (i1,..., i) I(|Y (i1, - . -, iq)] > 1) (3.3)
Yolit, ... iq) =Y (i1, ..., i)I(|Y (i1,...,iq)] < 1) (3.4)
and
Y(r) = f:?o(i,m(z) ..... ma-1(i)) (3.5)
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where
1if we A,
0if wg A

for any nonempty set A. Next, we note that for any integers m,n and r such that

m >0, and n,r > 0,

ElY™(ir, ..., i)Y iy, ..

‘%ZYO"(il,...,id)||Y[)(i1,...,id)|T

et (3.6)

Lemma 3.5.

Proof. Note that T, 3.6), we have
BY(r) = B
= _};
25 71 ()
@yﬂﬁwavﬁwﬂﬂﬂﬁ

QR BEAAUNNIINLIAL

—9 Z > EY(i,m(i), ... ma1 (D) Yo (i, m(), - - Tac1 ()

+ ZZEYO(Z',m(i), oy g1 (D)) Yo (g, m(9)s - - - s Ta—1(J))
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21— TL—]_ dlz ZZ ZEYZ)Zl)"'vid)EY(jlw-'ajd)

i1=1 ig=1 j1=1 Ja=1
Jl#ll Jlﬁéld

—|- n_l dlz ZZ ZEYE)7/17~'~;id)EYE)(j17"'ajd)

i1=1 ig=1 ji1=1 Ja=1
J1#i1 JaFid
2 n n -
S ]-+ (n(n_ 1))d—1 , . . (117' 7Zd)
T 2 /A-f 3 B
i =i , i =1 Ja=1
. 2/nds -

72 ~ B 102 Lo
BY?(r) < 1+ (Sesh——m) - 103(55)” = 1.05998.
|

S X

Throughout this Eem - ch is greater than zero. It
i

may vary in each sfcua‘a)on

s RN NN
QW’]@NI‘]WHW’FWIEHMI

Proof. We begin this proof by writing

EY4 ZYO i, (i), a1 (D)) = Q14 Qo + Qs + Q4 + Qs,

where

Q=Y EY{ (i, m(i),. ... mar(i)),
i=1
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Q2= BV im(), - ma (i)Yol 1), maa (7)),
=

Qs =Y > EYZ(i,m(i), o, maa (DY, (), a1 (5))
=

)9

n
i=1 j=1 =

J#i kFng
x Yo(k, -1(0))
Note that for a; > 0 o+ oy =1,
+ Q. (3.8)
Then
Hence
ﬁ kil i@@am
AN ﬁﬂﬂ‘i%ﬂﬁqgnﬂq &
= Cnds.

Next, we observe that )4 is bounded by a sum of the term

Qui =YY" EVZ(i.m(i),. ... 71 (i)Yo (G, m1(5), -, a1 (5))

i=1 j= lllcc?él
JF#i R
k45

x Yo(k,mi(k), ..., ma—1(k))|
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and 2¢ terms each of the form

Q4,2(Q17~--=Qd):(n(n_1 d 1|z:1 z:lzz_:
i1 ig=1 j1=1 Ja=1

J1#41 JaFid

Ei/\g(il) cee 7id)E%(j17 cee 7jd)EY(q1) e 'aqd), |

i=1 j=1 llz;l
ey
X |Yb(l{}, 1
2n n n
< ?ZZ k) Ta—1(k))]
i=1 k=1
k#i
n n n
+3 mi(k), ..., ma-1(k))|
j=1 k=1
k#j
— i ;id)|3E|Yb(kla“-7kd)|
(n(n—1)

ZE|Yk1,...,

1 el
LJ

S (n—1)d-1 (3.9)
Fix Q1,...,qdﬂ1uﬂg nﬂm im EJ’] ﬂlj 3.8) implies
Wﬁﬂﬂﬂ‘im URINYINY
(n(n—l dlzlz:l Zlhzl JZIEWO“,.._, PEE
n#i Jd#id
x [El?o(jl,...,jdn BEY (a1, q0)]*]3
S(n(n—l ‘““21 Zzlezl,...,
- G (3.10)

((n=1)(n—2)="
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From (3.7), (3.9) and (3.10), we have

2 2d’l’bd(53 2
Q4] < Cnds + (R EE Cnds + Cnds.

Similar to Q4, Q5 is bounded by a sum of the term

~

Q5,1 = |ZZZZE%(Z’W1(Z)7 cee aﬁd—l(i))yb(]‘a Wl(j)’ s )ﬂ-d—l(j))

i=1 j=1 k=1 I=1
A ki g
k#j 1#j
1k

Q5,2(Q1, e 7Qd)

n n n

nln~VOEPE=PTL N i o

i1 JaFia k171 kaFiq
k1751 ka#ja

7kd)EY(q17 .. '7Qd)|

X EYEJ(ZM 9
n n n n n
At | jaiq kiFin ka#iq
Ir' k1#£51 ka#ja

R y
X ElYo(z'lg.., ;

where g, € {ajﬂgﬁ 17'18 Vdﬁlwagjc},]cgﬂ %d Qualar, ... qa), we

srees )
¢ qa)|

have
n

%Wﬁﬁ*&mw& P I

respectively. Thus

|Qs] < Cn?62 + Cnds.

It follows from ()7 to Q5 that

EY*(7) < C(n+ n%62).
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In the rest of this chapter, we use the following system giving by Ho and Chen
[8] and Neammanee and Rattanawong [19]. Let I, K, Ly,..., Ly 1, My, ..., My 1
be uniformly distributed random variables on {1,2,...,n} and py,...,ps—1 and

T, ..., T4—1 are random permutations of {1,2,... ,n}. Assume that

{I,K,Ly,...,Lg1,My,..., My 1,p1,--,Pd—1,T1,---,Ta—1} is independent of

Y(ir. .. ia)’s, ,’/

(I, K), (L1, My),. ..,
(I,K),(Ly, My),... ~yare mutually independent,

(Lg— dlstrlbuted on

(G, k)i k=1,2

(I,K) and py,...,

[ ‘
where p;(p; () :' .»d— 1. In the case of d = 2,

Ho [7] gave an exaniple of random vectors I, K, Lr

RN 1) 1111 1111
amaxﬂﬂﬁmﬂm@%mag

where

,mp,7 and Y (i,7),1,] =

% p) = Z%(l, pl(z)y cee 7pd—1(7;))7
i=1
Sio=YoL, (D), .., par(D),  Sso=Yo(K,pr(K),...,pi1(K)),
§3,0 = %(I7p1(K)a s 7Pd—1(K))’ §470 - %(K’ pl(I), o ’pd_l(I))‘

We can show that §1,0, §2,0, §3,0, §4,0 have the same distribution (see [31] for more

detail).
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Lemma 3.7.

~ s 4
BV ()~ V(p)P =~ +R,

where
d—142 d—252
R| < 3609 4 803 N An®= 65 n 4dn (53_ .
vnn—1) n—-1 (n—194 (n—1)1
1 ~ S 4.2712 1
Furthermore, if n > 6% and 63 < — n E|Y(p) —Y(p)* < n7— 15 + O(ﬁ)

Proof. First, we write

ElY (p) =Y (p)]* = ZEsfo +Ri,  (3.11)

i=1

where

From (1.2), we have
E§1,0§2,0
~ T
= EYoy(I, p1 (1), - -cxpa=r)) Yol B - pa—1(K))

1(k), e pai(K))

: ﬁﬂ%ﬁéw%ﬁ%ﬁ A
q W’rﬁ%ﬂ‘%ﬁm ey

n_le NS B i)Y (b k)

i1=1 ig=1 k1= 1 kd 1
k1741 kd#id

n_ldz Z Z ZEYO i1y iq) EYo(kr, ... ka)

i1=1 ig=1 k1=1 kqg=1
k1711 kqFiq
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dz Z[EY i1, iq)]?

i1=1 1g=1
1 . . .
a( _1dz ZEYE)% ) EY (14, ig)
TL ’fL i1=1 ig=1
n_le ZEYMI, i) Y Y EYy(ka, . k).
n= 1 Zd 1 kl:1 ]{)d:1

ki1#t1 kqFiq

From this fact and (3.6), we

|ES) 055,

:\/_(n—l !I

By the same argument ‘Qf ES 05’2 0, We get that

A RN S IR
RTA rf*mfw%w Ehfé’ gy

|E51 oS4o| = |ES2OS3O| < \/ﬁ(n _ 1) n —

Thus

R <2 Z |E§i,0§j,0|

1<i<j<4
120, 47’Ld_15% 1204 4nd_25§
< + + +
va(n=1)%  (n—=1% " V/n(n-1)""  (n- 1)t
86 46
+ 2 _+ 2 (3.12)

vnn—1) n-—1



32

By (3.2), (3.6) and the fact that Y (iy,...,54)Yo(i1, ... %0) = YZ(iy,...,1q), We

have

Egio = E(Yo(I,p1(1),. .., pa—i(1)))®

i Z EY?(i,p1(i), ..., pa_1(i))

ZEYO i, ...

ﬂumgwgmmm

ammngmmmmmaﬂ
=—+R2,
where
|722|< dlz ZEYZzl,...,z’d)+%i-~-iE|Y(i1,...,id)|3
S\/ﬁ(n(s—Ql)d—1+n5—31' (3.13)
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Since :9\1,0, :9\2,0, :9\3,0 and :9\4,0 are identically, we have
ZE 20 <= + 4|Ry|. (3.14)

From (3.11) to (3.14), we have

ElY(p)-Y(p))? =~ +R,

where R = R; + 4R5 and

R <R

IN

In case of n > 6% an

3.2 Proof of Th
"-il

Since sup |[P(W < z) < 0.55 ([5], p-246), we can assume 63 < —. Assume
& 30’

z€R

that z > 0. rﬂ:%ﬂ% W%@fw E}{fﬂ %’ 1 — &(—2) and then

apply the result' to —W. We obsera;e that

q e AAN UUAIRENA Y

< ZE]I(|Y(2’,7T1(Z'), o mai(d)] > 1)

i=1

n

1 - . . .
- nd—1 Z"‘ZPOY(M,’LQ,...,Zd” > 1)

i1=1 ig=1

n

1 n . . .
Sy Y Bl (i i)

i1=1  ig=1

- (53.
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Then

|P(W < 2) = B(2)| < PW £ Y (7)) +|P(Y(7) < 2) — (2)|
<+ |P(Y(x) < 2) — ®(2)]. (3.15)

Hence, it suffices to bound the second term on the right hand side of (3.15). From

Lemma 2.1 in [21], we recall t continuous and piecewise continuously

differentiable function g,

EY (p)g( dt+2g(Y(p),  (3.16)
where

Ag(Y (p)  pa-1(k))
and
K(0) = = (7 (0) — V@) (= £ = ¥y W) 17 () = V() < 1 <),
By using (2.5), (3.16) and-¢ lie's sument in [21], we get that

R )+ 17
[y |

where

ua;tyram;ymm
QWf’rMﬂ*ﬁﬂJﬁJW%Hﬁmﬂ

Ty = B.(V(r)) - Ed,(¥ / K(t)dt,

T, :_Egz? ZZYE)zpl v pa-1(k)),

=1 k=1
and g, is the solution of the Stein’s equation (2.2). Firstly, we will bound T} by
using Lemma 3.4 and Proposition 2.13(1).



Then
7, = |—Egz(?(p>>ijk:¥<z,m<k> paa(4)
BT Y3 N 6, )
1 M) (k)
()
pa(k)P}2
)
(o ia)f]
< 0.63%82 n
Secondly, we applyf -}_ J o obtain

m

|T3|EE|9; Y(7) K(t) i

A ‘Ll%ll’il WW”E]"]TI‘:T

ol mﬁ‘ggu mfmmﬂ

< - + +253+ +10352

= 265 + 1.035§ + O(ﬁ).
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(3.17)

(3.18)

Next, we will bound 75 by using the construction of Ho and Chen [8] and Neam-

manee and Rattanawong [21]. Let

A: {’TZ(I) 7é Lz,TZ(K) 7é Mz,TZ(I) %Ml,Tl(K) %L“Z: 1,,d
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and
G=Yo(I,M,...,My_1)+Yo(K,Li,...,Lq_1) — Yo(I,L1,...,Lg_1)
— Yo(K, My, ..., My_1).
Since 7, ..., 741 and G are independent, we have EG2 = E™+7-1G2. Moreover,
)A/(T) and GQ]I(A) are conditionally independent given 71, ..., 74_1 (see Lemma 3.6

be the g-algebra generated by

"):1§i1,i2,...,id§n}.
——

By the same argume

and

(3.20)
T

Finally, we will bourg Ty. Denote AY =Y (p) — Y (7). Then by (2.3), we have

n- s (e RSHENN S

GL(Y (1) — (Y () + AY +1)

~~

:, E Y( ) ( 7 , K(t)d |

S‘E “"]Y(ﬁ;N g&ﬂ% Aﬂ ’JQ;}[E@(% DK (et
Y(r)+AY +t>2 AY +t<0

S (3.21)

where

Bi—E / v, E(dr and
Y (1) 4+AY +t>2

m=r [ (70 AT KO
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Neammanee and Rattanawong showed in [19], p.21, that
B <E / I [F) - V()| < V() < 2+ ADK(B)dt. (3.22)
[tI<IY(p)=Y (p)]

For each 0 > 0 and a,b € R which is a < b, we define a function fs by

. . — ’ '
Observe that / 718 -
1) +0 for every 1 (3.23)

and

(3.24)

where we apply f5 with (3 16) in the last equahty Hence,

ﬂ‘UEJ’J 'nsn’m gIn% 525
=W AINTNUMIINIAY

By = E|Y( )||f|Y(p)—Y(p)|(Y(p))| and

Bis= |Af|17(p)_?(p)|(?(P))|-

We note that E|AY|* is bounded by a sum of (4d)F terms each of the form
EYo(I,pr(D),. .., pa—r(I))|*. This implies

R k
E|AY | < (4‘25’“ (3.26)

n 2
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for k € {2,3}. Then Lemma 3.3, 3.5 and (3.26) yield

EY (p)||AY| < {E|Y (p)PE|AY [*}2
(1.05998)(1.02943) (4d)?

1
< 1
< - p
4.17838d
= (3.27)
vn
By Lemma 3.5 and 3.7, we get:t 1 ”y/
7z l
EY(p) (L] (0)1}2
1.1
. + O(ﬁ)) ?
(3.28)
By (3.23), (3.27)
.OS '-'M,r )
e 0(=). (3.29)
Note also that |A1A/ b < (4dyFand | (p) k< 4k Similar to Ty, we obtain

" Y |
Bz = |Af|17 CROL

= |Ef|y(p y(p| ‘. ZZYEJZ 1(k), .-, pa-1(k))|

= {E d w>1;l<p£y;> ﬂ{g%lgﬂ ﬂ ’]ﬂ j DRE

AR UURTINN b
= @( Ef l?<p)—?(p)|(?("’)))%

+ %E[él_zd + %”ZZ%(Z’,/@([@) aaaa pa-1(k))|

=1 k=1
1.01461 o~ 1 2d46. 1 <& - , _
< 7 Bl vV (O + (S =)(m) D D Bl (i)
i1=1 1g=1
1.01461

N

- E I (Y (0)? + (2d + 6)3. (3.30)
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Moreover, Lemma 3.7, (3.23) and (3.26) yield

(B2 5 (VD)2 < {EGIAT] + 27 (o)~ V(o))

IN

{E
{

N

EIIATP + 2B V() ~ V(o))

IN

{E|AY|2 +IE|Y (p) — Y(p) P2

9(4.27125) 1.,
1 +O0(5)}

(4.27125)\/1 %JFO( )

(3.31)
Thus, (3.30) and (3. A
< [dA (3.32)
pad
It follows from (3.29) and (3:32) that =
Bl 1
2089194~ 3.236 1
B < 4 6)d3 + O(—). 3.33
< )5+ 0(1) (3.33)

LT AN

. — i g
Next consider B, - N

By=FE / 4
AV4+<0

(IATE W+ E | [T dt+—v27rE/|AY|K

f@?ﬂ%ﬂﬂ ININI
PRIRNIAUNINGNAY oo

where

By =E / Y (7)||AY|K(t)dt,  Byy=E / Y (7)| |t K (£)dt

NG - V2
Bys = —”E/ AV|K(t)dt,  Byy= —”E/ It K (1)

We start to bound B, ; by writing this equation

n—1

Byi = BV (DAY ||V ()Y (p) PT(A)+ 2

Y ()| AY |[Y (p)—Y (p)|P1(A°),
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where A is defined in the proof of Ty. Moreover, |V (7)|2 and [Y (p) — Y (p)[PI(A)
are identically independent given 7,..., Ts—1 (see Lemma 3.6 in [31] for more

detail). By theorem 2.7 and proposition 2.12, we have

(E™=1Y (p) — Y (p)PI(A))]

EY (1)]2|Y (p) — Y (p)PL(A) = B[(E™T-1|Y (7)|2)
Y (1)2)(EY (p) — Y (p)PL(A))]

PL(A)[EE™ T |Y (1)|2]

(g ~E@FiI) BV (7)]. (3.35)

Note that N "
S 3 ~ - A b ‘ . - \13 53
E|S10° = ElYo(I, ; 2V L E|Y (i1, ..., ig)|> = —
f '"1 - \ "_ ’ 1 ig=1 n
which implies & A8 7
el 46
849 (3.36)

Note also that

‘, WAp)IPI(A)}3
[E|AYPYS{ENY ()]} Em@ P()I(A)

ﬂﬂiﬂ{’%%ﬂﬂﬁ?ﬁﬁ’m‘ﬁ iy

< —{EIAY|‘°’}(‘{EIY PIPIZLEIY (p) = Y (p)*}5 (3.37)

qummmummmaa
—E[Y (DAY [[Y (p) = Y (p)PT(A°)

V(r)PIAY I (p) - ¥ ()14}
V(@)Y HEIAYPHEY (0) - V()P EPI(A9}E. (3.38)
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By Lemma 3.5, 3.6, (3.19), (3.26) and (3.35) to (3.38), we have

1
3

d(n — 1)62 (1.05998)24253

n

By, <

Wl

n

- wl

n —
4
_ 16.95968d(n — 1)d,

P L BT AT

n
9

L Wd)iz(n — 1)

(Bl

“a 53 34 .‘ 5

T 24

< 16.95968dd3 +

(3.39)

It is easy to see that

n—1
8

— __,", _ .
Byo = E|Y#) Y)Y (p) — Y (p)PI(A°).

Similar to By, we have

i wﬂ%ﬁiﬁv‘u ﬁlﬁ%}%ﬂﬂa)ﬂ@p) ~V(l'1)
ARIANN TN TR

" LBIP (T ()~ P o)A
= 2L EP()P(0) - P Te) - P (o))
< "L EP PP () - TP HEIT () - T ()14}
< LSBT DI HEIT () = V(o) HEIT () - V() PEEIAY

8
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Thus
By
< 4353\/1.05998(71 -1)

8n
Y(r)[*YH{EY (p) - ?<p>|12}f2{%
_ 8.23643(n — 1)d3

W{Eﬁ}

43(n(_. —

+

< 8.2364305 +

< 8.2364305 +

Cy63
< 8.236435; + —&

Y53
< 8.2364303 + —[—

n24

< 8.2364305 + f‘z [(jf: (3.40)
Next, we will boug E';
@)
A wam sﬂﬁ’ Wing"
AN ﬂWﬂﬂ?ﬂﬂﬂﬂ t
— 10.02652d65. (3.41)

To finish this proof, we need to bound Bj 4. Then

Bua = 20 pig ) - P = (T 2

By (3.34) and (3.39) to (3.42), we have

) < 5.0132685. (3.42)

W s jen

Cy . O63
By < 13.249695; + 26.9862d65 + (— )|
n24 ns

+Cns

! (3.43)
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By (3.33) and (3.43),we get that

3.23695  2.08919d

< 19.24 1) 28.9862d6
T, < et Tt 9.2496955 + s
Cy . .C63 1
H(ENE% L ondsi 4+ 0(5). (3.44)
n24 n§ n

applying the same argument of (3.44), we have

By using (2.4) instead of (2.3) and

Ty 6993 — 28.9862d63
(3.45)
Hence
Th| < 28.9862(;
(3.46)
Therefore, (3.17), (3.18), |
IP(W <z)
- ~2.08919d + L0382

Vn

¥

05 + C'n854

ﬂuﬁf’ll"‘ffl EJVI?W @J’lﬂi
ammmmumwmaﬂ




CHAPTER IV
AN IMPROVEMENT OF A UNIFORM BOUND ON
A COMBINATORIAL CENTRAL LIMIT THEOREM

where Y'(i, j)’s and 7 tent. A t 1 for the asymptotic normality

of W is called a combi Faltimit, ¢l By assuming the finiteness

198 ) .
——. Our work improve th Neamimanee and Rattanawong [21]. We give

Vi | |
e h "
the constant of approximatio‘ - vhich is shaper than the result in [23].
T S e
sume 1

Throughout th‘1S3hapter Wfé‘ a’

n

ZEY i,50) =0 fgr a fixed jo and E EY (ig,7) = 0 for a fixed i. (4.1)

i man b ANAUNINENNT
““"»1‘%‘1 ﬁ%ﬂm URIAINYA Y

sup|R(W < z) —
z€R
8.06 + 10.8145 9 C 064 5 1
< 70.8503 + + 1.0365 + +Cnssd) +O(—
< 70858+~ )+ Onde) +0()
1
where d3 = Z Z E|Y (iy,i2)|*. Futhermore, if 65 ~ —, then
11 1io=1 \/ﬁ
78.9 1
P(W < < —4+0(—)-
Szlel]gl (W <z2) — (2)] Tn (n%)

Observe that this bound is sharper than the result of Corollary 3.2.
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4.1 Auxiliary Results
If we choose d = 2 in (3.3)-(3.5), we have

Yo(i1,12) = Y (i1, i2)I([Y (21, 42)| > 1),

~

(
Yo(i1, i) = Y(21,i2)ﬂ(|y(i17i2)| <1),

and

B> Yol k)P \\ ZZEYO (5. K) P (0, m).
=1A=t = —1 =1 m=1
(I, m)#(i,k)
From (4.1) and the_r fact th f .f*-.*_“ W
n n T — ’7:‘

non L7
=0 k=0;mz=0Eme/C ' m

3R .,L’Jzaﬁﬂwwmm

n n
i1=1go=
W l17#41 l2Fi2

A BEAIENATRD R8s

l#’Ll l27é12

= Z Z Z Z EYo(ir,ia) EYo (1, l5)

1n= 1i2 1l1 1l=1

+ ZZEYE) i1, 12 EYO i1,12) ZZZEYO iv, i9) EYo(iy, ly)

i1=112=1 i1=1142=115=1
=Y NN EYo(inin)EYo(lnia) + Y > > EYo(i,ia) EYo(ly, iz)
i1=149=110;=1 i1=1142=1 [1=1

l1 741
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35N EV(ir, i) EYo(in, Ie)

11=1149=1 l2=_1
la#ia

- Z Z Z Z E?O(ih Z'2)Ei}0(ll, lz)

1= 1i2 1l1 1lo=1

"‘ZZEYb iv,i9) EY, (i, ia) ZZZEY[) i, i) EYo(in, 1)
i1=11i2=1 =1lio= 1l2 1
=200 Bl é& meMﬂmmm

11=142=1101=1

=) By,

11=1142=1

Then (3.6) implies that

n

ZZZ)& B 1)) = (082 (4.2)

i=0 k=0 =0 m=0
(Lim)#(i.k)

Moreover, we use (4.1) lJ;o obtain this useful equation

LMWHUH?ﬂHﬂ§WHWﬂi
%’ﬁa@mm ummmaﬂ

iEYzzw +ZZEYM (7))

=1 i=1 j=1
JFi

— %ZZEYZ(il,iZ ZZ Z Z EY (i1,i2) EY (j1, j2)

i1=112=1 7,1 liz=1 J1 Jo=1
J1=1%i1 jaFiz

== ZZEYZ i1,19) ZZ[EY i1,19)]°. (4.3)

11 1ip=1 11 lig=1

From this fact and (4.2), we have the lemma. O



47
4.2 Proof of Theorem 4.1

We apply the proof of Theorem 3.1 by substituting d by 2. Then
[P(W < 2) = &(2)] < P(W £ Y (m) + [P(Y(m) < 2) — 2(2)]
<Gy + |P(Y(7) < 2) — 0(2)|

To| + |T5| + | T4]

where
(4.4)
(4.5)
(4.6)
(3.25)), (4.7)
(4.8)
and y <M " F s +Cn%5§], (3.43). (4.9)
Thus it suffices to bound B 5= ' s '- 1.(3.31), we have
Bl,2 -"f—_—i 7 Ef,
= “ £|?(p)—?(p)|(?(p)) Z‘: %(Zﬂl(lﬂm
F-S k=1
Pl B D B SR oy
U n .
i=1 k=1 "
IR T EY 9
! < 10\’;%53 + O(%). (4.10)

By (4.7)-(4.9) and (4.10), we get that

3
7.41533 10.8165 C _C6: 5 1
T, < 67.222096 3 L Onsdil+0(=). (411
1 = \/ﬁ + 3+ \/ﬁ +(n2_14)[n% + ns 3]+ (TL) ( )
By the same idea of (3.45), we get that
3

—7.41533 10.8165 C . Cé: L 5 1

T, > ——""  67.222090; — - —3 4+ Cn3sil—O(=
1 = \/ﬁ 3 \/ﬁ (nz_lél)[n% + Cns 3] (n)



Hence

41 10.816 51
741533 1 67.2220964 + 08105 ( C ¢
\/_ \/ﬁ n24 n§

Therefore, we conclude from (4.4)-(4.6) and (4.12) that

Th| <

[P(W < z) = ®(2)]

3
063? 1 .8

7.41533 + Onkod]

< b5+ + 67.2220005 + =

1
+ O(ﬁ) + 203 +

34 i . cs
— 70.848758; + B

ﬂ‘NEJ'J‘VIEWIﬁWEJ’]ﬂ?
Qﬁﬂﬂﬁﬂ‘imuﬁﬂﬂmaﬂ

)—— +Cn 8(5]+O( ).

48

(4.12)



CHAPTER V
AN IMPROVEMENT OF A NON-UNIFORM BOUND
ON NORMAL APPROXIMATION OF RANDOMIZED
ORTHOGONAL ARRAY SAMPLING

This chapter is organizedsasfollows. We introduce orthogonal arrays and or-
thogonal array sampling désigns i seation 5.1. Auxiliary results and the proof of
main theorem are given il sgction 5.2 and section 5.3, respectively.

5.1 Orthogonal® Arrays and't-_ Orthogonal Array Sampling

of

Designs ; /
An orthogonal array of strength £ with index A (A > 1), is an n X d matrix with
elements taken fronuthe set {0, 1,...,g — 1} such that for any n x ¢ submatrix,
each of the ¢' possible rows appears the same number A-of times where d, n, ¢ and
t are positive integers.with ¢t < d and ¢ > 2. Of course n = A\¢*. The class of such

arrays is denoted by OA(msd, q,t) (see Raghayarao [30] for more details).
In this work, wé donsider thelclass O@A(¢?,3Lg, 2): For éxample, let ¢ = 2 and

Lo 0 1 [+ <0, 10 [0 10/0| 1 0 0]
010 001 19170 11 1
A= , B = , C = and D =
100 111 101 010
11 1) 0 1 0] 0 0 1] 100

Then A and B are orthogonal arrays in the class OA(q¢?, 3,¢,2) but C and D
are not. Observe that if A is an orthogonal array in OA(q¢?,3,q,2), then every
element in {0,1,...,¢ — 1} appear ¢ times in each column of A. Let A = [a;]

be an orthogonal array in OA(q? 3,q,2) and 7, m, 73 be independent random
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permutations. In this work, we define p; : {0,1,...,¢q — 1}* — {0,1,...,¢ — 1} to

be a random function such that

(i1, 42, pr(in,i2)) = (m1(asn), mo(as2), ws(ais))

for some i € {1, ..., ¢*}. Some properties of p, are given in the following examples.

Example 5.1. If iy, ko, lo areal istinct, then
\ lf
2

P(pw(’il,’ig) = 03, o l2) = l3)

- li

e ——

af vk are all distinct,
-\\‘“\\ (5.1)
\ OLNEerWISe
29NN\
P(pr(i1,iz) = i3, pr(i ’
an3) = i3, 1 (Am1) = i1,
73 (ama) = K, 73 (am3) Tills1) = i1, ma(as) = la, m3(as3) = I3)

N e et = i1) P(m2(an2) = ia,

ll
(in3) = 13 (am3) = ks, m3(as3) = l3).

@um&a&nmmm h
ARAT mﬁw"mﬁﬂaﬂ

- if a1 = apm1 = agq,

0 otherwise,

P(my(an2) = iz, mo(amz) = ka2, ma(as2) = l2)
1
—Jalg—1)(¢—-2)

0 otherwise,

if a2, ame, ase are all distinct,
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and
P(m3(ans) = i3, m3(ams) = ks, m3(as3) = l3)
1
if a,3, ams, asz are all distinct,
_Jalg—1)(g—-2) S e
0 otherwise.
Then

P(my(an) =iy, m (c “ ‘ f/ﬂ(am) = g, To(Am2) = ko,

71'2(@32) = lg)P

lep are all distinct,

are all distinct,

.f"" oo y2h
2,. - are only ¢ — 1 of m’s such that

"
andifweﬁxn,meﬁﬂ,...,

AU E]”'g WEWI‘?ﬂ i ff‘?“

and as3, am3> Qp3 ar

s bk L1310 SUNBIINUNA o e

are all dlstlnct and a3, ams, as3 are all distinct. From this fact, (5.2) and (5.3),

Note that if we fix n € {1

e are on, g — 2 of s’s such that

we have

P(px (i1, iz) = i3, pr(is, k2) = k3, pr (i1, la) = l3)
_ Plg=1@=2)
(g —1)*(¢ —2)?
1
T ala-D-2)
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Case 2 i3, k3,3 are not all distinct. WLOG, we let i3 = k3 # I3. Suppose that
P(px (i1, i2) = i3, px (i1, ko) = 13, pr (i1, la) = l3) # 0.
By (5.2), there exist m,n,s € {1,2,...,¢*} such that

P(mi(an1) = 11, m2(an2) = iz, m3(an3) = i3, m1(am1) = i1, T2(am2) = ko,

m3(ams) = i3, m1(as1) =i ' /2,7T3(as3) =13) # 0.

Since m; and 73 are ra

73(ams), we have a,; = act that A is an orthogonal

array, we obtain n = and h atation and 7o (a,2) # mo(Ama),

we get that a,s # contradiction. Therefore,

P(pﬂ(ilaiZ) == iSan(i D
Example 5.2. Ifi,, ]
P(pr(iy,iz) =1 = ks, pr (i1, lo) = l3)
f 13, 73, k3, I3 are all distinct,
Proof. Similar to (5. Ap g m
Pw Zl>Z2 y P Zl; j 37P7r('L 7k2 k 3, Pr Zfl]’lﬁ
gg P S Gn1 =iy, aml) 21,7T E—hﬂfl atl —21)
n= 1m 1 s=1 t=1 ¢ =9
Q D 97D )3 mna () = i,
q
T3(Qm3) = Js, T3(as3) = k3, m3(aw) = l3). (5.4)

Case 1 1i3,J3, ks, l3 are all distinct. Observe that
P(mi(an1) = i1, M (am1) = 11, m1(as1) = 41, m(an) = i)
if any = a1 = a1 = ay,

otherwise,



P(my(an2) = iz, mo(ama) = J2, Ma(as2) = ka2, Ma(ar2) = l2)

1 if are all distinct
if apa, Ao, ag, o ar istinct,
—Jalg—1)(g—2)(g—3) B T T
0 otherwise,
P(m3(ang) = i3, m3(ams) = ks, m3(a3) = l3)

Then
P(Wl(anl) =11, m(a ; Qg1 )= mi\a Z1)1D(7T2(Cln2) = i,
Wz(am2) = Jo, T : o) .= . / \ = i3,773(am3) = J3,

ml = As1 = 41,

Ao, Ao, Ao are all distinct,

=
dm3y gy Qi3 are all distinct,
0 ‘otherwise. E]
Note that if Vﬁﬁx ng? VI ﬁj ﬂh?gwre ?j’i — 1 of m’s such that

U1 = Gp1, @ 2 # a2 and am3 # an3,

if we @ w’]{aﬁ ﬂim NWT@W&H @u&lthat

(g1 =01 = Ap1, A2, Ama, Gyo are all distinct,

and a3, a3, anz are all distinct

and if we fix n,m,s € {1,2,...,¢*}, then there are only ¢ — 3 of ¢’s such that

A1 = Qg1 =01 = Ap1, 42, Ug2, Ama, Ano are all distinct,

and a3, a3, A3, ap3 are all distinct

53
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Thus there are qz(q — 1)(¢ — 2)(¢ — 3) terms such that a,; = a1 = a1 = an
and a9, G2, A, o are all distinct and a,,3, a,,3, a3, a3 are all distinct. From this

fact, (5.4) and (5.5), we have

P(Pw(il,iz) = i3;p7r(i1,j2) = j3,/)7r(i1,k’2) = k3,Pw(i1,l2) = l3)
¢*(q—1)(q—2)(q - 3)

Case 2 i3, k3, [3 are not.a stinct. We Ca@is case by the same argument
of Case 2 in Examply O
Example 5.3. Ifi; # = , Len
P(pr(ir, i2) 7 \\\ , Pk, J2) = 1)
— \ and i3 # I3,
= 37ék3 and i3 # ks,
Proof. We can prove t}Rs emma by usi the same idea of Example 5.1. O

For the clﬂ MEJ?,’J ;ﬂlﬁl M]i W&Wﬂ iphngs X1, Xoy oo X2

on the unit cube [0, 1] as follows: Let
WM AN ISR NY AR Bt
trlbuted on all the ¢! possible permutations;
(b) Ui, is.i5.j be [0, 1] uniform random variables where 1,42, i3 € {0,1, ...,¢—1},
j €{1,2,3}; and
(€) Ui insis,;’s and m;’s be all stochastically independent.
An orthogonal array-based sample of size ¢%, {X1, Xa, ..., X;2}, is defined to be
the set

{X (m(aiq), m2(aia), ma(aiz)) : 1 <i < ¢},
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where, for each iy,19,43 € {0,1,...,g — 1} and j € {1, 2,3},
X (i1, 12, i3) = (X1 (i1, 12, 43), Xa(i1, 42, 13), X3(i1, 42, 3)) ,
Xj(il’ i2, i3) = (ij + Ui1,i27i37j)/Qa

and a; ; is the (7, 7)™ element of some arbitary but fixed A € OA(¢?% 3, ¢, 2).

We use

(ai,z), 7T3(ai,3))

=7 e @om vector having a uniform
distribution on a unit ( 1]% and f is a measureable function from [0, 1]3
7/§ N §

to R. Assume that
(5.6)

Note that EW =0 an
W in (5.6) as

6, Loh ([14], pp.1213) rewrite

(5.7)

ﬁﬂﬁﬁ%ﬂﬁwawni

ukzzk,u)‘ll Yl iy igk— i — pilin)m (@), o
meﬁﬂ‘imum’mma&l

q
Y (i1, d2,13) = qQU [fOX(Z1,l2,Z3 Zﬂg ij) Z Mkl(ik,il)],

oas 1<k<1<3

filiy, iz, 13) = EY (i1, 19, 13).

Moreover, W in (5.7) satisfies the following property:

qg—1

Z[L(il,iQ,ig) =0 for each j e {1,2,3},([14], pp.1212), (5.8)

i5=0

In this chapter, we use (5.7) to obtain Theorem 5.4.
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Theorem 5.4. Assume that E(f o X)® < oco. Then for every z € R

(14 ZDIPOW < 2) — @(2)| = cx%) as g — oo,

5.2 Auxiliary Results

, ([14], pp.1217), (5.9)

(5.10)
where
Let I and K be uniformly Lq—1} (I, K)
uniformly distributed on { Lq— 1,1 # k} and assume that they
are independent ofall 7 1ed iviously.
Define y_
ZY ﬂ&:ﬂﬂ 1 22)) (K 22=p7T(K 22))
umwmmm
25 7r Z2ap7r I Z2 )
12=0 i9=0
fammeﬂfﬁ TR UY TP T
S1, S, 53,54 are identically distributed, (5.11)
1 .
ES} = O(E) for i € {1,2,3,4}. (5.12)

For the rest of this chapter, we use the following notations; for n € N and

ila"win?jla”'hjne{07"'7q_1}>
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q—1 q—1 qg—1 qg—1
E p— 5 E pu— 5 E - DY E s and
71 11=0 71 i1=(_) D] yeeey in i1=0 i =0

.....

.................

j=1,2,34.

23 ANIE o
=ZZ[E: 3 INSDVACE, o i (k. J2))

ﬁﬁgmmwmmm
g YA ANTOLH A AN e o0

pp.717)%and (5.10), we have

E(E®S,8,)?
— B{EF| ZY (I,i, pr(I, i))][z Y(K,j, p=(K, )]}
q_ 1 E{Z Z Z Zl,iz,Pw(il,iz))][zY(jlaj2,Pw(j1=j2))]}2

J2
J1 7511
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E{ZZ ZY 'll 7/2 Pw ’Ll 7/2 Zy(jl,j27p7r(j1;j2))]

11 ]1 12 j2

- Z[ZY i1, 12, pr (i1, i2) [ZY ir, j2, px(in, j2))]}° (5.13)

i1 02

q—1 ZZY“ in, pr(i1,2))]? —Z[ZY@l in, pr (i1, 12))]* }?

P((E85152)2 < a)
- P({EB[Z Y (I

‘aﬁeswmﬁ%@ﬁ’wzﬁf% <
‘iméﬁﬁﬁu MDA,

i1 g1 2
J1#n

P{EP> Y (1 iy, p(K,i2))|[> Y (K, jo, p(1, 2))]}* < a)

12 J2

= P((E683S4)2 < CI,).

Thus (E8S,5;)? and (EFS35,)% have the same distribution. This implies that
1

E(EPS38,)*> = O(=;). This complete the proof. O
q
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Lemma 5.6. If E(f o X)* < 0o, then E(EPS,55)* = E(EPS,5,)? = O(%)
Proof. Note that
ESt = ZY (1,ia, p(I,i2))
lz E
By this fact and (5.12
(5.14)

Similar to (5.13), wi

E(EPS,S5)?
_ q2(q1_ 1 DD Y (i, o pe(k )]
_ Z[Zy i1, -—.A I (i1 5, pr (i1, 7))}

(Zl, 12, pﬂ(zlag)] }2

_Z[
?Hiﬁfﬂi’l}ﬂ%ﬁ WHESI G0

amwﬁ’tﬁamﬁ wmﬁ’ 3

:—EZ (W@ llzzyu, ENYE 4+ = E[ZW@
ngZW(’) + EZZZY@], +q—C4E[Z(W(’))]

C’ 1
S0 Yon MIETIBERS o0
where we use (3.8) in the third inequality and for the last one, we use (5.10) and

(5.14). Next, we will bound the first term on the right hand side of (5.15). Note
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that
EZ(Z Zy(ivja k)Y = Ay 4 Ao+ As + Ay + A4,

A1:ZEY4Z], ,

7]7
A= )
1,91,k1 J2,k2

(k) £ (i1 k1)

5-Y Y T e
1,J1,k1 J2,k2 /
(J2,k2)# (1, | ‘ ,
A4 - Z Z = 2 15.51) Y (@ j27 kQ)EY(iaj?n k3)v and
1,91,k1 ji e
(92,k2)# (1 \

X EY(i,jg, k3)EY( 3
It is easy to §v'f';"'::::“',—r‘

T
Ay < C’q& EY*(i,7,k) and Az < C¢™y EY*(i,j,k).

7]7

e coRUHANENTNYIN S
QW’?&%E? VR eh (HIEsh

— " EY?(i g1, k)[EY (i, k)2

i,1,k1
=X Y BV k)[EY (e k)P
i,J1,k1 J2,k2

(92,k2)#(j1,k1)

25" S BV, k)EY (i1, ki) EY (i, o, k)

4,91,k1 j2,k2
(42, k2)7é(31 k1)
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<23 N HEIY (i i, k) S EY (g, k)Y EIY (0, o, o)1}

i,J1,k1 j2,k2

< CO¢)y EY'(i.j.k),
4,7,k

and

(5.16)

Combine (5.15) an c.—-:::mm..-.._z;___

), . By the symmetry of
5153 and 3254, we :i»%

| ,'i
E(EFS,5,)° = E(EBS,55)2 = O(—

Thepmoflsﬂum NENIN EJ’lf‘i‘i :
R ARSI

Proof. @bserve that

E(E®S,S;)?
— B{E"| ZY (L, pr (LN Y (e (L)Y
E{Z Z Z (41, 72, pr (i1, 72)) ZY g1 Jas pr(in, 42))1}

J2
Jl#h

= —_12(141 + Ay), (5.17)
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where

EZ Z ZY i1, 12, Pr (i1, 02) 2[2 Y(j1,j2,pw(i1,j2))]2, and
i1

J2
J1 7511

1175/61
Jl#” (k1,01)#(i1,51)

4= 3 2.2 B Y (i pein DY G i 1)

ko
Note that
qES} = qE( > Y (i1, iz, plin, in)))*
and -
qES; = qE(ZY ZY g1, g2, p(in, J2)))
J2

A< CEY Z Z i > Ve pelin i)'}
717“1 "---— '121'1 2
Cq*(BS] v__;;‘

—o(1). i ) (5.18)

In order to bound AQ, wesconsider Ay into 2 cases, i.e., iy = k; and i; # k;. So

e e ﬂ‘lJEJ’J‘VIEJVl’ﬁWEﬂﬂ‘i

As = A21+A

wes®] WIRANTI I UANINYAY
Az = Z SO YN NN T EY (i, i, pelin, i2))Y (G, G, prlin, 2))

(SRR Y S B
i hiFa

hi#51

X Y (i1, k2, pr(in, k2))Y (11, 12, pr(it, l2)) and

A22 == Z Z Z Z ZZZZEY 7/1,227p7r 71177’2))Y(j17j2,pw(i17j2))

i1 J1 k1 2 J2
J1Fir k1#i b ?ékl

X Y(k?h k2ap7r(k1, k2))Y(l1, l27p7r(k17 l2))-
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If i9 = jo = ko = I3, then we use (3.8) to obtain

Agp = Z Z Z EY? (i, i, px(in, 12))Y (J1, b2, pr(in, i2))Y (I1, ia, pr(in, i2))

Z1512 .]l
J17i l17é11
li#5
1 1
<3 D EY*iy iz, palin,iz)) + 1 > EY*(j1,ia, palin, ia))

il?jl;l].?iQ 7;17j1al17i2

> EY*(l,i

11,J1,01,72

q Z EY*4(i

11,12,13

(5.19)

Suppose that is, j9, ko, [ e counside 4 possibilities as follow.

Case 1 three of 75, jos kog s re
Case 2 19, jo, ko, ls Zequad :_ :A.Jir

Case 3 iz,jg,k’g,lz [Iaves O‘,ér- ,’"

'\

To bound Ay; in Case 1 and:2, we me argument of (5.19) and hence
A2 1 < O( ) To p ﬁ?;:.-T__T;—.————: of 19 = jo # ko # o and
19 # lo. For the othe ases

A“%Eﬁ%@ %‘ﬁynﬁ
W‘Wm QL. .,

i1,02,43,k3,l3  J1 ko
J17#i1 kaFiz ll7é11 117512
l17#j1 li#ks

X Y(lblz,lS)P(Pw(il,iQ) = i3apw(i1; k2) = k3ap7r(ilal2) = l3)-

|' ar way. In this case,
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By the fact that

P(pr(i1,12) = i3, pr(i1, ko) = ks, pr(in, l2) = l3)
1

if i3, k3, I3 are all distinct,

—)alg—1)(g—2)

0 otherwise,

(see Example 5.1). We get tha /
= = oap S
RN
= [ \\ Y Z1712723
Z EY l1722323
7521 127512
1 lo#ko
x EY (j1, u,.__f:':':f:_’.: --------- :
<5 s o ) VBT (jiflo, )} H{EY (i1, ko, )}

11,22,13 j1,k2,k3 l17l2

X{Eﬁwzﬁwamwmm

(zla 12, 23) ‘

For Case 4, we use the fact that

P(py(i1,i2) = i3, pr(i1, j2) = J3, px(in, k2) = ks, pr(i1, l2) = I3)
1
—Jalg—1)(g—2)(qg—3)

0 otherwise.

if 73, J3, ks, [3 are all distinct
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(see Example 5.2). Then

A2’1:q(q—1)(q PP IDID Z Z Z E Z
Z1 d2yds j1 2 gz ko
J17#1 jaFia jaFis kaFio k:«ﬁéls 117'511 l27612 137&13
kao#ja ks#js liF#j1 la#j2 l3#j3
loF#ka I3#£ks
EY (iy, i2,i3) EY (j1, J2, J3) EY (i1, k2, I3) EY (1, la, [3)
(—1)?
s ' W%.
i15i2,i3 j1=0 lLi= jia s } l3€{is,js,ks}
EY(Zlai25i3 l17l27l3)
6
< C—Z
q
= 0(q).

(5.21)

Next, we will bound.: ) 3 l5, then w ;)‘ se the same argument of
y : A\
(5.19) to show that

In order to pﬁréuaﬂ qj% Ejm Wvﬁq ﬂﬁ2 and the other case

are similarly. T 4o, jo, ko, lo have equal—palrs then 79 = ]2 %+ ko = Iy or iy =

T ARORNTS WNWWW’ET”T&“EJ““ e

9 = jo # ko = Iy and the other cases can be proved in the same way. T

A22 = Z Z Z Z Z EY 11722,P7r 'Llu7’2))Y(j1>j2ap7r(i1’j2))

7*1712 .71 1
J1#1 kl#ll l17#k1 Jz;ﬁzz

X Y (k1,i2, pr(ki,12))Y (l1, 52, pr(k1, J2))

= Z Z Z Z Z Z EY (i1, 142,13)Y (j1, J2, J3) Y (K1, iz, k3)Y (11, J2, [3)

i1,02,d3  J1 J2 kil j3.ks)l3
J1# joFiz ki Lk

X P(pw(i17i2) = i37p7'r(7;17j2) == j3)p7r(k177;2) == k3;p7r(k1;j2) == l3)
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By the fact that
P(pr(ir,i2) = i3, pr (i1, Jo) = J3, px(k1,i2) = ks, pr(k1, J2) = I3)

if i3 = I3 # j3 = ks,

) =
1
q

if i3 # j3 = k3 # I3 and 13 # I3,

\

(see Example 5.3) an e get that A2 < O(q). By

(5.22) and Case 1-C

(5.23)

(5.24)

By the symmetry 545, S
) l
E‘(EBSIS4 = (EBS253) =0( =),

ﬂusqwﬂnswaﬂﬂi ;
F"”ﬁmmﬁimwnwmaﬂ

YEJ i ]a Z j’ 7’ J’
Yol(i,j, k) =Y (i, ], k)]l(\y(z',j, k)| < 1),

q—1 q—1

S1o =Y Yol 4, px(1,5)), S20="Y_ Yo(K,j, px(K, ),
j=0 j=0
q—1 q—1

83,0 = ZY;)(I,.% pﬂ(K,J))v S4,0 = Z%(Kﬂj7 pﬂ'(Iaj))a

7=0 7=0



q—1 q—1
S1o =Y Yo(L,4,p=(1,5)), S20=">_ Yo(K,j, p=(K, )
j=0 j=0
q—1 q—1
and Ss0 =Y _Yo(I,§,p=(K,5)), Sio=_ Yo(K,j,px(I,5))
Jj=0 7=0

where [ is the indicator function.

Lemma 5.8. If E(f o X)® <

Proof. Observe that

where

.EY i1, 12, pr (i1, &})Yb(h J2s P (i1, J2))

’JVIEJWI?WEJ’]T’I?

EY zl,zz‘oﬂ i1,12)) Zl;]27:07r(z1 J2));

@?@7 AR

i1,02  J2
JoFia k27512
ka#J2

X %(i17k27l)ﬂ(i17k2))7 and

=22 Z Z EYy(iv, iz, px(in, i2))Yo(i1, J2, pr (i, J2))

i1,02  J2
JoFia k27512 127612
ko#j2 loFj2
laFks

X Yb(ila k27p7f(i17 k2))Y0(i1, l2:p7r(i17 l2))~

c\_/

) fori=1,2,3,4.
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From (5.9), we note that

q—1 q—1 ¢q-1 q—1 g—1 g—1
E|Y (i, j, k)™Yo(i, 4, k)"| < > EIY (i, j, k)™
i=0 j=0 k=0 i=0 j=0 k=0
_ O(qS—m—n—t) (5 25)

Then ry
1 —— o |
=g 2 e é(“’”@‘%)

and

(i1, 12,13) EYo (i1, J2, J3)

As= 13 ZZZZE

(q_l &%3 J2

ﬂuEJ’JWﬂﬂW%J’lﬂi

ﬂﬁ‘ 217k2,k3)

Q:Wq%),Mﬂ‘iﬂJ UA1AINYA Y

and

As =

Z Z Z Z Z Z ZEYE)ZMZZ;'%

11 42,13 J2 73 )
JoFiz jaFis koFiz ks#l:s l27£22 l?ﬁéls
ka#j2 ks#js laFj2 13#j3
laF#ka I3#£ks

q(q — 1)(q 2)(q —3

X EYy(iv, j2, 33) EYo (i1, ka2, k3) EYo (i1, l2, l3)

- 0<qi8>.
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Hence

1
E(E®St,)? = 0(q—4)

and

E(ES3,) = B(EPS?,)° = O(—). (5.26)

E[ Z %2(i17 i27 i3)]2

Z EY; (T %70 )\ EY (i1, 2,15)Y5 (1, 2, )]
< > EY® EY*(ji1, ja. Js)
11,12,13 J
— o(q_3
1
=0(—=).
(q
Then
E(EPSZ,
q—1
m 217127 k 22))) ]2
“ < 2(—1% 0 21,22, []Zj
F 11,12,i3
= (?
and it is easy to see that
1
E(EPS;,)? = E(EPS;,)” = O(E). (5.27)

By (5.26) and (5.27), we establish the lemma. O
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Lemma 5.9. If E(f o X)% < oo, then

1

q)'

-1 ~ ~ ~ ~
E[E°{1 = 1= (810 + Sho — Sh0 = S10)*}1% = O(

)*}?
” |E55,0S;0[]?

Proof. First, we note that

1 ~ R R
E[EB{l — qT(Sl,o + S20 — S50 —
) ,

1
< CE[Y B (- (g1
i=1 =

4
<CY E|EF(1- 55,05,
; |E7( \‘\\\\ 0Sj0/?
=OZE|EB(1— \\ |EB(S; — Si0)(S; — S;0)]?

= CZE|EB(1 —(q

+Cq® Y EIE5(

1<i<j<4

_CZE|EB (1-qS7) + 295, 2 —25,S;0 + Sl

=1

Lo Z F‘:G

1<i<j<4
¢ ) E|EBS S,‘.,|2 + C¢? Z E|EB 2ol? + C% E|ER(1 — ¢SH|?

zﬂ @ygmﬂ D s,

1<i<

Q RANTUUAINGTAY  on

1
The first and the second terms of (5.28) can be bounded by O(E) from Lemma 5.5

to 5.8. Moreover, Loh ([14], pp.1218-1220) showed that the third term of (5.28)
1
is bounded by O(E) Next, we bound the fourth term. By (5.10), we have
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B(BSS3)? = BUB(Y ¥ (1, o1 )
_ %E[Z(Z Y (i1, iz, p(in, i2)))2)2
1

and so

By the fact that

([14], pp. 1219-1220) whel

N(7/17227p7r(]1;7'2)) (1, J2, px(J1, 72))s

i1=0 j1£0,42=0 jo=0

e AUFTTINTNYNS
amé@ﬁ ﬁﬁWﬁWﬁ’ié’ ¢

_—E [S3.1 — 1]?

By the symmetry of S3 and Sy,

1

E(E®S?)* = B(E®S2)? = 0(q2).



72

1
Hence, the fourth term of (5.28) is bounded by O(?) Since, for each i,j €
{1,2,3,4},

1 1 1 1
E(E®S;S;0)* = E[EB{q—%Sf}i{qESio}ff

the lemma. O

5.3 Proof of the !

To bound |P(W <7

5» 0 as we have used the
fact that ®(2) = T 12" when 2z < 0. So, from

H”%JE
alf)
=
S
=
D
alf)

now on, we assume z > 0.
)

In the vieva;)%Zg i ;
QRN TUNRAIINYINY

|qP(W§z)—<I>(z)|=O<L> 1+20<ﬁ for 0 <z<1
Let z > 1 and

—1
Y = O(i,j, pw(i,j)) andY =Y — Sl,o — Sz,o + 53,0 + 54’0.

7

+
N

|
—

[aary

£
)

I
o
Il
o

J

Note from [12], pp.2360-2361, that

[P(W < 2) = 0(2)] < PW £Y) + |[P(Y < 2) — ®(2)] (5.29)
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and

1 1 1 1
WO(?) < 1+ZO(%). (5.30)

It remains to bound the second term of (5.29). Let g, be the Stein solution of the

P(W#Y) =

Stein’s equation (2.2). From (2.2) and the fact that

'Y + t)K(t)dt + Ag(Y) (5.31)
for a continuous and piecew errentiable function g, where
' and
K(t) Y -Y <t<0),
([11], pp.16),we obt
[P(Y < 2) -
(t)dt — Ag.(Y)]

where

K .L , and

ﬂUWWEJV]’ﬁW 8NN3

By the same aﬂument as Chen aw Shao ([5], &p .248), we can show that

PRININTUHBRINYNNY o

By Pr0p0s1t10n 2.13(2), Lemma 5.9 and (5.33) , we have

T, < {E|g.(7) Py HE(ER1 - / " Kty

< Bl D) HEE1 — L (S + oo — S0 — Suo)) 2
<{Elg.(V)|}>0(—)

O(—=). (5.34)

D=

EIH
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Neammanee and Laipaporn ([12], pp.2362) showed that

1 1
T, < — .
5 < 1+z0(\/(_1)’ (5.35)

and

Ty < Ty + T+ T3
where

2 _ . . ’ ~ ~ ~ o~
T < E/ = $|<Y<z+2|Y—Y|)K(t)dt,
T4+2z  Jy<y-vpas !

1 1
Tis < —0(— @“:“x U= %)dudt,

(1+2)? "/q.
T3 < (J{P(ﬁ; - ?|

and fs5 : R — R is defineg

.

0 RO <z -9,

i) =q 1+t 2 —20<t<z+26,

40(1 t>z+20

for 6 > 0. By (5.3 e tave |

£ C BT fy )+ A5 P

o EBNEIN TN T
masnstiuitinenae

Tll

a

2

1 1 BN .
— {EY|Y| (5.36)

El?f&_m(?)I:O(ﬁ) Sy

for some positive integer r > 1. Recently, Laipaporn and Sungkamongkol ([13],

pp.81) showed that

EY*=0(1).
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Then, if we choose 7 = 2 in (5.36), we have

C ) !
T < 1—[0(%) (7){EY VP +0(= )]
= —[0(7) (7){EY4}2 +0(= )]
1 1
< 1+z0(ﬁ)' (5.37)

To bound 775, we note that .

11], pp.20) (5.38)
and
00 0 . >
E K(t Y+ Y -V|>2
A | \R TV -7z
([12], pp.2357). Thus .
T ! HPY + |V -V > o)
12 1+Z 2
1 EY4+E\Y—}7\4}%
142 24
1
< 5.39
14z ( )

Using Chebyshev’s i uahty and (5. 38 , we obtain =

A H&%&I%ﬁ&m »
““a”‘mﬁﬁk‘ﬁﬂ W‘Nﬁ’n NYIRE

T < (1+z) (\/6) (5.41)

Equations (5.29), (5.30), (5.32), (5.34), (5.35) and (5.41) complete the proof.
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