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CHAPTER 1
INTRODUCTION

It is known that one of impor; gic structures is a ring and there are

_ //properties of rings have been
J

we1g With the corresponding

many areas of researches re!
investigated as well as pa
properties. In 1957, I.N" S T1C Concept of derivations of
rings. In fact, a derivauos; /3 “ Saigt ring were defined. No
doubt that there mus® Il i a b wese. A derivation of a
= d(a)b + ad(b) for all
N Wive map d : R — Rsuch
that d(a?) = d(a)a + ad(a’,
amapd: R — R such that | P ;

9 additive map of a ring R is
rall a,b € R,i.e., dpreserves
the addition.

14

One can see tha o R ffiat the value d of the

product of any a an v.n Wt e value d of the prod-

uct of any @ and b. A j aally, a derivanon 15 a Jords U derivation but not vice

versa, see [5]. Naturalléjﬂncuriosaiir that@vhen Jordan derivation is a deriva-
0

tion”must take Elju , r%im miﬁm-\&letlm]ﬁof a prime ring of

characteristic dif?érent from 2 turngfout to be a derivation. Reggll that a ring R
i ARG TUURAINBIRN Y

Let us%i;/(e_ an obvious _example of a derivation. Gnsurprisi;gly, the zero
map of any rings is, definitely, a derivation. The next example assures that
a nonzero derivation of a given ring exists. Note that the familiar ring is the

ring R of real numbers.



Example 1. Let S = {f:R — R f is differentiable}. Define d : S — S by
d(f) = f', the first derivative of f, for all f € S. Clearly, d is a derivation of S.

Example 2. Let R be a nonzero ring and a € R. Defined : R — R by d(z) =
za — ax for all z € R. Then d is an additive map and d(zy) = d(z)y + zd(y) for
all z,y € R. Thus d is a derivation of R.

Later, in 1988, M. Bresar [3] gay

} } jr,point of view that a JD of a certain

ﬁndition “2-torsion free prime

.J,iing . A ring R is said to be

ring is also a derivation. He.
ring” can be replaced by “
" the characteristic of R is

\ pliesa =0foralla € R.

2-torsion free if 2z = 0 i
different from 2); more
Notice that every pri [3], Bresar introduced

a Jordan triple derivatic Walitive mapd: R - R

~

satisfying d(aba) = d(a) N\ "% [2. Moreover, he proved

that every JTD of a 2-tor \ a derivation and applied

the result from Herstein th J _r L A} free ring is a JTD (however,

Herstein did not use the termintse— '
SN T

Throughout this tesig : 'n" oers and Ny = NU {0}.

M. Ferrero and C. Fl vV, 7 A J ms of rings. Let D =

(di)ien, be a family of [ ditiVESE_ P¥iing fliwhere d; is the identity

-

map on R. Then D is a higher derivation (HD)) of Rif d,(ab) = >, ;_, di(a)d;(b)

for all a,b € Bﬂ\%%" @ ﬂ Hz?ﬂz@ewr&}qnﬂ@) of R if dy(a?) =

ZZ 1 jen di(a)d; (aﬂor alla € R and n € Ny and a Jordan triple hzgher derivation
o QRAIATUUNIINHTRY: <
example o a JHD which is not a HD was given by them. Then They proved that
every JHD of a 2-torsion free ring is a JTHD and every JTHD of a 2-torsion free
semiprime ring is a HD. That is every JHD of a 2-torsion free semiprime ring is
a HD. Next, let us see an example of a HD.

Example 3. ([7]) Let Rbe aringand a € R. Forn € Ny, defineamapd, : R = R



0, (2) x, if n =0,
n\L) =
(=1)™(a"z — a™ *za), ifn #0.

for all z € R. Thus the family D = (d;);en, of additive maps is a higher deriva-

tion on R.

So far we have gathered some re<jgf prpgarding that JDs of certain rings are

derivations as well as JHDs g

e HDs. As mentioned above,
studying analogous algeb wures 14d1rect10n of doing research.
It is the appropriate plag .
in [1]. For additive ak

MxI'x M — M,d

ings given by W.E. Barnes
), if there exists a map
Sply, ayb forall a,b € M
and vy € I, satisfying tb “a,bce Mand~,5 €T,
Associative Law (avb)5¢ \
Distributive Law (a +, Il“\\" Lr B)c = aye +y afc and
ay(b+n ) = ayb+u ay
then M is called a I'-ring. ro I% fhever M is a [-ring, both of the

LN 2

operations +,; and 4 it should be clear from the

context. v, Y|

One can construct Jf§ -T1i%;

~
- i¥

Example 4. Let (R, +, - b.e aring. Then R can be considered as a I'-ring.

Solution. Let 1B ﬂﬁnﬂloﬁj‘lﬁﬁ PRV Foup of 7 under +

Then, obviously, the map d : M x & x M — Madefined by (gg,b) — a-v-b

e RRANIA T HBADIIRIY R B 1

when T’ 1s%ny additive subgroup of the group R.

On the other hand, a ring can be extracted from a given I'-ring.

Example 5. Let M be a I'-ring. Then M can be formed as a ring.

Solution. Note that (M, +) is an abelian group. Fix v € I' and define a binary



operation - on M by a - b = avb for any a,b € M. Then (M, -) is a semigroup and
- is distributive over +. Thus (M, +, -) is a ring. O

The next example gives an idea that for a I'-ring M, the abelian group I' can
be chosen from other abelian groups which is not a subgroup of the abelian
group M.

Example 6. Let (R, +, ) be a ring vy

Jqgntity and Z be the set of all integers.
/k, y) — xky where xky = z(ky)
ée I' = Z. Note here that for

i, v(ky) = (kx)y = k(zy).

Define a mapping from R x
forall x,y € Rand k € Z:
each 2,y € Rand k € 7

In particular, any fig

™ matrices over a ring R.

o/ = M,,(R)and I' =

For each m,n € Ny
Example 7. Let m,n ¢
M, sm (R). Tt is known tk "% under the usual addition
of matrices. We define a ‘ al A, Be Mand P € T,
the ususal multiplication ¢, a I'-ring following from the

properties of matrices.

The next two prigs 7 “-rings which will be

used in other chapte :

|
Proposition 8. Let M I%fa ['-ring. Then

AuLangningans
oo QRN RERTUNITNY LR s

and T, resflectively.

Proof. Leta,b € M and v € I'. Note that

Oprya = (0pr 4 Op7)ya = Oprya + Oprya,



a0rb = a(Or + Or)b = aOrb + aOrb and

a0y = ay(0pr + 0pr) = ay0ps + a0y

The cancellation of the group M implies that

Oprya = alrb = ay0y; = 0yy.

Proposition 9. Let M be 2

forall a,b € M and ~ |

Proof. Leta,b € M and

a)’yl

ayb + a(— )bt

ayb+ (—

a7b+

=) = (). 0

voreover BRI DRI WRIA R Gttty anc e

center of a I'- rmg'whlch will be refgrred later. A ['-ring M is s id to be commu-

i QAR TN ATRHIR Y o

by Z(M), % defined by Z(M) = {c € M | cym = mycforallm € M and v € T'}.

This implies that (—d yb =a(—

In 1997, M. Sapanci and A. Nakajima [11] introduced a derivation and a
Jordan derivation of a I'-ring. For a I'-ring M, an additive map of M is a map
d: M — M such that d(a + b) = d(a) + d(b) for all a,b € M. An additive map
d: M — M of aI'-ring M is called a derivation of M if d(aab) = d(a)ab + aad(b)



foralla,b € M and « € I' and a Jordan derivation (JD) of M if d(aca) = d(a)aa +
aad(a) for all @ € M and a € I'. Notice that derivations and JDs of a I'-ring
are defined analogously to those of a ring. Moreover, derivations of a I'-ring
are JDs. They proved that JDs of particular I'-rings are derivations. M. Soyturk
[12] and M.A. Ozturk and Y.B. Jun [10] gave definitions of prime I'-ring and
semiprime I'-ring, respectively, as follow: M is a prime I'-ring if for any a,b € M,
alMTb = 0 implies that a = 0 |
a € M, al'MI'a = 0 impli

[ is a semiprime I'-ring if for any

. élear that a prime I-ring is a

| —

semiprime ['-ring.
We give an example ot ' ™ wising from a derivation of a
ring.

Example 10. Let R be a_ ‘erivation of R and I' = Z.

Then R is a I'-ring fro#t

d(zky) = d(k(zy)) - fF u ) = d(z)ky + zkd(y)

forallz,y € Rand k € Z; i 1’ el ation of the I'-ring R. More-

over, if d is a Jordan derivatior 7770 2]

ben d is also a Jordan derivation

of the I'-ring R.

We observe that, V o I JHDs have been stud-
ied. While, derivatiori®¥and JDs of I'-rings have beei¥investigated. However,
HDs and JHDs pf Iari ¢ v : , o gwated us to give no-
tion of HDs anﬂiuﬂimnﬁvﬂtmﬂjzess related results
to those gf 1j ¢ —~ f
Founéiﬁz] ﬁ g)nrﬁggu ;J m:r:]tg\sn ﬂgiai ﬂeals and an
ideal of a Ii-ring. A right (left) ideal of a I'-ring M is an additive subgroup U of M

such that UI'M C U (MT'U C U); moreover, if U is both a right and a left ideal
of M, then U is called an ideal of M. Note that, for nonempty subsets A and B of

a ['-ring, the nonempty set AI'B is given by AI'B = Z a;vibi | neN,a; € A,

=1



vi € I',b; € Bforall ¢ . This brought us to another objective of doing this re-

search. In the same manner of the first aim, we give definitions of a HD and a
JHD of an ideal of a I'-ring and are interested in the analogous results of HDS
and JHDs of an ideal of a ring proposed by C. Haetinger [8].

In 2004, Y. Ceven and M.A. Ozturk [4] introduced a generalized derivation

bt

-ring. For a I'-ring M, an additive

- /io (GD) of M if there exists a
t & mAﬁ\ y+ xyd(y) forall z,y € M
and vy € I, a Jordan gen il (N 7 W there exists a derivation
d: M — Mof M s MW(x) for all z € M and
iDs of a I'-ring are JGDs

and a Jordan generalized derivativg

map f : M — M is called A
derivationd : M — M of |

v € I'. Obsiously, deri
but not another way rc a ['-ring satisfying some
& respondingly, this notion

lized higher derivations of

certain properties are G' 4%
to generalized higher der’
[-rings.

This thesis is separated into E
_,-,:;-;_ A4

tions and results mainly af i ez
————————————————————————————————————

hapter I contains general defini-
or the whole.

Chapter II pays L7 Ry J 'ordan higher deriva-
tions of a I-ring. Somj{jof tNctsy RECXplogill. At the end, the main
result stating that Jordanghigher derivatiqgg and higher derivations of specific

I-rings are 1defﬂ uf‘EJ”} W‘Hiﬂ ﬁ W EJ ’] ﬂ ﬁ

Likewise Cha?ter IT, higher derlefatlons anderan higher derlvatlons of an
el G IRARAMGRIN YH YRS s
in order tdJobtain our aim which is the fact that Jordan higher derivations of an
ideal of a specific I'-ring are higher derivations.

Finally, we develop the notion of generalized derivations and Jordan gen-
eralized derivations to generalized higher derivations and Jordan generalized

higher derivations, respectively, of a I'-ring in Chaper IV. In the same fashion,



for a certain I'-ring, its Jordan generalized higher derivations are generalized

higher derivations along with other properties are given.

AULINENTNEINS
ARIAATAUNNINGIAY



CHAPTER II
HIGHER DERIVATIONS AND JORDAN HIGHER
DERIVATIONS OF I'-RINGS

Higher derivations and Jor«

‘ zof I-rings are main notions

of this thesis. Conseque™™® ™ hitions in the first section.

Moreover, the major tools " s> in the same section. Next

"\‘

section is focus on the re: wsher derivations of I'-rings

are Jordan triple higher < Shird section, the first main

result is provided.

2.1 Essential Propeft ? PRI D iMhtions and
Jordan Higher Dérites

4j)lan higher derivation

We first provide deje
A

and a Jordan triple !:1 .
[l
Definition 2.1.1. Let D™= (d;);cn, be a family of additive mappings of a I'-ring M

;ingh é\i ; mo e :legﬂ j’mmﬁ? the identity map-
AMNSINIH WA INIAY.

i+j=n

a Jordan higher derivation (JHD) of M if

d,(aya) = Z di(a)yd;(a) foralla € M, € I"'and n € Ny;

i+j=n



10

and a Jordan triple higher derivation (JTHD) of M if
dn(aybBa) = > di(a)yd;(b)Bdy(a) foralla,be M,v,3 €T andn € Ny.
i+j+k=n

It is clear that HDs are JHDs. Moreover, note that if D is a HD, then for any
a,be M,v,5 € I'and n € N,

dn(avbBa;

This shows that a HD is
JTHDs. However, the conv,

, any HDs are JHDs and

Example 2.1.2. Let F be a fieldz7 7 F is a I'-ring by Example 6 in

ChapterI. Let n

y : ]

. ¥ d x —

Lo g
forsi s 5. Eﬂ??ﬂ&ln‘m ﬂilﬂjpmgsp

isa HD

A RTRSN NI AR, ..o

R. Then R is a I'-ring from Example 6. To show that D is a HD of the I'-ring R,
letz,y € Rand k € Z. Then

’ dF

i+j=n i+j=n



11

Thus D is a HD of the I'-ring R. Similarly, if D is a JHD of the ring R, then D is
also a JHD of the I'-ring R.

As mentioned above, Proposition 2.1.4 and Proposition 2.1.5 play important

roles for the rest of this thesis.

Proposition 2.1.4. Assume that M is a 2-torsion free semiprime I'-ring. Let G4, ..., G,

be additive groups, S : G1 % - -+ X & ! : -+ x G, = M be mappings

which are additive in each ar

x € M,v,B €Tl and a; €

forallz € M,~,B € 'l

Proof. We prove this resr % n. For basic step, assume

that S,7 : G4 — M alfe ¢ / \ atv S(a)yxpT(a) =0 for all

'M,vﬁeFandaeGl,
@@g

’71‘ L3 (S(a)&yaT(a))yzﬁS(Q) —

xeM,%ﬁeFandaepl

(T(@)y285(a) ) oyo (T(a

forall y € M and () Sjnce M is semiprime.

Observe that we noved: AY )

SWﬁT = 0 =g (a)yzB5(a

AULINENINEINT

forallxeM,fy,mEPandaeGl l\‘Low letxeM,fy 5€Panda b € G1. Then

WA IMAMINYAE

S(a)yzfT(a) + S(a)yzBT(b) + S(b)yxbT(a) + S(b)yxST (D)
= S(a)yxpT(b) + S(b)yzLT (a).

¥

Consequently, S(a)yz8T(b) = — (S (b)fy:vﬁT(a)). Furthermore, we can see that
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(S(@)y2BT(®) )oyo (S(a)yeBT (1)) = = (SB)y2BT(a) ) dyo (S(@)28T())

=0forallz € M,~,8 € I'and
> ql — Mby g(a) = S(a,bg)
and T'(a) = T(a, by) for s rer| clase 7 are additive mappings.

S(a)yzfT(b) = : 3 VA éln ’1_ € Gi. This implies that
S(a; b2)7$ﬁT(b, b2) = 0 for 6 4@

Al ks £ (1)
W, Y]

forall z € M,~,p € .: a,b € G aru oy © Ga. Ne ,, let a;,b; € Gy. Define
S'. T : Gy — M by S'(a)%e8(a,,a) and =T bl,a) for all a € G5. Then S’
i RTINS
| ¢ o Y
ARIAIIUARTINE I

forallz € M, v, € I'and a € G,. Applying the basic step yields S’ (a)yxz 51" (b) =

0, i.e., S(ay,a)yzpT(by,b) = 0 forall z € M, v,8 € I and a,b € G,. Hence
S(ay,a)yxBT(by,b) =0forallz € M,~,5 €T, a1,b; € Gy and a,b € G.

1d®, b € G1. This shows that

For induction step, let m € N and assume that for any j < m if S,T :
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Gi x -+ x G; = M are mappings which are additive in each argument and
S(ay,...,a;)yxfT(ay,...,a;) = 0forallz € M,~,8 € I"and @; € G; for all
1=1,...,j,then

S(ay,...,a;)yxpL(by,...,b;) =0

forallz € M,~,8 € T"and a;,b; € G; foralli = 1,...,j. Next, we assume
further that S, 7 : Gy x -+ - X Gypp1 — mappings which are additive in each
= Oforallz € M,~,p € I'and

m) X Gy1 — M be defined

argumentand S(ay, . .., Gmt1)
a; € Gyforalli=1,...,m

by

and

T((al, . I

al; -, ) m;am—i-l)

forall (a1,...,a,) € Gy X - 1. Then S and T are additive

in Gy x - x G, argad )5 €T, (a1,... am) €
| lh_‘

Gy X -+ X Gmanda

S((al,...,am) amﬂl, ﬂT((al,...,a ) am+1)

FIUEJ’WIEWI?WE]’”W’I‘B' =0
By 1nduct1o F]othe

AINIUNRIINYINY

S(ala s 7a’m7 am+1)’yxﬁT(b17 s abma bm—l—l)

= S((a17 s 7a’m)7 am+1)7xﬂT((b1; s 7bm)7 bm—l—l) =0

dF

forallz € M,~,8 €l'and a;,b; € G;foralli=1,...,m+ 1. O
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Proposition 2.1.5. Let M be a 2-torsion free semiprime I'-ring. If a,b € M are such
that ayzBb + byxfa = 0 forall x € M and ~, B € T, then ayz b = byxa = 0 for all
xr € Mand~,5 €T.

Proof. Let a,b € M be such that ayz8b + byxfa = 0forall x € M and v, € T.
Moreover, let z,y € M and ~v,(,d,0 € I'. We consider (ayxfb)dyo(ayz5b) as

follows:

(ayzBb)dyo(ayzBb) =

(by assumption)

(by assumption)

(by assumption)
Y. Y]
Thus 2((a’yxﬁb)5yo(aﬂ --. 3// c@(ayzpb)oyo(ayzBb) = 0

because M is 2-torsion trﬁe Note that y, (5 o are arbltrary and M is semiprime.

weon oY TNYNTWHINT :

Now, we glveq!examples of 2-torgion free semiprime I'-ringsy ,

—cE MR NIUNRIINNALL.

Then F is a I'-ring. Since the characteristic of I is not equal to 2, the I'-ring I is

2-torsion free. Claim that IF is semiprime. Let a € IF be such that aZFZa = 0. This
implies that aa = 0. Since [F has no zero divisors, a = 0. Hence F is semiprime.

Therefore, F is a 2-torsion free semiprime I'-ring.
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2.2 Relationships between JHDs and JTHDs

We know from the previous section that, for a I'-ring, HDs are JHDs and JTHDs;
however, the explicit connections between JHDs and JTHDs have not been seen.
Our aim of this section is proving that JHDs of a certain I'-ring are JTHDs. To
achieve this, we first need Proposition 2.2.1 and Proposition 2.2.2.

Throughout this section, let .- e aJHD of a I'-ring M.

dn(a7b T L GRS 0) 1 (@) ).

Proof. Leta,be M,y c
JHD yields

% a + b in the definition of a

=3 (di<a>v i (, )70 )
y ') + > dilb

i+j=n

i+j=n ‘

Ontheothefhﬁwﬁw JNITNYINT
ﬁﬁ‘ﬁ* agﬁmmﬁm g8 u

= Y di(a)yds(a) +dufarb+bya) + Y di(b)

H—_] n i+j=n
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Thus

0= dn((a +b)y(a+ b)) - dn((a +b)y(a+ b))

= (Z di(a)yd;(a) + ) (di(a)vdj(b) +di(b)7dj(a)) + Z di(b)vdj(b)>

i+j=n i+j=n i+j=n
- (Z d > di(bwdg(b))
i+j=n giti=
= 3 (a@rd;0) :
i+j=n
This implies that
dn(ay o e L RN N (o) ).

d(aBlrya + avbpa) = NZTR0IA 7 N (a)7d;(b) Bdg(a))

-

Proof. Leta,b e M,~ y_j_.j :

ﬂuﬂﬁﬁﬁﬁ§ﬁbﬁﬁﬁ

We apply Propos ion 2.2.1 so that ¢

ﬂW]ﬁﬂﬂ‘iﬂJMW]'mmaH

(w) = dp(aB(ayb+ bya) + (ayb + bya)Ba)
= Z ( a)Bd;(ayb + bya) + d;(ayb + bya)Sd;(a ))

i+j=n

= Y di(a)Bd;(arb+bya) + Y di(avb + bya)Bd;(a)

i+j=n i+j=n
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P Y
RHEATGIEAR
w%?am«smm AR

We also ol?tam that

dn(w) = d, (aB(ayb + bya) + (ayb + bya)fa)

= d, (afarb + aBbya + aybBa + byafa)
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= d, (afarb + byapa) + d,, (aBbya + aybfa)
= dn((aBa)yb + by(apa)) + dn(afbya + aybpa)
> (di(apa)yd;(b) + di(b)1d;(afa)) + du(aBbya + arybpa)

+j=n

i

= Z di(aBa)yd;(b Z d;(b)yd;(afa) + d, (aﬁbya—kaybﬁa)
i+j=n it+j=n
= <Z%WM‘ (Zd )
+j=n “ptq=i
n(aﬁb’ya .
=3 > 4y )ydu(a)Bdy(a)
+j=n p+q=i
+ dn
- Z a)fd,(a)
ptg+j=n
+dn(aﬂb7a
= Z ( +dn(aﬁbva+avbﬁa).
i+j+k=n

As a result,

0= dy(w) — do(w)

> FUEANENTNLNNS
%ﬂﬂﬁﬂﬁﬁmﬁ% INENAE

[ ( i(a)Bd;(b)vdy(b) + di(b)ydx(a)Bdx(a )) (aﬁbva+avbﬁa)]

> (di<a>ﬁdj<b>vdk<a> + di(a)yd; (6)Bdi(a) ) — du(aBbya + aybBa).

i+j+k=n
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Hence

du(afra -+ anbfa) = 3 (di(a)Bd; D)y @) + di(a)rd; (0) Bg(a) ).

i+j+k=n
|

Next, the conclusion of this secticg jggiven. The requirement of a I'-ring M

|
/‘4 is not only that M is 2-torsion
/ y elements v and S in T,

Theorem 2.2.3. Let M T8 2 at avybBe = aBbryc for all

a,b,c € M and ~,5 € ™ vion of M is a Jordan triple

higher derivation of M.

Proof. Let D = (d;)ien, .' X LisaJTHD, leta,b € M

and v, 8 € I. It follows#

do(aBbya + aybBa) = WPy Jiaaee <2 ) + di(a)'ydj(b)ﬁdk(a)) .
Making use of the asg=:
U7

0, 51)7@) = zi(amd-( %

(a)
i+j+k=n

A UEAN ﬂﬂ?%ﬂﬂ%ﬁ
SmceM‘ﬁWﬁﬁﬂ'ﬁUlmema d

d,(afBbya) = Z di(a (b)ydy(a).

i+j+k=n

Therefore, D is a JTHD. O
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2.3 The Main Result of JHDs and HDs of I'-Rings

We present the first major result of doing this research in this section. In a ring,
its JHDs are HDs provided that the ring is 2-torsion free semiprime and this can
be proved via the fact that JHDs are JTHDs and JTHDs are HDs. Analogous
to rings, we can show that JHDs and HDs of a I'-ring M are identical provided

that M is 2-torsion free semiprim x another condition for M/ must be
required. -

Throughout this sectic *= 4D of a I'-ring M. First, we
extend Proposition 2.2.% #ihe choice of v in ayc+cya

is extended to be v05.

Proposition 2.3.1. For ea,
d,(aybpc + cybpa’

Proof. Leta,b,c € M,~, €l it -;. g a by a + c in the definition
of JTHD yields :

= Z‘l-(aJrc)ydj(o)pak(aJrc)
Z+]+k n ‘

ARLAINININEING

9 ggmﬂgjmg@ﬁhg ;

i+j+k=n i+j+k=n

+ Y (dila)vds (5)Bdu(e) + di(c)yds (6) B a) ).

i+j+k=n
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We also have

d, ((a + c)ybB(a + c))
= d, (avbBa + aybBe + cybBa + cybpc)
= d,(aybBa) + d,(aybBc + cybpa) + d,(cybBc)
> di(a)yd;(b)3d ’f”f Z d;(c)yd;(b) Bdy(c)

i+j+k=n

+ d,,(ayby

As a result,

= 3 (diwr d,(aybc + cybia).
i+jt+k=n

Thus
d(ahBe - i) = S (€) + 1, () ().

[ S Cl

Before going furthé we would like to set up two types of elements of M and

e fﬁlﬂﬂi’ mm 1101 (e
ARIMNATUURI INGNAY

i+j+k=n

[a,b, clyp = aybfc — cybfa.

Obviously, [a,b,al,3 = 0 for all a,b € M and v, 5 € I'. Besides, it follows that
n(a,b,a)y s =0foralla,be M,~,5 €TI"and n € Ny since D is a JTHD of M.
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Next, we aim to show that ¢, (a,b,c), 3 = 0 for all a,b,c € M,~,8 € I" and
n € Ny. However, the fact that ¢, (a,b, c), s and [a, b, c], g are additive in each

argument is shown first, respectively.

Proposition 2.3.2. For each a,b,c,x € M and v, 3, €T,
(i) Spn(a +x,b, C)%ﬁ = (pn(ao b, 0)7,5 + (pn(xv b, C)%ﬁ/
(ii) Spn(a7 b + 'CU? C)'Y’ﬂ = ()On(a7 b7 0)77‘ ] /

(ZZZ) Spn(av b7 c + x)%,@ = Son(a’ b
(Z'U) SOn(aa b7 C)7+C,B = (,On((l. .
(U) Spn(aa b7 C)%ﬁ"‘( = Spn(

Proof. Leta,b,c,z €
(i) pn(a+x,b,¢) 5
= d,((a + z)7bBe

= @n(a,b,c)y s+ &z, b, c)yp.

(ii) and (iii) are @'r%gﬁl%] & %"w U9
TR U AN AL

i+j+k=n

— du(aybBe + acbBe) — D" (dila)yd; (b)Bdu(c) + di(a)Cd; ()3 (0))

i+j+k=n



=( (avbBe) — D di(a)yd;(b)Bdi(c >)

i+j+k=n
( (a¢bBe) = > di(a)(d;(b)Bdx(c ))
i+j+k=n

= Qpn(av b, C)%ﬁ + (rpn(av b, C)C,ﬂ

(v) is obtained similary to (iv).

Proposition 2.3.3. For each

(Z'U) [CL, b7 C]’H-C,ﬁ = [CL, b7 Cl~
(v) [a7b7 C]%ﬁ-FC = [a7 b’ el

(i) [a + x,b, C]wﬁ
= (a+ z)ybfc — c*ybﬁ

= (aybBe + aybfc) — [aadad ATl

= (cwbﬂc — ;
= [a, 0, C]%B + [xv ' ']'7,5

(ii) and (iii) are ﬂ“ﬂeﬂ ﬂﬂlﬂ Elﬁn 5 w E.l ﬁl\ ﬂ ‘i

(iv) [a, b, ] y+¢.8

“’Qwﬂiﬂ\?ﬂ@’i@ﬂﬁ’nﬂmaﬂ

= (afbBc + abBc) — (cybBa + c(bBa)
= (aybBec — ybBa) + (albBe + c(bPa)
= [a,b,cly5 + [a,b,clc

(v) is obtained similary to (iv).

23
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Next proposition provides results needed to prove our main theorem.

Proposition 2.3.4. For each a,b,c € M,~,5 € I'and n € N,

(i) on(a,b,¢)y5 = —pn(c, b, a)y 5

(ii) [a, b, ], 3 = —[c, b, aly 5,

(iii) 2¢,(a, b, ¢)y 5 = dn([a, b, C]%B) + Zi+j+k:n[di(c)» d;(b), di(a)], 6

Proof. Leta,b,c € M,v,8 €' and g f
ﬁfaet that ¢, (z,y,2),s = 0 for

(i) Applying Proposition 2.3.2
all z,y € M gives

0= gon((cH—c),b,f

= gon(a, b, a)%ﬁ \ ™C, b, C)%ﬁ

=04 pn(a,b, c M

Thus Qon(aa b, C)’Y,,B = _Spn(c '
(i) is straightforward. |
(iii) We obtain from (2

v
b (| RE

= pn(a,b,c)g, —(pncbaw;

@%&VJ RENINLANT

2¢,(a,b,¢)y.5 = pnla,

quawnmwﬁwmaa
= du(arpBe=crbfe) + 3 (d(end;(0)Bdila) —d:(and;(0)Bdu(c))
SICTE RS SR CICRICRAT
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The following series of propositions are main ideas for our main theorem in

this chapter. We first show that

gpn(a, b, 0)77557“0'[&, b, C]%ﬁ + [aa b, C]%ﬂéraspn(av b, C)%/J’ = 0.

Then this result is extended to the case that the elements a, b, c appeared in the

not be the same.

terms ¢, (a, b, c), 5 and [a,b, c], g,

Proof. Assume that gom'\' ) '. o= ¥ Vs y, 8 € T"and m < n. Let
a,b,c,r € M and v, 3,9, ¢ i ieNJTHD,

d, (cw (bBcorocyb) Ba + cy bz
=d, (av(bﬁc&‘ 07

= Z di(a)yd; i3 cor T - v di‘ydj(bﬂaéraavb)ﬁdk(c)

i+j+k=n l-‘rj-‘rk n

-2 nmﬁ AANBNINY NG
ﬁﬁwﬁéﬁ%ﬁﬁmgﬁ iy

d=(c) | ydi(b)Bdy(a

2+p+q+l+k n <S+t+z q

Ly 405( Y dwas ())vdxb)ﬂdk(a)

i+p+q+l+k=n stt+z=q
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- 3 d;(a)ydy,(b)Bd,(c)ody(r)od.(c)ydi(b) Bd(a)

i+p+s+it+z+l+k=n

+ Z d;(c)ydy(b)ds(a)ddy(r)od,(a)yd(b)Bdy(a). (1)

i+p+s+t+z+l+k=n

On the other hand, it follows from Proposition 2.3.1 that

d, ((avbﬁc)éra(cybﬁa) + (cybLak

Let
y = Z oy & : 2 ;_, ‘ and

Then d,,(g) = = +y and we obtz=r

Zd 7d

i+p+s+t+z+l+k=n l

1), )50, (1) (a) 1, (1)) ).

ﬁﬁﬂﬁﬂﬂﬂﬁﬂﬂﬂnﬁ

Note that, foreaﬂm<n,g0ma b,c g—Oandgomcba 5—0 ie.,

W'J mm@umnma

i+j+k=m

m(cybfa) = Z di(c (b)Bdy(a). 3)

i+j+k=m
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Thus

x = dy(aybBc)ddy(r)ody(cybfa) + Z dy(aybpe)dd,(r)od, (cybBa)
utvtw=n

u#EN,WFEN
+ do(aybpe)odo(r)od, (cybBa)
= d,(aybBc)drocybfa + Z d

Uyl

. (a70f¢)od, (r)od, (cybpa)
+ aybBcdrod, (¢

We consider the term ™" e ybBa) of z only. For u < n

and w < n, from (3)

Z d a’ybﬁc

u+vt+w=n
uFEN,WHEN
- (d=(c)ydi(b) Bdi(a)).  (4)
(i+p+s)+v+(z+14
i+p+s#n,z+1+18n
Note that

> di(a)

i+p+s+tt+z+l+k=n

— Z a) (D) 5d (é)?irac*ybﬂa

i+p+s=n

UL NUNTHBARG i)

2+p—|—s+t+z+l+k n
i+p+s#n, z+l+k;£n

q mazmwwqwm Y

Z+l+k=

We can see that
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DY (@)1, (0) 8 () ) 3 (1) (- () v (b) B ()
iAo

— Z d, (afybﬁc)édv(fr)adw (cybﬁa) =0.
u+vt+w=n

UFENWEN

Hence

Z di(a)yd,(b)Bd

i+p+stvtz+l+k=n

i n(a’ybﬁc)érac*ybﬁa)

a’ybﬁcéradn(cybﬁa)>

= X A ;_, '- ' N |orocybpa

AW - dn(cvbﬁa)>

= _Spn(a b 0)7 ﬁd' 100,(c, b, a)%ﬂ' (5)

[ S—————— Cl

Similarly, we obtain § ‘ Y |

s
A

Mﬁ) ody(r (b)Bdk(a

””““*”’“ﬂ”ﬂ’”’!ﬁ!l‘?!lﬂ_ n3.......
A ASATOAN TN N

0= (—gon(a, b, ¢), gorocybfa — aybBcdrop,(c,b, a)%g)

+ (—gpn(c, b, a), goroaybfc — cybfadrop,(a,b, c)%g)
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(gpn a,b, c), gérocybfa + ¢, (c, b, a),, géraafybﬁc)

(aq/bﬁcéragon ¢,b,a)y 5+ cybBadrop,(a,b, c),, )

(gpn a,b, c), gorocybfa — v, (a,b, c),, géraafybﬁc)

( aybpeorop,(a,b, c), 5 + cybpadrop,(a,b, c)., 5) (by Proposition 2.3.4)
(

= ¢u(a,b,c), goro (avbﬂc — cybBa (cwbﬁc — cvbﬁa) drow,(a, b, c)y s

= ¢n(a,b, c), gérofa, b, cly s

O

Proposition 2.3.6. Let ing and n € Ny. If the

element ¢,,(a,b,¢)y 5 = < n, then

Qpn(alv b1, 01)717/31 57‘0‘[( U¢n(a1a b1, 01)71,51 =0

forall a;,b;,c;,r € M and 4

Proof. Assume that ¢,,(a, b, c)
Proposition 2.3.5 yie'ss

(7 ,.*-'-'
n(a; b, c),F I 0 ) =0

TL ;

dF

s gy
qmmmmmmmaﬂ 0

forall a,b,c,r € M and ~,3,6,0 € I'. Let S, T : M xI' x M xI' x M — M be
defined by

S(a'7 v ba Ba C) = gon(a, b, C)'y,,@ and T(a7 v ba ﬁa C) = [a'7 b, C]
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for all a,b,c € M andvy, € I'. Proposition 2.3.2 and Proposition 2.3.3 show
that both S and T are additive in each argument. Moreover, (1) provides that
S(a,v,b,5,c)orcT(a,v,b,5,¢) =0forall a,b,c,r € M and v, 3,d,0 € T. It, then,

follows from Proposition 2.1.4 that

S(ay, 71, b1, B1, c1)oraT (az, va, ba, o, c2) = 0,

ie.,

ilarly, we obtain

for all a;, b;, c;,r € M anc®y; ) | . O
Next proposition shows tha B e . the form [a, b, ¢], g in the result of
Proposition 2.3.6 is g0 g 7 gftthe form d,,([a, b, c|, ).

However, the new rey 8 Y

Proposition 2.3.7. Assifne that M is a 2-torsion free sersprime T-ring and n € No.

AN
SRR SR A

foralla,b,ﬂ,re M,~,B,0,0 € T'and m < n.

Proof. Assume that ¢,,(a,b,c), 3 =0, ie.,

m(aybBe) = Z di(a)yd;(b)Bdy(c)

i+j+k=n
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forall a,b,c € M,~,5 € I'and m < n. Leta,b,c,r € M,~,5,6,0 € I'and m < n.
Then

Spn(a7 b, C)’Y,ﬁ(sradm([% b, C]’Y,ﬁ)
= ¢n(a,b, ¢), gorod,,(aybBc — cybfa)
= ¢u(a,b,c)y 50ro(dyn(avbBe)

= ¢n(a,b, c)y goro (

where the last equatior he

For any I'-ring M, we k§

on(a, b, a M ‘ v Igend n € No.

v X
resiit to

FI@‘HEP’J ?‘I’EM‘TW yIne
o AR &

Lemma 28.8. Let M be a 2-torsion free semiprime I'-ring. For each n € Ny, if

Recall that our aim hes ) s 105

Ym(a,b,c)yp=0forall a,b,c € M,v,5 € I"and m < n, then
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©n(a,b, c)y plsa (gpn(a, b, c),porod,([a,b, c]%g)) (s (a, b, c)yp
+ @nla, b, c)y gCsa (dn([a, b, cly3)0roe,(a,b, c)%ﬁ) (sapy(a,b,c)yp =0
forall a,b,c,r,s € M and ~,3,(,a,d,0 € T

Proof. We prove by induction on n € Nj. Note that the statement holds if n = 0.

Let n = 1 and assume that

eland m < 1.

g for all a,b,c € M and

Om(a,b, c)yp SAZ R W T and m < n.
Préosition 2.3.5 provides
on(a, b, (A ) c)vs = 0. (1)

Vi X
Note that d,,(0) = 0. Wi pply ropeommemESTto (1) iHd obtain

- FUBINENTHYNT
qrshsal AN s

di([a,b, c]5)0d;(r)odi(n(a,D, C)%[J’))'

Moreover,
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0= Son(aa b, C)%gCSOz ! Z (di (cpn(a, b, C)%ﬁ) 5dj (T)adk ([aa b, C]’Yﬁ)

itj+k=n
+ d; ([a, b, c]%ﬁ) dd;(r)ody (gpn (a,b, c)%ﬁ) ) ] Csaupn(a, b, c)q

= Z ©n(a,b, c)y plsa (di (¢nla,b,c)y5)0d;(r)ody([a, b, c]%g)> Csoupn(a, b, c)qy

i+j+k=n

+ Z wn(a,b, c)y plsa <dl-([a, b. ¢ r)ody,(en(a, b, C)%[g)) (s (a,b, c)yp

i+j+k=n .
= Z n(a,b, c)y glsAGN P u,b, cly,5)Csavpn(a, b, c)%g)
i+j+k=n -
+ Z Gon(a b, c ,€),8)Cs0pn(a, b, ¢)y g
i+j+k=n
:[ an(a,b,C)%gCF ,b,c]%ﬁ)g’sagpn(a,b,c)%a

(i+j)+k=n \
k#n

+ ¢nla, b, ¢)y sCsady(pn(a ez

'll‘l ) C]v,,@)CSOéSOn(aa b, C)%B)]

+ 3) (sapp(a,b, c)yp

sr‘
" n(c- c)s, ﬁ)(saSOn(a b, c)s, ﬁ]

(Spn(a7 b, C)’Yﬁg 1 A

V.
+Z( (a,b, ¢), s Cfdi ([58

++k)=
i#n

Note ot s ) M’A Wlﬁm‘i WL 3. oo
AR INNRAINBARY

for all £ < n and i < n. Consequently,
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0 = ¢u(a,b, c)y slsapn(a,b,c), zorc (dn([a b, cl5)Csapn(a, b, c),, >

+ ((pn(a,b, ¢)5¢sady, ([a, b, c], )57“09% a,b,c)y sCsapn(a, b, c)y s

Hence the statement holds as desired. O

Lemma 2.3.9. Let M be a 2-torsion free semiprime I'-ring and n € Ny. If the element

B = / A 557“061 ([a, b, c]y.p)

om(a,b,¢)y 5= 0forall a,b,ce
2¢,(a, b, c)y goroy

2)orap,(a,b, c)yp

forall a,b,c,r € M and ~

Proof. Leta,b,c,r € M 4 (ii) gives

2¢n(a, b, ¢)y gorop,(a, &

= pn(a,b,c), géro (2g0n\a ,

= pn(a,b,c), géro <d ([a, b, f_.a;;, c),dj(b),dk(a)]%g)

= wn(a,b,c), goro ;r ¥ 1r(di(c), d;(b), di(a)), .

]

Ll

Moreover, Proposition 2. }6 ields

ﬂi“él?;’il VHW?L f1a,
PRI TUUMINYAE

2Q0n(a’7 b, 0)77557"@0”(@, b, C)%ﬂ = (pn(a7 b, C)%,g(S?“O'dn([a,, b, C]’Yﬁ)

Hence

as desired. Similarly, the other result follows. O
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Lemma 2.3.10. Let M be a 2-torsion free semiprime I'-ring. Then p,(a,b,c), 3 = 0
forall a,b,c € M,~, € I'and n € N,.

Proof. We show this by induction on n. This is clear for the case n = 0. For the
induction step, assume that ¢,,(a,b,c), s = 0 for all a,b,c € M,v,5 € I and
m < n. Lemma 2.3.8 and Lemma 2.3.9 show that, for all a,b,c,r,s € M and 7,
5,(,a,0,0 €T,

0= ¢u(a,b, c)yplsa (2 , 755r0¢//__d (sapn(a, b, c)yp

+ pn(a,b, c)y s(s

4((9%(& b, ¢)y501 - 3Csapn(a, b, C)%ﬁ)).

Since M is 2-torsion fr.

(¢nlab. 0 scsapn ff JrAEETBBMNN 50 (0,1, ¢) ) = 0

t'f ¥

forall a,b,c,r,s € M and ~, B, i te that r, §, o are arbitary and M

is semlprlme ,

7

-
foralla,b,c,s € M ancl, 3, (, o € 1. Agaiit, because ddthe semiprimeness of M

and the arbitary hoices 8

‘NEJ’J‘VIEWITW BN

Son(e b C 7,8

waﬂnimumwmaa

for all a bq: and v, 3 O

Corollary 2.3.11. Assume that M is a 2-torsion free semiprime I'-ring. Then

dn(aybBe) = > di(a)yd;(b)Bd(c)

i+j+k=n
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forall a,b,c € M,~,B € I"'and n € Nj,.

Now we are ready to prove the main result. Nevertheless, the following
theorem is required. This theorem provides that for a certain I'-ring, its JTHDs

are HDs.

Theorem 2.3.12. Let M be a 2-torsion free semiprime I'-ring. Then every Jordan triple
higher derivation of M is a higher 4. ‘

Proof. Let D = (d;);en, be ¢ M ée induction on n in order to
prove that d,,(avb) = - L _— \[,v € T'and n € N. Itis
clear for n = 0. -

Assume for the ind: / “ ™ (a)yd;(b) foralla,b €

dy ((ayb)
ﬂuﬂqggn'{ gﬂ’mdt s

AW 38U UNAINBARY

p+q+s+t+v=n

Then
> dilayb)od;(x)odi(and) — > dy(a)ydy(b)dds(x)ody(a)ydy(b)

i+j+k=n ptg+stttv=n
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:( (avyb) Z dy( )&wa’yb

pt+gq=n

| 3 dtemsd@odiart) — Y dyfa)yd,(0)od(@)odi(a)yvd, (b)

i+j+k=n p+q+s+t+v=n
i#n,k#n pra#En,t+v#En
+ afybéﬂca( (ayb) — Z di(a)vyd,(b )
t+v=n

The induction hypothesis pra

3" di(a)yd, (b )

N vb) —

p+q=n t+v=n
Since z, ¢, o are arbitrary, w b= — : osibn 2.1.5 that
”}/’ ; h— O
i 7.""![
forall z € M and 6,0 ¢} In CIoe8 Topositith 2.1.4, define mappings

ST MxT XM= Mlgygs,

S(an.n.b1) ﬂ%&lﬁ] mmw BId T o0) = v

ptg=n

ot ARVRIN FURRITNYIG B

Proposmo’\ 2.1.4 so that

(d (alfylbl Z d a1 ’yld (bl))(sxa'(ag")/gbg)

pt+g=n

forall ay, by, z,a2,bo € M and 71, 72,6, 0 € I'. In particular, for any z,y € M and
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o_( (ayb) p;q:nd ) (y ((datard) pg:nd 4,(8))8 ))
=<( (ayb) p;q:nd 4,(0)) >0 (( (ayb) pgnd 4y(0)) )

rinrime. Hence for each x € M and

Note that y, o, 8 are arbitrary and_Jy
0 € I', we see that

ie.,

(dufert) - p bl (0) <o

,*-:J

Observe, again, that ¢, {{j> arcs S u s1m11arly that

AU ﬂﬂ%ﬁﬂf’ﬁ’ﬁﬂ?ﬂ‘i

ﬂmmnimum'mmaﬂ
dn(ayb) = > dy(a)

pt+gq=n

Then D is a HD. O
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Our main theorem is now provided.

Theorem 2.3.13. Let M be a 2-torsion free semiprime I'-ring such that aybfc = afSbyc
forall a,b,c € M and -, 3 € I'. Then every Jordan higher derivation of M is a higher
derivation of M.

Proof. Theorem 2.2.3 yields that every JHD of M is a JTHD. Theorem 2.3.12
shows that every JTHD of M is. 2l |
JHD of M is a HD is obtain

quently, the conclusion that every

AU INENTNEINS
PR TUAMINYAE



CHAPTER III
HIGHER DERIVATIONS AND JORDAN HIGHER
DERIVATIONS OF IDEALS OF I'-RINGS

There are two sections in f ection provides the defini-

tions of a higher derivat® W ivation of an ideal of a I'-
ring. Moreover, some res: soiing proved by M. Soyturk
in [12] which are relate< i this section. In the sec-
ond section, we show th, == \ pof an ideal of a I'-ring is a
higher derivation. Th¥71r 46 § Fan 4\ AR -..Vv our thesis.

3.1 Essential Prope# 1Wtions and

. r. .r"":
Jordan Higher Deriv
G A

‘als of I'-Rings

We begin with givirjeAd s 4+)) and a Jordan higher
V. A
derivation of an idea™&

"I
Definition 3.1.1. Let U" e an ideal of a I'- rmg M and'D = (d;)ien, be a family

of additive maﬂrﬁ mmﬂmwmﬂimmm (HD) of U

(into M) if

AR AN NRIINYIAL. .,

i+j=n

a Jordan higher derivation (JHD) of U (into M) if

 (uyu) Zd forallu € U,v € I'and n € N.

i+j=n
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For a I'-ring M and an ideal U of M, it is clear that a HD of U is a JHD of U.
Let us have a close look at the difference of HDs (JHDs) of M and those of U.
For a HD D = (d;);cn, of anideal U of a I'-ring M, the property that

dy,(uyv) = Z d;(u)yd;(v) forallu,v e U,y eI'andn € Ny

holds for arbitary elements of thaa | - not necessary for the whole M as
a HD of M.

Note that an ideal U - mealso an ideal of the I'-ring
; g with identity, U an ideal
of Rand I' = Z. Then : _ , of the I'-ring. It can be
shown that a HD and ' PERET ) 11D and a JHD of U into
the I'-ring R, respecti

The following propc \ W tools for this chapter.

Proposition 3.1.2. [12] Lé&T( oM. IfU C Z(M), then M is

commutative.

Proposition 3.1.3. [/} y uro right (left) ideal of M

and a € M. If UT'a ='add Y |
T
Proposition 3.1.4. [12] et M be a prime I'- rmg, U be'a nonzero ideal of M and

o RTINS WY

We extend Prﬁlposmon 2.1.5 to tlge next propgsition.

reros BRI S DADANBAAN AN v

of M. If a,b € M such that aywpBb + bywfa = 0 forall w € U and ~, 3 € T, then
aywPb = bywPa = 0 forallw € U and v, 5 € I.

Proof. Let a,b € M be such that aywSb + bywpa = 0, i.e., aywfb = —bywfa for
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allw € U and ~, 5 € I'. Moreover, let w,u € U and v, 5,(, A € I'. We can see that

(aywb) Cul(aywpb) = (—bywpa)Curayw b

- (—by(wb’aﬁu))\a)ywﬁb
(cw (wBaCu) /\b) ~wBb
aCub)yw b

Thus 2(aywpb)Cul(ar wywpb) = 0 as M is 2-

torsion free. Hence ( = U and ¢, \ € I'. This
implies that (mwﬂb)r 1.4 yields aywfBb = 0 so
that ayw(Bb = bywfa = O

L " \ \
3.2 The Main Result i I= = "'_ *D\ f Ideals of I'-Rings

The steps of proofs for the aw similarly to those for the

main result in Chap] ; ~ 1= (d;);en, be a JHD of
anideal U into a I'-ringf} /-

I.

Let us summarize w ?t we are going to Jrove where the arbitrary elements

whether they bﬂru(ﬂ ﬁe context. First, we
study what d,, (uqp + vyu) m ) are. n ex end this to d,,(uyvpw +
wyvPu %lﬂﬂﬁi ly, @n(u,v),
o1 b‘m"fﬁmm (G}

©n(u, v)gywllu, v]g + [u, v]pywlp,(u,v)s = 0

wn(u, U),B,ng[a’ b])\ = [CL, b]XYwC‘;On(Uﬂ U)B = 0.
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Finally, the main result is obtained.

Proposition 3.2.1. For each u,v,w € U,y € I'and n € Ny,
duluyo +vyu) = 7 (diw)rd;(v) + di(o)yds (w)).
i+j=n

Proof. The result follows from replac by u+wv in the definition of a JHD of U

into M and applying the simi ¢ jroof of Proposition 2.2.1. O

Proposition 3.2.2. Let M & : : s 3c = afbycforall a,b, c €

By Proposition 3.2.1 V: _

4l

)

= dp(uy (gt vfu) + + (uBgt vPBu)yu)

EI YU ANENINEANG 00)

z+] n

ARIFATRIAMAIN ma‘}J
+ Y (Z( w)Bd, (v) + (v)ﬁdt(w))vdj(u)

i+j=n \s+t=t
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= Y diwd;(uw)Bdr(v) + > di(u)yd;(v)Bdx(u)

i+j+k=n i+j+k=n
+ Z d;(u)pd;(v)ydy(u Z d;(v (u)ydy(u)
i+j+k=n i+j+k=n

= Y (Gndi(Bd) + i) (i)

and

d gyvPu)

5." ‘
, ( )) + 2d,,(uyvpu).

Thmphesthﬂumwﬂmwzrm‘s
ﬁﬁ‘?a@ﬁ%&m%ﬁﬁﬁ Ny’

Since M152 torsion free, >, ..., di(u)vd;(v)Bdy(u) — dn(uyvBu) = 0. Hence
dn(uyofu) =32 ey di(uw)yd; (0) By (u). O

Proposition 3.2.3. Let M be a 2-torsion free I'-ring and aybBc = afBbycforall a,b,c €
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M and ~, 3 € I. Then, for all u,v,w € U,~,B € I'and n € Ny,

du(wyoBw +wyodu) = S (diw)rd;(v)Bdy(w) + di(w)yd;(v) By w) ).

i+j+k=n

Proof. Letu,v,w € U,v,B € I'and n € N,. By Proposition 3.2.2,

dn ((u+ w)yvB(u +w

+j+k=n
= )vd;(v)Bdk(w)
+j+k=n
d;(v) B (1))
and
dy, ((u + w)yvf
= dy(uyvfu) - dp(wyvfw)
R :—’
+ M 3 .
i J
That is

AUYANYNTNYNS
Z ( (w)yBv) By (w) + dy(w )i (v ﬁ)dk(g—d (uyvBughwyvBu) =

wmmnimumwmaﬂ

Hence

dy (uyvfw + wyvPu) = Z (di(u)’ydj(v)ﬁdk(w) + di(w)vdj(v)ﬁdk(u)).

i+j+k=n
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Forall a,b € M,u,v € U,v € 'and n € Ny, let

©n(u,v)y = dy(uyv) Z d;(u and

i+j=n

la, b, = ayb — bya.

Then we obtain similar results of th qties of ¢,,(u,v), and [a, b], to those of

©n(a,b,c)ypand [a,b,cl,5in G

Proposition 3.2.4. For allg - - [ and n € N,
(i) on(u+ w,v), = @, (U3 \ '
(ii) pn(u, v+ w), = @, . 24
(i) Pn (1, 0)y45 = Pn(®
(1) @, ), = —pu(v
(v) [a + ¢, b], = [a,b], +
(vi) [a, b+ c|, = [a,b], + [ fF
(vii) [a, b],+5 = [a, b], + [a, !
(viii) [a,b], = —[b, al,.
Proof. These can be ;— . ~ % of Proposition 2.3.2,
Proposition 2.3.3 and 1z O

|
L ¥

Proposition 3.2.5. Let Mabgeg 2-torsion freeglpring, U be a nonzero ideal of M, n €

o and i ﬂﬁucm NEASTN HNVFYS, 001 = 0 o

uve Upela dm<n,thenforflluvw€ andvﬁ(é

q w'lﬁﬂ ?uty WWCWU?’] a El

Proof. Assume that ¢,,(u,v)s = 0 for all u,v € U, € I"and m < n. Let
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u,v,w € Uand v, 8,¢ € I'. By Proposition 3.2.2, we have

dn (B (0ywC0) Bu + v (uywCu)Bo)
= d, (uB(vywlv)Bu) + d, (vB(uywlu)Bv)
= > dy(u)Bdi(v)yd;(w){di(v) B (u)

htitj+k+l=n

DD

htitj+k+l=n

1)

On the other hand, by P

dy, (uB(vywlv)Bu + 2
= d ((uBv)yw((z

= D (df w)Cd(ufv)
y+r+z=n Y-~ I -

= > dupo)ff TG N W (vBu)yd, (w)Cd. (uBv).
y+r+z=n Fi —— I

Let

g +Z-

dy(vfu) fyd Cd uﬂv and

u?ﬂ* m.l mmm
mens RVRIAFUUNAING Y

> dn(w)Bdi(v)yd;(w)Cdi(v)Bdi(u) —

htitj+k+l=n

htit+j+k+i=n

S ( Z dp(v) Bd;(uw)yd;(w)(di(w) Bdi(v) — b) - (2
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Note that, for m < n, we have ¢,,(u,v)s = 0 and ¢,,(v,u)s =0, i.e

m(upv) = Z di(w)pd;(v) and d,,(vfu) = Z d;(v 3)

i+j=m i+j=m

Now,

a = d,(ufv)ywl(vpu) +

0)Cd (vfu) + (uBv)ywld, (vfu).

. 28u) of a. For y < n and

| 1dy ()¢ (4 (0) ().

y+r+z=n
y#EN,z#EN
Thus
S dy(u) By (v)yd, () USSR (uBv)yd, (w)Cd. (vBu) = 0.
D atiEn TR
Then we consider y; :

'rd
Z dp () Bd; (v v)Bdy(u

R it 'mzmiﬂmm

h+i=n h~+i+j+k+l=n

mmﬁmuﬁﬁ%maﬂ

k+l=n
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Hence

Y dn(w)Bdi(v)yd;(w)Cdy(v) By(u) -

htitj+k+l=n

= ( > du(u)Bdi(v) — dn(uﬁv)> ywivfu

h+i=n

'C, U)ﬁdl(U) - dn(”ﬂ“))

‘ 7' CSOn(U’ u)ﬁ' 4)

Similarly, we obtain

Zdh )Bd;(u

htitjt+k4=n

W UBU’YU)CS%(U: ’U)ﬂ- (5)

On (U, u)gywiuf 1)

m/wC vpu

——<
Wim nns

wammwumwmaa

= —n(u, v)m/wC(uﬁv — vﬁu) (uﬁv — vﬁu)*wagon(u v)g

= _@n(ua U)ﬁfng[fl% U]ﬁ - [U, U]ﬁ“ﬂUCS@n(U: ’U)ﬁ-

Thus ¢, (u, v)gyw(u, v]s + [u, v]ywlp,(u,v)s = 0. O
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In order to make use of Proposition 2.1.4 to prove the next result, the semiprime-

ness of a I'-ring is required.

Proposition 3.2.6. Let M be a 2-torsion free semiprime I'-ring, U be a nonzero ideal of
M, n € Ny and aybfc = apbycforall a,b,c € M and v, € I'. If ¢, (u,v)s = 0 for
all u,v € U, € T'and m < n, then

0
forall u,v,w,a,b €U and
Proof. Assume that o, ® and m < n. We obtain
from Proposition 3.2.5
v)p =0
for all u,v,w € Uandy,A )
0, (u,v)g =0

for all u,v,w € U anddd

Wl be defined by

@, v) s andy 1T'(u,B,v) = [u,vs

ﬁ‘NEJ’J‘i’IEWI‘i‘WEJ’m‘i

for all u,v € U'%hd 8 € T. Then ‘S and T’ sat1sfy the hypothes1s of Proposi-

“"“21W%%Tﬂ‘iﬂm1ﬁﬂ°ﬂﬁl’mﬂ

Spn(ua U)/J"dea? b]/\ =0

forall w,v,w,a,b € Uand~, 3,(, A, € I. Similarly, another result is obtained. [J

Proposition 3.2.7. Let M be a 2-torsion free prime I'-ring, U be a nonzero ideal of M,
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n € Ny and aybfc = aBbyc for all a,b,c € M and ~,3 € T'. If p,(u,v)g = 0 for all
u,v € U,v, B € I'and m < n, then, for all u,v,w,a,b € Uand~,5,{, €T,

@n(ua U)/B")/UJC[CE, b])\ = [av b])xﬁng@n(ua U)/B =0.

Proof. This follows from Proposition 3.2.6 and the fact that a prime I'-ring is also

a semiprime ['-ring.

Now, we are ready to pr: ' /&Nevertheless, the following

Lemma 3.2.8. Let M Li® ‘ | B 0 I-ring, U be a nonzero
S T. Then a Jordan higher

Proof. Let D = (d;)ien 4 = U,v eTl'and n € Ny,

Proposition 3.2.1 provide

i+ vr) = T + (1)1 (1)).

Since M is commuta yi.

. ¥

2, (uyv) ;ﬁi‘g&mid WHW@FW%Q]T'] (v)yd; (u ))
&Wz'mmmumwmaﬂ

i+j=n

Since M is 2-torsion free, d,(uyv) = >, ,;_, di(u)yd;(v). Hence D isa HD of U
into M. |

Theorem 3.2.9. Let M be a 2-torsion free prime I'-ring, U be a nonzero ideal of M and
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aybfe = afbyc forall a,b,c € M and ~, 3 € I". Then a Jordan higher derivation of U
into M is a higher derivation of U into M.

Proof. Let D = (d;)ien, be a JHD of U into M. Lemma 3.2.8 shows that the
statement holds if M is commutative. As a result, we assume that M is noncom-
mutative.

To prove that D is a HD, we sly t d(uyv) = 2, di(u)yd;(v), i

. This obviously holds when

on(u,v), = 0 for all u,v € Uy
n = 0. Now, letn € Ny a e t! t(é: ZiJrj:m d;(u)yd;(v) for all
u,v € U,v€'and m < . siffonss

yw1ime and w, 3, ¢ are arbi-

' y " =0foralla,b € U and

for all u,v,w,a,b € Ufany,
trary, v, (u,v), = 0 for#
Aell.

Suppose that [a,b], = al U a,b € Uand A € I'. Let
a,beUmée Mand~,[ € sause U is an ideal of M so that
[aym, b]s = 0. Note Mo -

(7 Y]

0= /m bls <

ﬂﬂﬁj‘ﬁﬂmwmm
PRI INEIA Y

= ay(mBb —bBfm) + 0 (by assumption)

= ay[m, b|s.

Since a and + are arbitrary, it means that UI'[m, b]g = 0. By Proposition 3.1.3,
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we have [m, bl = 0. This shows that [m,b]g = 0 forallb € Uym € M and
B e T. Asaresult, U C Z(M). As a consequence of Proposition 3.1.2, M is
commutative leading to a contradiction. Thus ¢,,(u,v), = 0 for all u,v € U and

~v € I'. Therefore D is a HD of U into M. O

AULINENINYINg
ARIANTAUIM TN



CHAPTER IV
GENERALIZED HIGHER DERIVATIONS AND
JORDAN GENERALIZED HIGHER DERIVATIONS

In this chapter, we defin zation and a Jordan gener-

alized higher derivaticy - Saacies are extended from a

generalized derivation wation of a I'-ring. For the

sake of the consistency Whesis, we still divide this

chapter into two sections \ the definition and simple

example. The second s&Cti “'-. in.esult for this thesis.

4.1 Definition

- Ja Jordan generalized

L}
1

higher derivation o "= 1 tools for this chapter

Only definitions of {3

¥

are results from Chapt II

Definition 4.1, ﬂ% @ N %@wgq 3 ppings of a ring

M (i.e., fl MM preserves the addition for all 7) where fo is the identity

mappln m?dwgf‘(a[ﬂf M if there
is a hlghelqderlvatlon D = (d;)ien, O

fn(ayd) = Z fi(a)yd;(b foralla,be M,y e I'and n € Ny,

i+j=n
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a Jordan generalized higher derivation (JGHD) of M if there is a higher derivation
D = (d;)ien, of M such that

fnlaya) = Z fila)yd;(a) foralla € M,v eT"and n € N,.
i+j=n
It is clear that a GHD is a JGHD in general but the converse is not true.
Observe that a GHD and a GJH '
GJHD of a I'-ring R where 5

J with identity is also a GHD and a

4.2 The Main Resu'’ | N )s of ['-Rings

Throughout this sectis
HD of M such that f,

and D = (d;);en, be a
v € Tl'and n € Ny. The

Proof. The result foll Y

tion 2.2.1 by replacing: y y a + b in the detinition of a%&HD of M. O

oo H A NENTNE N
L0 el (R

9

Proof. The same process in the proof of Proposition 2.2.2 is applied. Leta,b € M,

£ 1 the proof of Proposi-

7,6 € I'and n € Ng. We put = ay(afb + bBa) + (aBb + bSa)ya. By Proposi-
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tion 4.2.1,
fule) = 32 (fil@)rd(ah +bBa) + fi(apb+ bBa)id;(a) )
i+j=n
( Z (dk )Bd;(b) + dk(b)ﬂdz(a)) (since D is a HD)
i+j= k+i=j
+ (fp( )Bdy(b) + f,(b)Bdyl \)vdj(a)) (by Proprsition 4.2.1)
pt+q=i
— Z (f,(a)fyd](a
i+j+k=n
+ Y (i@
i+j+k=n
and
= fn (avaﬁb—k bsan .
= Z (fi(ava)ﬁdg (aybBa + afBbya)
i+j=n
= (fi(a vd;lg o 4 a)\_) fn(cwbﬁa + aﬁb’ya).
i+-j+k=n a
!rd
This implies that

B (ﬂ:y g?mg ylﬂ g(!bﬁlﬂﬁvbﬁaJraﬁbfya
s ﬂW]ﬁﬂﬂ‘iﬂmW]’mmﬁlH

fo(abBa+asbra) = - (fi(@)rd;(b)Bde(a) + fi(a)3d; (b)de(a) )

i+j+k=n
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Proposition 4.2.3. Let M be a 2-torsion free I'-ring. Then

Farbya) = 37 (fla)rd(b)rdi(a))

foreach a,b e M,y € I"and n € N,.

Proof. Leta,be M,y e T'andn € N, oposition 4.2.2, we obtain that

frlaybya + aybya) = - \ + fi(a)fydj(b)fydk(a)).

That is

Proposition 4.2.4. L ;

f(cwbvwrcvbv,— >, (Hend 11k(c) i (c)1ds (0)1du(@))

By tk=n

for each a,b, ¢ eﬂuﬂ%ﬂ\ﬁmﬁw HINJ
ot RN NN YA

fn ((a +e)yby(a+ 0))
> (fila+ i (b)yde(a+c))

i+j+k=n
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= Y (Mandeha@) + Y (Ferdbrde)

i+j+k=n i+j+k=n

+ ) (fi(a)vdj(b)vdk(c)Jr fi(c)’ydj(b)fydk(a))

i+j+k=n

and

= Futwrtre + i) WP i ) W (©) + £, (01 (@)
Hence y W™ '

. ]
fulaybye + cybydd= L) 7 Yy (c) 4L ”z-(C)Vdj(b)”vdk(a))
‘ i+j+k=n

o, L

ﬂUEJ’JVIEWI’a‘WEJ’]ﬂ‘E 5
o RS SRt

Proposition 4.2.5. For every a,b,c € M,~,3 € I' and n € Ny,
(i) F.(a+¢,b)y = F,(a,b), + Fu(c,b),,

(i) F,(a,b+c), = F,(a,b), + F,(a,c),,

(iii) F,(a,b), 5 = Fn(a,b), + F,(a,b)s,
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(iv) F(a,b), = —F,(b,a).,.

Proof. These can be shown in the same way of the proof of Proposition 2.3.2 and

Proposition 2.3.4. O

Lemma 4.2.6. Let M be a 2-torsion free I'-ring and n € Ny. If Fy,(a,b), = 0 for all
a,be M,y e T'and m < n, then, forall a,b,x € M and ~,5 €T,

Proof. Let a,b,x € M as . Ry L. .3 and the definition of a
HD D -
fu (a7 (bB2Bb)va +
= > (fi(a) )yd;(aBaBa)yd( ))
i+j+k=n

i+utv+w+k=n L

fﬂﬁd a)ydy,(b

WT:IEJ’N’IEWI‘EW EJ"Iﬂ‘i

On the other halld , applying Prop.@smon 424 and the def1n1t10n of a HD D

vields ﬂﬁﬂﬂﬂﬂimﬂﬁﬂﬂmaﬂ

fn((mb)ﬁxﬁ(bw) (1) 55 (arh) )
= > (F(ayt)Bdy(w)Bdy(7a) + f, (bya) B ()3 (arh)

r+s+t=n



= > fr(ayb)Bds(x) (Zd )

r+s+t=n p+qg=t
+ Z fr bva Bds(x (Z dy( )
r+s+t=n ptq=t
Z fr(a'yb)rBdS(x)ﬁdp(b)’qu(a) + Z fr(b'Ya)ﬁdS(x)de(a)’qu(b)-
r+s+p+q=n r+s+p+q=n
Let
y = and
z =
Then f, (av(bﬁxﬂb)fya

Z fila)yd,(b

i+utvt+w+k=n

Note that, for m < nS4

‘ f ayb) = aa vd; (b

ﬂual'mzm'a'w mn‘:

Now,

VAN IUHMANEIAE

r+s +p+q n

= fu(ayb)BxBbya + Z fila)ydy(b)Bds(z) Bdy(b)vdy(a).

l+g+s+p+g=n
I+g#n
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We can see that

> fi(a)ydu(b)Bdy(x) By (b)ydy(a) — y

i+utvtwt+k=n

(Z fila)ydu(b)Bbya+ ) fila)ydu( )ﬁ%(w)ﬁ%(b)w@(a)) —y

i+u=n i+utv+w+k=n
i+u#n

= D fila)ydu(b)BrBlya ol

i+u=n

= ( Z fz(a)’ydu(b\

i+u=n

Fo(a, b)vﬁxﬁ(,‘ ’

and, similarly,

> fb)vdut

itutvtwt+k=n

— N, (b, a),pzp (avb).

Hence, applying Propositicti 4 JEEE

; i
—< T T ) - ] (a)—y>
i+utv w+kn

AltSnemineany )
wiﬁﬁﬁ&” LNy

= F,(a,b) Vﬁxﬁ ayb — bya)

= F,(a,b),BxBa,b],.
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Lemma 4.2.7. Let M be a 2-torsion free semiprime I'-ring and n € Ny. If the element
F.(a,b), =0foralla,b € M,y € I"and m < n, then

F,(a,b),Bz([a,bl, =0

forall a,b,x € M,~,B,¢ €T.

Proof. Leta,b,z,y € M and . [ gnma 4.2.6 provides

= Fo(a,b),828la, b, + 2 DL 2500, 8, + Fi(a,b),Cecla, B,

This implies that
5la, b],
Consequently, ‘_ " )
(Fn(a, b)+ ;@% .[

) . (@} 5¢[a. b )
ﬂuﬁﬁ”ﬁ ﬁ“?ﬁ‘ A3
where @b GV AIAIUBAINGUIAY. ., .

are arbltrary and M is semiprime,

F.(a,b),pz([a,bl, =0
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Lemma 4.2.8. Let M be a 2-torsion free semiprime I'-ring and n € Ny. If the element
F.(a,b), =0foralla,b € M,y € I"and m < n, then

Fu(a,b)yBx([u, v]y = 0

forall a,b,z,u,v € Mand~,5,(,\ €.

Proof. Lemma 4.2.7 provides tt ‘a,bl, = 0forall a,b,z € M and

~,8,¢ € T. Define S, T : M.y ,/Jiw ,and T(a,~,b) =

la,b],. Then S and T satis:™ otlesiss ition 2.1.4. As a result,

forall a,b,x,u,v € M O

Corollary 4.2.9. Let M %e ‘ NoVid n € Ny. If the element

Fula,b), = 0 for all a,b c#1 ffle LEAAS

forall a,b,z,v,u € Y
i

Proof. This is obtamed fr‘g)m Lemma 4.2. 8 and the fact that primeness implies

s @ UYININTHYINT

Finally, the mam theorem of thigrchapter is prgvided.

heorer) 20 LAV T AFH YA AN

generalized higher derivation of M is a generalized higher derivation of M.

Proof. Let F' = (fi)ien, be a JGHD of M. Then there isa HD D = (d;);en, such
that f.(ava) = >, ,_, fi(a)yd;(a). To prove that F'is a GHD of M, it suffices
to show that f,,(avb) = >_,,,_, fi(a)yd;(b) for all a,b € M,y € I'and n € Ny.
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We prove this by induction on n. First, notice that this holds when n = 0
because fj is the identity map. Now, let n € Ny and assume that f,,(ayb) =
> ivjem fila)yd;(b) forall a,b € M,y € I"'and m < n. Applying Corollary 4.2.9,
we obtain that

Fu(a, b)yfCu, v]y =0

for all a,b, x,u,v € M and ~, 3, (. 'y ince M is prime and z, 3, ¢ are arbi-

Fgor [u,v], = 0 forall u,v € M
,forallu,v € Mand )\ €T.
e . Thus F,(a,b), = 0 for
O

trary, F,(a,b), = 0 for all a3
and A\ € I'. Suppose that
Then M is commutativg

alla,be M and v €T 4

AT A2

Vi : X

AULINENINYINg
ARIANTAUIM TN
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