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CHAPTER |
INTRODUCTION

Gold has been a valuable metal throughout the ages because of its versatility. It

can be used in many applications. One of jts primary uses is as jewelry and adornment.

It is even used in aerospace, dentisists ¥ § 4. People can also use gold as the
standard value for the money of M ; ﬁ - gold is extremely important

to the development of industry . - fry because it is considered
as a liquid asset and has |2 , N : 32d as an assurance when
issuing bank notes. We ca~ . . W% ve gold for a guaranteed
source of investment funds [ = N\ SSgood way for getting high
return in the long run. Now #fo J#F - | W nodity derivatives markets
: : \ Jespread attention. Gold
derivatives markets have Wit: < ) l‘-'. : ¥ %.n recent years. In order to
provide closed-form solutions fur gL -ﬂ Lh as futures and options, one can
treat gold spot prices a rapaels 2 3 g0ld spot prices are assumed
to follow a stochastic di ,;, .‘:" neory, the closed-form
solutions can be obtained l SOV = mal djfprential equations.

¥

By considering gold.as one of those Commodltles one can choose a model

proposed by Brenﬁv uﬁ fgw% Eﬂ Wﬁw (%Jd’]\ﬂﬁof gold spot prices.

To follow the moddi gold spot prices 3re assumed to follow a Geometnc Brownian

o RN TN AN

commodity @#ices, is described in the same way as a dividend yield. Nevertheless, this

specification is inappropriate because it does not take into account the mean-reversion
property of commodity prices. Schwartz (1997) [2] introduced variation of this model in
which the convenience yield is mean reverting and intervenes in the commodity price
dynamics. Besides the mean reversion property of commodity prices, the other main
empirical characteristic that makes commodities noticeable difference from stocks,

bonds and other financial assets is seasonality in prices. Many commodities, such as



agricultural commodities or natural gas, exhibit seasonality in prices, due to harvest
cycles in the case of agricultural commodities and change consumptions in the case of
natural gas. In addition, gold also have seasonal variation in prices as well (see Chapter
3).

In this thesis, we developed a one-factor model of stochastic behavior gold

prices, which is an extension of Schwartz model 1 [2] in the following form.

The Model
1.2
1.2
1.3
The first factor is ' - % an extended Geometric
Brownian Motion with a tine o - 'Seasonal variation in gold

prices. The drift includes # tld &(t) which follows an

ordinary differential equation C¥esents seasonal variation in
convenience yields.

|

The No-Arbitrage Assh ;

"I
1. The market is arbitrage-free, that is for any portfolio

o

9=(2). V,(0) @tﬁgoﬂ;?: O@Zslﬁ Iwﬂ&rﬂj V,(M=0 P-as.,

where V,(t) = e value of the portfolio at time t and P

denot i rﬂK ﬁ\j In mﬁwa‘f ires a null
investawm:i g (the e‘sﬂ:Hs iBle fosS al t me'h .zﬂT), then its

terminal value at time T has to be zero.
2. The market participants are subject to no transaction costs when they trade.

3. The market participants are subject to the same or no tax rate on all net trading

profits.

4. The market participants can borrow/lend money at the same risk-free rate of

interest.



The aim of this thesis is twofold.
(I) To derive a closed-form solution for no-arbitrage gold futures prices (fair-prices).
() To derive a closed-form solution for no-arbitrage European options for gold.
The remaining of this dissertation is organized as follows.
In Chapter 2, we gave some background knowledge to develop a one-factor
model of stochastic behavior of gold prices. The gold prices are assumed to follow an

extended Geometric Brownian Motion with a time-varying drift which describes seasonal

variation in gold prices. The drift incluc :ouUSs convenience Yyields which follow

éo provide the solutions and
4

S pProcess.

an ordinary differential equati
simulating of instantaneous ¢

In Chapter 3, we gave , o N foth futures and European

options contract. Moreover. . heorems relating to obtain
the no-arbitrage gold futures - e ‘ aawritten on a gold contract.
Finally, we illustrated the = 2 European gold option
prices. |

In Chapter 4, we conc

-
\v:.
T

10
W

|

AuEINENINEINS
ARIAINTANMINGAE



CHAPTER I
STOCHASTIC MODELING FOR GOLD PRICES

In this Chapter, we provided some background knowledge to develop a one-
factor model of stochastic behavior of gold prices. The gold prices are assumed to

follow an extended Geometric Brownian §/

yith a time-varying drift which describes
seasonal variation in gold prices _ 'stantaneous convenience yields
which follow an ordinary differ - i —d e also provided the solutions

and simulating of instantane - Wices process.

2.1 Mean reversion prope;

Mean reversion is MhoCology. That is sometimes

used for investments such # { : " ‘ M also be applied to some

5
"'u

other processes. In general {# Wprices are temporary, when
the current price is less than fle &faas ' stdCck is considered attractive for

purchase, with the expectation tha= = __--'f knilarly, when the current price is

above the average prich E vords, deviations from

‘ .f'd
the average price fluctuates ! mans that they conduce to

mean-revert to a level WhIC I may be viewed as a marglnal COSL of production.

22 nstarancous E'JAJJ,%J oY El NINYINT
- QRANIN T AN NV e

that the connience yield is referred to as the flow of services that accrues to an owner
of the physical commodity but not to the owner of a contract for future delivery of the
commodity. Recognizing the time lost and the costs incurred in transporting a
commodity from one location to another, the convenience yield may be thought of as the
value of being able to profit from temporary local shortages of the commaodity through

ownership of the physical commodity. The profit may arise either from local price



variations or from the ability to maintain a production process as a result of ownership of

an inventory of raw material.

2.3 An equivalent martingale measure Q

In financial mathematics, an equivalent martingale measure Q (a risk-neutral
measure) is one kind of probability measure that results when one assumes that the

current value of all financial assets is ecy:

xpected value of the future payoff of
the assets discounted at the risk : ledge is used in the pricing of

derivatives.

Besides the mean - Y | ' ‘ prices, the other main
empirical characteristic that | ditierent from stocks, bonds
and other financial assei® i 4 204 = \ ""-.4 y commodities, such as
agricultural commodities or # 9; e ,' éa ‘A '/ in prices, due to harvest
cycles in the case of agncultura cl¥ : ange consumptions as a result of
weather patterns in the_case.g e 2 ition, gold also have seasonal
variation in prices as ;?r '_"[ rices data [6] during
January 1989 to Decemb -_-; 9 offiold spot prices as shown

- i¥

in Figure 2.1.

e AU ANINI NN

prices vary up and @pwn annually, up in the begmmng or end of the years and down in

the mddlﬂTwmltla mj wqtﬁ ﬂomeﬁrﬂld take into
account a sqasonal variation which behave like a wave



gold spot prices(baht)

79 85 91 97 103

In values of gold spot prices

Q'ﬁ’i A4S AN WYY

(b)

Figure 2.1: (a) Monthly averages of gold spot prices over nine years

(b) Natural logarithm of data in (a)




2.5 Stochastic model for gold spot prices

Stochastic modeling for commodity prices significantly plays a role in pricing
commodity derivatives for both futures and options, under the no-arbitrage assumptions.
The literature review on stochastic models of commodity spot prices can be found in
Lautier [7]. One can also derive the no-arbitrage prices (fair-prices) of futures or options

in closed-form solutions or numerical solutions [5]. We presented here a stochastic

model of gold spot prices which is de this research as an enlargement of the
model proposed by Schwartz [21.% )that the gold spot prices § is
random and the instantangg ' is deterministic under an

(S)

where |,

2 t, r is a risk-free interest

rate, InS is instantaneous cony, i€

the commodity prices, o is the 220k,

#
s

! is the speed of adjustment of

ity prices, (\M(“)))te[o,T] is a-one

dimensional standard By e A

\,
. P i ! . .
The main empiriCT24" "= s noticeable difference

from stocks, bonds and ¢®er financial assets is seasonali®in prices. In case of we

know seasonality ip=pri f‘cj i i’ ; [ _' t the commodities
spot prices. For tﬂrﬁﬁjw thﬂﬁe ﬂaﬂﬂﬁ:ces from January
1989 - Dec 197 [seg Figur ﬂ | ia ity | ﬁ rices defined
as aft) in q;;ﬁﬂ/’j ﬁoﬁwﬂfﬁ mjel ﬁﬂﬁt l tantaneous
convenience vyields In§ to §(t) satisfying the term as motivated by Figure 2.1;
instantaneous convenience yields InS§ for Schwartz model (S) also has seasonality. For
instantaneous convenience yields §(t), similar to gold spot prices, also has seasonality
and to have mean reversion property that the solution converges to long run mean «,,

we use an ordinary differential equation (2.2) which the solution is in the form (2.4).

Thus, (2.2) is the equation for &(t) that reflects the seasonality and mean reversion



property. Finally, the stochastic model for gold prices is obtained in (2.1) which the
seasonality is entered in the term of &(t) .

By the given motivation, we presented our stochastic model for gold spot prices

as follows,
ds =(r-8()Sdt+oSdW, SH=5>0, (2.1)
DU - i@-50). 50 =%, 22)

a(t) = a, + o, Sin(2r(t-t,) 2.3)

é,’ is a risk-free interest rate,

where (S't(a’))te[o,T] is the gold =

o(t) is instantaneous conver 2. is assumed to follow the

—

ordinary differential equatiz saoperty, § and & is an

initial condition. (W, (w)) wirownian motion under a

te[ G

probability space (Q, F, Q alent martingale measure

Q, x is the speed of adjus’ long run mean, o is the

volatility of gold prices, and o cANfion. The parameters ¢; and

,, denote the annual seasorniall en & e amplitude of seasonality

and the seasonality centering para "y the starting point of seasonality in

each year, respectively. =g

Due to the parel V fY | ncluded in the term of

seasonality in the model ( | bec — Figille 2.2 shows the example

dF

of plots of t, . We fixed « @ €[0,2], =1, b tvarymgt The values of «af(t) in this

ﬂguredonotstanﬁ%wzm'a'w HNT
PRI TUAMINYAE



25| t, =0.70
_ t,=090

201 _ 1,=055
7 t, =045
15| t, =025

Figure 2. r L NN plds a(t)

2.6 The solution for instantane

Let t bein the in® ne _9 convenience yields

satisfying (2.2). Then, th y: ‘

ﬂmi Vievisighng

~204x700S(2(t ) + o1 ’Si N (t 1, )) (2.5)

ammnmmnwmaa

o ' Js convenience yield is




10

Examples of plots for the instantaneous convenience yields

In Figure 2.3, we plotted the graph for the various values of x to show the
difference magnitude of speeds and given the other variables are fixed. This shows the

speed of approaching the long-run mean

k=01
x=0.15
k=02
o, =10

ﬂﬂﬂ?ﬂﬂﬂiﬂﬂﬂﬂi
W mmzm NN
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In Figure 2.4, we plotted the graphs with various values of &, for the different initial

values plotted with the other variables.

6, =12
6, =16
6, =20
a, =14

AMARAAAAAAAAAAAAAAAAAN
VIV VYT Ty i

10 time

AU INININYINT

Figure 2. 41!5raph of the mstant@eous convemence yields for 5 =12

] RIQIATHINIINYINY
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In Figure 2.5, we plotted the graph for the various values of ¢ to show the

different long-run means plotted with the other variables.

5(t)
20

7 : . o, =18
18 aa NA %, ‘ - " -Av'v‘v'v‘v'v‘v‘l‘vlv‘v'

. — aqy=12

6 o, =10
14}

i “h I

10 A /\vl\vl\vflv!\vf\vf\v(\vl\vl\vl\ ApAR = AR AAAARAALAAAARD

£)

!C‘.I 10 time

FI‘HH’WIEWI‘J"W BN

F|gure . Graph of the mstaetaneous Convemence yields for ag =138,

’Q‘W'ﬁﬂ“ﬁﬁﬁﬁi@%ﬁﬁﬁmﬂ?ﬁﬁ
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The instantaneous convenience yields d(t) depend on 5 parameters g, A,
K, 0q, t,, where each parameter has its own meaning as illustrated in Figures 2.2-2.5.
One can actually estimate the values of these parameters by using some method such

as maximum likelihood method, given that the data of the gold spot prices are known.

2.7 The solution of the SDE

The strong solution of the SDE (2.1) [4 nybe expressed as

z], (2.6)

forall 0<ty<t<T, where Z
Proposition 2.1. The gold " afive nor zero for all t>0.
Because its closed-form so' Non and its initial values is
equal to or greater than™ ze | Wi =0, In(St /S(D) is normal

distributed with mean

2
j (r———&(s))ds and variance o*(t— t
_ s A T
Proof. £
Obviously, It foll £

From (2.6), we ot : n

T EL I

—j (r— —5(5))ds+a (t—t5)Z.

Letj (r—gm)n. mumqumqaﬂ

Then, we obtain In[s(i] ~ N(,u,alz). O
0
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Simulation
We use the Euler method [4] to simulate sample paths for the SDE (2.1), Here,
we consider the time discretization

t=tyg <t <..<ty,<..<ty =T,
on the time interval [t,T] in which the equidistant case has step size
At :T__to’
N

for some integer N, large enough so that At €(0,1).

The Euler approximation satisfies the |

|

Sl = S — (tha _-—-"'s" L,‘ her —Wh), (2.7)

for n=012,...,N-1 of the Wir s V= — 1 the initial condition

8 =% .
We show the simule’ 40" 4, - \ 0 analyze the tendency

oy :0.5, K:0.2,

of the gold prices by r is 0.0

.

o =01 t,=0, c=00% N

gold spot price

Figure 2.6: The gold future prices sample paths.
They start at 15,000 baht and end in the terminal time with various prices where

T =1 means that we divided 1 duration of time to 100 sub-durations.
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probabilities

0.30

025F

0.20

015

0.10

0osF

[ —

18000

gold spot  prices

.! ::,3 es

‘o Y o
We Capturﬂt?ﬂaaqwmtﬂ'ﬁ?w ﬂ mpaths in Figure 2.6
and the histogram iquigure .7. We obtained that the gold spot prices in the future will
¢
o RN S NN TNB TR Y
9

probabilities



CHAPTER llI
PRICING OF GOLD FUTURES AND EUROPEAN GOLD OPTIONS

In this Chapter, we explained some basic concepts about futures and options.
Moreover, we summarized the necessary theorems relating to obtain the no-arbitrage

gold futures price and European options written on a gold contract. Finally, we illustrate

the evolutions of the gold futures and t rggold option prices.

3.1 A futures contract

A futures contract » security giving one has

an obligation to a specifi at a certain future time

for a certain price. The ce “ration date or maturity of

the contract and the certair #i \ “Mce. The expiration date of

g,

the contract and the futurég v A I M -ontract is entered by two
parties. After that the futures pr @ is= . 2| /price. The futures contract is

traded on an exchange. The exch wrtain standardized features of the

contract and provides |[+4n4 i 7 278 a guarantee that the

contract will be honoreds.d: A Jes market,

y
|
|

!
i

Example of trading a futures dcg[act

AUINYNINYINT

Suppose thAWhe current spot prlge of gold is 1 OOO baht. Party A wants to buy 1
=R RNINTUNNIINGIRE
who want to §ell 1 share in the exchange market by taking position “Short”. Suppose that
the price rises to 1,100 baht in later time. Then, party A can make a profit by selling 1
share to someone in the futures market (by taking the position “Short”). These processes
will be done in the futures market by a broker. Then, he will benefit (1,100-1,000)x1=100
baht and party B will lost 100 baht. On the other hand, if the price falls to 900 baht, party
A can limit his loss by selling 1 share from someone in the futures market. Party B will

benefit 100 baht. On the other hand, party A want to sell the share he can take the short
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position. If the price falls to 900 at later time, he can offset the position by taking the long
position to receive the profit 100 baht. Meanwhile, the price rises to 1,100 baht, he will
lose the 100 baht as well.

If the parties do not want to offset (taking the position opposite in the first) their
positions, when they reach the maturity time, the party who takes the short position must

prepare the commodity to sell to the parties who take the long position.

3.2 Arbitrageurs

In economics and fiz J IS e ON Of taking advantage of

price different between tw - ek — g of a gain through trading

=

without committing any riione 4 ‘ a0110osing money (arbitrage

ants in futures or option

@ \ “simultaneously entering in

pl goods sold in one market
should sell for the same price; 1 ré®:r may find that the price of
commodity is lower in someplacesii i 4/ d they purchase the goods and

transport it to another a—, | price arbitrage is the

most common, but this Y L port, storage, risk, and
_.;

other factors. -

v s SULININTNENNT
AR UURA NI

the foIIowingiheorem available in [5].

¥

Theorem 3.1. (No- Arbitrage futures prices)

Under the no-arbitrage assumptions in a futures market, the no-arbitrage price
or fair-price of gold futures at a current time t can be represented by the expected
value of its discounted payoff function at the maturity time T under a risk-neutral

probability measure denoted by FT(t,S[) , satisfying,
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FT(t,S)=EglSr | Al (3.0

where the expectation is taken under the equivalent martingale measure Q
conditioned on % .

The relation (3.1) implies that FT solves the partial differential equation [5]:

oFT oFT L1 , O°FT
- =(r-6(t)S—+=02%S , 3.2
P =(r-o(t) s 27 % o (3.2
subject to a terminal condition
FT(T,9) =S _forall S>0. (33

We now solve the PDE (3.2) sub: jained closed-form solutions for no-

arbitrage gold futures price.

Theorem 3.2. (Determinatior
For given and fixer! whaold futures prices to the

PDE (3.2) can be expressec;

(3.9
where
(3.5
forall ©>0.
proof

(7

To avoid confusior™ out the notations, we omit writirig*the subscript t of § and

| YHANYNTNYNS
AR ARTENE 18y

where '= i

Replacing the above partial derivatives into (3.2), we then obtain the following ODE,
A(@)=(r-46(T-1)) (3.6)
and the terminal condition implies that
A0)=0. (3.7)

Then, we solve (3.6) subject to (3.7) to obtain (3.5). O
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The solution of jgé(T—s)ds is in the formof B+C+D+E—-F +G+H,

-kT KT
(a.e (- e (58 e (1+€~))
where B= ((oe™ (1 + € )), C= , D=a.r,

K K 0

(20,6 T (-1+ €7 )zcog 2t ] - (o cos27(-T +1)]-cod 27 (T +t_ +7)]

K'2 + 47[2 271'(1(2 + 47r2)
((a e’ ( 1+ €7 ks n[27zt ] ((allfsi n2z(-T +ta)] —sin2z(-T +ta +7)]
= , H= .
K‘2 + 47[2 K2 + 47r2

30\/X

20"

15
10+

05

FI‘IJEJ’J‘VIEWWW EJ"Iﬂi

F|g re 3.1: graph of A(g-t), where = and te[0, Ury;

QW']ﬁﬁﬂiﬂle’mFJ']ﬁH

ffked T and we obtain the values of A(T —t) have nonnegative values from
day t=0 (the day that the futures contract initiated) until the maturity date t=T . This

implies, on day t, A(r) > 0then the future price is higher than spot price and vice versa.
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We ended this Chapter by showing the evolution of the futures prices obtained

from the closed-form solution (3.4) with the parameters in various cases.

Gold futures prices

Gold spot prices

300

Figure 3.2 (b): Evolution of the futures prices with the same parameters

as Figure 3.2 (a) excepted x=8 (left) and x=8 (right).



Figure 3.2 (C): EVO!' e ; ‘ e parameters

as Figure 3.2 (a) e: ¥/ o )

2

e oA
| AIANN AN INETR E

Figure 3.2 (d): Evolution of the futures prices with the same parameters

as Figure 3.2 (a) excepted o=2 (left) and ¢=0.5 (right).

21
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e

Figure 3.2 (e): Evolutic ™ et g - == _he same parameters

. — | I, S . .
as Figure 3.2 (a) e ==—_- 77 1 - vright).

Augneninens
ARSI ANy



Figure 3.2 (g): Eve. ame parameters

as Figure 3.2 (a) ey

’QWW ﬂ\‘lﬂiﬂJﬁJ

Figure 3.2 (h): Evolution of the futures prices with the same parameters

as Figure 3.2 (a) excepted r=0.8.

23
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Futures prices will increase or decrease when the time passes and they are also
up to the parameters «,q,0,a9,8q.t,,r . Moreover, it will be nonnegative because the
solution (3.4) is exponential and it has the nonnegative initial condition. When we
substitute any cases of the parameter values to evaluate the futures prices, they make
the results in various cases. One thing that makes futures prices increase or decrease is
the difference between the term of rz and jgé(T—s)ds. If rr>J'g§(T—s)ds, we obtained

A(r) be positive and it makes futures prices be higher than spot prices (Figures 3.2 (a)

—(h). If rr<J';5(T—s)ds, we obtainac | 2five and it makes futures prices be
lower than spot prices (Figure 3.

As seen in Figures s " — these figures by varying

wiained from Figures 3.2 (as

a result from (3.4)) that th ' ' & \ Whlike a wave showing the

seasonality of variation in ilai to the seasonality of the

gold spot prices shown in# stantaneous convenience

we obtained that the gold

yields consists of the seaso!

. y . . __r F
futures prices depend on seascfalit %
- fj-fl":- A h;

AUEINENINYINS
ARAIN TN INAY



25

3.4 An option contract

An options contract is a derivative security giving one the right but not obligation
to make a specified transaction of the underlying asset at a future date at a certain
price. The futures date is known as the expiration date or maturity of the option and the
specified price is known as the exercise price or strike price. Call options give one the

right to buy. Put options give one the rioc’ ') European options give one the right to

ﬂerlymg asset is referred to a
1S kr—d European Option.

exercise the options only on exrs

futures contract then the Euron
3.5 Payoff of European ¢

Let consider the sir gl - “% European call option with
s that if the stock price on

the maturity date § is more t' dordd ) ) \-,‘ all option will be exercised.

b T : - . .
Then, the party can buy a shar: A s 2 ‘ > snare for § to realize a gain
b : '
of S, —K for a share. (ignoring any L ) $K If the stock price (Sr)is less

ﬁ‘lp A . "

than the strike price (K2 to g=ercise at the price $K

because if he would .y.‘ ,Ti get it cheaper in the

market. Thus, in this case_ e gans aill opy | is zero. Putting the two

cases together, we see tha@ lding a Europﬁ call option leads to a payoff max

R YT T TITHE IR S

option with a stnkeﬂnce of $K (K >0) 1, share of a certaln stock. Su ose that if the
curent sig) Wﬂﬁﬁ"ﬂﬁ Bl & ﬁﬂ%ﬁﬁ%ﬂ
option will bdexercised. Then, the party can buy a share for S; per share and under the
right of the put option, he can sell the same share for $K to realize a gain of K-S; per
share. Thus, in this case, the gain from holding the put option is zero. Putting the two
cases together, we see that holding a European put option leads to a payoff max

(0,K —Sr) at the maturity date T.
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Example of call options

Party A buy a call option contract to obtain the right to buy 1 share of gold. The
spot price is equal to 1,000baht and it may increase more that 1,000 baht in the later
time. Party A must pay a premium by 100 baht (100 baht per share) to guarantee to buy
1 share of gold by the contract price so that party A can buy it which is not too high at

that time. Suppose the contract price (strike price) is 1,050 baht. If the price rises to

1,200 baht, party A can exercise the ion by buying 1 share of gold for
1x1,050=1,050 baht and sell the _s® 'L 2 market at 1x1,200=1,200 baht.
Then, party A will profit 1,200 : ; "wwever, if the price less than
1,050 baht, party A need nm,- e, party A will lose the total

only the premium 100 bat.

Example of put options

e '
A W re
Party A buy a put optio} G{{ - _ . ht to sell 1 share of gold. The
spot price is equal to 1,000 baht ancme e less than 1,000 baht in the later
2T
time. Party A must pay 7™yeq il & sgtre) to guarantee to sell

1 share of gold by the 78 ,Tj which is not too low at
that time. Suppose the cor j ICT PrICT T —CC ([ C ,, rops to 800 baht, party A
can exercise the put option #yggelling 1 share gfygold for 1x950=950 baht and buy the

eres 10 ve UL INBRSNE ATy # vt o

950-800-100=50 bahther share. Howevergif the price pQre than 950 b@. party A need

oo xolde P ) GG PH I EU- VA TR HMRIA @ a0 ome
q i i s
3.6 Put-call parity
The relationship between the price of a call and the price of a put for an option

with the same characteristics (strike price, expiration date, underlying) called put-call

parity. It is used in arbitrage theory. If different portfolios comprised of calls and puts


http://www.businessdictionary.com/definition/relationship.html�
http://www.investorwords.com/3807/price.html�
http://www.investorwords.com/3971/put.html�
http://www.investorwords.com/3477/option.html�
http://www.businessdictionary.com/definition/characteristic.html�
http://www.investorwords.com/4780/strike_price.html�
http://www.investorwords.com/1848/expiration_date.html�
http://www.businessdictionary.com/definition/underlying.html�
http://www.investorwords.com/245/arbitrage.html�
http://www.businessdictionary.com/definition/theory.html�
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have the same value at expiration, it is implied that they will have the same value leading
up to the expiration point. Thus, the values of the portfolios move in lock step. Portfolio
price equality is calculated as C+ Ke™ = P+§ (put-call parity equation), where C
is the market value of the call, Ke" is the present value of the strike price, Pis the
market value of the put, and §, is the market value of the underlying security. If the two
sides of the equation are not equal, arbitrage profit could be gained by investing in the

less expensive portfolio. Analysis of the parity relationship assumes that other factors,

such as a dividend, are not taken int

3.7 European gold options

In this section, we @ vold spot prices. We first

consider a European cal! ly, a maturity date and
strike price of the call optic, o-arbitrage assumptions,
the call option price must éo. . v S \ 3\ expected payoff of the call

option under the equivalent mai,

Theorem 3.3. (No-arbitrag prices of Euiupcal call options 24 gold)

The no- arbitrage Euﬁ/@n gold call oplighs prices with strike price K is

AUBINENINGTNT
Whefaw’ﬁé@iﬁ aiATynay

( ]+r(T 0-[ s(sys+ T (r v
d = —— , (3.20)

d2 =d1—O'\IT't, (321)

where @ is the standard normal distribution function.


http://www.investorwords.com/5209/value.html�
http://www.investorwords.com/1846/expiration.html�
http://www.businessdictionary.com/definition/leading.html�
http://www.investorwords.com/3741/portfolio.html�
http://www.investorwords.com/2994/market_value.html�
http://www.investorwords.com/3800/present_value.html�
http://www.investorwords.com/5807/strike.html�
http://www.investorwords.com/2962/market.html�
http://www.investorwords.com/5836/underlying_security.html�
http://www.investorwords.com/3880/profit.html�
http://www.investorwords.com/5906/investing.html�
http://www.investorwords.com/7142/expensive.html�
http://www.investorwords.com/208/analysis.html�
http://www.investorwords.com/3591/parity.html�
http://www.businessdictionary.com/definition/assume.html�
http://www.investorwords.com/1872/factor.html�
http://www.investorwords.com/1509/dividend.html�
http://www.investorwords.com/42/account.html�
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Proof.

We omit writing the martingale measure Q and the filtration % in this proof to

avoid confusion about notations. Then, we obtain

C(T.t,5,K) =" TYEmax(0,S; -K)],

=e"TOEI(S-K)],

(3.22)

money, that is,
(3.23)

Next, we will show that

(3.24)

where d; is given in (3.20) .

75
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Using (2.6) and (3.24) with a=o+T-t—d;
We then obtain,

e—r(T—t) E[ | S]' ]

((T-t)- [T 5(9)ds- 22 (T-t)+o Tty e
e 0["(ge t 2 —e 2dy,
a oz
(T 0 L 2—20'\/ﬁ 0'2 T-t
_gelooE 1 oo ot
J2r 2
_ Ste_ItT s(s)ds 1
T
_ Ste_jt S(s)ds
= se_J.
= s[e‘I (3.26)
Replacing (3.25) and (3.26} O
Next, we consider Europdin .«% C¥ gold spot prices. From [5],
under the no-arbitrage assumpticd e/t 24 arice must equal to the present
value of the expected Pew e ————— :'[ 1t martingale measure
Q ’ >'I‘
un )
T.t,.5,K)=e"TVE [max(0,K - Sr) | A1,
¢ a
YL NETS
Theorem 3.4. (Noﬂtutijp:;esyo' rcuan put options Ttor dol
" RS N e
|
9 T
P(T.1,S,K) = Ke " T Vo (-dy) - Se t 7% qy). (3.27)

where d, and d, satisfy, respectively, (3.20) and (3.21)
Proof.
P(T.t,5,K) =TI Eg[max(0,K - Sp) | A,
=e"TVEI(K-5)],

=Ke"TVEN]-e"TVENIS, (3.29)
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Where | is the indicator random variable for the event that the option finishes in the

money, that is,

1 if K,
b rses (3.29)
0 if S>K.
Next, we will show that
SENL Z<o-\/T.— —d;, (3.30)
0 otherwise
where d; is given in (3.20).
Using (2.6) and (3.29), we obtain
Sr<Ke
)
<In| —
S
+%02(r—t)
and we also obtain (3.30) . I,
(3.31)

where ® is the standard n ‘al distribution function.
Using (2.6) and ( [ ! e , v
e A UEINENINGINT
e "TOg ¢ A o
AN TN AN ENAY
t )= 2

Tt
e[ (50 27 (T

[ s(s)ds

=$e

1 ra —202-20dTayo(T-0)

\/E.[—ooe dy,
T ~(y-0T1)?

‘It S(s)ds 1 J-ioe > dy,

:S(e E

[l o(sds 1 J-—dl

:S(e \/Z

2
—X
e 2 dx, (let x=y—o~T-t)

—00
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-
_5e 1 9%z g,
T
_gelt 79%g gy, (3.32)
Replacing (3.3) and (3.32) into (3.28) we then reach (3.27) O

Corollary 3.5. ( Put-Call Parity )

From theorem 3.3. and 3.4., we have the put call parity in the following form,

We end this chaptes w3 options prices obtained

from the closed-form so! Wt prices (3.27) with the

parameters follow in various 4

Gold call prices ﬂ u A -

?:

qm AN IR

Time 20

@7 Gold spot prices0

'nw

Figure 3.3 (a): Evolution of the gold call option prices with parameters

ay=1 a,=6,1=1 k=5, 6,=07,c=1t, =4, K =100, T =2
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- 4y "

— : -
Figure 3.3 (b): Evolus ol

ith the same parameters

as Figure 3.3 (a) et ~

J B
ammnmum'mmaﬂ

Flgu ): Evolution of the gold call option prices with the same parameters

as Figure 3.3 (a) excepted ;=7 (left) and «,=5 (right).
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300
200
100
0
00
0s

A

10

--f

Figure 3.3 (d): Evas the same parameters

as Figure 3.3 (a) e 4#

e S
ol Ing

Figure 3.3 (e): Evolution of the gold call option prices with the same parameters

as Figure 3.3 (a) excepted §,=2 (left) and &,=0.1 (right).
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- v
200
300

Figure 3.3 (f): Evolutigg® VJ [0z je same parameters

as Figure 3.3 (a) exce g

Figure 3.3 (g): Evolution of the gold call option prices with the same parameters

as Figure 3.3 (a) excepted t,=8. (left) and t,=2 (right).
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Gold put prices

Gold spot prices

Figure 3.4 (a): EvA o with parameters

o =1, o =25, N4 K=100, T=2

Figure 3.4 (b): Evolution of the gold put option prices with the same parameters

as Figure 3.4 (a) excepted x=3 (left) and x=1 (right).



Figure 3.4 (d): Evolution of the gold put option prices with the same parameters

as Figure 3.4 (a) excepted o=2 (left) and ¢=0.5 (right).

36
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Figure 3.4 (e): Evoluti e same parameters

as Figure 3.4 (a) exce

Figure 3.4 (f): Evolution of the gold put option prices with the same parameters

as Figure 3.4 (a) excepted a,=2 (left) and «,=0.5 (right).
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Options prices will incre j#: :
i oy e

up to the parameters «,aq,0,aq,5,t -
A,

A time passes and they are also
y of call or put options. Moreover, it

will be nonnegative beci®pe of ™ Section 3.5). When we

-

substitute any cases of & # R Jons prices, they make

the results in various case: 5 one thing aosmseam=Tlicct on t' shape of the evolution of

’

options prices is payoff of opffiges. Payoff of calggption is in the form max(0, Sy - K) and

oo o BI HANY VST WA 5 - (1, 10

spot prices is greate?than strike price ( Kg=100) in thegure and the tr@rs want to buy
this underlﬂgﬁ%tﬁa&ﬂaﬂ%i@ldi& M;ﬂa‘\a t%ﬁﬂcaoﬂ high price
meanwhile tﬂe expiration date has not reached yet. In case of put option shown as
Figures 3.4 (a) — (g), if the spot prices is lower than strike price (K =100) in the future
and the traders want to sell this underlying asset be equal to strike price, they have to
buy put option in high price meanwhile the expiration date has not reached yet.

As seen in Figures 3.3 (a) - (g), we obtained that the gold options prices behave

like a wave showing the seasonality of variation in gold prices. This is a result from
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(3.19), (3.27) each equation has the term of instantaneous convenience yields consists
of the seasonality in gold prices term, then we obtained that the gold options prices

depend on seasonality in gold as well.

<

L AP
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CHAPTER IV
CONCLUSIONS

In this thesis, we have introduced a one-factor model for gold prices which is an
extension of the model proposed by Schwartz [2]. The gold prices are assumed to

follow an extended Geometric Brownian Motion with a time-varying drift which describes

seasonal variation in gold prices. T4 g instantaneous convenience yields

é e derive closed-form solutions

for no-arbitrage prices of gol - d EZ opes ~ tions under the no-arbitrage

which follow an ordinary differen
assumptions. In addition, w= ‘ SSwtures prices and the gold
European options prices d= B \ Sarices. Moreover, one can

use our model to predict go! #5ri s ‘ ” G4l parameters are estimated

Aenging thing about the next
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