CHAPTER IV

SKEW RINGS OF RIGHT [LEFT| DIEFERENCES OF SEMIRINGS

In [43, some theoremsyf skew rings of right [lef't]

differences of semirings.¥ prova this chapter, we shall prove

semirings.

Definition 4.1.

called a unitive

€ SxS. Then (a,b) is
exist u,v,u',v' € 8

such that

and

dr, then S is called a

‘“‘““‘“ﬂmmmmwmm

Example 4.2 1: S be a nonegpty set. Zefine + andgy on S by x+y =

- ARINDT AN IRHAD Y o o

(a,b) € Sxs, (a,b) is a unitive pair. Hence S is a unitive semiring.

If a semirig S contains a unitive p:

Theorem 4.3. Let S be a semiring having D(S) as its skew ring of
right [left] differences. Then D(S) has a multiplicative identity 1 if
and only if S is a unitive semiring. Furthermore, for all (a,b) & SxS,

[(a,h}] = 1 if and only if (a,b) is a unitive pair.



semirings.

Definition 4.1.

called a wnitiwve

€ SxS. Then (a,b) is
| exist u,v,u',v' € 8

such that

7.' W
If a semi ‘g S contains a unitive padr, then S is called a

g @WB’WIWITWEI’H‘]‘E

Example U4, t S be a nonggmpty set. fme + a.n on S by xty =

-« 9 ﬁ'%lﬂx‘&ﬂ ‘iﬁds%i%ﬂ’é i Hm’?ﬁ Bk for any

(a,b) € 5xS, (a,b) is a unitive pair. Hence S is a unitive semiring.

Theorem 4.3. Let S be a semiring having D(S) as its skew ring of
right [left] differences. Then D(S) has a multiplicative identity 1 if
and only if S is a unitive semiring. Furthermore, for all (a,b) £ S5xS,

[(a,p)] = 1 if and only if (a,b) is a unitive pair.
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Proof. Assume that D(S) has a multiplicative identity, say
[(a,)]. Let x,y € 5. Then [(x,y)] & D(S) and [(a,b)] [x,)] =
[x9)] = [ x,»] [(a,)]. Therefore [ (ax+by,ay+bx)] = [ (x,y)] =
n[{xa+yb,xb+ya)]. There exist u,v,u',v' € S such that ax+by+u = x+v,

'ay+bx+u = y+v, xXatybtu' = x+v' and xb+yatu' = y+v'. Hence 5 is unitive.

Conversely, assume ithe 3 a unitive semiring. Then there

exists an (a,b) € 5xS su § a unitive pair. Let

- J J
[{x,y}] e D(S). el KLy @t u,v,u',v' € S such that
- =T " y -4l el

axtby+u = x+v, ay+ @' and xb+yatu' = y+v'.

Thus (ax+by,ay+bx) Therefore [ (a,h}] [(x,}r}] =

[(x,v)] = [(=,¥v)1[{ kitiplicative identity of D(S).

Clearly, [ ,b) is a unitive pair.

#

Corollary 4.4. Let S be ing D(S) as its skew ring of

right or left differemgés: - Then ditively commutative.
Y
‘ i- d a skew field if

u-'

Definition 4.5. '

(s~{0},*) isa m p.

Resark. Hﬁmm mJ RINYANT w st g
=FRIN ﬁﬂ“‘i’fﬂ%ﬁﬂﬂ‘ﬁ Y940 Gepins 1 o

any iddhl J of R,J = {0} or J =
Remark. Every skew field is a simple skew ring.

Definition 4.7. Let S be a unitive semiring. Then S is called exact

if for any unitive pair (a,b) € SxS and for all distinet x,y € S there

exist u,v,z,w,z',w' € S such that



=0

XUutyv+z = atw,
®y+yu+z = btw,
ux+vy+z' = atw'

and uy+vx+z' = btw'.

Theorem 4.8. Let S be a semiring having D(S) as its skew ring of

right [left] differences. el B(S) is a skew field if and only if

£ is exact.

Proof. e that-D(S) isvemekew field. Then D(S) has a

multiplicative ideg pitive semiring. Let

(a,b) € SxS be a s [(a,p)] = 1. Let

®,¥ € 5 be distincy Eee exist u,v £ S such

that [ (x,y) ][ (u,v)ff= JL(%4y)]). Therefore

(xu+yv,xv+yu) v (a,b e exist z,w,z",w' ¢ S such

that xutyv+z = a+tw, X\ = a+w' and uy+vx+z' = b+uw'.

Hence S is exact.

Conversely,

=] . gt
AiThen S is a unitive

) ve paifiy Then [ (a,b)] is a

multiplicativ 1denf of n{ et o e D(SI\ Choose (x,y) & a

so % #y. ﬂ ’ﬁ jmﬂﬂﬁi ",w' g § such that
m ' = btw!

Themmﬁﬁﬁ ﬁﬁwﬁé: {x,}']][{u,v]] =

[(a,b)] = [(u,v)][(x,y]] and hence D(S) is a skew field. ;

semiring. Let (ajl

Corollary 4.9. Let S be a semiring having D(S) as its skew ring of

right [ left ] differences, If S is exact, then D(S) is a simple skew

ring.
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Definition 4.10. A semiring S is said to be strongly multiplicatively

cancellative (S.M.C.) if for all x,y,z,w € S

XZ+yw = xXwiyz implies that x = yor z = w
and
Xz+yw = yz+xw implies that x = y or z = w.
Example 4.11. 2" with theyus8d¥ dddition and multiplication is S.M.C..

In[ 7 ] the des nisic : éing was given. We shall

generalize this de

Definition 4.12. L prime skew ring if for any

ideals I,J in R, IJ 0} or J = {0}.

Example 4.13. Z 1 multiplication is a prime

skew ring.

Definition 4.1k4. ed a strongly prime skew ring if

for any weak ideslld T,J in R, 10 = {0} dmplids)that I = {0} or g = {0}.
S~ Y}

Remark. Every sﬁngly . E is

Theorem &4. ;ﬂ ﬁff’?ﬂ Wﬁwﬂ"’fﬂﬁ its skew ring of

right [left]Qfifferences. If § is S.M. C., then D(S] is a strongly prime

W']Mﬂ‘ifu UNIAINAY

Pr'uof. Assume that S is 5.M.C.. Let I and J be weak ideals

‘; prime skew ring.

of D(S) such that IJ = {0}. Assume that I # {0}. We must show that
= {0}. Let @ € I be such that @ # 0 and let B € J. Choose (x,y) € o

and (z,w) € B. Then[(x,¥y)][(z,w)] = aB € 17 = {0}. Therefore

[ (xz+yw,xwtyz)] = 0. Hence xz+yw = xwiyz. Since S is S.M.C., x = y

orz =w. Ifx=y, then a = 0. This is a contradiction, so z = w.
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Therefore B = 0 and hence J = {0}.

Corollary 4.16. Let S be a semiring having D(S) as its skew ring of
right [ left ] differences. If S is S.M.C., then D(S) is a prime skew

ring.

Theorem 4.17. Let S be a Ml icatively commutative semiring

having D(S) as its skei eft] differences. If D(S) is

a prime skew ring,"--.

ie" skew ring. Let & & D(S)

riED'[S}U Z for all

Claim that I
\YF , n
Let B,;—j* . } and B' = I (E‘+r u‘g )
Tl i-
F sm“ﬁu%wﬁ?wmﬁﬁ”‘m on
(g, +r 0~ 51 F— gn+r a-g —{gnﬂ's a-gl)- -—{giﬂ'ahg:l} =

wfr’ﬁ HIRIRTRURIINEA aﬂ-m-sﬂ =

Let B8 € D(S). To show that B+Iu—ﬂ C Iu‘ let B' ¢ B+Iu._E'
n
Then B' = B+ L (giﬂriu-g.)*ﬂ for some n € Z+, g: € D(S) and
) i i

r; € p(S)U Z for all i = 1,2, ..., n. Hence B' = B+{gj.+r1a—gi)—ﬁ+ﬂ+

(gz+r2m-52)-ﬁ+s+ o —B+ﬁ+(gn-rnu—gn}-ﬁ = {E+glfr' o= gi-$}+{s+gz+r2a gz-ﬂ}+



g7
+(B~l-gn+rnﬂv-gn—31 € I
Let B € D(S) and B' E:Ia.' Then B' = E {gi iu-g}foranm&
i=1

nez,g eD(s) andr, €D(S)U Z forall i=1,2, ..., 0. Therefore

BB' = E B(g;+r,0-g;) = Br. Jo-Bg;) € I
i=1 i ‘

Let J be an idealsaf (- &ﬂt a € J. We must show that
e - j
- \ J:Enrsomeuez,g e D(S)

= ince an € J, r.a € J
& 40 \ 1
for all i = 1,2, _ \ g *- of D(S), g;tr;o-g, € J
for all i = 1,2, $ -.> nder addition, B € J.

Hence I CJ. :
r'?; 4.--"
So we have the créim.

: A A
Hﬁ!{t, - - L1 t 'f.*.-‘_yl'.ll-‘-r cl u,B E D(s}- Iﬂ-t

0,8 € D(S). TheCE<E = TIE-;; £ <>} =

1 I

{ ( E (g;+r;0-8; <zt

( E (g} jB-g ) | 1..'¥3", g;-g} € D(S) and

TS n{ﬂuﬂm:ﬂmﬁwﬂiﬂﬁ: ST
{ rﬂ“ﬂﬁﬁ-ﬂ)ﬁ)ﬁuﬁqu‘}ﬂﬂ aa B Jos) ana

ri,r% e D(S)U Z forall i =1,2, ..., 1 and all j = 1,2, s Y |

1
I =

i=1 3

||HE

» ' 1g- i b Al ' +
: (g;gi+grib-g; t4rioglr orlBor ogi-g el girjﬂmisj} | 1me 2,

gi,gi e D(S) and ri,r-;i e D(S)VU Z forall i =1,2, ..., 1 and all

e G DM, -0 {iE jri r;r) '‘af | 1,me zt andr-i,r e Ds)U 2
0—1 -
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for all i = 1,2, ..., 1 and all j = 1,2, ..., m} € <aB>, so we have
the claim.

Now, let x,y,z,w € S be such that xz+yw = xw+yz. Then
[(xz+yw,xw+yz)] = 0. Therefore {[(x,y)][(z,w)]> = {0}. Hence
)DL (=0T € L[] [ (2,w)]) = {0} which implies that
(=, y)]>([(=,w)]> = {0}. Singce D(S) is a prime skew ring, <[(x,¥)]> =
{0} or <[(z,w)]> = {0}. Iy

Similarly, we can show

Hence S is S.M.C..
#

that if xz+yw = yz+xingmis

Corellary 4.18. Ly commutative semiring

‘\

having D(S) as i differences. If D(S) is

a strongly trime

Proposition 4.19. ing having D(S) as its skew

ring of right[ left] g )s(c,d) € S5xS. If (a,b) and

(c,d) are unitive pa:u:'s lowing statements hold:

(1) Thigwbdexist z,w & S such that¥ad )= c+w and biz = dw.

@) (adthk

b
3

|

‘

Proof. (1) By Theorem 484 [(a,b)] =1 = [(c ,d) ] where 1 is

a multipli u&n’lmg&qlﬁ nﬂm’]ﬂﬁm exist z,w € S such

that a+z = c-rw and b+z = d+W, so done.&w

QLA AR e F ) —

[{ac+hd. ;adtbc)] = 1 and hence (actbd,ad+be) is a unitive pair. :

Proposition 4.20. Let S be a semiring with a multiplicative identity

1 having D(S) as its skew ring of right [ left ] differences. Then
[(1+1,1) ] is a multiplicative identity of D(S) if and only if S is

additively commutative.
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Proof. Assume that [ (141,1)] is a multiplicative identity of
D(S). Let x,y € S. Then [(x,y)][(141,1)]) = [(x,y)]). Therefore
(x+x+y,x+y+y) v (x,y). There exist u,v € S such that x+x+y+u = x+v
and x+y+y+u = y+v. Since S is A.C., x+y = y+x.

Conversely, assume that S is additively commutative. Let
[(x,3)] € n(s).

C(1+1,1)] [(x,¥)] . 41300 'a multiplicative identity of D(S).

41,1)] = [(xtxty,xtyty)] = [(x,y)] =

g D(S) as its skew ring

e right [left] difference

= {[(x,¥)]) /%,y € K}.

& [l+x,x) ]+ [(y,y+y)] = [(x.y)].
Thus [ (x4x,%x)) +[(y,y+y)] =

= yty+viv. Therefore

Now, i(K)-i(K) Sdfb/ab e 100}
.

] | 1)
L (xtx,%)]) - [(y+y.¥)) /%,y € F

AugApineans
ARIAINIUURIINY TR Y

Definition 4.22. Let S be a commutative semiring and K C S nonempty.

=

Then K is called a guasi-ideal in S if
(1) for all x,y,z,w € K there exist u,v € K such that
Xtw+v = y+2+u
and (2) for all x,y € K and all z,w € S there exist u,v € K such

that zz+yw+v = xWiyz+u.
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Example 4,23, Let S be a commutative semiring and x € S. Then S and

{x} are quasi-ideals in S.

Proposition 4.24. Let S be a commutative semiring and 1{1,1(2 cs
nonempty. If K, and K, are quasi-ideals in S, then K +K, is a

quasi-ideal in S.

g
ol
&
rt
g

X, Mp0 ¥ = Y15

z=z.1+zzandw=

:{2’?2’32’?‘2 E Kz"‘_

Also, there exist®™t, &

m

Ki and some

that x1+1-r1+1r1 = Ylﬂiml'

Let u = u,+u, and'v "He and x+wiv = [x1+x2)+
Cwy #40,) (v 4v,)) = (. v _ 4 54 =) (yi+z1+u1}+{y2+zg+u2} =
{y1+y2}+(z1+z2}+{u1+ '

Let x,y € K el hen x = x,+%, and y = ¥41t¥,

for some Xy2¥4 & K

‘Hs‘-‘ exist uy,vy E K:I. such
1 ',Hj
- Also, there -

that xizﬂri

Wiy, ZHu, . ist Uy ,V, € 1(2 such that

‘a
o, SR SHAR G e

and xz+ywiv = ¥ (x, +vﬁ+{ ¥ (v +vodo = X, zi-x;iﬂpfﬂ? "WV,

e BTSN IUNAD VIR o e

(v #y,)z4(u +uy) = xwiyztu. .

Corollary 4.25. Let S be a commutative semiring and K C S nonempty.

If K is a quasi-ideal in S, then K+K is a quasi-ideal in S.
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Proposition 4.26. Let 51 and 52 be commutative semirings and 1(1 G S:I.’

1(2 < 52 nonempty. If K, and K, are quasi-ideals in 51 and S5

respectively, then K, K, is a quasi-ideal in S, *§,.

Proof. Clearly, 51XS2 is a commutative semiring.

Let X,y,2,w € K XK. Then x gikfo), v = (y,5¥,)5 2 = (2,,2,) and

x:lﬂr +v Yi 11-1.11

and x,+i,tv, = Y,12, (vi,vz}. Then

2

u,v € K XK, and X+wiy = (x, +W, 4V X, W +v, ) =

. R Rl Tt Tl S
{y1+z +u1,3r2+z +u, ) = y+z+u.

Let x,y E Ki‘ fhen x = (11332)1 ¥= (Yiﬂrgji

lt:1 ,FEE K2 1,11 £ 5

and some z,,W, & S : B nd u,,v, ek, such that

z = {31,32] and w = (wi-" 7

Z Y W Y

(o e X WotypZytuy.  Let

‘I

u-[u,u}andv-‘(v v} ThenquKXl(zandxz+ywl-v=

i mi,ﬂum wmwmmw HersEarh
e LRLAUCLY S

XWHyZ +dl

Corollary 4.27. Let S be a commutative semiring and K C S nonempty.

If K is a quasi-=ideal in S, then KxK is a quasi-ideal in SxS.

Proposition 4.28. Let S be a commutative semiring and K € S nonempty.

If K is a semiring-ideal of S, then K is a quasi-ideal in S.
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Froof. Let x,y,Z,Ww € K, Let u = %+w and v = y+z.
Then u,v € K and xtwtv = x+w(y+z) = y+z+(xtw) = yiz+u.

Let x,y € K and z,w € S. Let u = xz+yw and v = xwtyz.
Then u,v € K and xztywtv = xz+yw(xwtyz) = xwiyz+(xz+yw) = xwiyz+u.

Thus K is a quasi-ideal in S.

#

The converse of thisyrégosition is not always true as the

next example shows.

+

Example 4.29. Z _and multiplication is a

commutative semir in Z+. But 1+1 = 2 & {11 .

S0 {1} is not a semi

Proposition 4.30. =4S e 3 sémiring having D(S) as its
ring of differences Jf % ence embedding and J € D(S)

nonempty. If J is an ides 1_1(J} is a semiring-ideal

of 5.

(y) €J. Hence

|
1
* |

ilx+y) = 1(x]+1{y) .i: J. Thus x+3r €i” {J}

I UHD BENTHIARTs o exo
T““ﬁWﬁﬂa\TﬁfﬂJ [N e

Corollary 4.31. Let S be a commutative semiring having D(S) as its

ring of differences, i : S + D(S) the difference embedding and J an

ideal of D(S). Then the following statements hold:
(1) i1(J) is a quasi-ideal in S.

(2) 1Y)+ 1) is a quasi-ideal in S4S.
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(3) i Y(o)xi"1(J) is a quasi-ideal in Sxs.

Theorem 4.32. Let S be a commutative semiring having D(S) as its ring

of differences, i : S + D(S) the difference embedding and KC S

nonempty. Then i(K)-i(K) is an ideal of D(S) if and only if K is a

. jis an ideal of D(S). Let
&(w,z}] [ (x,y)]-[(z,w)] €

at [ (x+w,y+z)] = [ (u,v)]

o

quasi-ideal in 5.

Proof. Assume thats
X,¥.Z,W E K.
i(K)-i(K). Hence
which implies tha K and z,w € S. Then
[(x,9)] & 1(K)-1(K (x,1[(z,w)] & i(K)-i(K).
Therefore [ (xz+yw, exist u,v £ K such that
[ (xztyw,xwtyz)] = = xwiyz+u. Hence K is a
quasi-ideal in S.

Conversely, a qUasi-ideal in 5. Let

%,y € i(K)-i(K). Then, = [ (y,,y,)] where

1,x2 ‘31’3'2 E K. y %21 =w : l;' x1+3r2+v = :-:2+5r1-1-u.

||
Thus x-y = [{xlﬂﬂxzﬂrl}] = [ (u,v) ] e i(K) {K}.

Let [(x,,%, ﬂeﬁ(ﬂﬂl@{rﬁmwgﬂ‘ﬂ ?ince X,s%, € K and

,r-l.-‘.S thrEExistqu‘Ksucht X T R T F T, Hu.

- am@mmmm El’,]ji&!,r e 100-100.

Hence i(K)-i(K) is an ideal of D(S).

Corollary 4.33. Let S be a commutative semiring having D(S) as its

ring of differences and i : S+ D(S) the difference embedding. Then:

(1) If J is an ideal of D(S); theri f€i 1(3))-i(i 1(J)) is

an ideal of D(S).
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(2) If K is a quasi-ideal in S, then i >(i(K)-i(K)) is a
quasi-ideal in S.

In[ 6 Jthe concept of a C-set for a distributive ratio
seminear-ring was given. For a ratio semiring (which is commutative)

»
this definiticn is equivalent to the one given below :

Definition 4.34. Let D be ayc tative ratio semiring and C £ D nonempty.

Then C is called a C-sethd
(1) for a
and (2) for

, e
Example 4.35. Let ; /

of (D,+). Then

N0\ d D 1) (14d) 1

AN

semiring and 1 the identity

\ N

Definition 4.36. Leff Sfbé 3y Commut i miring and K C S nonempty.
Then K is called a qudS :

(1) fa all s exist e,f € K such that adf = bece
and (2) fofgilabck -j-—-—--—“-"l;.ﬁ exist e,f £ K

siiéh that 2d2F+boll

s~ ‘U‘Ef’?ﬂﬂ“‘i’l'ﬁ‘ﬂﬂ”]ﬂ'? = Rt

{x} are quas@}C-sets in

4 m;mummmm

Let K1 and l(2 be quasi-C-sets in 51 and 52, respectively. Then KIXKZ

is a quasi-C-set in 31“52‘

Proof. Clearly, S xS, is a commutative semiring.

172

Let x,y,z2,w E lelfi- Then x = {xi,xgj, = {Yitfz}a &= {31522) and
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W= (wi,wzl for some Xya¥qsZgoWy € 1(1 and some Xy 3Yps%ysW, € &2.

There exist Uy sV, £ 1(1 and Uy,V, € K2 such that AP FELH and

KW,V = YpZoUse Let u = (ui'uz} and v = {vi’vEJ' Then u,v € 1(19':1(2

and xwv = (xi’XZ){wi’WEJ(Vi’vE} {xiwivi X W,V Y= (3131 1°Y5%58, ¥ =

(5950 (242,) (0, 50, =

Let x,y £ KixKE nd % 53 g » Then x = {x‘l’xZ}' y = {jri,jrgl',

z & (21’22] and w = 1> Xps¥p € Koy 25w, € 51

and some 2,3, € 5 U,V E K2 such that

2

2 T I, RS : - 2
#4W1 V4% . AR T, 7222V = Yo%y YotYa%aWalse

Let u = (ui,uz}

(xi,x ICARUSICA Vo o 20 (W, 5wy ) (v v, ) =

2

2
(xyw 1 V%", V2}+{31‘ 1%q V1¥Y1% W V%W Vot

Yp2,WV )= {yiw 21.1 +

, 2, 2
2%2V2 p¥olts) = (yyWy uy syoW,Tu, )+

{lei 1 1’?2 ‘{H_~ _15‘7“‘h 2}+

|
(yy59, )2, ,2,) (W E Zl(!.l:l_,u2 = yW utyzwu. ,,J

| ummm ‘ﬂﬁl:lﬂ oo i
AT AR IF R T

Proposition 4.40. Let S be a commutative semiring and K a

semiring-ideal of S. Then K is a quasi-C-set in S.

Proof. Let a,b,c.d € K. Let £ = be and e = ad. Then

n

f,e € K and adf = bee.

Let a,b € Kand ¢,d € S. Let e = ad+bed and £ = bd’+bed.
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Then e,f € K and ad>f+bcdf = (ad>+bcd)f = (ad2+bed) (bd2+bed) =

e(bd2+bed) = bd ethcds.

Proposition 4.41. Let S be a commutative semiring having Q(S) as its

commutative ratio semiring of quotients, i : § + Q(8) its guotient

i i(K)-i0)7 = {[(a,b)1/a,b € K}.
-/
Proof. T - ¢ ”&ml

fa,b € K}

embedding and K C S nonemplys

43 }]1_1;’&,11 e K}

#
Theorem 4.42. L&} . commu Bing having Q(S) as its
commutative rat L‘::‘ i 2 v 0(8) the quotient

embedding and K C ¢ nnnemntl. Thﬂn 1(K)-1(K) * is a C-set in Q(S) if

e ‘fﬁﬂﬁ“‘mﬁ‘“ﬁﬁw g1nN9
ARl e T

Let a,B,c,d € K. Then [(a,b)],[(c,d)] € i(K)*i(K)™". Therefore

((a,p)][(d,e)] € i(K)*i(K)™Y. There exist e,f € K such that
((a,m][(d,e)] = [(e,£)]. Thus [(ad,be)] = [(e,f)], so adf = bee.

Let a,b € K and c,d € S. Then [(a,b)] € i(K)+i(K)™ and [(c,d)] € Q(s).

Thus [ ((ad+be)d,bd(d+c))] = ([(ad+be,bd)])([(dt+e,d)]) ™" =
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{[(a.h}]+[{c,d]])([(a,aﬁi'[(ﬂ,ﬂ}]}hi € i(K}'i{K}_i- There exist e,f€ K
such that [ (ad+be)d,bd(d+c)] =[ (e,f)]. Therefore ad2f+bcdf =

bdze+bcde and hence K is a quasi-C-set in S.

Conversely, assume that K is a quasi-C-set in S.

Let X,y € i(K)+i(K)7L, (a,b)]) and y = [(e,d)] for some

Gthat adf = bce. Thus xy-i =

-

@ [(e,£)] e i(K)-iCx) ™t
a,b) ] and y =[(e,d)]

\\ \

e,f £ K such that

a,b,c,d € K. There exisf

((a,0)][(e,)] 7t = [“

Let x € L(K)+*i(K)
for some a,b £ K

ad® fibedf = bd e+l

" (e,f). Therefore
(x+y) (1+y) " = [(adFpgibd)
(tad+be,bd)] ([ (d+ec,d)]
[(ad®+bed ba’+bed)] = [ (50T s i ! and hence i(K)-i(x)7"

a C-set in Q(5)sf=

- mt
|| I
o n-l

Corollary 4.43. Let s be. a cnmutativa semiring having Q(S) as its

commutat weﬁ% an}% ﬂ ‘ﬁﬁaﬂaﬂl’] ﬂdﬁ:m the quotient

enbedding an¥ K € § nonempty, If X is 2 semiring-ideal of §, then
- amam;mum’mma d

Proof. It follows immediately from Propositiom 4. 40 and

Theorem 4.u42,

Definition 4.4, Let S be a commutative semiring with a multiplicative

identity 1 and A C S nonempty. Then A is called a c-set in § if
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(1) for all x,y € A, Xy € A

and (2) for all x £ A and all s € S, x+s € A(1+s).

Remark. Let S be a commutative ratio semiring and A C S a C-set in S.

Then A is a c-set in S.

Example 4.45. R; with the usual addition and multiplication is a

commutative semiring withsa'multdy tive identity 1.

Claim that [ let x,y € [1,2). Then x > 1
and y = 1. gl 1,=).

Iet x £ [1 % 1+s, sc:i;+—+:-§-1.
Hence x+s = % Have the claim.
Remark. z' with thefusfi- igy an \r... tiplication is not a c-set

in Z+ because 3+2

Proposition u.uf

Miping with a multiplicative

identity having 0@ 5 0" semiring of quotients,

i: 5=+ Q(S) the n‘ti&nt amhedrl:mg and C £'S nonempty. If i(C) is a

=i “‘ﬂ"ﬂ'ﬁ’l‘ﬁ HNINYINT

mef. Let X,y € S.& Then i(xdsi(y) € i(C)as Therefore

AN A

Let x € Cand s € S. Then i(x) € i(C) and i(s) & Q(8).

Therefore (i(x)+i(s))(14i(s))™F e 1(C) which implies that

i(x)+i(s) € i(C)(1+i(s)). Thus i(x+s) € i(C(1+s)). Hence

xts g L X(i(clire))) = Cli+s).
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Proposition 4.47. Let 8y and 52 be commutative semirings with a

multiplicative identity. Let C

1 and c2 be c-sets in 51 and Sz,

respectively. Then Cixc2 is a c-set in § 1352.

F
Proof. Let x,y € C,XC,. Then x = {xi,xz} and y = (y,,¥,)

for some Xys¥, E Ci and some ¥, .'E cz. Therefore XY, € C. and

1

X,¥, € C.z. Thus xy =

x,+8, € C,(1+s,) antl g od £/L A \"’ ore x,+s, = ¢,(1+s,) and
X,+S, = 22(11-52}' -:::Q =
{c1(1+51},22(1+52' )

(ci,czli (1,1]+(51,s

Corollary 4.u48. e semiring with a multiplicative

identity and A @r-se _'" ot in SxS.
l,\

H | ’ 1 = s
Proposition 4.49.[.31: gtative MLL. semiring with a

t:.plu::at.we idertt iy C,G*tsets in S such that C, A C, # ¢.

o 30 SL A 'mw*ﬁwmm
HDANIRINANENFEL .,

ﬂlso,xyecz. 'I'hus::-l:}.lrl;':*.:!:I_I"'Ic2

Let % cin C2 and s € S. Then x+s € C1(1+s} and

®+s € c2(1+5}‘ Therefore c1{1+s} = X+5 = c2(1+s) for some e, ECy

and some c, € cz. Since S is M.C., ey = ey Hence x+s € (ciﬂ cz}(1+s}_
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Proposition 4,50, Let S be a commutative semiring with a multiplicative

identity 1, Then {1} is a c-set in S, Furthermore, if S is both A,C.
and M,C, and there exists an element x € S such that {x} is a c-set in

S, then x = 1.

Proof. Let a,b e {1}. Then a = b = 1, Therefore ab e {1}.

Let a € {1} and s € S. et 81 F A o = 1+s = 1(1+s) € {1}(1+s).

Furthermoreywasswme tHEt SCIS"AYEY and M,C. and there exists
an x € S such that L e/l L5, wwThen x+x € {x}(1+x). Thus

x+x = x(14x) = t, Since S is M.C., x = 1.

#

‘ vj\
[y

AULINENINYINT
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