S8

Case 1. K is a seminear-field with a' as a category II special element.
Let x € S~{a}. Then a® = xa = a. If f(a) = a', then f(xa) = f(x)f(a) =

f(x)a' = f(x). Therefore x = xa = a, a contradiction. Hence f(a) # a’.

Subcase 1.1. f(x) # a'. Then f{a}f(a} = f(a)f(x), so f(a) = £(x).

Hence a = %, a contradiction,.

y € 5~a,x}. Then f(y) # fix) =

{y) which implies that f(a) = f(y).

Case 2. K is a se"' At d \\ ~ v III

element. Then |K| =¢

s IV or V special

s not an injeetion which

category VI special element.

is a contradicticn.

Case 3, K is a semi

Then (a')? # at. If (aYf(a) = a'a' # a' = £(a).

Thus a° # a, a cop tion. He ajy, Since |s\{a}| > 2 and f

is an injection & ¥ Wcl that £(x) # a'.

T
mpl:.es hat f(x) = f£(a) and hence

*”'mﬁﬁﬁﬁﬁﬂ%ﬁwawni
S TR

x € SMa} and ax = xa = x for all x € S and x+y # a for all x,y € S.

Therefore fla)f(x,

If (s~{a},*) satisfies the right [left] Ore condition, then S can be
embedded into a seminear-field with a category II special element and

not inteo any other category of seminear-fields.

Proof. By assumption, S~{a} is an M.C. seminear-ring
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satisfying the right [left] Ore condition, By Theorem 1,45,
Q(s~{a}) exists. Let e' be the multiplicative identity of Q(S~{a}).

Let f : s~a} + Q(s~{a}) be the natural embedding, that is,

£(x) = [{xQ,xIJ for all x € s~{a}. Let a' be a symbol not representing
any element of Q(S~a}). Extend the binary operation of g(s~{a}) to

=aa' =a, a'ta = el+q and gta' =

= Q(s™a}l) U {a'} by definipg

at+e' for all o £ K. 4 that X is a seminear-field with

a category II specia fff : S~{a} + Q(s~{a}) to £ : S+ K
by defining f(a) = ijection and f(b) is the
multiplicative i » f(b) =

Claim th = yib for all y € S.

Since (b+b)b = ‘at+a = b+b. Let y € S.

Then (a+y)b = aty = b+y. Similarly,
we can show that y 2 claim.

To show that sm, let x,y € 5.

4
Case 2. x =y = | : a+a) ﬂ-(h+b} = f(b)+£f(b)

e'te' = a'+a' = f(aPpf(a) = f(x)+§y) and f(xy) = f(aa) = £(a)

exo - AL ARENINE
= RIS AN -

' (y) +£(y) = £(x)+£(y) and flxy) = £(ay) = f(y) =

a'f(y) = £(a)f(y)

F(x)f(y).

n

Case 4. x # a, y = a. The proof is the same as in Case 3.
Since [S| > 2, S cannot be embedded into a seminear-field

with a category III, IV or V special element.
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Next, suppose that there is a monomorphism f : S * K where K is a
seminear-field with a' as a category I special element. If f(a) = a', then
£(a)£(b) = a'£(b) = a' = f(a). Hence ab = a, a contradiction. Thus
f(a) # a'. Similarly, we can show that £f(b) # a'. Since f(a)f(b) =
fiab) = £(bb) = £f(b)f(b), £(a) = £f(b). Hence a = b, a contradiction.

Assume that there is a monomorphism f : § + K where K is a

seminear-field with a' as andatégary VI special element. Then xy £ a'

f(a}f(a} = £(a’) = £(a) = a'
which is a contradig Also, if f(b) = a', then
fl(a)a' = f(a)f(b)= ‘aﬂiﬂtiun Thus f(b) # a'.
Since fla)f(b) = = f(b). Hence a = b,

a contradiction.

of X,y for all x,y € Z %@sd * IS EHe usual multiplication. Let a be
+
- ’h + and * on

s =% U {al «*?u "f'-‘ X €E S, atx = x+a = X

|

for all x E 2zt and .B.E =4, Then we can show that S is a Classification

s o BRI NI 1w

identity, a.x = xa = x, xty §a for all x,y € S an S*\{a} ) satisfies

- ARAAHAS FUWAT TPV T

satisfy:.ng the hypotheses of Theorem 3.2.

Theorem 3.4. Let S be an M.C. Classification B, Cor D
seminear-ring. If (S,+) satisfies the right [left] Ore conditionm,

then S can be embedded into a O-seminear-field.

Proof. By Theorem 1.45, S can be embedded into qQ(s).
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By Proposition 1.26, Q(S) can be embedded into a O-seminear-field and

hence so can S. i

Remark. Let K be the O-seminear-field and f : S >+ K the embedding
given by the construction used in Theorem 3.%. Then K = Q(s) L {a'}

where a' is a O-special element and £ : § + K is given by

f(x) = [{xz,x}]

Theorem 3.5. Let SeliGwmaieii laﬁm B, C or D seminear-ring.
e ——— 1 s
If (S,+) satisfies TRV gLt [ eft]" ﬁ‘""-f':i‘_- ition, then S can be

Remark. Let K be thdfw Jfsmine : § + K the embedding

given by the constru Then K = Q(S) U {a'}

R A -t

where a' is an'B& —_——
L7

| is given by

£(x) = [(x2,%)] ';E. -

Lemma 3.6. ﬁﬂmﬂ mﬂ-mﬂ?lﬁt (S,+) satisfies

the right ft] Ore conﬂltlon Then the fcllawing statements hold:
’Q 10" ﬁ\?ﬂﬁwﬁﬁﬂ‘ﬁiﬂ’m‘ﬂ‘“ E S
left fero semigroup.
(ii) If (8,+) is a right zero semigroup, then (0(s),+) is a

right zero semigroup.

Proof. Let [(a,b)],.[(c,d)] € Q(S). Then there exist u,v € S

such that bu = dv. Thus [(a,b)1+[(c,d)] = [(autcv,bull.
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(i) Since x+y = x for all x,y € S, [(a,b)+[(c,d)]

[(au,bu)] = [(a,bl].

(ii) Since y+x = x for all x,y € S, [(a,b)l1+[(c,d)]

((ev,bu)] = [(ev,dv}] = [(ec,d)]. .

Theorem 3.7. Let S be an M.C. Classification B, C or D seminear-ring

such that (S,+) is a left ashd & . If (S5,+) satisfies the

right [left] Ore cond ' &e embedded into an additive
_‘J
left zero seminear- cakegory 1 special element.

\‘ eft zero semigroup.
O
By Theorem 1.45, 6 UST. By Proposition 1.28,
,
N
N

Q(S) can be embedfedfinfofon gd Y

,,\\
. N
a category I speci#dl Legine: sadShencel 38 ca o

aro seminear-field with

Remark. Let K be the a o seminear-field with a category
I special elemen

used in Theoreg"s

given by the construction
¥Here a' is a symbol not

b | : "
representing any ;‘E ement Or QU SUCt at @'z = xa' = a', a'+x = a'

:d :i' ﬂﬁrﬁw Wﬁjﬂ»ﬁﬁrﬁ:ﬁu by £(x) = [(2,%)]
mee®) ') AR IUNBIING Y AL st

such that (s,+) is a right zero semigroup. If (S,*) satisfies the
right [left] Ore condition, then S can be embedded into an additive

right zero seminear-field with a category I special element.

Proof. The proof is similar to the proof of Theorem 3.7,

using Proposition 1.29.
#
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Remark. Let K be the additive right zero seminear-field with a

category I special element and £ : S + K the embedding given by the
construction used in Theorem 3.8. Then K = Q(S) U {a'} where a! is
a symbol not representing any element of Q(S) such that a'x = xa' =

a', a'tx = x and x+a' = a' for all xe Kand f : S+ K is given by

f(x) = [{xz,x]] for all x € S.

We shall now gi assification B, C and D
seminear-rings (S,+ .2 left or a right zero
semigroup.

Example 3.9. yl for all x,y e Z'.

Then (Z',8) and ero semigroups.
Furthermore,

+

(1) (z' ,8 B seminear-ring w.r.t.1,

(2) (z",8,» ‘Zcisssifitation C seminear-ring w.r.t.2

and (3) - 4D seminear-ring w.r.t.2

where * is the

Theorem 3.10. Let €he an M.C. Chassification B, CorDd

—h ) ‘nﬂlﬁ‘i WELLFLD o it

spec@ﬂgﬁﬁﬂ‘jm TN g e

Proof. By Theorem 1.45, S can be embedded into Q(S).
By Proposition 1.30, Q(S) can be embedded into a seminear-field with

a category II special element and hence so can S.

#
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Remark. Let K be the seminear-field with a category II special element
and £ : § + K the embedding given by the ::anstmctioﬁ used in Theorem 3.10,
Let e be the identity of (Q(S),*). Then K = Q(8) V {a'} where a! is

a symbol not representing any element of Q(S) such that a'a = aa' = @

for all @ € X, a+a' = a+e', a'41 = e'+0 for all o€ Q(S) and

{a‘ or e' if a+a = a for all a £ Q(8)

erwise

special element.

Proof.

using Proposition 1.

e proof of Theorem 3.10,

Remark. Let Y _..'*;i: VI special element

and £ : S+ K

Let d' € Q(S). ThenK = Q(S) U {aj} where a' is a symbol not representing

e ANEN TNENF
aw‘mﬁ‘iﬁiuﬁ’ﬁﬁ ) I

a' or 4' if ot = a for all a ¢ Q(E}
a'+a' =

e o p struction used in Theorem 3.11.

ar+d’ s otherwise

and £ : S+ K is given by f(x) = [{xz,x}] for all x ¢ S.

Theorem 3.12. Let S be a Classification D seminear-ring. If S is

not L.M.C., then S cannot be embedded into a seminear-field with a
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category I, II, III, IVor V special element.

Proof. Assume that S is a Classification D seminear-ring
Ww.r.t. a. Since S is not L.M.C., there exists a z € S such that z is
not L.M.C. in S. Therefore there exist x,y € S such that zx = zy but

X7y

Case 1. 2z = a. Then ax = y, Xx = aory=a. Without loss

of generality, assume "8k # a and aa = ay. Assume

that there exists a 7..:...*....}-: phism £SS8SK where K is a seminear-field

AN
AN

with a category I,

Subcase T.1. th a' as a category I

special element. #Thgfl 7 Xal= fokh aM x € K. If f(a) =

then f(ay) = £(a)#l Therefore ay = a, a

contradiction. Thu ) A milaMl ¥, we can show that f£(y) # a'.

Since f(a)f(a) = Hence a = y, a contradiction.

Subcas~;;: < is a ser eap-field vith a' as a category II

special element. —The; vﬂﬂl e K. If f(a) =

) i¥

then f(a)f(z) = f{q} Thus a2 = , a contradiction. Therefore

£a) # a'. ﬁiulg’g %Hﬂﬁwﬂﬁ(}ﬂ‘i Since #a)f(a) =

fla)£(y), fﬂ!} f(y). Henge a =y, ac Gﬂntradlctl

RN AFY Mﬂl& NEIAL, .

or V special element. Then |K| = 2. But |8] > 2, a contradiction.

Case 2. z # a. Clearly, x = aor y = a. Without loss of generality,

assume that x = a. Then y # a and za = zy.

Subcase 2.1. K is a seminear-field with a' as a category I
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or II special element. Clearly, f(a) # a', f(z) # a' and f(y) # at,

Since f(z)f(a) = £(z)f(y), f(a) = f(y). Hence a = y, a contradiction.

Subcase 2.2. K is a seminear-field with a category III, IV
or V special element. Using the same proof as in Subcase 1.3 we can

get a contradiction.

#

Corollary 3.13. Let S hed@WC1SHEF @ ghtion D seminear-ring w.r.t. a.
If a is not L.M.C.

with a category I,

Theorem 3.14., Let 3 wSeminear-ring such that

|s] > 2. Then S cg seminear-field with a

category I, II, III

Proof. Assuffie ‘_ : ClasSiflcation E seminear-ring
w.r.t. a. Then the pfooflSf-thig : ion is similar to the proof

nfCaseimTh 5 ; .  ”
.;'?'J

be a Cla5% ation D enunear-ringwrt. a
N 11115 131411 PN
B} 181,11 I ot 7))

Proof. Let d € S~{al be such that ax = dx for all x € S~{a}.

|
Theorem 3.15. e;l‘-

Since xa # a for all x € S™al, xa = xd for all x £ S~{a} and ad = da.
By Proposition 2.43, a+a = d+d, a+x = d+x and x+a = x+d for all x € S.
Since xty # a for all x,y € § {a}, s\{a} is an M.C. seminear-ring.

Hence Q(S~{al) exists. Let £ : s<{a} + Q(s~{a}) be the natural
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embedding, that is, £(x) = [{xz,xll for all x € S~a}. Let a* be a
symbol not representing any element of Q(S~{a}). Extend the binary
operation of Q(S~{a}) to K = Q(s~{a}) VU {a'} by defining a'a = f(d)a,
aa' = af(d), a'+a = f(d)+a and o+a' = a+f(d) for all @ € K. Then we
can show that K is a seminear-field with a category VI special element.

Extend £ : S~{a} + qQ(s~{al) : S + K by defining f(a) = a'.

Clearly, f is an injectig

To show that Fsea hom néet BT €IS,
.!EEE . =Y = .

fla)+f(a) = flx)+ ///

Case 2. = = a,

E(d+d) = £(d)+F(d) = a'+a' =

gw that fixy) = f(x)f(y).

fld+y) = £(d)+£f(y) =

a'+f(y) = £(a)+£(yl = FUD+ 0 81 mila s we can show that

f(xy) = £(x)f(y).

Case 3. x#a, y=a. _ €48 ;. Binilar to the proof of Case 2.
Case 4. = # a,-gﬂn .fi

Hence f 1“- homomorp I Dy Ei em 3.12, we are done.

e 1, U I NUNENENAT ...
RV, VKR kTt -y

seminear-field with a category VI special element and not into any

#

other category of seminear-fields.

Proof. The proof is similar to the proof of Theorem 3.15

(substitute 32 for d).
#
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Theorem 3.17. Let S be a Classification D seminear-ring w.r.t. a

such that a is not L.M.C. in 8. lLet d€ s~{a} be such that ax = dx
for all x € S~a}. If there exist x,y € s~{a} such that x+y = a and
there exist u,v € S~{d} such that utv = d, then S cannot be embedded

into a seminear-field with a category VI special element.

Proof. Suppose that fhege exists a monomorphism £ : § + K

where K is a seminear-fi€ 2 f ja category VI special element.

Claim tha , |ro'prove "this, suppose not. Then
"= f(x)+£(y) = f(x)etfl(yle =
e have the claim.

gimilarly, we ¢ e f(a)£(d) = £(d)f(4d),

£(a) = £(d).

Example 3.18. } e e addition and multiplication

is an M.C. semis nbols not representing

z'~{1,3} to

any element of -.I
W

J

= (z'~{1,3hH v {ﬁa‘} by definipg

AugananIwgans
R ggmmm?ﬂgﬂﬁﬂ“‘“

a+x = x+a = 6+x and b+x = x+b = 3+x for all x € z2'~{1,3}-
Then we can show that S is a Classification D seminear-ring w.r.t. a.
We see that ax = 6x for all x € Sxa}, b e g~{a} is such that b+b =
and 2,4 € S~{b} are such that 2+4 = 6. Hence this example satisfies

the hypotheses of Theorem 3.17.
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Theorem 3.19. Let S be a Classification E seminear-ring w.r.t. a.

If there exist x,y € S~{a} such that x+y = a and there exist u,v e Sx{az}

such that ut+v = az, then & cannot be embedded into a seminear-field

with a category VI special element.

Proof. The preoof is similar to the proof of Theorem 3.17

(substitute 32 for d).

Theorem 3.20., Let seminear-ring w.r.t. a

such that a is no

i} be such that ax dx

for all x £ S~{a} such that x+y = a and
there exist z,w £ d for all u,ve S,

then S cannot be ej 1d with a category VI

speical element.

Eroof.

where K is a sepilie

gists a monomorphism f : S + K

s€ory VI special element.
Let e be the -'--vl" :

This a' = £(a)

a', then f(x) # a'

and f(y) # a'. = fix+y) = e +f(y) = f(x)e+f(y)e =

AN 1) e 29 (E vore
“RWIAIN THIVTINESY

Example 3.21. 2Z'~{1,2} with the usual addition and multiplication is

an M4.C. seminear-ring. Let a and b be symbols not representing any
element of Z' ~{1,2}. Extend + and * from 2+\{1,2} to

s = (Z'~{1,2}) U {a,b} by defining
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2 _46,b% =4, ab

W
n

ba = 8,

4x and bx = xb = 2x for all x € Z'~{1,2},

b
iy

ata 8, b+b = a, atb,b+a = 6,

at+x = x+a = 4+x and b+x = x+b = 2+4x for all x € Z+\{1,2}.
Then we can show that (S,+,*) is a Classification D seminear-ring
w.r.t. a We see that ax = § r all x € S~{a}, b € 8~{a} is such

that b+b = a, b = 4 h . ;é’l %,y € S. Hence this is an

example of a SEminE'__ HEesatisfy ji'pﬁt]‘lESEB of Theorem 3.20.

Theorem 3.22. minear-ring w.r.t. a.

and there exist z,w € S

€ S, then S cannot be

embedded into a semig@ap-Sisdld- withia -*\ ory VI special element.

]

Theorem 3.23. Lef}S be a €% ation D | seminear-ring w.r.t. a
such that a is not .a&.C. in S. &gt d € S~{a} be such that ax =
— ﬂu}ﬁlg DENTNHANT ¢ o oo 1
for all u v # d ffor all ugne S~{d}. DF (s~{d},)

smﬂﬂﬁl AIALUIBIANE QY comis i

a semear—ﬂeld with a category VI special element and nn'l: into any

other category of seminear-fields.

Proof. By Proposition 2,26, xa = xd for all x € S~{a} and

ad = da. By Proposition 2.43, S~{d} is M.C.. By assumption, S~{d}

is a seminear-ring. Thus Q(S~{d}) exists. Let f : S~{d} + Q(s~{d})
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be the natural embedding, that is, £(x) = [(x?,x)] for all x € Sx{d}.
Let a' be a symbol not representing any element of Q(S~{d}). Extend
+ and - on Q(S~{d}) to K = Q(S~{d}) U {a'} by defining a'a = f(a)a,
aa' = af(a), a+a = f(al+a and ata' = atfl(a) for all ¢ € K. Then we
can show that K iz a seminear-field with a category VI special element.

Zxtend £ : S~{d} + Q(S~[d}) to f : S + K by defining £(4) =

Clearly, £ is an injection

To show that i , let x,y € S,

Case 1, x #d, y a homomorphism,

Case 2, x =y = d, (a+a) = fla)+f(a) =

a'+a' = f(d)+£(d) 48, can show that

Hh
%
e

n

F(x)£(y).

case 3. x =d, y ##. ffTheprsid W) = f(ary) = £a)+ely) =

al+f(y) = £(a)+£(y) = £(dHadly)  Tol ® that £(xy) = £f(x)£(y),

we shall consider two ﬂ!,

Suhcase = flad) = f(dil =
£(a%) = £(a)f(a) = E‘fl.'.a] = f@)e(a) - £(x) ¥ ‘
u.tﬂ uﬂ lmﬂmejmlln;i flay) = f(a)fly) =

E"f“’ﬁﬁ’iéi A5t Ingay

Case 4 s x #d, y =d. The proof is similar to the proof of Case 3.

Hence f is a homomorphism and by Theorem 3.12 we are done.
#

Theorem 3.24. Let S be a Classification E seminear-ring w.r.t. a

2
such that |§] > 2. If utv # a° for all u,v € S, uv # a’ for all

u,v £ E\{az} and {S\{az},-l satisfies the right [left] Ore condition,



then S can be embedded into a seminear-field with a category VI special

element and not into any other category of seminear-fields.

Proof. The proof is similar to the proof of Theorem 3.23

(substitute 32 for d).
#

Theorem 3.25. Let S be a GlAs sation A seminear-ring such that

(S,*) satisfies the right Spdition. Let 3('1 be a category

whose objects are semings L5 category I special element.

Let K be an objectedffoad #udl | 18 +N Phegenbedding given by the

construction imme@latdl g Jollo heorem 3 Then (S,f,K) is a

quotient semineax

Proof. Let ald with a category I special

element and i : 8 =+ : K+ K' as follows :

for o € K, choose (c df =1 ifc]i(d}_l.

Let (c """' eibiebaled®)t There exist x,y € S~{a}
57 : y

1:!ﬂanw 3
1(aN)ily). (M) i)Y and (a0 7N = it Th,
L) ifwmﬁ ﬂ:linﬁ-m,,m} -
hen m

c&wqﬁ m umflnismnﬂflalﬂ Choose (x,y) € o

such that cx = ¥ (%) = i(e")i(y) and i(d)i(x) =

To show that g is a homomo

and (z,w) € B. There exist u € S and v € S~{a} such that yu =

Thus af = [(xu,wv)] and i(u) = i{y}’ii{z}.i{v]. Hence g(aB) = i{xuli{w}_l =

LGOLWi 0T = 1601 H2)itn ™ = gla)g(B). There exist

p,q € S~a} such that yp = wq. Therefore atf = [(xp+zq,yp)] and gla+B) =

i (xprz)ilyp) T = 1xp)ilyp) Titz) iyt = 160 itz iw ™ =
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gla)+g(B).

To show that gef = i, let x € S. If x = 0, then (gef)(x) =
g(£(0)) = g{0) = 0 = i(0). Assume that x # 0, Then (gef)(x) =
ELLGE )Y = 102)x) Y = 1(x). Hehce gof =

Suppose that there exists a homomorphism h : K + K' such that

hef = i. Let a £ K and choosg y¥) € a. Then gla) = i{x]i(y}'i -

(Che£)(x) ) ((he£) (y)) L 29D = h(1632, 0D ly,yD)]) =

h(GP 5] [y ,y2)) Y=HOTEE, )Y) <SECE™Thus g = h.
| s

Definition 3.26. ith a as a special element.

Then K is called = % # a and x+a # a for all
x € K~{a}. K is cz # a and xta # a for all

x £ K.

Example 3.27.

(1) (x) in_thé freor of .9 is an example of a

seminear-field b* B but not full w.r.t. a'.

(2) (xi)lfin the"p We€Orem 249 is an example of a

seminear-field whidhgis not almosgsfull w.r.t. a'.

of | Ml B S WEMR an v o «

seminear-—field which is fulf w.r.t. a'es

JRIAINIULAIANYIAY

Theorelh 3.28. Let S be a Classification B seminear-ring w.r.t. a.

Assume that there exists an element b € Sx{a} such that bx = xb = x
for all x € 5va} and ax = xa = x for all x € S and x+y # a for all
%,y € S and (S~{a},*) satisfies the right [left] Ore condition.

Let K be the seminear-field with a category II special element and

f : 5+ K the embedding given by the construction in Theorem 3.2.
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Let K be any seminear-field with a as a category II special element
and i : S+ K a monomorphism. Then the following statements hold:
(i) If there are x,y £ S~{a} such that a = 5+i(x}i(y}-1,
then there is no monomorphism g : K + K such that gef = i.
(ii) If K is almost full w.r.t. a, then there is a unique

monomorphism g :

Proof. Firsheewe sna " h) # a, suppose not.

Then i(b) = i(ab)™= i ‘Thus a = b, a contradiction.

Hence i(b) # a. Sig | | M) \=\ A e is the identity of
(K~{a},*).
Claim that |, suppose not. Since

i(b)ia) = i(b)i(b), 4 = b, a contradiction.

Hence we have thg claim

(i) fafprphism g : K + K

such that gef = iw Then gla') = g’f{a}) = L&-£)(a) = i(a) = a and

oo FEBTAYNFALF T - o

= yx. Thus gl [(x,y)1) -.g([{x .xllliy,y 1) "(éﬁn‘](x)]((gof}(y}}
ﬂx]ﬂmmxﬂﬂ:ﬁmum‘}g Hﬂﬂﬁﬂ gla'+(x,y)1) =
gle'+[(x,y)1) = glllytx,y)]) = a contradiction.
(ii) Since ata # a, ata # a. Since (ata)e = (e+e)e and
K is almost full w.r.t. a, ata = e+e. Let a € K {a'} and choose

(e,d) € @. Define gla) = i(e)i(d)™! and gla') = a. Using a proof

similar to the proof of Theorem 3.25, we obtain that g is well-defined.
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To show that g is an injection , let «,B € K be such that
gla) = g(B). If a = a', then B = a'. Suppose that o # a'. Then B # a'.

Choose (x,y) € a and (z,w) € B. Then there exist u,v € S~{a} such that
yu = wv. Thus iCu) = i(y)  i(w)ilv) and i(Gx)i(wilv) TiGw ™ =

1(x)i0) 1L ED ™ = 1™ = gla) = gB) = Llz)iCw) ™t

Therefore i(xu) = i(x)i(u

i(zv). Since i is an injection,

xu = zv. Thus (x,y) N (z

Claim that

\ or all u e K~{a}.
’\\\\ = eutuu = (e+u)u and K is

Let u £ K~{a}.

\ wWe can show that u+a

To show that “aHomoerphis et o,B € K.

at+a') = g([(b,b)]+((b,b)])

g(((b+b,b)]) = ilh "'E{E"} = gla)+g(B) and

gla) = gla'a') 2 'l : = glalg(B).

| | = |
V) u-l

Case 2. o =2a', B¥#al. Choose @iw) € 8. Then atB = a'+[(z.w)]

- wﬂumwmwmm o el
LR awafwﬁﬂmﬁ’“a i

e+i{z}:&w] = a+i(z)ilw) gla')+g(B) = gla)+g(B) and glaB) =

gla'g) = g(B) = ag(B) = gla')g(B) = glalg(B).
Case 3. a # a'", B =a'. The proof is similar to the proof .of Case 2.

Case 4. g #a', B # a'. Choose (x,y) € a and (z,w) € B.

There exist p,q € S such that yp = wq. Thus gla+B) = i(xp-!-zq}i(yp}-i
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1 (ep)ilyp) T+izQ itwa) ™Y = 1601 H+i(2)in ™ = g(a)+g(B). There

exist u,v € S such that yu

i

zv. Thus of

n

[(xu,wv)] and i(y)i(u) =

i(z)i(v). Therefore g(ag) i(xu)i(w}—i i[x]i(u]i{vl_ii(w)q

160i )26 = gladg(B)-

fet % = 5. If x = a, then (ge£)(x) = (gef)(a) = g(f(a))

gla') = a = i(a). (ge£)(x) = g(£(x)) =

Ilet h : K Dy ‘ -'. el _ that hef = i. Let o £ K.
t - -f}(a) = h(f(a)) = h(a') =
h(a). Suppose that “Chosse (X,9) . Then gla) = g([(x,y)1) =

160ily) = ((hef) 2 nCIly,y° ) =

hus g = h.
it

Theorem 3.29. Lél n M.c. g, B(C,D) seminear-ring

such that (S, e condition. Let 9;0 be

b | i
i i I |
W

the category whose objeuts are Dusewinear-f €lds., Let K be the

0- senmaar-ﬂaﬂﬂdg W H%ﬁﬁmﬂ‘? by the construction

in the remar® immediately fnllcw:.ng Theorem 3.4. Then (s,f,K) is a
- RRANIRTA HNARANYINY

Proof. Let K be any O-seminear-field and i : S+ K a

homomorphism. By tie construction of K, K = Q(8) U {a'} where a' is
a O-special eiement of K. Let a be a O-special element of K.
Claim that i(x) # 2 for all x € S. To prove this, suppose not.

Then there exists an x € S such that i(x) = a. Let y € §x{x}. Then



by

i(xx) = i(x)i(x) = aa = a = ai(y) = i(x)ily) = ilxy), so xx = xy.

Since S is M.C,, x = y which is a contradiction., So we have the claim.
Define g : K + K as follows : for a £ K~{a'}, choose (x,y) £ a.

Define g(a) = i(x}iiy}_i and g(a') = a. Using the same proof as in
Theorem 3.25, we can show that g is well-defined.

To show that g is a hemégiopphism , let o,B € K.

=gla') =a = ata =

gla')+gla') = gla)*#E show that glaB) = glaldg(R).

Case 2. « 8) = g(B) = a+g(B) =

i

gla')+g(B) far;. R el =

gla')g(B) = plalg@@).

Case 3. o #a', B = 3 @nilar to the proof of Case 2.

Case 4. o # a'mf hlz2p-to the proof of Case U

in Theorem 3.28(T#}: s kY )

ng the

|
Hence g ;;l‘: OMOMOTPILE Us same proof as in

Theorem 3.28

is thefdinique homomorphism such that gef = i.

ATEIEYITWE TR
TR 0 b 1Tt il

the category whose objects are = -seminear-fields. Let K be the

o -geminear-field and f : S + K the embedding given by the construction
in the remark immediately following Theorem 3.5. Then (§,f,K) is a

guotient seminear-field of S w.r.t. }i’w

Proof. Let K be any w-seminear-field and i : S + K a
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homomorphism. By the construction of K, K = Q(S) V {a'} where a' is
an @-special element of K, Let a be an® -special element of K.

Using the same proof as in Theorem 3.29, we can show that i(x) # a

for all x £ S.

Define g : K+ K as follows : for a £ Kv{a'}, choose (x,y) € a.

Define g(a) = i(x}i(y}"l Using the same proofs as in
Theorem 3.25 and TheqpSf™@e28 , | that g is well-defined and

glaB) = glalg(B)

To show that® sed® o/ Lalse all a,8 € K, let a,8 € K.

o
-
w‘
S

n
i
"

ﬂ-'l-
1]
n

Case 2. a =a', BF7 ¢ ahln ] = gla') = a = a+g(p) =
glatl+g(Bl = glal+g(pl. 27
Case 3. o # a' ;m_"m“w;T;u the proof of Case 2.

- ™
Case 4, o # a', ."J a', The prmf is simike

to the proof of Case 4

)b m&;m N3 ot e 5
™R W RTS Al T FITE Ty o e

Theorem 3.31. Let S be an M.C. Classification B(C,D) seminear-ring

such that (S,+) is a left zero semigroup and (S,+) satisfies the

right [left] Ore condition. Let}fL be the category whose objects are

additive left zero seminear-fields with a category I special element.

Let K be the object in 3’)"[. and £ : S + K the embedding given by the
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construction in the remark immediately following Theorem 3.7. Then

(5,f,K) is a quotient seminear-field of S w.n.t.}fL

Proof. The proof of this theorem is similar to the proofs of

Theorem 3.29 and Theorem 3.30.

Theorem 3.32. Let S be an M.€)/@¥ sk ification B(C,D) seminear-ring
such that (S,+) is a r-“,~ ze oWt _and (S,-) satisfies the

right [left] Ore i ‘: o e the, category whose objects are

additive right ze ategory I special element.

Let K be the obje mbedding given by the

construction in tHE il Jmme d i ted s ng Theorem 3.8. Then

(S,f,K) is a quotie

Proof. oo fl e this em is similar to the proofs
of Theorem 3.29 and o .

P )

Theorem 3.33. '| s - ";. C seminear-ring

w.r.t. a. Let b € §nfa} be such that = a. Assume that (S,-)

- WD HDTHY NS, o s i

with a category II special element and £ : S + K theyembedding given
sy bl Sl T B bbb Aol ok rneoren .10

Let K be any seminear-field with a as a category II special element

and i : S+ K a monomorphism. Then the following statements hold:

(i) If i(b) = a, then there is no monomorphism g : K + K

such that gef = i

(ii) If i(b) # a and K is full w.r.t. a, then there is a
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unique monomorphism g : K + K such that gef = i.

Proof. Since S is M.C., a is L.M.C. in S. By Proposition 2.23,
ba = a. Let a' € K be such that (K~a'l,*) is a group.

(i) Assume that i(b) = a and there is a monomorphism T

Then a = i(b) = (gef)(b) = g(£f(b)) =

g K + K such that gef = i.
| ;b (al}i = gla")gll(b,b)]) =
£ ah}] , a contradiction.

or all x € 5. Assume that

\\ 'b) #a = i(x) = i(xb) =

g(L(b*,5)] = g(I(b,b)]) s
gla'[(b,b)1) = :

(ii) First

there is an x € 8 =i =

i(x)i(b) = ai(b) we have the claim.

Define g : K+ K choose (x,y) € @.

Define ‘gla) = i(x)i(y)f ad@g(a9Es a.’l Using the same proofs as in
Theorem 3.25 and Theorem S —we gt that g is well-defined and g is
the unique monopd

e ———— ] Y
'v:'; v |-‘“"‘"
i

i |
|
I edd with a as a category

e gy AV

for all = e, Let K be an% semmear-—field with a as a category VI

smamam TG WA B A by -

for alleK,. If there is a monomorphism g : K + K, then g(a) =

Let K be any seminear-fi

Proposition 3. 34 =

and g(d) =

Proof. Let e and e be the identities of (K:a},*) amnd (Knal,*),

respectively. Then g(d) = g(de) = g(d)gle) = g(d)e # a. Therefore



gla)gla) = glaa) = glad) = g(a)g(d). If gla) # a, then g(a) = g(d).

Hence a = d, a contradiction. Thus g(a) = a. Since g(d)g(d) =

P-I

gla)g(d), gld) = gla)e = ae =

o ]

Theorem 3.35. Let S be an M.C. Classification .C seminear-ring

such that (S,*) satisfies the left] Ore condition. Let K be

the seminear-field with af |edSfoey VI special element and
f : 8§+ K the embeddifigmedie ‘ @c‘ti_m in the remark
immediately following L : . Supg that there is an element

[(d,d)] € Kv{a'} st

38ld with 3 as a category VI
special element. d g Kyi5] bessueh that ax = dx and xa = xd

o i sm. Then the following

(i) If thénesis a y € S guch that i(y) = d but f(x) # ((d,,d,)]

for all X € ;,Heﬂ :AII &mcﬂﬂgﬂi* K such that gof =
RN IMTINY Ty P =

£(u) = {d"i’d‘zn' then there is no monomorphism g : K + K such that
g f =

(iii) 1If there is a u € S such that f(u) = [(dl,dﬂh but

i(y) #d for all y € S, then there is no monomorphism g : X + K

such that gef = 1i.



(iv) If i(x) # d and f(x) # [(di,ﬂz}] for all x € S and

£(d,)(d,)™ = @ and K is full w.r.t. 3, then there is a wnique

=i

monomorphism g : K + K such that gef = i

o

Proof. Let b g Ss[(a} be such that ab = a. Then yb =

for all y £ 5. If there exisfs

\W)

i(x) # @ for all X £ Cee®ince K fsefull w.r.t, a, a+a = d+d and

. x € S such that i(x) = a, then

a = ilx) = ilxb) = 1 is is a contradiction, so

atx = d+x and x+

(i) Assumegfh Tas) u . ism g : K + K such that
gef = i. Then g(f( \- = g{[{di,dz}ﬂ, by
Proposition 3.34. T : , & ﬁmtradiction.

(ii) Assume | g : K+ K such that
gef = i. Then ETR 7 ai,azm = d, by

X !'

Proposition 3.30 > u = y, a contradiction.

.ui

(i) ﬂssu?e that there is a monomorphism g : K + K such that

e - 5. AUH IRBNINEIRG e -
“““%iﬂjﬁ’mﬂimymmma

Define g : follows : for a € K~{a'}, choose

(x,y) € - Define gla) = i(x}i{}') and g(a') = a. Using the same
proofs as in Theorem 3.25 and Theorem 3.28, we can show that g is
well-defined and an injeection.

To show that g is a homomorphism, let a,B £ K.

Case 1. @ = B = a'. Then glatB) = gla'+a') = g(I(di,dzl']-}-[{di,dz]!J =
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g(1(d,d,+d,d,,d,4,)] = gli(d,+d,,d,)1) = ild di)l{ﬂzj = d+d =
a+a = gla')+gla®). There are X,y € S such that d,zx = diy.- Then
[(d,,8,)1 [(d3,8,2] = [(d;%,d,y)] and i(x) = 1(a,)71i(d,diCy). Thus

g(ap) = (it~ = 1(3,)1(d,)711a)i(3,)™" = @ = 3@ = glagla").

Case 2. o =a', B F a'. ) € B. Then gla+p) = g(a'+B) =

{ re are u,v £ S such that
d,u = wv. Thus glotflemeeti(d, Btz -.:“"‘ i(d, u+zv1:|.(d2ul

g([{d1 ’dg}] +g) =

“g(a')+g(Bl. There are

\b a'g E[[{d1,ﬂ2hﬁi s
\ i ﬂjr!

i{dliildil'iiizliﬂw 2lg) 7 peC \ a")g(B) = gla)e(B).

i{di}itdzl-iﬁ.{z} ‘
x,y € S such that dg

E{[ (di td.zl.] [ (Z ;W]J }

Case 3. o #a', p=a' ‘.’.-'9—"‘1 4s similar to the proof of Case 2.
el

Case 4. o 7 V = 7*-—“‘:": to the proof of Case 4

in Theorem 3.28(d h 1

1

i(x), so g‘ﬁﬁﬂwgﬁﬁ {ﬁi’j‘ﬁnz%(x ) = 3G
AT AR

that g : K+ s the unique monomorp gef = i.

Theorem 3.36. Let S be an M.C. Classification D seminear-ring

such that (S,-) satisfies the right [left] Ore condition. Let K be
the seminear-field with a category II special element and £ : § * K

the embedding given by the construction in the remark immediately



84

following Theorem 3.10. Let K be a seminear-field with 3 as a category II
special element such that K is full w.r.t. aand i : S - K a monomorphism.
Then there is a unique monomorphism g : K + K such that gef =

Proof. First, claim that i(x) # a for all x € S. Assume that

there exists an x € S such that, i(x) = a. Then i(x) = a = 33 = i(x)i(x) =

i(xx) which implies that. A% & € S be such that (S~{a},*) is

énce_m = ax and S is M.C.,

ax = a which is a & SOue "Wave the claim.

—_

Let a' € K LSyl (e {ard is a group. Define g : K+ K
4 g

as follows : for o

and g(a') = a. Usidg g ifdlar | \ one used in Theorem 3.28,
we get that g is th O] Smogph i ch that gef = i
5 e #

Theorem 3.37. Let S be. 35 ication D seminear-ring
such that (S,*)! ‘i::z:m:-- i """'_'Tm condition. Let K be
the seminear- flﬂl‘ VI8pecial element and

J.H
f : 58+ K the enbedm given by the. construction in the remark

immediately ﬂaw ’J’hw wﬁ wgq ﬂa‘tj there is an element

[{d »d, )1 € ¥&{a'} such that,

Q RIANIUUNI NS

a'+a = [(d, ,d2}1+a. and ata' = a+[(d1,d2]]

for all o € K. Let K be any seminear-field with a as a category VI
special element. Let d € K~{3} be such that ax = dx and xa = xd

for all x € K. Let i : S + K be a monomorphism., If there is an x € S
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such that i(x) = a, then there is no monomorphism g : K + K such that

gef = i. Furthermore, if i(x) # @ for all x € S, then the following
hold :

(i) If there is a y € S such that i(y) = d and f(x) # ”di’dz}]

for all x € S, then there is no monomorphism g : K + K such that gef = i.

(ii) If there i hat i(y) = d and there is a

u € S such that flu) =mfl "y, then there is no

monomorphism g
(1iii) If ifg® #9f ffor-811 ¥ &S '8Hd there is a u € S such that

£(u) = 1(d,,d4,)1, pphidem g : K + K such that

gof = i.

(iv) If i(yY #fd . 11y gnd f(y) # ((d,,d,)] for all

v € S and i(d )i(dz}l is a unique monomorphism g : K + K

such that gef = QI
\ 7 "",‘

H |'
..

Proof ASMhine that there is a monom®eohism g : K+ K such that

oot ﬁ%ﬂ%ﬂﬂﬂ%ﬂﬁs’rﬂ%

Thus f(x) = a. , a cmtrad:.:t:‘pn

Q FARIRTRIRI VR H IR o < o

proof Thearem 3.35:
#

Proposition 3.38. Let S be a Classification D seminear-ring w.r.t. a

such that a is not L.M.C. in S. Let K be a seminear-field with a as

a category VI special element and let d € K~{a} be such that ax = dx

1



and xa = xd for all x € K. If there is a monomorphism i : § + K,

then either i(a) = d or i(a) = a.

Proof. Let d £ S~{a} be such that ax = dx for all x € S-{a}.

= - - w - -
Assume that i(a) # d and i(a) # 3. Let e be the identity of (K~{al},+).

Case 1. i(x) # a for all m nce i(a)i(d) = i(ad) = i(dd)

1(d)i(d), i(a) = i(d).sulhus a’= tradiction.

Case 2. There is a

i

Then x # a and ax dx.

Therefore i(a)d = (dx) = i(d)i(x) = i{ﬂ}; =

i(d)d. Thus i(a)

Subcase 2.1, 1 ,Cﬁi‘} : Ma)= i(d). Thus a=4d, a
contradiction. I s ﬁ&:i
~-¢%5:ff$;

e = d, a contradiction.

1]
=1

J“—'ﬂ-ﬁ""“" 39 WUﬂTW‘B’Tﬂ P,

Let K be a s minear—field with aas a categpry VI ﬁﬁgclal element and

1ee 74 WG AUAIUNRIAINYIAY << =

there is a monomorphism i : S + K, then either i(a) = d or i(a) = a.

Proof. This proof is similar to the proof of Proposition 3.38

{substitute a2 for d).
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Theorem 3.40., Let S be a Classification D seminear-ring w.r.t. a
such that a is not L.M.C. in S. Assume that xa # a for all x € S~{a}
and x+y # a for all x,y € S and (S~[a}l,*) satisfies the right [left]
Ore condition. Let K be the seminear-field with a category VI special

element and £ : S + K the embedding given by the construction in

x € K and let i : Then the following hold :

(i) If i(= omorphism g : K + K

such that gef =
(ii) 1If £, a, then there is a

unique monomorphism

Proof. Let d ax = dx for all x e s~{al.

(i) Assome at i(a) =@ ’ monomorphism g : K + K
(7 Y '
such that gef = H=C foprove this, suppose not.
: ||
i¥
Since i(a)i(a) = y‘)l{d) and 1(a} =d#a, 1i(a) = i(d). Thus a = d,

a mntraamﬂ%ﬂQ%W?W 8@fﬂ’%ﬁm 3.34, g(£(d)) =

(ge£)(d) = i{d} = a = g(a') where a' € X is such thgt, (KMa'},*) is a
EI‘OUPQ mm\%{ﬂ ‘im HM nm Ej l'] a:&radlctinn

(ii) Since i(a) = a and i{d]i{d} = i(a)i(d), i(d) = i(a)e

n

.-...., -

= de =d. Define g : K~ K as follows : for a € K~{a'}, choose

(x,y) € a. Define.gla) = i(x)i(y) " and gla') = a. Using a proof

similar to the one used in Theorem 3.35(iv) (substitute £(d) for

1]
(oS

[(4:.11,:1.2}‘.']1=r we get that g is the unique monomorphism such that gef
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Theorem 3.41. Let S be a Classification E seminear-ring w.r.t. a
such that 15] > 2. Assume that x+y # a for all x,y € S and (S~{al},*)
satisfies the right [left] Ore condition. Let K be the seminear-field

with a category VI special element and f : 5 + K the embedding given

by the construction in Theorem 3.15 (substitute a? for d). Let K be

any seminear-field with a a catéy VI special element and let

d € Kx{a} be such thatea for all x € K and let

{i} If i{ i L& E J Sy =1 I‘Phls‘m g : K -+ E

such that gef =

(i1) If i@ 2 fand % 48 full W.mit. a, then there is a

unique monomorphism § . _
rt‘;.u ‘f;J

Proof. i S5 cimitap.to the proof of Theorem 3.40

(substitute a2

Ir‘

Fi
| | |
¥ iF

Proposition 3.U42. Iipt S be a Classxf:.catmn D seminear-ring w.r.t. a

wen et S UR AN TN UG o - o

for all % € S\{a} If there¢is a monoggrphism i : § ;7 K where K is
iﬁl@ ﬁtﬁl 1gu llgry g nulm then either

i(d) = a or i(d) = d where d € ﬁ\{a} is such that ax = dx and xa = xd

for all x € K.

Proof. Let e be the identity of (K~{al,*). Assume that

i(d) # 3. Claim that i(a) = a. To prove this, suppose not. Since



B9

i(a)i(a) = i(a)i(d), i(a) = j:(d}. Thus a = d, a contradiction. So we
have the claim. Since di(a) = ai(a) = i(a)i(a) = i(a)i(d) = 3i(d) =

di(d),i(d) = ei(a). Thus i(d) = ea = &d = 4.

Proposition 3.43. Let S be a Classification E seminear-ring w.r.t. a.

If there is a monomorphism d N ere K is a seminear-field with
- ’ : - sr 2 - 2
a as a category VI Al -eleme /ﬁther i(a®) = a or i(a“) =

where d ¢ K~{a} is @ Ay |- dx's -xd for all x e K.

Proof. s ‘ 4 ', A totl cof of Thecrem 3.42

(substitute az font

Theorem 3.44. Let seminear-ring w.r.t. a

such that a is not L.MTC. 3~{a} be such that ax = dx

for all x e S~{a}. all x € Sx{a} and u+v # 4
for all u,v € ; vFa ot u,v fg and (s~{d},-) satisfies
the right [left] Cﬁ ond: ! be -J seminear-field with a

category VI special g¢lement and f + K the embedding given by the

mmmg@uﬂgmﬁmiualn1HMMMaﬁ
BT S I MY A = - >

and xa 3 xd forall xe K. Ifi : 8 = K is a monomorphism, then the

following hold :

(i) If i(d) = d, then there is no monomorphism g : K + K

such that gef = i.
(ii) If i(d) = a and K is full w.r.t. a, then there is a

unique monomorphism g : K + K such that gef = i.
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Proocf. (i) Let a' be a special element of K. Claim that

i(a) = a. To prove this, suppose not. Since i(a)i(a) = i(a)i(d) and

1
(=4}

i(d) # a, i(a) = i(d). Thus a = d which is a contradiction, so we

have the claim. Assume that there is a monomorphism g : K + K such that

gef = i. By Proposition 3.34y gff(a)) = (gef)(a) = i(a) = a = g(a').
Thus £(a) = .

{iij Assume
Then i(a) # a. ei(d) = ea = ed = 4.

Thus i(a) = d.

(x,¥) € o. } = a. Using a proof
similar to the on 1 | Secnem, 3,8 .,\ substitute f£(a) for
[(di,dzj]], we get £l ‘_:‘. e Auh 2 Wwotomorphism such that gef = i.

Theorem 3.45.

pinear-ring w.r.t. a

N Y} 2
such that S| > ofe8ll u,v € S and uv # a

I|
uJ
for all u,v & S~{a } and (s~{a"} -} satisfies the right [left] Ore

condition. ﬂau(ﬁfa ﬂﬁﬂﬁmﬂ?ﬂw VI special element

and £ : § + & the embedding .g:.ven by the constructinn in Theorem 3.23

{msﬂtﬁ?&ﬂﬂiﬂmﬁmiﬂﬁ Bh 3 as a category

VI special element and let d € K~a} be such that ax = dx and xa = xd

for all x € K. Ifi : S+ K is a monomorphism, then the following hold :

(1) If i(a®) = d, then there is no monomorphism g : K + K

such that gef =

(i) I ila®) = 3 md K is foll w.p.t. a, then theve i &
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unique monomorphism g : K * K such that gef = i.

Proof. This proof is similar to the proof of Theorem 3.4u4

(substitute a2 for d).

o
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