CHAPTER IV

SKEW RINGS

properties:

(i) For“

z+x £ z+y for all z
(ii) For any x, y implies that x*z < y+*z and

zex L zey for all

Y]

- R satisfy he followm; properties:

Lemma 4.2 Let BR

AR, . .
“‘“Wmﬁsﬁrﬁmmﬁg k

Proof Let g(x) f(x)—xf(1) for all x € IR. So we have that

g(1) = £(1)-1°£(1) = £(1)-£f(1) = 0. Let x, y € IR be arbitrary. Thus

g(x+y) = £(x+y)-(x+y)£(1) f(x)+f(y)-xf(1)—yf(1) =

(£(x)-x£(1))+(£(y)-y£(1)) = g(x)+g(y). Therefore, - substituting 1 for y
we have that g(x+1) = g(x)+g(1) = g(x) for every x € IR. Hence g is a

periodic function of period < 1. Now, for every x € (-1,1) f(x)g£(1)
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so f is bounded on (-1,1) and £(1) is an upper bound. We get that for
every x € (-1,1),g(x) = £(x)-x£(1) £ £(1)+£(1) = 2£(1) which implies
that g is bounded on (-1,1) and 2f(1) is an upper bound. Since (-1,1)
conta;ins an interval of length 1, 9 is a bounded function on R by

periodicity. Clearly, g(0) =0, therefore 0 = g(0) = g(x-x) =

g(x)+g(-x) for all x e R. -g(x) for all x e R.

Let B = 2f(1). x € IR.  So we have that
-B £ g(-x) for all x for all x € R. It

follows that -B £

Case 1. Suppose th 4'Th . Therefore
£(x) & x £(1) for WlX < £(1), we

get that a > 0 and

Case 2. Suppose that

Subcase 2.1. 0 for all x € R. Therefore
- 1

we have that f(x

that a > 0 as befoxa so
in pose th tuere exists an element x in IR

such that g(iqjl BE ﬂnﬂﬂiw ﬂ’] ﬂ Choose C € R such

that g ow'j ﬁ i uﬁﬂ?ﬂ ﬁzlfor every

n € Za @(q ﬁg ﬁj < B, we get

that for every x €IR -Bg ng(x) B for all ne 2zt. But 0 < C and

0 = inf{—i- | ne Z'}. Hence there exists an N € Z' such that % < C.

B FeE] :
g(Nxo) L5 < C, a contradiction. So this case cannot

Z| =

Thus‘ g(xo) =

occur.
#
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Proposition 4.3 Letm, n € Z' be such that m # n. Then (mZ,+,*)

i's not isomorphic to (nZ,+,*)

Proof: Let m, n € Z’+ be such that m # n. (mZ,+) is an

infinite cyclic group whose only generators are m and -m and (nZ,+) is
an infinite cyclic group whose only generators are n and -n.

. ///zﬁphic to (nZ%,+,*) . Let

f: mZ - nZ be an iso sm Thu: tn

Suppose that (mZ,

Case 1: f(m) = for all 2 € Z. Let x, y € mZ.

So there exist uni mp and y = mg. Thus

f(xy) = f(mp mq) f(y) = f(mp)f(mg) =

L
=le tion.

> Case 1.*

(np)(ng). Thus f(xy
Case 2: f(m) =

Theorem 4.4. Let (R,+,*,S=be omp ete ordered skew ring. Then

f%6llowing rings:
SORNURY Im— X

(2) (lR,+m<) where xoy = 0 for ﬂ X,y eR.

o) &Lﬁﬁﬂ‘ﬂ iﬂﬂ’m‘i
QA0 R RN HARE v

Theorem 1.31 either (R, +,<) v (R,+,<) or (R,+,8) v (Z,+,<) or

(R,+,*,<) is 1somo

(R,+,<) v ({0},+,9).

" Case 1. Suppose that (R,+,<) v (R,+,<). For simplicity, we shall

assume that R = R.



131

Fix a (-:IR:. Define f: R - IR by fa(x) = a * x for all x e R.
Let x, y € R be arbitrary. Thus fa(x+y) = a*(x+y) = a*x + a*y
= fa(x) + fa(y). If x < y then a*x < a*y, it follows that f(x) < f(y).
Therefore 'fa satisfies the hypothesis of Lemma 4.2, so there exists
an r_e IR; such that fa(x) = r X fo:.c all x € IR.
' U by the above, there exists an

y IR. Now for all x € R,

a*x = —(-a)*h"ﬂ—"x)i m VL e S Then for all

€ IR, there exists an

Let a €eIR . Then -

r e R’ such that f_ o
-a (o]

fa(x)
x € R, fa(x) = a¥*x
r e IR such that f

Let F: R — or all a e IR. Let

a, b € IR. We shall e homomorphism. Let

x € R be arbitrary. a*x + b*x = r X + r X

b

= (ra+ rb)x. Putting =r +r. Hence

b

F(a+b) =r =

Let a shall show that

1’

F(a ) < F(a ). fore 0 £ (a,- a1)*1

jj 2

= a, *1 —a*1,1t fo‘}lows thata*1 *1 sof fa(1).

2 1

(1)
Therefore (rﬂ utg ’3 w&ngwg}!’};ﬂ §at F(a ) < Fla, )4
2
s owed F sat1 fies the otbe51s of L.émma 4.2, hence
there%c\ﬁ’hl !f;] jcmmm Mflimﬂl’]]ﬁ EJ Let a € R
be arbitrary.
Subcase 1.1 s = 0. Thus F(a) = 0 for all a € IR. Let u;v € R.

Then u*v = ruv = F(u)v = 0*°v = 0. Thus (R,+,*,&) & (R,+,0,<) where

xoy =0 for all x, y € R.
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Subcase 1.2 s > 0. Clearly F is a bijection in this case

F(a)*F(b)

"

since F(a) = sa for all a € R. We shall show that F(a*b)

]

for all a, b € R. To prove this, let a, b € IR. Thus a*b fa(b) =

rab = (sa)b and s s(a*b) = s((sa)b) = (sa)(sb) = e A Hence

F(a*b) = r = r *r, = F(a)*F(b). Therefore F is a ring homomorphism.

=y T ,’//

';(z

Hence (R,+,*,L) X (R,+,°,<

Case 2. Suppose ince (Z)+) is an infinite

cyclic group, R is . Let a4 € R be a generator.
Then e is a gene: or —go> 0. We can
assume that go> 0 here exists an m € Z

such that gi = mg

Subcase 2. £ gq» gze R be arbitrary.

or some n, € Z. We get

Thus g, = n,9, for 2

that 91* g, = (n1go)*(n2go_, n 4 . Hence (R,+,*,<)M(%,+,0,<)

in the following way:

Let g, R. So g,=ng_ for some n € Z, definﬂ(g” = h(ngo) = nm.

e DT NETAS. :‘:.::i;::“%*
AR

sur jection.
To show that h is a homomorphism. Let P gze.R. Then there

exist n, n € Z such that g,=1Bg s 9,= 1D 9" Thus

h(g1+ 92) h(ng0+ n go)

h((n+n')go)



Case 3. (R,+,<) ([odgi=in -
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m(n+n')

mn + mn

]

h(ngo) + h(n'go)

h(g,) + h(g,)

and

h(g1*g2) = h((ngo)(nlg° »

Hence we proved that H'is an‘isomorphism. Therefore

(Ry+,%,<) N (mZ,+,°,<) _

*,<) l ({0},+,°,%).

#

Y ' Jf’

Corollary 4.5 A complete eld is isomorphic to

o ¥

AULINENINYINT
RININTUNRIINGAY

('R,+,‘,\<).
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