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CHAPTER I

INTRODUCTION

One of the most crucial problems for physicists concerns the number of

spacetime dimensions, and is sometime referred as to the dimensionality problem.

In fundamental theories of modern physics, such as conventional quantum field

theory and general relativity, the dimensionality of spacetime is set to four by

hand. Therefore, any would-be theory of everything should provide the ways

to derive the spacetime dimensionality. Certainly, string theory emerging as a

candidate for such a theory cannot avoid this challenge. The purpose of this thesis

is to review the basic concepts of string theory and application to cosmology. We

emphasize on string gas cosmology in order to study the methods for solving the

dimensionality problem and other important concepts.

1.1 Brief Overview

1.1.1 History of String Theory

At present string theory is regarded as one of the most promising candidates for

theory of quantum gravity. However, it is the fact that a true original purpose

of string theory is to describe an enormous proliferation of hadrons of strong

interaction physics discovered in 1960s [1, 2, 3]. The hadronic spectrum contains

particles with high spin. It turns out that the relation between mass squared of

the lightest particles and spin J is approximately m2 = J
α′ . The constant α′ takes

the value around 1 GeV−2 and is known as the Regge slope. This behavior was

tested up to spin 11
2

and it seemed to continue infinitely. It is obvious that in

that period there was no quantum field theory that could provide the acceptable

explanation for this proliferation since the consistent quantum field theory seemed

to be limited for particles with low spin. The difficulty for constructing quantum

field theory of high spin particles is that tree diagrams for the exchanged particles

with high spin do not maintain the unitary bounds at high energy limit. More
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precisely, the high-energy behaviors of s- and t-channel amplitudes for high spin

particles are divergent. Therefore the dual model proposed by Veneziano was used

to overcome this problem in 1968. According to Veneziano’s model, there exists

the duality between s- and t- channel amplitudes; as a consequence, these two

amplitudes are equivalent and total scattering amplitude may be convergent at

high energy limit. A surprising result of Veneziano’s model was that it inevitably

included the massless spin-2 particles. At the first glance, this seemed to be

incorrect since in Yang-Mills field theory there are only the massless fields of spin-1

particles. However, it is important to note that in general relativity the gauge fields

whose quanta are called gravitons are massless spin-2 particles. This means that

the Veneziano’s dual model sheds some light on the unification between gravity

and other interactions. In 1970, Yoichiro Nambu showed that the dual model

could be explained by quantum theory of stringy particles and it was possible

to describe all interactions by means of the same circumstance. This could be

regarded as the origin of string theory for a candidate of the unified theory and

string theory arose in this way was known as bosonic string theory. Although

bosonic string theory provided many elegant explanations for interaction processes,

it still encountered some crucial problems that were the lack of fermion states and

the existence of negative mass-squared particles, namely tachyons. In the late

1970s the Ramond-Neveu-Schwarz string model, which possesses the worldsheet

supersymmetry, became an active area of research. This model was regarded as

the first superstring theory. In 1984, M. Green and J. H. Schwarz discovered the

anomaly cancellation in superstring theories [4]. This was the first superstring

revolution. At that time there were three possible superstring theories, i.e., type

I superstring, type IIA superstring and type IIB superstring. In 1985, two other

superstring theories, namely the SO(32) and the E8×E8 heterotic string theories

[5], which can provide the non-Abelian gauge group, were introduced by D. Gross

and others [6]. Between 1994 and 1997 there was the second string revolution

pioneered by E. Witten. The different string theories were connected to the eleven-

dimensional theory, namely M-theory by a set of symmetries, such as S-duality,

T-duality, and U-duality. New object called D-brane was discovered and became

the center of interest. This object led to the relation between strongly coupled

gauge theory in d + 1-dimensional Anti de Sitter spacetime and string theory, in

d-dimensional spacetime, known as AdS/CFT correspondence. This topic was

considered as a realization of holographic principle introduced by ’t Hooft and

developed by L. Susskind. In 1990s the holographic principle became the active

area of research and its applications, such as thermodynamics of black hole and
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brane world cosmology, were developed significantly. In 2000s the string landscape

[34, 35, 36], which concerns a conjecture that there exist a large number of possible

string vacua, is believed to agree with the anthropic principle and becomes the

center of interest among string theorists.

1.1.2 A Cursory Look on String Theory

In string theory all fundamental particles arise from the same origin and all forces

are elegantly unified in a significant way. According to this theory, each particle

can be identified by a specific vibrational mode of a fundamental microscopic open

or closed strings and different particles correspond to different vibrational modes

of these strings. In analogy with music, different elementary particles represent

different musical notes and also different frequencies. There are many differences

between string theory and quantum field theory for point particles. The first issue

we mention here is that the interaction process of stringy particles. For example,

a decay process α → β + γ in the view point of string theory can be thought as

a process that a single string with a vibrational mode corresponding to particle α

decays to two strings with different modes corresponding to particles β and γ. It

arises from the fact that in string theory there is no well-defined point at which a

single string is decomposed into two strings. In other words, the interacting string

theory is not Lorentz invariant. The consequent advantage is that string theory

is free from the ultraviolet divergence that occurs in quantum field theory for

point particles due to the existence of the well-defined interaction point. Another

advantage of string theory is that it is quite unique since it contains only one

adjustable dimensional parameter, namely the string length ls, that is roughly

interpreted as the typical size of a string. We can see, for instance, the standard

model contains nineteen adjustable dimensionless parameters that are required to

be precisely adjusted from experiments and also includes ten parameters for taking

into account the neutrino masses. The different values for adjustable parameters

lead to different theories with different predictions. Therefore, there can be a large

number of distinct standard models due the different values of these dimensionless

parameters.

One of the most striking predictions of string theory is that the dimen-

sionality of spacetime is ten (twenty-six) for superstring (bosonic string) theory.

This seems to be a contradiction to human’s sense since one realizes only the

existence of four-dimensional spacetime and never observes any extra dimensions

yet. However, in string theory it is possible to avoid this problem by using an
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assumption that extra dimensions are compactified in so small space that they

cannot be detected. There are many types for compactifications, such as toroidal,

orbifold, or K3 compactifications. It is convenient to consider string compactifi-

cation in terms of Lie algebra lattice. This idea was introduced by Narain and

others [25, 26]. It is also essential to note that string theory provides not only

the different pictures for the elementary particles, interactions and spacetime but

also provides different symmetries from those of point-particle field theory. The

important symmetries in string theory concern some certain number of discrete

symmetries, namely dualities. It appears that different string theory relates to one

another via a duality. In string theory there are three important discrete symme-

tries; T-, S- and U-dualities. In this thesis we focus on T-duality, or Target-space

duality that is a symmetry between two spaces compactified in large and small

volume. An example for one-dimensional toroidal compactification is that physics

in a circle with radius R is equivalent to physics in a circle with radius α′/R.

1.1.3 Application of String Theory to Cosmology

Standard cosmology has been developed and has been used to study the celes-

tial phenomena and evolution of the universe for many decades. Although it can

provide many elegant explanations for many problems, there are still some unsolv-

able difficulties. Most of these fatal problems concern the invalidity of quantum

field theory in the region that the gravitational field is very strong, i.e. in the

vicinity of black hole, or at the origin of the universe. This failure motivates the

modification of standard cosmology by a theory of quantum gravity. An applica-

tion of string theory to cosmology is known as string gas cosmology pioneered by

Brandenberger and Vafa [16]. This model is constructed under the assumption

that the early universe consisting of the hot gases of closed superstring is initially

compactified into the T 9 × R space where T 9 denotes the nine-dimensional torus

with compactification radii of string scale (at the order of α′ ≈ 10−33cm in the

conventional unit ~ = c = 1). Based on T-duality in string theory, this model is

remarkably successful in resolving the initial singularity problem that takes place

at the very beginning of the universe. Moreover, it also provides the reasonable

solution for the dimensionality problem. Tseytlin and Vafa [17] showed that as the

late-time universe is expanding, only three spatial dimensions are growing larger

whereas six extra spatial dimensions are still confined to the string scale due to the

new degrees of string modes wrapping around these compact dimensions, namely

the winding modes. The consequent problem is the moduli stabilization problem
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that concerns the stability of moduli describing the shape, size and flux of the

extra dimensions [18, 22, 23]. This issue is the aim of this thesis and is studied

in chapter 3 and 4. One of the most important consequences is that there is a

great number of possible string vacua corresponding to different ways that mod-

uli of extra dimensions are stabilized. It turns out that these enormous distinct

string vacua possess very slightly different vacuum energies. In the energy space,

string theory contains plenty of possible local minima of effective potential. This

is known as the string landscape [34, 35, 36] and relates to the anthropic principle

arguing that only the universe with some specific conditions sufficient to allow

observers (human-beings) to exist are permitted. This subject is not in the scope

of the thesis; however, we will mention it briefly in chapter 5.

1.2 Organization of Thesis

In chapter 2 the fundamental concepts of string theory are reviewed. All

four types of string theories are introduced briefly. Theories consisting of closed

strings, that are bosonic strings, Type II superstrings and heterotic strings, are

emphasized. String low-energy effective theory is also studied.

For chapter 3, various cosmological models are studied. In §3.1, we review

standard cosmology [8, 9]. The initial singularity, flatness and horizon problems

are mentioned explicitly. In §3.2, inflationary models are introduced as successful

cosmological models that can provide some elegant solutions to flatness, and hori-

zon problems. In §3.3, a study of string gas cosmology is given. T-duality and

winding modes are introduced in order to solve the initial singularity problem and

explain the dimensionality of spacetime. The moduli stabilization problem arose

from this model is solved numerically in this chapter.

Chapter 4 provides Narain’s original idea to study string compactification

on the Lie algebra lattice [25, 26]. In §4.1, the general discussion for d-dimensional

toroidal compactification is given. The generalization of T-duality to O(d, d;Z)

symmetry is studied. In §4.2, we repeat a study of string gas cosmology in the

O(d, d;Z) formalism. In §4.3, we apply the methods we studied in §4.1 and §4.2
to solve moduli stabilization problem qualitatively.

For chapter 5, summary and discussion are provided. further developments,

such as the string landscape and the anthropic principle, are also included in this

chapter.



CHAPTER II

FUNDAMENTALS OF STRING THEORY

In string theory, all fundamental particles arise from the same origin and all

forces are elegantly unified in a significant way. This can be easily understood by

assuming that fundamental particles are one-dimensional objects as strings and

each type of particles can be identified by a specific vibrational mode of these

fundamental microscopic open or closed strings. However, the full description of

string theory is more complicated since it is furnished with many mathematical

aspects. Therefore, this whole chapter is devoted to an introduction to string

theory. In the first part, we take the understanding of bosonic string theory [1, 2].

All types of superstring theory are then studied in the second part. We end up

this chapter by studying dynamics of strings in the low-energy limit.

2.1 Bosonic String Theory

In this section we study a theory of free bosonic strings. First, we introduce bosonic

string action and discuss its classical symmetries. The equations of motion and

their solutions are also provided. Then, two equivalent canonical formalisms are

introduced to quantize this theory. Thereafter, all consistency conditions for the

quantum theory will be determined explicitly. We end up this section by studying

in detail the spectrum of bosonic string states.

2.1.1 Classical Theory of Bosonic String

Strings can be thought of as one-dimensional objects moving in D-dimensional

spacetime. Their spacetime coordinates are denoted by Xµ where µ = 0, 1, ..., D−
1. As a string propagates freely in the spacetime, it sweeps out a two-dimensional

surface, namely a worldsheet. We can parametrize the worldsheet by using a

timelike coordinate, τ , and a spacelike coordinate, σ. This means that Xµ(τ, σ) can

be thought as D scalar fields of τ and σ. The classical string action is proportional
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to the area of the worldsheet and is known as the Nambu-Goto action, SNG.

The Nambu-Goto action can be written in the form

SNG[X] = −T

∫
dτdσ

√
(ẊµX ′

µ)2 − (ẊµẊµ)(X ′µX ′
µ), (2.1)

where we denote derivatives of Xµ(τ, σ) with respect to τ and σ by Ẋµ and X
′µ,

respectively. T is the string tension, which can be related to the Regge slope

parameter, α′, and the intrinsic string length, ls, by T = 1
2πα′ = 1

2πl2s
. Note that

we use the conventional unit ~ = c = 1 throughout this thesis.

Since the Nambu-Goto action is in a square-root form of Xµ(τ, σ), it is

quite difficult to quantize this action. Thus, we instead introduce another action

which is physically equivalent to the Nambu-Goto action but obviously easier to

be quantized. This action is known as the Polyakov action, SP , and can be

expressed in the form

SP [X, h] = − 1

4πα′

∫
d2σ

√
−hhab∂aX

µ∂bXµ, (2.2)

where h and hab are the determinant and the inverse of the worldsheet metric,

respectively. We also label the worldsheet coordinates τ and σ by σa with Latin

index a = 0, 1 , where σ0 = τ and σ1 = σ.

Since there is no quadratic term of ∂0h
ab appearing in the action (2.2), hab

is a non-dynamical variable which acts like a Lagrange multiplier in the classical

action of a constrained system. In general, the Polyakov action is not physically

equivalent to the Nambu-Goto action. However, their equivalence can take place

under certain conditions that will be discussed later.

The very important concept in the classical theory is the symmetry in the

classical action and the corresponding conserved charge determined by Noether’s

theorem. There are two local gauge symmetries for the Polyakov action :

(1) Reparametrizations (or diffeomorphisms) of the worldsheet coordinates;

δσa = εa(τ, σ), (2.3)

δhab = εc∂ch
ab − ∂cε

ahcb − ∂cε
bhac, (2.4)

δXµ = εa∂aX
µ, (2.5)

(2) Weyl rescaling of the worldsheet metric;

δhab = ω(τ, σ)hab(τ, σ). (2.6)
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It is worth noting that the Polyakov action is also invariant under a (global)

Poincare transformation of spacetime coordinates;

δX ′µ = Λµ
νX

ν(τ, σ) + aµ. (2.7)

We then determine the energy-momentum tensor, Tab, by varying the Polyakov

action with respect to hab

Tab = − 2

T
√−h

δSP

δhab
= ∂aX

µ∂bXµ − 1

2
habh

cd∂cX
µ∂dXµ, (2.8)

where we use the relation δh = −habδh
ab = habδhab.

It is the fact that the reparametrization invariance implies the conservation

of the energy-momentum tensor

∂aTab = 0, (2.9)

and the Weyl invariance implies the tracelessness of energy-momentum tensor

T a
a = 0. (2.10)

We can show that if the worldsheet metric satisfies its equation of motion

0 = Tab = ∂aX
µ∂bXµ − 1

2
habh

cd∂cX
µ∂dXµ, (2.11)

the Polyakov action becomes the Nambu-Goto action.

According to gauge theory, any two different systems which relate to each

other by gauge symmetries are physically equivalent. There are some difficulties

in counting the quantum states of these systems. Thus, these gauge symmetries

should be eliminated by fixing the appropriate gauge choice in the action.

As we mentioned above, the Polyakov action possesses three local gauge

symmetries (two reparametrizations and one Weyl rescaling), which act on the

worldsheet metric. Therefore, we can gauge away all three components of the

worldsheet metric by using these local gauge symmetries. As a result, we can

choose the worldsheet metric as a (Lorentzian) flat metric, hab = ηab = diag(−1, 1).

This gauge choice is known as a conformal gauge.

After gauge fixing, the Polyakov action then become

SP [X] = − 1

4πα′

∫
d2σ

√−ηηab∂aX
µ∂bXµ

= − 1

4πα′

∫
dτdσ(−ẊµẊµ + X

′µX
′
µ). (2.12)
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We can define the conjugate momenta corresponding to Ẋµ and X
′µ by P µ

τ ≡
∂LP

∂Ẋµ
= TẊµ and P µ

σ ≡ ∂LP

∂X′
µ

= −TXµ′ , respectively. In accordance with classical

mechanics, the variables Xµ and P µ
τ must satisfy Poisson brackets (P.B.) evaluated

at equal τ

{Xµ(τ, σ), P ν
τ (τ, σ′)}P.B. = ηµνδ(σ − σ′), (2.13)

{Xµ(τ, σ), Xν(τ, σ′)}P.B. = {P µ
τ (τ, σ), P ν

τ (τ, σ′)}P.B. = 0. (2.14)

It is essential to note that there is still a residual symmetry left in the

Polyakov action although we have already fixed all local gauge symmetries. In

order to see this, we examine the first line in (2.12). It turns out that if there is

the reparametrization which yields Weyl rescaling on the worldsheet flat metric

σa −→ σ′a = σ′a(σ0, σ1), (2.15)

ηab −→ η′ab(σ
′0, σ′1) = eω(σ′0,σ′1)ηab, (2.16)

then the gauge-fixed Polyakov action is invariant under this transformation.

The transformation mentioned above is known as a conformal transfor-

mation, which preserves the angle between any two vectors. This means that

there exists the conformal symmetry in the gauge-fixed Polyakov action. The cor-

responding quantum field theory is called the conformal field theory (CFT).

The variation of the gauged-fixed Polyakov action with respect to Xµ reads

0 = δXSP

=
1

2πα′

∫
dτdσ(−Ẍµ + X

′′µ)δXµ − 1

2πα′

∫
dτ [X

′µδXµ]π0 , (2.17)

where the portion of a string is indicated by σ ∈ [0, π].

The first term in the RHS of (2.17) provides us the equation of motion

−Ẍµ + X
′′µ = 0. (2.18)

It is obvious that the equation of motion of the classical bosonics string is the

wave equation.

The second term in the RHS of (2.17) corresponds to the surface term and

its vanishing leads to the boundary conditions of the string

[X
′µδXµ]π0 = 0. (2.19)

There are three possible boundary conditions:
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(1) Periodic boundary condition,

Xµ(τ, σ = 0) = Xµ(τ, σ = π), (2.20)

a string which satisfies this boundary condition is called a closed string.

(2) Neumann boundary condition,

X
′µ(τ, σ = 0) = X

′µ(τ, σ = π) = 0, (2.21)

a string which satisfies this boundary condition is called an open string.

(3) Dirichlet boundary condition,

Xµ(τ, σ = 0) = aµ, Xµ(τ, σ = π) = bµ, (2.22)

where aµ and bµ are constant vectors, a string which satisfies this boundary con-

dition is an open string attached on a p-dimensional object, namely a D-brane or

Dp-brane (D stands for Dirichlet and p is the integer 0, 1, 2, . . . , D − 2).

In this thesis, we give an emphasis on the closed strings and open strings

from the Neumann boundary condition as we neglect the open strings living on

the D-brane.

From (2.18), a classical bosonic string propagates in the spacetime by obey-

ing the wave equation. Therefore, Xµ(τ, σ) can be decomposed into the left-

moving sector, Xµ
L(σ+), and right-moving sector, Xµ

R(σ−), where we introduce the

left-moving and right-moving worldsheet coordinates as σ+ = τ+σ and σ− = τ−σ,

respectively. Thus,

Xµ(τ, σ) = Xµ
L(τ + σ) + Xµ

R(τ − σ). (2.23)

The corresponding partial derivatives with respect to σ+ and σ− can be defined by

∂+ = 1
2
( ∂

∂τ
+ ∂

∂σ
) and ∂− = 1

2
( ∂

∂τ
− ∂

∂σ
), respectively. At this point, we can determine

explicitly the general solutions of Xµ(τ, σ) of both closed and open strings .

For closed strings, equation of motion (2.18) can be reexpressed in the form

∂+Xµ
L(τ + σ)− ∂−Xµ

R(τ − σ) = ∂+Xµ
L(τ + σ + π)− ∂−Xµ

R(τ − σ − π), (2.24)

This means that ∂+Xµ
L(τ + σ) and ∂−Xµ

R(τ − σ) are periodic with the period π,

and they can be expanded by exponential Fourier series. After some calculation,

Xµ
L and Xµ

R can be expressed as

Xµ
L(τ + σ) =

1

2
xµ

L +
√

2α′αµ
0 (τ + σ) + i

√
α′

2

∑

n6=0

αµ
n

n
e−2ni(τ+σ), (2.25)

Xµ
R(τ − σ) =

1

2
xµ

R +
√

2α′α̃µ
0 (τ − σ) + i

√
α′

2

∑

n6=0

α̃µ
n

n
e−2ni(τ−σ). (2.26)
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Note that from (2.20), (2.25) and (2.26) we obtain the relation αµ
0 = α̃µ

0 . Therefore,

the general solution of a closed string Xµ(τ, σ) can be expressed as

Xµ(τ, σ) = xµ
0 + 2α′pµτ + i

√
α′

2

∑

n 6=0

1

n
(αµ

ne−2ni(τ+σ) + α̃µ
ne−2ni(τ−σ)),(2.27)

where we define xµ
0 = 1

2
(xµ

L +xµ
R) and pµ =

√
2
α′α

µ
0 =

√
2
α′ α̃

µ
0 as the center-of-mass

coordinate at τ = 0 and the center-of-mass momentum, respectively . The reality

condition , Xµ∗(τ, σ) = Xµ(τ, σ), is required in order that Xµ(τ, σ) is real. This

condition yields αµ
−n = αµ∗

n and α̃µ
−n = α̃µ∗

n . From the general solutions for both

left-moving and right-moving modes, we can see that these modes are obviously

independent to each other.

It is also important to determine the Poisson brackets in terms of αµ
n and

α̃µ
n. From (2.13),(2.14) and (2.27) the equal-τ Poisson brackets are written as

{αµ
m, αν

n}P.B. = inδ−m,nη
µν , (2.28)

{α̃µ
m, α̃ν

n}P.B. = inδ−m,nη
µν , (2.29)

{αµ
m, α̃ν

n}P.B. = 0. (2.30)

In addition, it is found that xµ
0 and pµ also satisfy the Poisson bracket

{xµ
o , p

ν}P.B. = ηµν . (2.31)

For open strings, from equation of motion (2.18) we obtain

at σ = 0

∂+Xµ
L(τ) = ∂−Xµ

R(τ), (2.32)

at σ = π

∂+Xµ
L(τ + π) = ∂−Xµ

R(τ − π). (2.33)

We can impose the periodicity condition to Xµ(τ, σ) by extending the domain of

σ from [0, π] to [−π, π] and assuming Xµ(τ, σ) = Xµ(τ,−σ). Combining this with

(2.32) and (2.33), we can determine the general solutions of Xµ
L and Xµ

R as

Xµ
L(τ + σ) =

1

2
xµ

L +

√
α′

2
αµ

0 (τ + σ) + i

√
α′

2

∑

n6=0

αµ
n

n
e−ni(τ+σ), (2.34)

Xµ
R(τ − σ) =

1

2
xµ

R +

√
α′

2
αµ

0 (τ − σ) + i

√
α′

2

∑

n 6=0

αµ
n

n
e−ni(τ−σ). (2.35)
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Therefore, the general solution of open strings Xµ(τ, σ) can be written as

Xµ(τ, σ) = xµ
0 + 2α′pµτ + i

√
2α′

∑

n 6=0

1

n
αµ

ne−niτ cos nσ, (2.36)

where we define xµ
0 = 1

2
(xµ

L + xµ
R) and pµ =

√
1

2α′α
µ
0 and the reality condition is

also imposed on Xµ(τ, σ). From the general solutions for Xµ
L and Xµ

R, we can

interpret that these two modes reflect at the ends of open string and then form

the standing wave.

Now, we will consider the equations of constraint for both open and closed

strings. It is the fact that in the gauged-fixed Polyakov action we lose (2.11) as

the equation of motion of the worldsheet because we use the conformal gauge

(hµν = ηµν) to fix all degrees of freedom of the worldsheet metric . Thus, we must

impose (2.11) as an equation of constraint in order that the gauged-fixed polyakov

action is physically equivalent to the Nambu-Goto action. For convenience, we will

express this constraint in terms of σ+ and σ−. Thus, we introduce the Lorentzian

metric of the left- and right-moving coordinates as η =

(
0 −1

2

−1
2

0

)
. As a

consequence, the energy-momentum tensor (2.11) can be rewritten as

T++(σ+) = (Ẋµ + X
′µ)(Ẋµ + X

′
µ) = ∂+Xµ

L∂+XLµ = 0 (2.37)

T−−(σ−) = (Ẋµ −X
′µ)(Ẋµ −X

′
µ) = ∂−Xµ

R∂−XRµ = 0 (2.38)

T+− = T−+ = 0. (2.39)

Equations (2.37) and (2.38) are called Virasoro constraints. It is obvious

that the periodicity and dependence of ∂+Xµ
L∂+XLµ and ∂−Xµ

R∂−XRµ are as same

as those of ∂+Xµ
L and ∂−Xµ

R, respectively. Therefore, we can also expand the

Virasoro constraints by exponential Fourier series (at τ = 0, for convenience).

For closed strings, (2.37) and (2.38) can be expanded as

T++(σ) = 4α′
∑

n∈Z
Lne−2niσ, (2.40)

T−−(σ) = 4α′
∑

n∈Z
L̃ne2niσ, (2.41)

with

Ln =
1

4πα′

∫ π

0

dσT++e2niσ, (2.42)

L̃n =
1

4πα′

∫ π

0

dσT−−e−2niσ, (2.43)
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where 4πα′ is given to make Ln and L̃n dimensionless as well as for convenience.

From (2.42) and (2.43) we define Ln and L̃n as the Virasoro generators, which

generate the conformal transformations on σ+ and σ−, respectively. This corre-

sponds to the conformal symmetry which is left in the gauge-fixed Polyakov action.

Using (2.25) and (2.26), we can determine the Virasoro generators in terms of αµ
n

and α̃µ
n

Ln =
1

2

∑

m∈Z
αm · αn−m = 0, (2.44)

L̃n =
1

2

∑

m∈Z
α̃m · α̃n−m = 0, (2.45)

where αm · αl = αµ
mαlµ and α̃m · α̃l = α̃µ

mα̃lµ. Then, we can determine straightfor-

wardly the Poisson brackets of the Virasoro generators, known as the Virasoro

algebra

{Lm, Ln}P.B. = −i(m− n)Lm+n, (2.46)

{L̃m, L̃n}P.B. = −i(m− n)L̃m+n, (2.47)

{Lm, L̃n}P.B. = 0. (2.48)

According to classical mechanics, the Hamiltonian, H, can be interpreted as

the generator of translation in τ and can be determined in the form

H =

∫ π

0

dσ(T++ + T−−)

= 2(L0 + L̃0) = 0. (2.49)

Similar to the Hamiltonian, the momentum, P , is interpreted as the gener-

ator of translation in σ and can be determined in the form

P =

∫ π

0

dσ(T++ − T−−)

= 2(L0 − L̃0) = 0. (2.50)

The equation (2.50) is one of the most important constraint , known as level-

matching condition, when the classical theory of closed strings is quantized.

From the definition of pµ and H, we also express the mass squared of closed

strings in the form

M2 = −pµpµ

=
1

α′
∑

n∈Z
(αn · α−n + α̃n · α̃−n). (2.51)
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For open strings, expanding (2.37) and (2.38) yields

T++(σ) = α′
∑

n∈Z
Lne−niσ, (2.52)

T−−(σ) = α′
∑

n∈Z
Lneniσ. (2.53)

In analogy with closed strings, Ln can be interpreted as the Virasoro generators

of the open strings and can be written in terms of αµ
n

Ln =
1

2

∑

m∈Z
αm · αn−m = 0. (2.54)

Obviously, we can obtain the Virasoro algebra of Ln, which is in the same form

as (2.46). The Hamiltonian, momentum and mass squared in open strings can be

written as

H = L0 = 0, (2.55)

P = 0, (2.56)

and

M2 =
1

2α′
∑

n∈Z
αn · α−n. (2.57)

Notice that from the Virasoro constraints all generators of translations in

the worldsheet coordinates (the Virasoro generators of translations in σ+ and σ−

or the Hamiltonian and momentum of translations in τ and σ, respectively) for the

gauge-fixed Polyakov action must be equal to zero. This means that we implicitly

set all conserved charges (generators) to vanish in order that there is no gauge

transformation linking the physical systems.

It is also essential to determine the generators of the Poincare transforma-

tion of the spacetime as well as we do for the conformal transformation of the

worldsheet. Using Noether’s theorem, we can obtain the generator of translation,

Pµ, and the Lorentz generator, Mµν , as

Pµ =

∫ π

0

dσP µ
τ = pµ, (2.58)

and

Mµν = T

∫ π

0

dσ(XµẊν −XνẊµ)

= lµν + Eµν + Ẽµν , (2.59)
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for closed strings and

Mµν = lµν + Eµν , (2.60)

for open strings ,where

lµν = xµ
0p

ν − xν
0p

µ,

Eµν = − i

2

∑

n∈Z

1

n
(αµ

−nα
ν
n − αν

−nα
µ
n),

Ẽµν = − i

2

∑

n∈Z

1

n
(α̃µ

−nα̃
ν
n − α̃ν

−nα̃
µ
n).

It is obvious that these Lorentz generators satisfy the Lorentz algebra

{Mµν ,Mρσ}P.B. = ηνρMµσ + ηµσMνρ − ηνσMµρ − ηµρMνσ. (2.61)

It turns out that Pµ
τ and Mµν also satisfy the relations

{Pµ,Pν}P.B. = 0, (2.62)

{Pρ,Mµν}P.B. = ηρνPµ − ηρµPν , (2.63)

Equations (2.61)-(2.63) are known as the Poincare algebra.

It is the fact that we are now able to quantize the classical string theory in

order to obtain the quantum field theory which is manifestly Lorentz invariant.

The corresponding procedure is called the Lorentz covariance quantization.

This means that the forms of all equations for all variables are unchanged regard-

less of the Lorentz frames in which an observer is. However, we cannot use the

Virasoro constraints as the operator equations since we cannot solve these con-

straints in terms of αµ and α̃µ, explicitly. Therefore, we must impose them on the

Fock space in order to obtain the subspace of physical states. In general, it is quite

difficult to study the quantum string theory by this approach. Therefore, we in-

troduce an alternative method which is less difficult to quantize but compensates

for the manifest Lorentz invariance. This method is known as the light-cone

gauge quantization. In the last part of this subsection, the preliminaries for

this method are provided before quantizing in next subsection.

The purpose of the light-cone gauge method is to use the appropriate extra

gauge fixing to eliminate the conformal symmetry in the gauge-fixed Polyakov

action. Thus, we start this by reparametrizing τ = 1
2
(σ++σ−) and σ = 1

2
(σ+−σ−)

in such a way that

τ ′ =
1

2
(σ′+(τ + σ) + σ′−(τ − σ)),

σ′ =
1

2
(σ′+(τ + σ)− σ′−(τ − σ)).
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As a result, τ ′ and σ′ can satisfy the wave equations as well as the spacetime

coordinates Xµ. However, τ ′ and σ′ relate to each other by the condition of

conformal transformations. This means that we can choose a gauge choice by

setting τ ′ or σ′ to be proportional to one of Xµ. Next, we must choose the

appropriate condition for this gauge choice.

The condition we choose is that a physical string may be a spacelike or

occasionally lightlike object but cannot be a timelike object. In order to achieve

this condition, we examine a relation

τ ′ = λnµX
µ, (2.64)

where nµ is an arbitrary vector and λ is a constant. At a fixed τ ′, all vectors

Xµ satisfying this relation are assigned by the same τ ′ and so indicate the entire

portion of a string. Furthermore, any vector joining between two of those Xµ lives

on the hyperplane orthogonal to nµ . This means that the entire portion of a string

also lies on that hypersurface. It is the fact that if nµ is a lightlike vector, any

vector living on the hyperplane orthogonal to nµ can be only a spacelike or lightlike

vector but cannot be a timelike vector. As a consequence, if we choose a lightlike

nµ, a string can be a spacelike or lightlike object but not a timelike object as we

want. In this case, we choose a unit lightlike vector nµ = ( − 1√
2

1√
2

0 . . . 0 )

and introduce the spacetime coordinates corresponding to this choice as the light-

cone coordinates. As a result, we define

X+ =
1√
2
(X0 + XD−1), (2.65)

X− =
1√
2
(X0 −XD−1), (2.66)

and X i with i = 1, . . . , D − 2 as the light-cone timelike, spacelike and transverse

coordinates, respectively. As a result, the flat spacetime metric, gµν = ηµν , changes

from ηµν = diag(−1, 1, 1, ..., 1) to η+− = η−+ = −1 , η++ = η−− = 0 and ηij = δij.

Thus, the components of any vector V are

V + =
1√
2
(V 0 + V D−1), (2.67)

V − =
1√
2
(V 0 − V D−1), (2.68)

and V i with i = 1, ..., D−2. The inner product of two vectors V and W is written

as

V ·W = −V +W− − V −W+ +
D−2∑
i=1

V iW i (2.69)

= V +W+ + V −W− + V iWi, (2.70)
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where W+ = −W− , W− = −W+ and W i = Wi .

Omitting the sign ”prime” of the worldsheet coordinate for convenience, we

can reexpress (2.64) in the form

τ =
1

2α′p+
X+,

X+ = 2α′p+τ. (2.71)

The gauge choice (2.71) is called the light-cone gauge. The associated σ is

written in the form

σ =
1

2α′p+

∫ σ

0

dξẊ+(τ).

The gauge-fixed Polyakov action with light-cone gauge fixing can be rewritten as

SP = − 1

4πα′

∫
dτdσ(−2X

′+X
′− + 2Ẋ+Ẋ− + X

′iX
′
i − Ẋ iẊi)

=

∫
d2σ(−p+

π
Ẋ− +

1

4πα′
(Ẋ iẊi −X

′iX
′
i)), (2.72)

where we define respectively the conjugate momenta corresponding to Ẋ− , Ẋ i

and X
′i as

P+ =
∂LP
∂Ẋ+

= − ∂LP
∂Ẋ− =

1

π
p+,

P i
τ =

∂LP
∂Ẋi

=
1

2πα′
Ẋ i,

and

P i
σ =

∂LP
∂X

′
i

= − 1

2πα′
X

′i.

From (2.72) there is no quadratic term of Ẋ− appearing in the action, so Ẋ−

acts like a Lagrange multiplier . This means that only the transverse coordinates

X i can be interpreted as the physical coordinates and possesses the same properties

of Xµ in the Lorentz covariance case such as the boundary conditions for closed

and open strings and equations of motion.

For closed strings, the general solutions of X i can be determined in the form

X i(τ, σ) = xi
0 + 2α′piτ + i

√
α′

2

∑

n 6=0

1

n
(αi

ne
−2ni(τ+σ) + α̃i

ne
−2ni(τ−σ)), (2.73)

It is worth noting that once the light-cone gauge is fixed, we can solve the Virasoro

constraints to determine the relation between the α’s. This is one of the most
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important advantages of the light-cone gauge approach. As a consequence, we can

express X−(τ, σ) in the form

X− = x−0 + 2α′p−τ + i

√
α′

2

∑

n 6=0

1

n
(α−n e−2ni(τ+σ) + α̃−n e−2ni(τ−σ)), (2.74)

where

p− =

√
2

α′
α−0 =

√
2

α′
α̃−0 ,

α−n =
1

p+
√

2α′

∑
m

αi
mαin−m ,

α̃−n =
1

p+
√

2α′

∑
m

α̃i
mα̃in−m .

The result is that we can express α−n in terms of αi
m and α̃i

m.

It is the fact that X i, P i
τ , x− and p+ must satisfy the Poisson bracket as well

as those in the covariance case. Thus, their Poisson brackets are written as

{X i(τ, σ), P j
τ (τ, σ′)}P.B. = ηijδ(σ − σ′) (2.75)

{x−, p+}P.B. = η−+ = −1. (2.76)

As a result, the Poisson brackets of αi and α̃i are in the similar form

{αi
m, αj

n}P.B. = inδ−m,nηij, (2.77)

{α̃i
m, α̃j

n}P.B. = inδ−m,nηij, (2.78)

{αi
m, α̃j

n}P.B. = 0. (2.79)

We can define the transverse Virasoro generators , L⊥ and L̃⊥, in the same

way as L and L̃ ,

L⊥n =
1

π

∫ π

0

dσe2inσ∂X i
L∂XiL = p+

√
α′

2
α−n , (2.80)

L̃⊥n =
1

π

∫ π

0

dσe−2inσ∂X i
LR∂XiR = p+

√
α′

2
α̃−n , (2.81)

These transverse Virasoro generators must satisfy the Virasoro algebras as

well,

{L⊥m, L⊥n }P.B. = −i(m− n)L⊥m+n, (2.82)

{L̃⊥m, L̃⊥n }P.B. = −i(m− n)L̃⊥m+n, (2.83)

{L⊥m, L̃⊥n }P.B. = 0. (2.84)
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The Hamiltonian, momentum and mass squared are also written as

H = 2(L⊥0 + L̃⊥0 ) =
∑

n

(αi
nαi−n + α̃i

nα̃i−n), (2.85)

P = 2(L⊥0 − L̃⊥0 ) =
∑

n

(αi
nαi−n − α̃i

nα̃i−n), (2.86)

M2 = 2p+p− − pipi =
1

α′
∑

n

(αi
nαi−n + α̃i

nα̃i−n). (2.87)

We now consider the situations of the Lorentz generators. From the light-

cone gauge, we notice that the worldsheet timelike coordinate τ is fixed to be

proportional to the light-cone timelike coordinates X+. This means that X+ can-

not change usually according to the Lorentz transformations, in the other words,

the classical string theory with this gauge choice is not manifestly Lorentz invari-

ant. However, we can investigate whether this theory is really Lorentz invariant

by considering the Lorentz algebra of corresponding generators. If the Lorentz

generators satisfy the Lorentz algebra, this theory still maintains the Lorentz in-

variance. From the definition of the Lorentz generators, we can express the Lorentz

generators in the light-cone gauge case as

M+− = −x−0 p+, (2.88)

Mij = lij + Eij + Ẽij, (2.89)

M−i = l−i + E−i + Ẽ−i, (2.90)

where lij, Eij, Ẽij, E−i and Ẽ−i are in the similar forms as the Lorentz co-

variance case. However, we must modify the term l−i due to the effect of the

reparametrization compensating for maintaining the gauge choice on the Lorentz

transformations of X+. It appears that the term l−i must be in the form

l−i = x−0 pi − 1

2
(xi

0p
− + p−xi

0). (2.91)

The term 1
2
(xi

0p
− + p−xi

0) appears in l−i to verify that the Poisson bracket be-

tween M−i and M−j must vanish. Therefore, all classical Lorentz generators in

this approach obey the Lorentz algebra and the classical theory maintains the

Lorentz invariance. However, we must check the Lorentz algebra for M−i and

M−j carefully when this theory is quantized.

The situation for open strings is very similar to that of closed strings, so

we will neglect all derivations for open strings. At this point, we have studied all

preliminary concepts for light-cone gauge quantization. Therefore, we are ready

to study the quantum theory of bosonic string in next subsection.



20

2.1.2 Quantum Theory of Bosonic String

In this subsection we study the quantum theory of free bosonic strings by using

two basic canonical quantizaions. The first one is the Lorentz covariance formal-

ism, which is manifestly Lorentz invariant but not manifestly ghost-free while the

second one, known as the light-cone gauge formalism, is not manifestly Lorentz

invariant but manifestly ghost-free. As a consequence of anomaly cancellation, we

can obtain the consistency conditions for the quantum theory. Moreover, we can

show the equivalence for both formalisms. Finally, we also discuss some low-level

string states as examples for the representation theory.

We will use a standard shortcut to the understanding of quantum string

theory by means that we consider a variable as an operator and replace Poisson

bracket by commutator via substitution { , }P.B. → −i[ , ] . As a result, a

nonzero commutation relation between Xµ(τ, σ) and P ν
τ (τ, σ′) reads

[Xµ(τ, σ), P ν
τ (τ, σ′)] = iηµνδ(σ − σ′). (2.92)

We also obtain all commutation relations of αµ
m and/or α̃µ

n in the forms

[αµ
m, αν

n] = mδm,−nη
µν , (2.93)

[α̃µ
m, α̃ν

n] = mδm,−nη
µν , (2.94)

[αµ
m, α̃ν

n] = 0. (2.95)

That of xµ
0 and pµ is also expressed as

[xµ
o , p

ν ] = iηµν . (2.96)

For m > 0, the αµ
m and α̃µ

m can be interpreted as the annihilation operators

while αµ
−m = αµ†

m and α̃µ
−m = α̃µ†

m can be interpreted as the creation operators. It

is conventional to use the normalized operators, aµ
m and ãµ

m, instead of αµ
m and

α̃µ
m. The normalized operators can be expressed in the forms

aµ
m =

1√
m

αµ
m, m > 0, (2.97)

ãµ
m =

1√
m

α̃µ
m, m > 0. (2.98)

As usual, we can define the ground state of a string with momentum kµ,

|0; k〉, in the Fock space by using the relation

aµ
m|0; k〉 = ãµ

m|0; k〉 = 0, m > 0. (2.99)
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However, it is the fact that we cannot solve the Virasoro constraints to

determine the relation between the α’s in this approach. Thus, the states created

by aµ
−m and ãµ

−m are not all independent. This will produce the inconsistent states

in the theory. We can demonstrate this by examining a norm of the state a0
−m|0〉

or ã0
−m|0〉

〈0|a0
ma0

−m|0〉 = 〈0|(a0
−ma0

m + mη00)|0〉 = −1. (2.100)

The states with negative norms are called ”ghosts” and are not allowed to exist in

any physical theories. According to the quantization of gauge fields, we can solve

this problem by imposing the Virasoro constraints on the Fock space to choose

only the independent states. However, we cannot impose the Virasoro constraints

in the classical form immediately, since all operators in quantum string theory

must be defined by means of the normal ordering, : : . This means that we must

check whether the quantum Virasoro generators are in the same forms of those in

the classical case. As a consequence, we must reconsider the expressions for L0

and L̃0 because they contain the terms of αµ
mαν

n or α̃µ
mα̃ν

n , with m = −n . Thus,

the normal ordered L0 and L̃0 can be written as

L0 =
1

2

∑
m

: αm · α−m :=
1

2
α0 · α0 + N, (2.101)

L̃0 =
1

2

∑
m

: α̃m · α̃−m :=
1

2
α̃0 · α̃0 + Ñ , (2.102)

where

N =
∞∑

m=1

α†m · αm =
∞∑

m=1

ma†m · am, (2.103)

Ñ =
∞∑

m=1

α̃†m · α̃m =
∞∑

m=1

mã†m · ãm (2.104)

are defined as the left-moving and right-moving number operators, respectively.

Thus, the zeroth-mode Virasoro constraints from classical theory can be written

in the forms

0 =
1

2

∑
m

αm · α−m = L0 + ηµ
µ

∞∑
m=1

m, (2.105)

0 =
1

2

∑
m

α̃m · α̃−m = L̃0 + ηµ
µ

∞∑
m=1

m. (2.106)

The constant ηµ
µ

∑∞
m=1 m can be determined by means of zeta-function regular-

ization. This means that we can modify the zeroth-mode Virasoro constraints by

adding some constant to the zeroth-mode Virasoro generators. It is reasonable



22

to suppose that the zeroth-mode Virasoro constraints in quantum string theory

are not necessary to be exactly the same as those in classical theory. Thus, the

Virasoro constraints can be expressed as

Lm − aδm,0 = 0, (2.107)

L̃m − aδm,0 = 0, (2.108)

where a is some constant and known as the normal ordering constant.

Furthermore, we must recalculate the Virasoro algebra. As a result, the

modified Virasoro algebra can be written in the forms

[Lm, Ln] = (m− n)Lm+n +
D

12
(m3 −m)δm,−n, (2.109)

[L̃m, L̃n] = (m− n)L̃m+n +
D

12
(m3 −m)δm,−n. (2.110)

We call (2.109) and (2.110) the Virasoro algebra with central charge.

It is conventional to introduce the notation for the quantum states of open

and closed strings. In general, the nth excited state of open string with the center-

of-mass momentum kµ is denoted by |n; k〉 where

N |n; k〉 = n|n; k〉, (2.111)

pµ|n; k〉 = kµ|n; k〉. (2.112)

The situation is quite similar for the closed string but the difference is that the

quantum state of closed string is the tensor product of two copies of open-string

states corresponding to the left- and right-moving sectors.

At this point, we can eliminate the ghost states by imposing the Vira-

soro constraints on the Fock space. This procedure corresponds to the Gupta-

Bleuler formalism for treating the Lorentz gauge in quantum electrodynamics.

Thus, the physical states, |φ〉, can be defined as the quantum states satisfying the

nonnegative-mode Virasoro constraints

(Lm − aδm,o)|φ〉 = 0, m ≥ 0 (2.113)

(L̃m − aδm,o)|φ〉 = 0, m ≥ 0. (2.114)

This definition is equivalent to the vanishing of the expectation values of the

energy-momentum tensors

〈φ|Tab|φ〉 = 0. (2.115)
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It is worth noting that we can determine the Hamiltonian and the mass squared

from the zeroth-mode Virasoro constraint

H = 2(L0 + L̃0), (2.116)

M2 =
2

α′
(N + Ñ − 2a), (2.117)

where

N = Ñ , (2.118)

for closed strings and

H = L0, (2.119)

M2 =
1

α′
(N − a), (2.120)

for open strings.

Equation (2.117) or (2.120) is called the mass-shell condition while (2.118)

is called the level-matching condition. This means that imposing the zeroth-mode

Virasoro constraints for the left- and right-moving sectors in the case of closed

strings is equivalent to imposing the mass-shell condition and the level-matching

condition while imposing the zeroth-mode Virasoro constraint in the case of open

strings is equivalent to imposing only the mass-shell condition.

After imposing the constraints on the Fock space, we obtain the physical

states from which we can decouple the timelike operators α0
m and α̃0

m . We can

see this by considering that the number of operators with timelike component is

equal to the number of constraints. Thus, it is possible to express the timelike-

component operators in terms of the spacelike-component operators and avoid

the ghosts contributed from these operators. However, we must examine such

conditions for the normal ordering constant a in the Virasoro constraints and

dimension of spacetime D in the Virasoro algebra. This leads to the consistency

conditions for the quantum string theory.

We start an investigation by considering the mass-shell condition on the

ground state of open string with momentum kµ, |0; k〉. As a result, we obtain

the squared mass m2 = −k2 = − 1
α′a. Then, we consider the first excited state

ζ · a−1|0; k〉 where ζµ is a polarization vector. The norm of this state is ζ2 and the

mass square is m2 = −k2 = 1
α′ (1 − a). From the first-mode Virasoro constraint,

we obtain ζ · k = 0. This means that only (D − 1) independent polarizations are

allowed in this state. For convenience, we assume that the momentum kµ lies in
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the (0, 1) direction. Thus, there are certainly (D−2) spacelike polarizations which

all contribute the positive norms regardless of the momentum. Our real task is

to examine the conditions for the last polarization. There are three possible cases

for the last polarization according to a .

(1) If a > 1 , then kµ is spacelike and the associated ζµ is timelike. This

means that the last polarization contributes to the negative-norm state.

(2) If a = 1 , then kµ is lightlike and the associated ζµ is also lightlike. This

means that the last polarization contributes to the zero-norm state.

(3) If a < 1 , then kµ is timelike and the associated ζµ is spacelike. This

means that the last polarization contributes to the positive-norm state.

It is obvious that only the cases (2) and (3) are ghost-free. Thus, we obtain

the consistency condition for the normal ordering constant a

a ≤ 1. (2.121)

This condition is also valid in the case of closed string. It is worth noting that

at the boundary (a = 1) we obtain the state with zero norm as the extra state.

This state is certainly not included in the S-matrix because of its zero norm.

The appearance of the zero-norm state mentioned above is essential to find the

consistency conditions in quantum string theory. Similarly, we can obtain the

consistency condition for D as

D ≤ 26. (2.122)

Actually, the only consistency conditions for the interacting string theory

are a = 1 and D = 26. However, it is difficult to achieve those conditions. Thus,

we assume that the consistent quantum theory of bosonic string is that with a = 1

and D = 26. In addition, we can study string theory with D < 26 by choosing an

appropriate a . Such string theory is interpreted as the theory constructed from the

subspace of ground states of D = 26 string theory. It is worth noting that D = 26

is called the critical dimension for bosonic string since the theory with D = 26

contains the extra zero-norm states but no ghost states at all. Accordingly, any

string theory with higher dimensions must contain the ghost states unavoidably.

Now, we study the light-cone gauge quantization. This approach offers the

effective framework for the understandings of quantum string theory and consis-

tency conditions. In analogy with the Lorentz covariance quantization, we consider
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all variable as operators and replace Poisson bracket by commutator via substi-

tution { , }P.B. → −i[ , ]. Thus, commutators of X i, P i
τ , x− and p+ are

written as

[X i(τ, σ), P j
τ (τ, σ′)] = iηijδ(σ − σ′), (2.123)

[x−, p+] = −i. (2.124)

It is worth noting that in this theory the only independent operators are x−0
, p+ , αi

m and α̃i
m . Then the commutators of αi and α̃i are written in the familiar

forms

[αi
m, αj

n] = mδ−m,nηij, (2.125)

[α̃i
m, α̃j

n] = mδ−m,nηij, (2.126)

[αi
m, α̃j

n] = 0. (2.127)

We also define the normalized operators ai
m in the same way as aµ in the

covariance case. As a result, the ground state of a string with momentum k+ and

ki, |0; k+, ki〉, can be defined as

ai
m|0; k+, ki〉 = ãi

m|0; k+, ki〉 = 0, m > 0. (2.128)

As a consequence of normal ordering, we obtain the zeroth-mode Virasoro

constraints as

0 = L⊥0 − a =
1

2
αi

0α0i + N⊥ − a, (2.129)

0 = L̃⊥0 − a =
1

2
α̃i

0α̃0i + Ñ⊥ − a, (2.130)

where

N⊥ =
∞∑

m=1

α†imαmi =
∞∑

m=1

ma†imami, (2.131)

Ñ⊥ =
∞∑

m=1

α̃†imα̃mi =
∞∑

m=1

mã†imãmi, (2.132)

and the normal ordering constant a can be determined by ζ-function regular-

ization. Like the Lorentz covariance formalism, we obtain the Virasoro algebra

with central charge

[L⊥m, L⊥n ] = (m− n)L⊥m+n +
D − 2

12
(m3 −m)δm,−n, (2.133)
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[L̃⊥m, L̃⊥n ] = (m− n)L̃⊥m+n +
D − 2

12
(m3 −m)δm,−n. (2.134)

We can determine the Hamiltonian and the mass squared

H = 2(L⊥0 + L̃⊥0 ), (2.135)

M2 =
2

α′
(N⊥ + Ñ⊥ − 2a), (2.136)

where

N⊥ = Ñ⊥, (2.137)

for closed strings and

H = L⊥0 , (2.138)

M2 =
1

α′
(N⊥ − a), (2.139)

for open strings.

Since only ai
m and ãi

m are independent and appear in the Hamiltonian, we

can use the negative modes of these operators to construct other states after defin-

ing the ground state. This means that the Fock space in the light-cone gauge case

contains only the independent states. Hence this theory is certainly ghost-free.

Nevertheless, the Lorentz invariance is still subtle for this theory. Similar to clas-

sical theory, we can examine whether the quantum string theory in the light-cone

gauge case is still Lorentz invariant by means of the Lorentz algebra. In the classi-

cal case we concern {M−i,M−j}P.B. since M−i is the generator of transformation

on X+. In the quantum case it turns out that the corresponding commutator is

still ambiguous because of the normal ordering. After some calculations, the result

for open string is

[M−i,M−j] =
1

α′p+2

∞∑
m=1

(αi
−mαj

m − αj
−mαi

m)

× (m(1− D − 2

24
) +

1

m
(
D − 2

24
− a)). (2.140)

The quantum string theory maintains the Lorentz invariance provided that

[M−i,M−j] = 0 as well as {M−i,M−j}P.B. = 0 in the classical theory. It is

obvious that the above commutator vanishes if and only if D = 26 and a = 1.

The situation is similar for the closed strings. Thus, only quantum string theory

with D = 26 and a = 1 is Lorentz invariant and is chosen as the consistent theory.

We can conclude that in the final result the quantum theory of bosonic string in

the light-cone gauge case is equivalent to that in the Lorentz covariance case.
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Finally, we consider the string states of low-lying levels by using the light-

cone gauge quantization. For open strings, the ground state, |0; k+, ki〉, satisfies

N⊥|0; k+, ki〉 = 0 and then has the negative squared mass, M2 = 1
α′ (−a) =

− 1
α′ . Thus, this state represents a scalar field, known as a tachyon. For the first

excited state, N⊥ takes the first nonzero value, N⊥ = 1 and yields the massless

state, M2 = 1
α′ (1 − a) = 0. Since such a state is constructed by acting any

ai
−1 to the ground state, there are D − 2 = 24 first excited states. The general

expression for this state is ζia
i
−1|0; k+, ki〉, where ζ i is a polarization vector. From

above expression and other properties, we can interpret that the first excited state

represents the photon which is a massless spin-1 particle. This means that we

obtain the photon states unexpectedly from the quantization of classical theory of

free open string. For higher excited states, N⊥ > 1 and these states represent the

massive particles.

For closed strings, the ground state |0; k+, ki〉L
⊗ |0; k+, ki〉R represents the

tachyon, as well. The difference is that its squared mass, M2 = − 4
α′ is four times

larger than that of open string. For the first excited state, we obtain N⊥ = Ñ⊥ =

1. This means that the first excited state of closed string is also massless. We

can construct this state by applying ai
−1 and ãj

−1 to the ground state. Since i and

j are chosen independently, the number of these states is (D − 2)2. The general

expression of the first excited state is Rija
iãj|0; k+, ki〉 where Rij can be considered

as an element of the (D − 2) × (D − 2) matrix. We can decompose it into three

parts

Rija
iãj|0; k+, ki〉 = (Sij + Aij + Rηij)a

iãj|0; k+, ki〉, (2.141)

where Sij is an element of the symmetric traceless matrix, Aij is an element of

the antisymmetric matrix and R = 1
D−2

ηijR
ij is the average of the trace of Rij.

The first term Sija
iãj|0; k+, ki〉 has 1

2
(D − 3)D degrees of freedom and represents

the graviton, Gµν , which is the massless spin-2 particle. For the second term on

the RHS of (2.141), it contains 1
2
(D−3)(D−2) degrees of freedom and represents

the Kalb-Ramond field, Bµν , which can be interpreted as the generalization of

Maxwell gauge field in theory of electromagnetism. The last term of the RHS of

(2.141) has only one degree of freedom and represents the dilaton field, φ, which

is interpreted as the field of string coupling. Similar to open string, we can obtain

the unexpected massless particles, such as gravitons, from quantum theory of free

closed string.
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2.2 Supersymmetric String Theory

The existence of tachyon in the spectrum and the lack of fermions indicate that

the bosonic string theory is not an appropriate candidate for a theory of quantum

gravity. In this section, we study a more feasible string theory called superstring

theory. This theory possesses the fermionic fields as well as bosonic fields. An

understanding of superstring theory can be carried out in the same way as the

bosonic string theory. This means that we start with the classical superstring

theory. All preliminaries for the Lorentz covariance and light-cone gauge quanti-

zations are prepared. Then, the quantum superstring theory and its consistency

conditions are developed, explicitly. Finally, we introduce the condition required

for eliminating inappropriate states and study the low-lying states of superstring

spectrum.

2.2.1 Classical Theory of Supersymmetric String

Since the bosonic string theory does not possess any fermions, it is reasonable to

construct a prototype of superstring theory by adding some fermionic term to the

Polyakov action. To do this, we introduce a Majorana spinor, Ψµ, as a worldsheet

fermion. This means that we require Ψµ to be a two-component real spinor and

can be written in the form

Ψµ =

(
Ψµ

R

Ψµ
L

)
, (2.142)

where Ψµ
R and Ψµ

L are defined as the right- and left-moving sectors, respectively.

It is worth noting that Ψµ is considered as a spinor in the view point of worldsheet

but it is considered as a vector in the view point of spacetime. However, we must

introduce a zwiebein, eα
a , which satisfies

hab = ηαβeα
aeβ

b , (2.143)

in order to incorporate the spinor in a curved worldsheet. Although eα
a has one

more component than hab for two-dimensional worldsheet, we obtain an additional

local (worldsheet) Lorentz symmetry for the action. This means that we can use

these new bases whereas we do not change the context of general relativity in the

worldsheet. Therefore, we start with the action

S0 = − 1

4πα′

∫
d2σ

√
−h(hab∂aX

µ∂bXµ − iΨ
µ
ρa∇aΨµ), (2.144)
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where

ρ0 =

(
0 −i

i 0

)
, ρ1 =

(
0 i

i 0

)
(2.145)

are two-dimensional Dirac matrices which satisfy the anti-commutation relation

{ρa, ρb} = −2ηabI2×2, (2.146)

and ∇a = ∂a + 1
8
ωαβ

a [ρα, ρβ] is the covariant derivative operator for any spinor.

Since the spin connection, ωαβ
a , does not contribute to the two-dimensional spinor,

this implies that we can replace ∇a by ∂a in (2.144). The action S0 certainly pos-

sesses a reparametrization invariance and a local (worldsheet) Lorentz symmetry.

In additional, there is a global worldsheet supersymmetry in the action. The

corresponding global worldsheet supersymmetry transformation is

δXµ = ξΨµ, (2.147)

δΨµ = −iρa∂aX
µξ, (2.148)

where ξ is a two-component Majorana spinor. In order to achieve the constraints

in superstring theory, it is essential to obtain the action which is invariant under

the local worldsheet supersymmetry transformation. This means that we now

consider ξ as a function of τ and σ. However, it turns out that the action S0 is no

longer invariant under the local worldsheet supersymmetry transformation. We

can see this by varying this action with respect to ξ(τ, σ); as a result, we obtain

δS0 = − 1

πα′

∫
d2σ(−h)

1
2 ∂aξJ

a, (2.149)

where

Ja ≡ 1

2
ρbρaΨµ∂bXµ, (2.150)

is defined as the worldsheet supercurrent. Cancelling this non-vanishing term,

we obtain the locally supersymmetric action, which is known as the Ramond-

Neveu-Schwarz (RNS) action, as

S = − 1

4πα′

∫
d2σ

√
−h(hab∂aX

µ∂bXµ − iΨ
µ
ρa∂aΨµ

+2χbρ
aρbΨµ∂aXµ +

1

2
ΨµΨµχaρ

bρaχb), (2.151)

where the two-component Majorana spinor, χa, is called the gravitino and is in-

troduced in the same way as hab.
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The RNS action not only possesses the local worldsheet supersymmetry

δXµ = ξΨµ, (2.152)

δΨµ = −iρa(∂aX
µ −Ψ

µ
χa)ξ, (2.153)

δχa = ∂aξ, (2.154)

δeα
a = −2iξραχa, (2.155)

but also possesses the local fermionic symmetry

δχa = iρaη(τ, σ), (2.156)

δeα
a = δXµ = δΨµ = 0, (2.157)

and the extended Weyl symmetry

δeα
a = ω(τ, σ)eα

a , (2.158)

δΨµ = −1

2
ω(τ, σ)Ψµ, (2.159)

δχa =
1

2
ω(τ, σ)χa. (2.160)

At this point we can fix all components of eα
a and χa by using all local symmetries.

We use four local bosonic symmetries corresponding to two reparametrizations, one

Weyl rescaling and one Lorentz transformation to gauge away all four components

of the zwiebein, so we can choose eα
a = δα

a . Similarly, we use the local worldsheet

supersymmetry and the local fermionic symmetry to fix all four components of

the Majorana spinors χa, so we can set χa = 0. This gauge choice is called the

superconformal gauge. After gauge fixings, the RNS action reduces to

S = − 1

4πα′

∫
d2σ(∂aXµ∂aXµ − iΨ

µ
ρa∂aΨµ). (2.161)

Similar to the bosonic string, this gauge-fixed action is still invariant under the

residual symmetry, namely the superconformal symmetry. The variation of

this action leads to the equations of motion and boundary conditions for both

bosonic fields Xµ and fermionic fields Ψµ. In the case of Xµ, their equations of

motion and boundary conditions are as same as those in the previous subsection.

In the case of Ψµ, we obtain

∂−Ψµ
L = 0, (2.162)

∂+Ψµ
R = 0. (2.163)

These equations show that it is reasonable to define Ψµ
L and Ψµ

R as the left- and

right-moving sectors, respectively. We also obtain the boundary term

[iΨ
µ
ρ1δΨµ]|σ=π

σ=0 = 0. (2.164)



31

There are two fermionic boundary conditions. The first one is the periodic or

Ramond (R) boundary condition Ψµ(τ, σ = 0) = Ψµ(τ, σ = π). The sec-

ond one is the anti-periodic or Neveu-Schwarz (NS) boundary condition

Ψµ(τ, σ = 0) = −Ψµ(τ, σ = π). In order to obtain the general solutions, we

must express these conditions in terms of Ψµ
L and Ψµ

R for closed and open strings,

separately.

In the case of closed string, we can choose arbitrarily the R- or NS-boundary

conditions for the left-moving and right-moving sectors since the left- and right-

moving sectors are independent to each other. The boundary condition for Ψµ
L

and Ψµ
R can be expressed in the forms

Ψµ
L(τ + σ) = ±Ψµ

L(τ + σ + π), (2.165)

and

Ψµ
R(τ − σ) = ±Ψµ

R(τ − σ − π), (2.166)

where the sign + is for R-boundary condition and the sign − is for NS-boundary

condition. In analogy with the bosonic string theory, we can determine the general

solutions by using the exponential Fourier series.

For R-boundary condition, the general solutions of Ψµ
L and Ψµ

R can be ex-

pressed as

Ψµ
L(τ + σ) =

√
2α′

∑

n∈Z
dµ

ne−2in(τ+σ), (2.167)

Ψµ
R(τ − σ) =

√
2α′

∑

n∈Z
d̃µ

ne−2in(τ−σ). (2.168)

For NS-boundary condition, we obtain

Ψµ
L(τ + σ) =

√
2α′

∑

r∈Z+ 1
2

bµ
r e
−2ir(τ+σ), (2.169)

Ψµ
R(τ − σ) =

√
2α′

∑

r∈Z+ 1
2

b̃µ
r e
−2ir(τ−σ). (2.170)

By pairing the left- and right-moving sectors, we obtain four distinct closed-string

sectors denoted by R-R, R-NS, NS-R and NS-NS.

In the case of open string, there are two possible sectors according to the

R- or NS-boundary conditions. It comes from the fact that the left- and right-

moving sectors for each mode must have the same amplitude and form a standing

wave together.
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The boundary condition then can be written as

Ψµ
L(τ) = Ψµ

R(τ), (2.171)

Ψµ
L(τ + π) = ±Ψµ

R(τ − π), (2.172)

where + is for R-boundary condition and − is for NS-boundary condition as well.

Then, we can express the general solutions of Ψµ
L and Ψµ

R as

Ψµ
L(τ + σ) =

√
α′

2

∑

n∈Z
dµ

ne−in(τ+σ), (2.173)

Ψµ
R(τ − σ) =

√
α′

2

∑

n∈Z
dµ

ne−in(τ−σ), (2.174)

for R-boundary condition and

Ψµ
L(τ + σ) =

√
α′

2

∑

r∈Z+ 1
2

bµ
r e
−ir(τ+σ), (2.175)

Ψµ
R(τ − σ) =

√
α′

2

∑

r∈Z+ 1
2

bµ
r e
−ir(τ−σ), (2.176)

for NS-boundary condition.

Since assuming that Ψµ is the two-component Majorana spinor is equivalent

to imposing the reality condition to the spinor, we obtain dµ
−n = dµ∗

n , bµ
−r = bµ∗

r ,

d̃µ
−n = d̃µ∗

n and b̃µ
−r = b̃µ∗

r for positive n and r. It is also the fact that the spinor

Ψµ must satisfy the anti-commutation relation

{Ψµ
A(τ, σ), Ψν

B(τ, σ′)} = 2πα′ηµνδ(σ − σ′)δAB. (2.177)

As a result, the anti-commutation relation for bµ
r and b̃µ

r is

{bµ
r , b

ν
s} = ηµνδr,−s, (2.178)

{b̃µ
r , b̃

ν
s} = ηµνδr,−s, (2.179)

{bµ
r , b̃

ν
s} = 0. (2.180)

The anti-commutation relation for dµ
m and d̃µ

m can be expressed in the similar

forms.

We also obtain the constraints in superstring theory. Obviously, the bosonic

constraint is the energy-momentum tensor

T++ = ∂+Xµ
L∂+XµL − i

2
Ψµ

L∂+ΨµL = 0, (2.181)

T−− = ∂−Xµ
R∂−XµR − i

2
Ψµ

R∂−ΨµR = 0, (2.182)
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which can be determined in the same way as that in the case of bosonic string. In

addition, we also obtain the worldsheet supercurrent as the fermionic constraint

J+ = Ψµ
L∂+XµL = 0, (2.183)

J− = Ψµ
R∂−XµR = 0. (2.184)

Equations (2.181)-(2.184) are known as the super-Virasoro constraints.

Then, the super-Virasoro generators can be determined from these con-

straints. Now, we will discuss only the case of open string for conciseness. The

super-Virasoro generators can be expressed as

Ln =
1

2

∑

m∈Z
αm · αn−m +

1

2

∑

m∈Z
(
n

2
−m)dm · dn−m = 0, (2.185)

Fn =
1

2

∑

m∈Z
dm · αn−m = 0, (2.186)

for the R-boundary condition and

Ln =
1

2

∑

m∈Z
αm · αn−m +

1

2

∑

r∈Z+ 1
2

(
n

2
− r)br · bn−r = 0, (2.187)

Gr =
1

2

∑

m∈Z
bm · αr−m = 0, (2.188)

for NS-boundary condition. Obviously, these super-Virasoro generators altogether

form the algebra, namely the super-Virasoro algebra.

For R-sector, the super-Virasoro algebra for left-moving generators is

{Lm, Ln}P.B. = −i(m− n)Lm+n, (2.189)

{Lm, Fn}P.B. = −i(
1

2
m− n)Fm+n, (2.190)

{Fm, Fn} = 2Lm+n. (2.191)

Then, the Hamiltonian and mass squared for the R-sector can be written as

H =
∑

n∈Z
(αn · α−n − ndn · d−n) = 0, (2.192)

M2 =
1

2α′
∑

n∈Z
(αn · α−n − ndn · d−n). (2.193)

For the NS-sector, we can obtain these quantities by replacing dn with br.

It is the fact that the RNS action still maintains the global Poincare sym-

metry of spacetime as well as the Polyakov action does. Therefore, it is important
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to determine the Poincare generators for this action. In the case of closed string,

we obtain the momentum, Pµ, and the Lorentz generator, Jµν , as

Pµ = pµ, (2.194)

Jµν = lµν + Eµν + Kµν , (2.195)

where the terms lµν and Eµν are in the similar forms as those in bosonic string

but Kµν is

Kµν = − i

2

∑

n=Z
(dµ
−ndν

n − dν
−nd

µ
n),

for R-boundary condition and

Kµν = − i

2

∑

r=Z+ 1
2

(bµ
−rb

ν
r − bν

−rb
µ
r ),

for NS-boundary condition. These Poincare generators certainly obey the Poincare

algebra.

Next, we briefly mention the light-cone gauge formalism in classical super-

string theory. In order to fix the light-cone gauge in the action, we must introduce

the fermionic light-cone coordinates Ψ+, Ψ−, and Ψi as well as the bosonic light-

cone coordinates X+, X−, and X i. From the superconformal invariance, we can

fix X+, and Ψ+ into the forms

X+ = 2α′p+τ, (2.196)

Ψ+ = 0. (2.197)

The choices (2.196) and (2.197) are called the light-cone gauge for superstring

theory. Then, the action can be written in the form

SP = − 1

4πα′

∫
dτdσ(4α′p+∂τX

− + ∂aX i∂aXi − iΨ
i
ρa∂aXi). (2.198)

It is obvious that only X i and Ψi are considered as the physical variables and their

equations of motion are

∂a∂aX
i = 0, (2.199)

ρa∂aΨ
i = 0, (2.200)

respectively. Fixing the light-cone gauge in the action, we can solve the super-

Virasoro constraints. As a consequence, we can determine all light-cone spacelike

modes (the minus modes) in terms of transverse modes. We can obtain all ex-

pressions for super-Virasoro generators, the squared mass, and other quantities by
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using the transverse oscillators instead. For the Poincare symmetry, it turns out

that we can easily obtain the Lorentz generators Jij and Ji− by adding the fer-

minic modes, K ij and K i− to the Lorentz generator in the bosonic case. It is also

obvious that all Poincare generators obey the Poincare algebra in any dimension

of spacetime.

2.2.2 Quantum Theory of Supersymmetric String

In this subsection we will use only the light-cone gauge quantization to study

the quantum superstring theory. In analogy with bosonic string, we start by

considering all variables as operators and replacing the Poisson bracket { }P.B.

with −i[ ]. Then, we introduce the annihilation and creation operators as the

positive- and negative-mode oscillators, respectively. The normalized positive-

mode bosonic oscillators and fermionic oscillators are used to define the ground

state. For brevity, we consider only the case of open string.

All commutation relations and expressions for the bosonic transverse oscil-

lators are as same as those in the previous subsection. For fermionic transverse

oscillators, we can express all operators and commutation relations in the similar

forms of those in the previous subsection via the normal ordering. The difference

is that we must replace the general oscillators by transverse oscillators. Therefore,

we can obtain the mass-squared operators as

M2 =
1

α′
(N⊥ − aR), (2.201)

where

N⊥ =
∞∑

m=1

m(a†imami + d†imdmi), (2.202)

for R sector and

M2 =
1

α′
(N⊥ − aNS), (2.203)

where

N⊥ =
∞∑

m=1

ma†imami +
∞∑

r= 1
2

rb†ir bri, (2.204)

for NS sector.

Next, we determine the consistency conditions for superstring theory. As

we have mentioned in the previous section, demanding the Lorentz invariance, we
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obtain the consistency condition for string theory in light-cone gauge approach.

Similar to the bosonic string theory, we concern whether the generator J−i obeys

the Lorentz algebra. If the commutator [J−i,J−j] vanishes, then Lorentz algebra

still maintains in this theory. So this theory is Lorentz invariant. After some

calculation, we can determine this commutator in the case of NS sector as

[J−i,J−j] =
1

α′p+2

∞∑
m=1

(αi
−mαj

m − αj
−mαi

m)

× (m(
D − 10

8
)− 1

m
(
D − 2

8
− 2aNS)). (2.205)

Therefore, the consistency condition for NS sector is

aNS =
1

2
, (2.206)

D = 10. (2.207)

With the same method, we obtain aR = 0 and D = 10 as the consistency condition

for R sector. This means that the critical dimension for superstring is ten no

matter which boundary condtion we consider.

Analogous to bosonic string, the ground state of a superstring with momen-

tum k+ and ki, |0; k+, ki〉 can be defined by using the condition

ai
m|0; k+, ki〉 = di

n|0; k+, ki〉 = 0, m, n > 0, (2.208)

for R-boundary condition and

ai
m|0; k+, ki〉 = bi

r|0; k+, ki〉 = 0, m, r > 0, (2.209)

for NS-boundary condition. Obviously, the Fock space in this approach is mani-

festly ghost-free. It is worth noting that the ground state of R sector is degener-

ated. In order to see this, we examine the anti-commutation relation of di
0

{di
0, d

j
n} = ηijδ0,n. (2.210)

This also implies that dµ
0 commutes with N⊥ and M2. It turns out that if |0〉 is

applied by a combination of di
0, then this new state also obeys the condition of

the ground state as well as the state |0〉. In the case that both oscillators in the

algebra are of zero mode, we obtain

{dµ
0 , d

ν
0} = ηµν . (2.211)

This is similar to the Dirac algebra {Γi, Γj} = −2ηij where Γi are defined as

the D− 2 -dimensional Dirac matrices. This means that these degenerate ground



37

states of R sector are the irreducible representation of the Clifford algebra. In other

words, we can express these degenerate ground states as the spinor representation

of SO(D − 2). Therefore, the ground state of R sector can be written as

|nα〉 =
4∏

α=1

(e†α)nα|0〉 ; nα = 0, 1 , (2.212)

where

eα = d2α−1
0 + id2α

0 ; α = 1, . . . , 4 , (2.213)

and we denote |0; k+, ki〉 by |0〉. For convenience, we introduce n = (
∑

nα)mod2.

So n = 0 is for even number of creation operators that we apply to |0〉 and n = 1

is for odd number. Choosing whether each creation operator e†α is or is not applied

on |0〉L, we can obtain 24 = 16 degenerate ground states in R sector. Therefore,

the R sector of superstring is called the fermionic sector; on the other hand, the

NS sector is called the bosonic sector.

Next, we study the condition which must be imposed on superstring spec-

trum in order to eliminate an inappropriate ground state. We consider the string

spectrum of closed string as an example. It is obvious that the ground state of R

sector is the massless state whereas that of NS sector is the state with negative

mass squared or tachyon. It is the fact that the tachyonic ground state implies the

instability of the theory. We can solve this problem by discarding the tachyonic

ground state, all states that have the same chirality as the tachyonic ground state

in NS sector and all states with the certain chirality in R sector. Practically, this

truncation can be performed by projecting onto states with definite chirality for

left- and right-moving modes in both NS and R sectors, independently. The cor-

responding projection is called the GSO projection that was proposed by Gliozzi,

Scherk and Olive in 1976.

In the case of R sector, the projection operator, P , on the left-moving sector

can be written as

P =
1 + η(−1)F+1

2
, (2.214)

where the number operator, F , is defined as

F =
∞∑

m=1

d†imdmi, (2.215)

and η is either +1 or −1 independently for left- and right-moving sectors. For

right-moving sector, we obtain the similar expressions for projection and number

operators by replacing di
m with d̃i

m .
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In the case of NS sector, the projection operator, P can be expressed in the

form

P =
1 + (−1)F+1

2
, (2.216)

where

F =
∞∑

r= 1
2

b†ir bri. (2.217)

Obviously, the tachyonic ground state, which corresponds to F = 0 in NS sec-

tor, is certainly eliminated by this projection. It is worth noting that after this

projection, the bosonic (NS) ground state and the fermionic (R) ground state of

left-moving sector are both massless. Besides, they also have the same number of

degrees of freedom. We can see this by considering that sixteen ground states of R

sector can be separated into eight states with n = 0 and eight states with n = 1.

From GSO projection, we keep only former (or latter) eight states if we set η = 1

(or −1). Thus, the number of selected ground state is as same as bi
− 1

2

|0〉L of NS

sector. The situation is similar for the states in right-moving sector. The matching

of degrees of freedom is an important evidence for the spacetime supersymmetry.

Therefore, we can infer that the two-dimensional (worldsheet) superstring theory

with GSO projection is equivalent to the ten-dimensional (spacetime) superstring

theory. We then end up this section by examining the lowest states of open and

closed strings.

In the case of open string, we obtain eight massless bosonic states bi
− 1

2

|0〉,
which represent the photons for NS sector. For R sector, we can choose either

eight massless ground states with n = 0 or those with n = 1 since we finally

obtain the other eight states in the string spectrum. This is also a result of the

GSO projection. We can easily see this by assuming that the eight ground states

with n = 0 are chosen. We can construct first-excited states by applying one of di
−1

and one of other e†α’s to the selected ground states in order to preserve the number

of fermionic oscillators. Equivalently, we obtain the states constructed from the

ground states with n = 1 in this level. For this sector, we can interpret that

these eight massless fermionic states represent the superpartners of photons from

NS sector. This open superstring and an unoriented closed superstring, which is

invariant under a parity of worldsheet spatial coordinate (σ → π − σ), together

form the type I superstring theory.

In the case of (oriented) closed string, the ground states of NS-NS sector

can be written as bi
− 1

2

b̃j

− 1
2

|0〉L ⊗ |0〉R. Similar to bosonic string theory, we obtain
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the massless fields which represent the graviton Gµν , the Kalb-Ramond field Bµν

and the dilaton φ. Number of these bosonic states is 64. The ground states of

NS-R and R-NS sectors can be written as bi
− 1

2

|0〉L ⊗ |nα〉R and b̃i
− 1

2

|nα〉L ⊗ |0〉R,

respectively. From these sectors, we can obtain (8 × 8) + (8 × 8) = 128 massless

fermionic states. If we choose the different values of η for left- and right-moving

sectors, the fermions in both sector have the opposite chirality. This theory is

called type IIA superstring theory. On the other hand, we choose the same

value of η , this theory is called type IIB superstring theory and contains the

fermions with the same chirality in both sectors. For R-R sector, there are 64

massless bosonic ground states, |nα〉L ⊗ |nβ〉R. In the type-IIA theory, we obtain

the Maxwell field, Aµ, and the antisymmetric tensor, Aρµν , with three indices. In

the type-IIB theory, we obtain the scalar field, A, the Kalb-Ramond field, Aµν ,

and the totally antisymmetric tensor, Aρσµν , with four indices for this sector.

2.3 Heterotic String Theory

Although the superstring theory that we have studied in the previous section

possesses both bosonic and fermionic fields, it does not contain any non-Abelian

gauge fields which are required to describe the strong interaction. In this section

we study one of superstring theories which include non-Abelian gauge symmetries

[6]. This theory comes from the fact that the left- and right-moving modes of closed

strings are independent. This implies that we can choose one of these modes to

possess the worldsheet supersymmetry and the other mode to possess non-Abelian

gauge symmetries. A theory consisting of such closed strings is called a heterotic

string theory. Similar to the previous section, we begin a study of heterotic string

theory with a classical theory. Then, we use a shortcut to take the understanding

of a quantum theory. After that, we end up this theory with an analysis of string

spectrum.

2.3.1 Classical Theory of Heterotic String

In this context, we choose the right mover to possess the worldsheet supersym-

metry and the left mover to possess the non-Abelian gauge symmetries. This

means that we obtain the bosonic fields Xµ
R and fermionic fields Ψµ

R with µ =

0, 1, . . . , D−1 for right-moving. For left-moving mode, we still obtain the bosonic

fields Xµ
L but replace Ψµ

L by Majorana fermions, λA
L with A = 1, . . . , n. The n
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fermions λA
L are Lorentz singlets which possess internal degrees of freedom. In

order to achieve the dynamics of heterotic string as soon as possible, we start our

study with the gauge-fixed action which can be written in the form

S = − 1

4πα′

∫
d2σ(∂aXµ∂aXµ − 2iΨµ

R∂+ΨRµ − 2i
n∑

A=1

λA
L∂−λA

L). (2.218)

For right-moving sector, all results of Xµ
R and Ψµ

R are as same as those in Section

2.2. For left-moving sector, Xµ
L still have the same formulae as those in Section 2.1

and λA
L can satisfy the boundary conditions like Ψµ

L do. The difference is that there

is no supersymmetry between Xµ
L and λA

L . In fact, we can proceed the work on λA
L

in order to obtain the non-Abelian gauge fields. However, it is quite difficult for

this approach to demonstrate the non-Abelian gauge symmetries. Therefore, we

choose another framework to study the heterotic string theory. In this framework

we replace the fermionic fields λA
L by bosonic fields, XI

L with I = 1, . . . , d. Since

two Majorana fermions have the same number of degrees of freedom as one boson,

we obtain the relation d = n
2
. In this approach we can consider a heterotic string

as a closed string consisting of the right mover from superstring and the left mover

from bosonic string.

It is the fact that the bosonic fields XI
L can carry non-Abelian gauge degrees

of freedom if they are compactified into a d-dimensional torus with correct radii.

Now we briefly mention the toroidal compactification. In this context we generalize

our case by assuming that there are still the corresponding right-moving modes,

XI
R and then eliminate these modes for heterotic string later. First, we introduce

a lattice, Γ, with basis vectors (vielbeins) eI
i ; i = 1, . . . , d. If a d-dimensional space

is compactified into a d-dimensional torus, the spatial coordinate xI must satisfy

the equivalent relation

xI ∼ xI + 2π
d∑

i=1

R(i)nieI
i ; ni ∈ Z, (2.219)

where R(i) are compactification radii and ni are called winding numbers. This

means that we compactify the d-dimensional space by winding it along each di-

rection i with ni numbers of round as a circle with radius R(i). It is conventional

to choose the vielbeins such that they are orthonormal

gIJeI
i e

J
j = δij. (2.220)

As a consequence, the coordinates of closed string XI(τ, σ) must satisfy the bound-

ary condition

XI(τ, σ + π) = XI(τ, σ) + 2π
d∑

i=1

R(i)nieI
i = XI(τ, σ) + 2πα′wI . (2.221)
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Here, we define the string winding mode, wI , as

wI ≡
d∑

i=1

R(i)ni

α′
eI

i . (2.222)

Then, the mode expansions of XI
L and XI

R can be expressed as

XI
L(τ + σ) =

1

2
xI

L + α′pI
L(τ + σ) + i

√
α′

2

∑

n6=0

αI
n

n
e−2ni(τ+σ), (2.223)

XI
R(τ − σ) =

1

2
xI

R + α′pI
R(τ − σ) + i

√
α′

2

∑

n6=0

α̃I
n

n
e−2ni(τ−σ), (2.224)

where pI
L =

√
2
α′α

I
0 , pI

R =
√

2
α′ α̃

I
0. From the boundary condition we can obtain

the relation between pI
L and pI

R as

pI
L − pI

R = 2wI . (2.225)

Therefore, the general solution of XI(τ, σ) can be written in the form

XI(τ, σ) = xI + 2α′pIτ + 2α′wIσ

+ i

√
α′

2

∑

n6=0

1

n
(αI

ne
−2ni(τ+σ) + α̃I

ne
−2ni(τ−σ)), (2.226)

where

xI =
1

2
(xI

L + xI
R), (2.227)

pI =
1

2
(pI

L + pI
R). (2.228)

We then eliminate the right-moving mode XI
R by imposing a (second-class) con-

straint

(∂τ − ∂σ)XI = 0. (2.229)

In order to obtain the context of heterotic string. Because of the second-class con-

straint, we must use the Dirac bracket, { , }∗, instead of the Poisson bracket.

In this case, the equal-τ Dirac bracket of XI(τ, σ) and P J(τ, σ′) can be written in

the form

{XI , P J}∗ =
1

2
δIJδ(σ − σ′). (2.230)

After we imposed the constraint, the center-of-mass coordinates and all oscillators

of right-moving mode vanish

xI
R = 0, α̃I

n = 0 ; n ∈ Z.
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As a result, the xI
L must satisfy the condition

1

2
xI

L =
1

2
xI

L + 2πα′wI , (2.231)

and the Dirac bracket of xI
L and pI

L can be written in the form

{xI
L, pLJ}∗ = 2δI

J . (2.232)

At this point we can combine Xµ
L and XI

L as bosonic coordinates Xα
L where α =

0, 1, . . . , D+d−1 . Therefore, we can treat Xα
L in the same way as the left-moving

mode in Section 2.1. The difference is that the squared mass is defined from the

momentum of non-compactified dimensions only. Now we turn to the quantum

theory of heterotic string.

2.3.2 Quantum Theory of Heterotic String

Similar to the previous section, we make a shortcut to the understanding of quan-

tum heterotic string theory by considering all variables as operators and replacing

the Poisson bracket and Dirac bracket with commutator −i[ , ]. For concise-

ness, we study only the Lorentz covariance formalism in this subsection.

In the case of right-moving mode, we can refer all results from those of

superstring in Section 2.2. This means that the critical dimension of heterotic

string theory is ten (D = 10). From the zeroth bosonic mode of super-Virasoro

constraint the right-moving mass-squared operator, M2
R, and number operator Ñ

can be expressed as

M2
R =

4

α′
Ñ , (2.233)

Ñ =
∞∑

n=1

n(ã†n · ãn + d̃†n · d̃n), (2.234)

for R sector and

M2
R =

4

α′
(Ñ − 1

2
), (2.235)

Ñ =
∞∑

n=1

nã†n · ãn +
∞∑

r= 1
2

rb̃†r · b̃r, (2.236)

for NS sector. It is worth noting that we also use GSO projection on the Fock

space of right-moving sector to eliminate the tachyonic ground state and obtain

spacetime supersymmetry.
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In the case of left-moving mode, we can obtain the same results as those in

Section 2.1. Since the bosonic string theory is ghost-free and Lorentz invariant if

the number of dimension is twenty-six (D + d = 26), the number of compactified

dimension is sixteen (d = 16). Then, we consider commutator of xI
L and pJ

L

[xI
L, pLJ ] = 2iδI

J . (2.237)

From this commutator we can infer that 1
2
pI

L is a generator of translation in xI
L .

Therefore, the wave function of xI
L is proportional to

exp(i
d∑

I=1

1

2
pLIx

I
L) (2.238)

and is single-valued under the condition (2.238). As a consequence, the pI
L can be

written in the form

pLI =
d∑

i=1

mi

R(i)
e∗iI ; mi ∈ Z, (2.239)

where mi are called momentum numbers and e∗iI are basis vectors of a dual lattice,

Γ∗ , and satisfy

d∑
I=1

eI
i e
∗j
I = δj

i . (2.240)

It is essential to note that in order to avoid the gauge and gravitational anomalies,

string theory must possess the modular invariance, which is a reparametrization

invariance on a one-loop string scattering amplitude. As a consequence, the lattice

Γ must be an even self-dual lattice, which satisfies

Γ = Γ∗, (2.241)

and contains the vectors whose squared length is even number.

From the zeroth-mode Virasoro constraints the left-moving mass-squared

operator, M2
L, and number operator N can be expressed as

M2
L =

d∑
I=1

(pI
L)2 +

4

α′
(N − 1), (2.242)

N =
∞∑

n=1

n(a†n · an +
d∑

I=1

a†In aI
n). (2.243)
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Combining the results from both left- and right-moving modes, we can obtain the

mass-shell condition and the level matching condition as

M2 =
1

2
(M2

L + M2
R) =

2

α′
(N + Ñ − 1) +

1

2

d∑
I=1

(pI
L)2, (2.244)

0 = N − Ñ +
α′

4

d∑
I=1

(pI
L)2 − 1, (2.245)

for R sector and

M2 =
2

α′
(N + Ñ − 3

2
) +

1

2

d∑
I=1

(pI
L)2, (2.246)

0 = N − Ñ +
α′

4

d∑
I=1

(pI
L)2 − 1

2
, (2.247)

for NS sector. It is obvious that the level-matching condition does not allow the

(bosonic) string states in the left-moving sector to possess the negative mass-

squared. In the other words, there are no tachyons in the heterotic string theory

as well as in any superstring theory. We can see that it is more convenient if

the ordering constant (aR = 0 or aNS = 1/2) is included in the right-moving

number operator Ñ for each sector in order that the mass-squared operator and

the level-matching condition for both sectors take the same forms (2.244) and

(2.245), respectively.

Now we turn to a study of ground states of heterotic string. We will see

the emergence of non-Abelian gauge groups in this theory. Before we consider the

string states, it is important to note that pI
L is the internal degree of freedom of

string state since it is the momentum of the compactified dimensions. Therefore,

we introduce |0; pI
L〉L ⊗ |0〉R for NS sector or |0; pI

L〉L ⊗ |nα〉R for R sector as a

ground state which has the momentum pI
L in the compactified dimensions. In

this context, we use the Light-cone gauge formalism to consider string states for

convenience.

We start by considering the ground states which have no momentum in

compactified dimensions (pI
L = 0). For NS sector the massless bosonic states

which are in the form ak
−1b̃

l
− 1

2

|0; 0〉L⊗|0〉R can be decomposed into ten-dimensional

graviton, Kalb-Ramond field, and dilaton. Their superpartners are from R sector

and are expressed in the form ak
−1|0; 0〉L⊗ |nα〉R. We can see that heterotic string

theory also possesses the string states which are similar to those in the previous

section. Next, we will consider additional massless states of heterotic string which

are constructed from oscillators in compactified dimensions and contribute an
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Abelian gauge group. We will consider only the bosonic states from NS sector for

conciseness. These additional bosonic states can be expressed as aI
−1b̃

k
− 1

2

|0; 0〉L ⊗
|0〉R. According to Kaluza-Klein theory, these states provide an Abelian gauge

group U16(1). Next, we will see that this gauge group can be enhanced to a

non-Abelian gauge group for the particular lattice Γ and radii Ri .

The momentum pI
L of ground state must have some specific value in order

to obtain extra massless gauge fields. From the mass-shell condition the ground

state can be massless if
16∑

I=1

(

√
α′

2
pI

L)2 = 2. (2.248)

These extra massless states can be written in the form b̃k
− 1

2

|0; pI
L〉L ⊗ |0〉R. Due to

the modular invariance, there are only two choices for the even self-dual lattice Γ

and only one choice for the radii R(i) which can satisfy the condition (2.248) in

the 16-dimensional space. For the compactification radii, the choice must be

R(i) =
√

α′ ; i = 1, . . . , 16. (2.249)

For a lattice Γ, the first choice is Γ16, which contains the root lattice of SO(32) as

a sublattice. With this lattice the U16(1) gauge group is enlarged to the SO(32)

gauge group. The second choice is Γ8×Γ8, which leads to the E8×E8 gauge group.

Therefore, there are two types for heterotic string theory, SO(32) or E8 × E8,

depending on a non-Abelian gauge group that the theory possesses.

2.4 Low-Energy Effective String Theory

Until now, we have studied only the dynamics of free strings with no background

fields. Therefore, we devote the last section to a brief discussion about the dy-

namics of strings with the presence of the background fields at low energy, which

is lower than the energy scale of string α′−
1
2 . In this context only massless bosonic

fields of closed string Gµν(X), Bµν(X), and φ(X) are considered as a background

since the massless fields are relevant at such a limit and we are interested in theo-

ries of closed strings; such as a bosonic string, a type-II superstring, and a heterotic

string.

We start out by modifying the string action (2.2) with all massless back-

ground fields of closed string

S = − 1

4πα′

∫
d2σ

√
−h(hab∂aX

µ∂bX
νGµν(X) + εab∂aX

µ∂bX
νBµν(X)

+ α′R(2)φ(X)), (2.250)
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where εab is an antisymmtric tensor and R(2) is a Ricci scalar in the two-dimensional

worldsheet. Similar to the free theory of bosonic string, the action (2.251) possesses

both reparametrization invariance and Weyl invariance. In the conformal gauge,

this action reduces to

S = − 1

4πα′

∫
d2σ(∂aX

µ∂aXνGµν + εab∂aX
µ∂bX

νBµν − α′R(2)φ). (2.251)

Obviously, the action (2.251) is conformally invariant. This is a non-trivial quan-

tum field theory, which is known as a non-linear sigma model. We can consider

the scattering amplitude as an expansion in powers of α′. Since the low-energy

limit is heuristically equivalent to an approximation α′ → 0, in such a limit we

consider the expansion in the lowest order of α′. In quantum field theory the UV

divergence causes the infiniteness of the scattering amplitude; therefore, the scale

invariance is required for renormalization. The existence of nonzero β functions

implies the breakdown of scale invariance. In string theory it turns out that the

conformal invariance of the action (2.251) ensures the vanishing of all lowest-order

β functions,

βG
µν ≈ α′(Rµν − 1

4
Hρσ

µ Hνρσ + 2∇µ∇νφ) = 0, (2.252)

βB
νρ ≈ α′(∇µH

µ
νρ − 2(∇µφ)Hµ

νρ) = 0, (2.253)

βφ ≈ α′(4∇µφ∇µφ−R− 4∇µ∇µφ +
1

12
HµνρH

µνρ) = 0, (2.254)

where ∇µ and Rµν are the D-dimensional covariant derivative and Ricci tensor,

respectively and

H = dB, (2.255)

is the field strength of Kalb-Ramond field.

Equivalently, we can study the dynamics of these background fields in the

view point of spacetime by introducing the D-dimensional string action that yields

equations (2.252)-(2.254) as equations of motion. This action is called the low-

energy effective action, Seff , and is expressed as

Seff = − 1

2k2
D

∫
dDx

√
−Ge−2φ(R + 4∇µφ∇µφ− 1

12
HµνρH

µνρ), (2.256)

where kD relates to the D-dimensional gravitational coupling constant, GD, by

k2
D = 8πGD. It is conventional to define the string coupling, gs, as

gs ≡ e2φ. (2.257)
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We will see in the next chapter that under some assumptions we can use this

action to study the dynamics of string gas in the early universe .

In summary, we begin this chapter with bosonic string theory. From anomaly

cancellation, the quantum theory of bosonic string is consistent only in 26 dimen-

sions. Adding the fermion terms to the bosonic string action, we obtain the con-

sistent superstring theory in 10 dimensions. Combining the left-moving mode of

closed string from bosonic string and the other mode from superstring, we obtain

the heterotic string theory, which contains non-Abelian gauge fields. In the pres-

ence of background fields the conformal invariance implies that the background

fields must satisfy the field equations of string theory themselves.



CHAPTER III

ASPECTS OF STRING GAS COSMOLOGY

The main purpose of this chapter is to study the aspects of string gas cosmol-

ogy, which is a combination of the basic concepts of standard cosmology and the

fundamentals of string theory. In the first part of this chapter we review the stan-

dard model of cosmology. The dynamics of the universe is discussed briefly. Then

we point out some crucial problems in this model. Thereafter, we introduce one of

the most successful cosmological models, namely the inflationary model. We will

study the mechanism of the inflation and demonstrate the ways this model solves

the problems. The final part of this chapter is devoted to the understandings of

string gas cosmology. We give emphasis on the mechanism of hot gases of closed

strings in the early universe. It will be shown that the new symmetry and new

degrees of freedom emerging from this model play the crucial role in solving one of

the most important problems in standard cosmology and explaining the evolution

of the early universe. The further development and the striking problems in this

model are also discussed.

3.1 Standard Model of Cosmology

For almost a century the standard model of cosmology has been developed and has

been used to study the evolution of the universe. The perspective concept of this

model is that the universe consists of enormous numbers of celestial objects which

interact with each other under the effect of gravity. In the other words, the stan-

dard model of cosmology can be considered as an application of general relativity

(GR). The dimension of spacetime in this model is set to be four corresponding to

the number of dimensions we can observe. Therefore, we begin this section with

the classical action of gravitation, namely the Einstein-Hilbert action, SEH , in the

4-dimensional spacetime

SEH = − 1

8πG

∫
d4x

√−g(R− 2Λ), (3.1)
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where R, G and Λ are respectively the Ricci scalar, the gravitational constant and

the cosmological constant, which contributes to the vacuum energy. Due to the

presence of matters, we add the action, SM , which provides the energy-momentum

tensor

Tµν = − 1√−g

δSM

δgµν
, (3.2)

to the Einstein-Hilbert action. Varying the total action, S = SEH + SM , with

respect to gµν , we obtain the Einstein’s field equation with the presence of the

cosmological constant and the matters

Rµν − 1

2
Rgµν + Λgµν = 8πGTµν . (3.3)

It is essential to consider the conservation of energy-momentum, which can be

expressed in the form

∇µTµν = 0. (3.4)

It is very difficult to solve the Einstein’s field equation and the equation of conser-

vation in general case. However, under some suitable assumptions we can simplify

these equations and use them to study the evolution of universe.

3.1.1 Cosmological Principle and Robertson-Walker Uni-

verse

It is believed that the universe viewed on the sufficiently large scale looks very

similar in every directions and at every points. This assumption is known as the

cosmological principle, which states that the universe is isotropic and homo-

geneous [8, 9]. The isotropy means that there is no preferred directions in the

universe and implies the rotational symmetry. On the other hand, the homo-

geneity means that there is no preferred place in the universe and implies the

translational symmetry. The standard choice of the metric corresponding to this

principle is the Friedmann-Robertson-Walker (FRW) metric

ds2 = −dt2 + a(t)(
dr2

1− kr2
+ r2(dθ2 + sin2θdφ2)), (3.5)

where k can be +1, 0,−1 for the closed, flat or open universe respectively and a(t)

is known as the scale factor. Alternatively, we can express this metric in another

form

ds2 = a(η)(−dη2 +
dr2

1− kr2
+ r2(dθ2 + sin2θd2φ)), (3.6)
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where η(t) ≡ ∫ t dt′
a(t′) is the conformal time. It is very useful to define the Hubble

parameter, H(t), as

H ≡ ȧ(t)

a(t)
. (3.7)

Before we study the dynamics of the universe, it is essential to consider some

properties of matter in the universe. It is believed that the early universe is

occupied by the hot gases of matter. This means that the matter in the universe

can be considered as the perfect fluid with the energy-momentum tensor

Tµν = (ρ + p)UµUν + pgµν , (3.8)

where ρ and p are the energy density and the pressure in the rest frame of fluid

respectively and Uµ is the normalized fluid four-velocity. For simplicity, we use

Uµ = (1, 0, 0, 0) and then obtain

T ν
µ =



−ρ

pδij


 , (3.9)

We can see that the pressures in all spatial dimensions are assumed to be equal

due to the cosmological principle. Since the matter is assumed to be the perfect

fluid, it is essential to introduce the equation of state for perfect fluid as

p = wρ. (3.10)

From this equation we can consider the matter in the cases of the radiation (w = 1
3
)

and the pressureless dust (w = 0). At this stage, we are ready to solve the

Einstein’s field equation and study the dynamics of the universe.

3.1.2 Evolution of The Universe

Inserting the expressions for the energy-momentum tensor (3.9) and the FRW

metric (3.5) into the Einstein’s field equation (3.3), we find that the non-zero

components of this equation are the 00-component, which is called the Fried-

mann’s equation and is expressed as

H2 =
8πG

3
ρ +

Λ

3
− k

a2
=

8πG

3
ρ +

8πG

3
ρv − k

a2
(3.11)

where ρv ≡ Λ
8πG

is the vacuum energy density contributed by the cosmological

constant, and the ij- components, which can be written as

ä

a
+

1

2
H2 = −4πGp− k

2a2
+

Λ

2
. (3.12)
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Combining these two equations, we obtain the acceleration equation

ä

a
= −4πG

3
(ρ + 3p) +

Λ

3
. (3.13)

In the case that the cosmological constant is absent (Λ = 0), we can define the

critical energy density, ρc, from the Friedmann’s equation as

ρc ≡ 3H2

8πG
. (3.14)

It is obvious that the universe is flat (k = 0) if the energy density of all particles

in the universe is equal to the critical density. It is also useful to define the density

parameter, Ω, as

Ω ≡ ρ

ρc

=
8πG

3H2
ρ. (3.15)

From the observable data on Cosmic Microwave Background Radiation (CMBR),

it is shown that the total density parameter at the present time, Ω0, is

Ω0 = 1.02± 0.02. (3.16)

This means that our present universe is very flat. Obviously, it is not the unex-

pected result because it agrees with our intuition that we are living in the flat

space.

The equation of the energy-momentum conservation (3.4) is also simplified

into the form

ρ̇ + 3H(ρ + p) = 0. (3.17)

Using the equation of state, we can obtain the solution of the energy density

ρ(a) ∝ a−3(1+w). (3.18)

Inserting the expression of ρ into the Friedmann’s equation with the assumptions

k = 0 and Λ = 0, the solution of scale factor a(t) can be determined as

a(t) ∝ t
2

3(1+w) . (3.19)

From the above equation it is obvious that the scale factor increases continuously

with time for the radiation (w = 1
3
) and the pressureless dust (w = 0). Substitut-

ing this solution back into equation (3.17), we can obtain the energy density as a

function of time

ρ(t) ∝ t−2. (3.20)
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From equation (3.17) we can see that the energy density of radiation falls down

as a−4 while the energy density of matter (pressureless dust) falls down as a−3.

This means that in the past there might be some period for which the universe

was dominated by the radiation and then the universe came into the era for which

the matter became dominant instead of the radiation. The former epoch is called

the radiation-dominated period and the latter epoch is called the matter-

dominated period. We can see that it is reasonable for both radiation- and

matter-dominated periods to assume k = 0 and Λ = 0 in Friedmann’s equation

(3.11), because the term 8πρ/3 becomes more relevant than the other two in the

RHS during such periods. However, from the observations of Supernovae Type

Ia (SNe Ia) and CMBR, we can estimate the density parameters of matter and

cosmological constant at present as

ΩM ∼ 0.3 , ΩΛ ∼ 0.7. (3.21)

It means that at the moment the universe is dominated by the cosmological con-

stant instead of matter (and also radiation). As a consequence, we can determine

the vacuum energy density ρv from the cosmological constant in the Planck unit

ρv

M4
P

≈ 0.8× 10−120, (3.22)

where MP = 1√
8π

mP is the reduced Planck mass, and mP = 1√
G

is the Planck

mass.

Next, we briefly study thermodynamics of the early universe and indicate

some remarkable results before we undergo some difficulties emerging in this

model.

3.1.3 Thermodynamics of The Early Universe

It is reasonable to consider the expansion of the universe as an adiabatic process

since there is no heat transfer within the homogeneous universe. In the early uni-

verse the entropy density, s, the energy density and the pressure of particles which

are in thermal equilibrium (their reaction rates are higher than the expansion rate

of the universe) can be expressed in terms of temperature, T , as

s =
2π2

45
N∗T 3, (3.23)

ρ =
π2

30
N∗T 4, (3.24)

p =
π2

90
N∗T 4, (3.25)
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where N∗ is the number of total degrees of freedom from bosons and fermions.

Since the expansion of the universe is adiabatic, the entropy, S, which can be

written as

S = sa3, (3.26)

must be constant. From equations (3.23) and (3.26) we obtain the important

relation between the scale factor and the temperature

aT = constant. (3.27)

As a consequence, the temperature can be expressed in terms of time t as

T ∝ t−
1
2 (3.28)

for the radiation-dominated period and

T ∝ t−
2
3 (3.29)

for the matter-dominated period.

We end up the review of standard cosmology at this point. In the next

subsection we will discuss some crucial difficulties in this model.

3.1.4 Problems in Standard Model of Cosmology

It is the fact that the standard model of cosmology provides the basic under-

standings of the universe and agrees with some observable data. However, there

are still some crucial problems in this model. In this subsection we mention only

three major problems.

The first problem is the initial singularity problem. This problem occurs

when we study the dynamics of the universe at the origin or the Big Bang. This

means that we take the limit t → 0 for all expressions of physical quantities. It

is worth noting that we assume the radiation-dominated period as the first era

in the history of the universe. As a result, from equation (3.17) the scale factor

approaches zero, a(t) → 0. In other words, the universe was shrunk to a point at

the time of Big Bang. At this stage we can see from equations (3.20) and (3.28)

that the energy density and the temperature became infinite, ρ(t), T (t) →
∞. This result is unacceptable; therefore, we require the way to solve this fatal

problem or a new model which can avoid it. In the last section we will see that

string gas cosmology can overcome this difficulty gracefully.
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From the CMBR data, it turns out that the background temperature of the

universe at the present is extremely homogeneous no matter how far the distance

is. This is so weird because it implies that the contact between two causally dis-

connected regions that even light signal cannot reach can occur. This inexplicable

result is known as the horizon problem.

The last problem is called the flatness problem. This difficulty also

emerges from the observation on CMBR. As we mentioned in §3.1.2, the CMBR

data leads to the expected result that the universe at present is very flat. How-

ever, it is quite surprising when we determine the density parameter in the early

universe. The result shows that the early universe is extremely flat

|Ω− 1| ≈ 1.66× 10−61. (3.30)

This number is unusually very small; therefore, the remarkable fine tuning on the

density parameter in the early universe is essentially required.

In the next section we present a critical review on the inflationary model

and its remarkable success in solving the horizon and flatness problems from the

standard cosmology.

3.2 Inflationary Model

The inflation is a very rapid expansion of the universe which makes the scale factor

grow larger with an incredible rate. The model of this cosmological scenario was

first proposed by Guth [31] and is known as the inflationary model. This model not

only solves both horizon and flatness problems mentioned in the previous section,

but also provides the solution to the unwanted relics problem that we will discuss

later. It is essential to note that there are, in fact, many inflationary models;

however, in this thesis we mainly study the model of the slow-roll inflation and

then discuss other models of inflation briefly.

3.2.1 Slow-roll Inflation model

In this model we can describe the inflation by using a scalar field called an inflaton,

φ. It appears that the inflaton must roll very slowly at the beginning of the

inflation and also rolls slowly along the nearly flat effective potential, V (φ), long
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enough to yield the sufficient inflation. We start our study with the action of

inflaton

Sinf =

∫
d4x

√−g(∂µφ∂µφ− V (φ)). (3.31)

We can obtain the equation of motion

0 = ∇µ∂
µφ + V ′(φ)

= φ̈ + 3Hφ̇ + V ′(φ), (3.32)

where V ′(φ) is the derivative of V (φ) with respect to φ. Since φ rolls slowly, we

can estimate | φ̈

3Hφ̇
| ¿ 1 and we then obtain the expressions for φ̇ and φ̈ as

φ̇ = −V ′(φ)

3H
, (3.33)

φ̈ = −V ′′φ̇
3H

+
V ′

3H2
Ḣ. (3.34)

It is the fact that the energy density of inflaton contributes to the vacuum

energy ρv as well as the cosmological constant does. The energy-momentum tensor

of inflaton can be expressed as

T00 = ρv =
1

2
φ̇2 + V (φ), (3.35)

Tij = pδij = (
1

2
φ̇2 − V (φ))δij. (3.36)

It is reasonable to assume that in the inflation period the vacuum energy is

dominated by the potential V (φ); in other words, we assume that
1
2
φ̇2

V (φ)
¿ 1. As a

result, the Friedmann’s equation (3.17) becomes

H2 =
8πGρv

3
≈ 8πGV (φ)

3
=

8πV (φ)

3m2
p

. (3.37)

We then obtain the slow-roll conditions

m2
p

24π

|V ′′(φ)|
V (φ)

¿ 1, (3.38)

m2
p

48π
(
V ′(φ)

V (φ)
)2 ¿ 1. (3.39)

It is useful to introduce the e-fold number, Ne, which is the measurement of

expansion rate of the inflation, as

Ne ≡ ln(
a(tf )

a(ti)
) =

∫ tf

ti

H(t)dt, (3.40)
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where ti and tf are the time at the beginning and at the end of inflation, respec-

tively. From Friedmann’s equation and the fact that the inflaton rolls very slowly

at the beginning of the inflation, we can express the e-fold number in terms of the

inflaton field as

Ne ≈ 8πV (φ)

m2
p|V ′′(φ)| À 1. (3.41)

After the inflation ends, the inflatons must undergo a damped oscillation about the

absolute minimum of potential and decay into radiation and massive particles in

order that the radiation- and matter-dominated periods can occur. This scenario is

known as the reheating process. We can study the reheating process by modifying

equation (3.32) with a damping term Γφφ̇

0 = φ̈ + (3H + Γφ)φ̇ + V ′(φ), (3.42)

where Γφ is the decay rate of inflatons. In general, we assume that the decay rate

of inflatons is very rapid (Γφ ≤ H) and the inflatons decay into only fermions.

As a result, equation (3.33) can be expressed in terms of the average of vacuum

energy, 〈ρv〉,

˙〈ρv〉+ 3H〈ρv〉 = 0. (3.43)

However, if the inflatons decay into a large number of pairs of bosons before the re-

heating process takes place, the rapid decay can occur by means of the parametric

resonance. This process is known as the preheating. As a consequence of the rapid

decay, all regions throughout the universe can be rapidly equilibrated and have

the same temperature known as the reheating temperature, TRH . Thereafter, the

universe undergoes the radiation- and matter-dominated eras respectively as well

as the standard model. Up to this point, we can see obviously that the model of

slow-roll inflation can solve the horizon problem because it offers the explanations

for both tremendous expansion of the universe and isotropic background temper-

ature. We also see that this model can solve the flatness problem by considering

the equation (3.37) and equation (3.43). It turns out that the e-fold number must

be at least sixty-four (Ne ≥ 64) in order to satisfy expression (3.41). This is

certainly possible for slow-roll inflation. As we mentioned above, this model can

solve the unwanted relics problem. The inflation can dilute many particles which

are produced during the phase transition period before the time of inflation, such

as magnetic monopoles, and make them have so extremely low densities that we

hardly observe them nowadays. Moreover, it appears that we can also explain the

formation of celestial structures, such as clusters and galaxies, in the context of
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inflationary model by considering the quantum fluctuation of the inflaton fields, φ̂,

which yields the density perturbation, δρ
ρ
. The spectrum of these density pertur-

bations calculated by this model is in an excellent agreement with the recent data

on the fluctuations of CMBR [32, 33]. However, we will neglect the details of the

density perturbations for brevity. We can see in this subsection that the model of

slow-roll inflation is very successful in describing the evolution of the universe and

solving horizon and flatness problems in the standard model of cosmology. In the

next subsection we will study other interesting models of inflation.

3.2.2 Other Inflationary Models

It is the fact that there are many models of inflation which can provide graceful

explanations for the evolution of the universe, besides the model of slow-roll infla-

tion. For conciseness, we briefly discuss only two more models in this subsection.

One is the chaotic inflation model and the other is the hybrid inflation model.

In the slow-roll inflation model, we might require some fine tuning for the

initial condition in order that the inflaton can start out in the flat region of the

potential. We can avoid the fine tuning by assuming that the early universe starts

in the time interval less than the Planck time, ∆t ≤ tp, where we define the

Plank time as tp ≡ m−1
p . From the uncertainty principle, we can expect that the

inflatons φ should start with different values about the absolute minimum of the

potential in different regions of the universe at the beginning of the inflation. As a

consequence, various parts of the universe undergo various amounts of expansion

during the inflation. The chaotic inflation model is named after this remarkable

result.

For the hybrid model, there are two scalar fields, φ and ψ, involving in the

inflation. As the field φ plays the important role in the slow roll, the other field ψ

is the main character in the vacuum density. When the field φ rolls down below

the critical value, φc, the field ψ is also unstable and rolls down from one vacuum

with positive energy to the vacuum with zero energy.

In this section we can see that the inflationary model is very successful in

both explaining the evolution of the universe and solving two major problems

from the standard cosmology. However, a significant difficulty for this model is

that there are still no physical concepts governing the mechanism of the inflation.

In the next section we study one of the most promising cosmological model, namely

string gas cosmology.



58

3.3 String Gas Cosmology

Since string theory emerged as one of the most impressive candidates for quantum

gravity, this theory must explain any physical scenario which takes place at the

Planck scale (at energy scale ∼ 1019 GeV) and can be verified by the experiments

held at energy scale with the same order. Unfortunately, even the Large Hadron

Collider (LHC) experiment, which will be in operation at CERN in November

2007, can provide the scenario of particle physics at energy scale approximately 104

GeV that is still very far from the Planck scale. However, there is still some hope

to achieve this verification by applying string theory into the context of cosmology,

especially in the early universe whose size is comparable to that of Planck scale.

In other words, the cosmologists always encounter some unavoidable failure when

they study any process taking place at very small scale that the quantum effect

become relevant. This failure motivates the modification of standard cosmology

with a theory of quantum gravity. String gas cosmology (SGC) pioneered by

Brandenberger and Vafa [16] is an attempt in combining the ideas of standard

cosmology with the essentials of string theory. The remarkable success of this

model is that it can resolve the initial singularity problem which takes place at the

beginning of the universe. Moreover, it also provides the reasonable explanation

for the dimensionality of spacetime while the number of spacetime dimensions is

set to four by hand in the standard cosmology .

3.3.1 Assumptions in String Gas Cosmology

In standard cosmology we assume the cosmological principle prior to the study of

the evolution of the universe in order to reflect the remarkable properties of the

universe and simplify the equations of motion. Similarly, in string gas cosmology

three conditions are initially assumed before undergoing the evolution of the string

gas universe. In this subsection we will state and discuss each assumption in detail.

The first assumption is that the string coupling is so weak that we do not

take into account the back reaction of strings on the background. This simplifies

thermodynamics of early universe in the case that we can ignore the effect of

gravity on string gases.

The second assumption is that all nine spatial dimensions of the early uni-

verse were initially compactified in a shape of torus, T 9, with the size of Planck

scale. We will see that from this view point we can provide the reasonable expla-

nation for both expansion of the universe and the dimensionality of spacetime.
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The third assumption is that the evolution of the universe is adiabatic. We

will see in the next subsection that this assumption is acceptable for all types

of superstring except the heterotic string at a certain compactification radius.

Combining this assumption with the other assumptions, we can solve the initial

singularity problem.

3.3.2 Toroidal Compactification and T-duality in SGC

It is essential to introduce a new symmetry and a new degree of freedom of string

theory emerging from compactification of spatial dimensions. First, we will dis-

cuss a basic concept of compatification and indicate some important results from

this mechanism. Eventually there are many kinds of compactifications, such as

toroidal, K3 , and orbifold; however, in this thesis we give emphasis on the sim-

plest but quite plausible model, namely a toroidal compactification [25]. In this

model we assume that the D-dimensional spacetime is separated into the (dn +1)-

dimensional non-compact spacetime M1+dn and the d-dimensional toroidal com-

pact space T d. Throughout the thesis, the components in D-dimensional spacetime

are labelled by the indices µ, ν, = 0, 1, . . . , D− 1, the components of non-compact

spacetime are labelled by the indices α, β = 0, 1, . . . , dn and the spatial compo-

nents of non-compact spactime are labelled by a, b = 1, . . . , dn (do not confuse

to the indices a, b in the string frame). For the compact space, the indices of

coordinates in an ordinary frame are denoted by I, J = 1, . . . , d and the indices of

coordinates in an orthonormal frame are denoted by i, j = 1, . . . , d.

As we mentioned in §2.3.2, the coordinate of toroidal compact space satisfies

an equivalent relation

xI ∼ xI + 2π
d∑

i=1

R(i)nieI
i , ; i = 1, . . . , d ; ni ∈ Z, (3.44)

where R(i), ni, and eI
i are the compactfication radius, the integer that is called

the winding number, and the lattice basis (vielbein) of the ith direction of a torus,

respectively. Next, we provide the basic concept of toroidal compactificaton in the

context of string theory. For simplicity, in this subsection we choose the vielbein as

eI
i = δI

i and use the second assumption (dn = 0, d = D− 1). As a result, the mass

squared formula for type II superstring (and heterotic string) can be respectively
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expressed as

M2 =
d∑

I=1

(pI)
2 +

d∑
I=1

(wI)2 +
2

α′
(N + Ñ − a),

=
d∑

I=1

(
mI

R(I)
)2 +

d∑
I=1

(
nIR(I)

α′
)2 +

2

α′
(N + Ñ − a) (3.45)

where pI = mI

R(I) , mI , and wI = nIR(I)

α′ are the momentum mode, the integer that is

called the momentum number, and the winding mode of I th compactified spatial

dimension, respectively and the normal ordering constant a takes value 2 (1) for

type II superstring (heterotic string). From the formula above, there are three

types of degrees of freedom in the string spectrum, i.e., the oscillatory modes (N

and Ñ), the momentum mode (pI), and the winding modes (wI). We can see that

the winding mode is a new degree of freedom arising from the compactification.

It is obvious that the oscillatory modes, which can govern the types of particles

according to the values of the number operators, do not depend on how large

the radius is; therefore, these modes are quite irrelevant in this scenario. The

momentum modes pI , which take a responsibility for strings moving in the I th

compact direction, vary as 1/R(I). On the other hand, the winding modes wI ,

which represent strings wrapping around a torus in I th direction with nI round(s),

are proportional to R(I). This means that the larger the radius, the lighter the

momentum modes but the heavier the winding modes, and vice versa. We will

see in the next subsection that these outstanding properties of momentum modes

and winding modes play crucial roles in the expansion of the early universe.

Next, we will discuss a new symmetry which is believed to be one of many

essential symmeties for both perturbative and non-perturbative string theories; it

is T-duality (T denotes for Target space). Literally, from T-duality it appears that

physics in small scale compared to the string scale (or Planck scale) is as same as

physics in large scale with the interchange of definitions between the momentum

modes and winding modes, and vice versa. Mathematically, the expressions of all

physical quantities, such as the string mass spectrum, the scattering amplitude,

must be invariant under the duality transformations

R(I)

√
α′
−→

√
α′

R(I)
, (3.46)

or

ln(
R(I)

√
α′

) −→ − ln(
R(I)

√
α′

), nI ←→ mI . (3.47)
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We can see for example that the expressions of string mass spectrum for type II

superstring or heterotic string (3.45) is invariant under the transformations above .

It is very important to note that at R(I) =
√

α′, the duality transformations map a

target space into itself; as a consequence, this compactification radius (R(I) =
√

α′)

is called the self-dual radius. In the next subsection we will see that these new

degrees of freedom and symmetry in string theory together play important roles

in the evolution of the early universe and in solving the initial singularity problem

emerging from the standard cosmology.

3.3.3 String Thermodynamics of The Early Universe

It is the fact that the main purpose of the first assumption is to simplify a study

of thermodynamics in theory of gravity. From this assumption we can ignore

the gravitational effect contributed by the non-zero expectation value for energy

density due to the strings on the background. In other words, from the first

assumption we choose the string background to be classical background instead

of the quantum background in this model for simplicity. In this subsection we

will discuss thermodynamics of the early universe by using the microcanonical

ensemble. It will be shown that this ensemble is appropriate and reasonable for

explaining the mechanism of string gas in the early universe in the time that a

quantum description for this scenario is still under development. We will also see

the way in which this approach solves the initial singularity problem and offers

the explanation for dimensionality of spacetime.

We begin this subsection by demonstrating that the microcanonical ensemble

is more suitable than canonical ensemble for describing thermodynamics of strings

in the early universe. We can see this by investigating the number of partitions

at the asymptotic limit (large number of oscillation N −→ ∞) in the canonical

ensemble. For simplicity we consider the case that there are only bosonic strings

in the uncompactified spacetime with critical dimension; as a result, the number

of partitions, p(E), can be determined by the Hardy-Ramanujan method and can

be expressed as

p(E) =
1√
2
α′−

27
4 E− 27

2 exp(4π
√

α′E). (3.48)

Then we can determine the entropy and temperature of bosonic strings as

S(E) = k ln p(E) = k(4π
√

α′E − 27

2
ln(E) + ln(

1√
2
α′−

27
4 )), (3.49)

1

T (E)
=

∂S(E)

∂E
= 4πk

√
α′ − 27k

2E
. (3.50)
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It is very important to note that while the energy of string increases as much as

possible, it turns out that the temperature tends to be constant and we define

such a temperature as the Hagedorn temperature, TH ,

TH = (
∂S(E)

∂E
|E−→∞)−1 =

1

4πk
√

α′
. (3.51)

In other words, as we increase the energy of string, the temperature of string

increases corresponding to an increase of energy in such a way that the temperature

approaches to the Hagedorn temperature TH , the maximum allowed temperature

in context of string theory. However, it turns out that the partition function,

Z(V, T )str, which can be written as

Zstr =
∑

i

e−βEi ≈ Z0 +
211

π
V (kTkTH)

25
2 (

T

TH − T
)e−4π

√
α′E0(

TH
T
−1), (3.52)

where V is a volume of transverse dimensions, Z0 and E0 are partition function

and the energy under which are suitable for the Hardy-Ramanujan approximation,

diverges at T = TH . This does not mean that physics is invalid at the Hagedorn

temperature. We can see that all physical quantities, i.e. the energy density and

specific heat, are still finite at this temperature. The situation changes drastically

when we turn to thermodynamics of strings in compactified spacetime. It turns

out that if number of uncompactified dimensions is less than or equal to three, the

energy density diverges at the Hagedorn temperature. This comes from the fact

that the aspect of winding modes, which are new degrees of freedom in the context

of string compactification, is not appropriate in the infinite volume. The larger

the finite volume of universe is, the more energy the winding mode acquires but

not infinite. This implies that the universe should start with the finite volume.

Moreover, we see that we cannot trust the canonical ensemble when the tempera-

ture reaches the Hagedorn temperature because of large energy fluctuation. The

situation is very similar for the superstring thermodynamics.

This implies that it is more appropriate to use the microcanonical ensemble,

which is more fundamental than the canonical approach, to study string thermo-

dynamics of compactified spacetime in the vicinity of the Hagedorn temperature.

However, it appears that if some of spatial dimensions are uncompactified, the

specific heat then becomes negative and leads to the unacceptable description for

strings thermodynamics. The situation is quite different when all spatial dimen-

sions are all compactified. In this approach the number of partition for both type

II superstring and heterotic string at high energy limit and the entropy can be
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expressed as

dp(E) =
exp(βHE)

E
dE, (3.53)

S = βHE − c1

E
+ c2, (3.54)

where βH = kTH , c1 and c2 are some constants. It turns out that the specific heat

determined by this approach is positive. This means that the microcanonical en-

semble is appropriate for describing string thermodynamics in compact spacetime.

Now we undergo a study of string thermodynamics in the early universe from

the view point of SGC. We will see that this model offers the qualitative way to

solve the initial singularity problem. From the previous subsection we introduce

T-duality in string theory. As a consequence of this duality, the temperature

must be symmetric around the self-dual radius (R(I) =
√

α′). We will explain

this scenario qualitatively. For large R(I), it turns out that T decreases as 1/R(I)

similar to the standard cosmology since the winding mode becomes irrelevant.

As the radius approaches the self-dual radius (R(I) −→ √
α′), the temperature

does not increase in the same way as in the standard model but it tends to the

limiting temperature, Hagedorn temperature TH . The curve in the vicinity of the

Hagedorn temperature is so flat that this region can be called a plateau. It turns

out that the temperature of the plateau is Tplateau = TH− c
S2 , where c is a constant.

Moreover, it is found that the width of the plateau, ∆R
(I)
plateau, is also proportional

to the entropy S as ∆R
(I)
plateau ∝ S

1
9

TH
.

Figure 3.1: The temperature of Plateau approaches to the Hagedorn temperature.

The higher entropy, the larger the plateau. The temperature is symmetric around

the self-dual radius, ln R = 0 (α′ = 1). From [16].
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Thereafter, when R(I) becomes much smaller than the self-dual radius, it is

very striking that the temperature again decreases as 1/R(I). This occurs because

the winding modes which stay dominantly in thermal equilibrium become lighter

and lighter. As a result, the adiabaticity dictates the temperature to decrease as

well as the winding modes. This scenario is illustrated in the Figure 3.1.

Before we continue our study, it is worth noting that the figure above is

normally valid for type II superstring theories but it requires little modification

for heterotic string theory. We can see from [16] that at the self-dual radius the

heterotic strings acquire the enhanced gauge symmetry in the same way as they

possess the non-Abelian gauges for which we discussed in §2.3. In this case we as-

sume that all nine spatial dimensions are compactified as a nine-dimensional torus;

therefore, the enhanced symmetry for the heterotic strings is SU(2)9. As a con-

sequence, at the self-dual radius (R(I) =
√

α′), there exist in the string spectrum

the extra massless states contributed by the compactified heterotic strings which

have |p| = |w| = 1
α′ ( or equivalently |mI | = |nI | = 1 for only one index I and

mJ = nJ = 0 for other indices J) and these massless states carry so little energy

and temperature. Therefore, the adiabacity implies that the temperature must

decrease to zero at this point and this feature is quite unacceptable. A reasonable

solution to this subtlety is that we will relax the assumption for adiabaticity and

we instead assume that the energy and the temperature of heterotic strings are

constant when the radius R passes the self-dual radius. This modification makes

the curves for heterotic strings are similar to those for type II superstrings. How-

ever, it also yields the differences in the number of degenerate states and in the

Hagedorn temperature between the heterotic strings and type II superstrings.

Next, we will investigate the interpretation of the scenario we mentioned

above. It is the fact that in the compact space the momentum modes and the

winding modes can interchange to each other when we cross from large R(I) to

small R(I) or vice versa due to T-duality. We can see that when R(I) is larger than

the self-dual radius (R(I) >
√

α′), we use the momentum mode (pI = mI

R(I) ) which

are light in this region to create the light particle in order to define the position.

On the other hand, when R(I) become smaller than the string scale (R(I) <
√

α′),

the momentum modes become heavier while the winding modes (wI = nIR(I)

α′ )

become lighter. Therefore, it is easier to create light by using the winding modes

instead of the momentum modes in this region. However, we can interpret the

winding modes in this scenario as the momentum modes

p̃I = wI −→ m̃I

R̃(I)
=

nIR(I)

α′
. (3.55)
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As a result, we realize that we measure the position by using photon with the

momentum number m̃I = nI and thus we are living in the universe with the

radius R̃(I) = α′
R(I) which also appears larger than the self-dual radius. In other

words, all observers who use some certain way to measure the position realize that

the self-dual radius (
√

α′) is the smallest effective length that they can observe

and they cannot distinguish whether they are living in the universe with radius R

or in the universe with radius R̃ = α′
R

. This means that we can never encounter

the state for which the universe become a point (R(I) = 0). As a result, we can

conclude that SGC provides a satisfactory exit for the initial singularity problem

because of the existence of T-duality and winding modes.

Next, we will explore the way that SGC can explain why we live in four-

dimensional spacetime. In other words, we will show that the universe with nine

compact spatial dimensions and one time direction (R1 × T9) from the starting

point evolves in such a way that one time direction combines with three spatial

dimensions which grow much larger than the Planck scale but the other six di-

mensions are still fixed at Planck scale (M4×T6). We start by considering one of

the most important properties of winding modes. It is the fact that the winding

modes contribute to the negative pressure; as a result, these modes prevent the

universe from expansion. On the other hand, the momentum modes contribute

to the positive pressure and allow the universe to expand. We can see this ob-

viously by examining the mass spectrum of superstring or heterotic string. The

larger the universe expands (the larger the radius is), the more energy the wind-

ing modes require. Therefore, the expansion can occur if and only if the number

of winding modes decreases. This means that the universe continues expanding

as long as the winding modes stay in thermal equilibrium and thus annihilate to

their anti-particles, namely anti-winding modes. In this context we give emphasis

on the number of spacetime dimensions in which the winding modes can main-

tain thermal equilibrium. Up to this point it is clear that the winding modes do

not maintain thermal equilibrium certainly if all nine compact dimensions expand

at the early universe. Next, we investigate the condition for which the winding

modes can stay in thermal equilibrium as the universe expands. It is the fact

that two strings with equal winding number but opposite signs (winding mode

and anti-winding mode) can interact to each other if their worldsheets come to

intersect. Since a worldsheet of one string has two dimensions, this means that

the largest number of expanding spacetime in which two worldsheet can intersect

certainly is 2+2 = 4. As a result, the most possible way for which the winding and

anti-winding modes can interact to each other is that the winding modes in three
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spatial compact directions must be annihilated and only three spatial dimensions

are expanding along the expansion of the universe. This is a reasonable expla-

nation from SGC for the dimensionality of spacetime. However, for this scenario

there is still a major problem which concerns how we know that the size of other

six dimensions are really fixed at the Planck length in later time in order to avoid

from the observation at the present time. This difficulty is known as the moduli

stabilization problem for the late-time universe. We will discuss the numerical

analysis on this problem which was done by Watson and Brandenberger [18] in

§3.3.5.

3.3.4 Evolution of The Late-time Universe

In this subsection we study of the evolution of the late-time universe without the

flux (Bµν = 0) [17, 18]. Since the energy of strings in the late-time universe is very

small compared to that in the early universe, it is reasonable to use the low-energy

effective action (2.256) in ten-dimensional spacetime (D = 10) without flux

S0 = − 1

2k2
D

∫
dDx

√
−Ge−2φ(R + 4∇µφ∇µφ). (3.56)

It is important to note that it is difficult to consider T-duality in this form. How-

ever, we will see in the next chapter that we can express this action in the particular

form which makes T-duality more transparent.

Because of the presence of string gas, we introduce the string action for

matter, SM , as

SM =

∫
dDx

√
−Gρ, (3.57)

where ρ is the total energy density of string gas. Varying the total action, S =

S0 + SM , with respect to the inverse metric Gµν , and the dilaton φ, respectively,

we obtain the equations of motion

Rµν + 2∇µ∇νφ = k2
De2φTµν , (3.58)

R− 4∇µφ∇µφ + 4∇µ∇µφ = 0. (3.59)

From the second assumption (dn = 0, d = 9), we introduce the metric ansatz

as

ds2 = −dt2 + a2(t)
3∑

I=1

dxI2 + b2(t)
6∑

J=1

dyJ2, (3.60)
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where a(t) ≡ R(I)(t)√
α′

= eλ(t) (b(t) ≡ R(J)(t)√
α′

= eν(t)) and dxI (dyJ) are the scale factor

and the dual basis of non-compact (compact) space, respectively. We separate the

scale factors into two parts in order that we will use the first part a(t) to represent

the scale factor of three expanding spatial dimensions and the second part b(t)

to represent that of the six extra dimensions. As a consequence of the second

assumption, not only the scale factor become a function of time, but also do the

dilaton φ = φ(t) and the string coupling gs = e2φ(t).

Since we assume that the string gas behaves like the perfect fluid, it can be

simplified into the familiar form

T µ
ν =



−ρ

pλ

pν


 , (3.61)

where

ρ =
Etotal

V
, (3.62)

pλ = − 1

V

∂Etotal

∂λ
, (3.63)

pν = − 1

V

∂Etotal

∂ν
. (3.64)

Here, we define Etotal, pλ and pν as the total energy contributed by all numbers

of string from all modes, the pressure densities in non-compact and compact di-

rections, respectively. Substituting the metric ansatz into (3.58) and (3.59), we

obtain the equations of motion

−3λ̈− 3λ̇2 − 6ν̈ − 6ν̇2 + 2φ̈ = k2
10e

2φρ, (3.65)

λ̈ + 3λ̇2 + 6λ̇ν̇ − 2λ̇φ̇ = k2
10e

2φpλ, (3.66)

ν̈ + 6ν̇2 + 3λ̇ν̇ − 2ν̇φ̇ = k2
10e

2φpν , (3.67)

3λ̈ + 6λ̇2 + 6ν̈ + 21ν̇2 + 18λ̇ν̇ + 2φ̇2 − 2φ̈− 6λ̇φ̇− 12ν̇φ̇ = 0. (3.68)

It is interesting to examine these equations in the case that the dilaton is

constant and the extra dimensions are ignored (ν = 0). As a result, we obtain the

equations analogous to (3.11) and (3.13)

H2 ≡ λ̇2 =
8πG10

3
ρ, (3.69)

λ̈ + λ̇2 = −4πG10

3
(ρ + 3pλ), (3.70)

with a constraint equation

R(4) = λ̈ + 2λ̇2 = 0, (3.71)
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where R(4) is the Ricci tensor in four-dimensional spacetime and the gravitational

coupling is restored by using the relation k2
10 = 8πG10 = 8π

m2
P (10)

= 1
M2

P (10)

. It is

important to note that there are very slight differences between the expressions

above and those in standard cosmology that are the extra term λ̇2 in (3.70) and

the ten-dimensional gravitational coupling G10 instead of the four-dimensional

coupling G. However, we can obtain the relation ρ − 3p = 0 which implies that

the application of general relativity in cosmology can be considered as the string

low-energy effective theory and then the evolution of the early universe starts in

the radiation-dominated period. For the constraint equation (3.71), it is obvious

that this equation verifies the conformal invariance in the context of string theory

(T µ
µ = 0).

Since all nine spatial dimensions are compactified, the string mass squared is

equal to the energy squared. Then we can express respectively the energy squared

of type II superstring or the heterotic strings from equation (3.45) as

M2 = E2 = E2
osc +

∑
I

(E(I)
p )2 +

∑
I

(E(I)
w )2, (3.72)

where

Eosc =

√
2

α′
(N + Ñ − a), (3.73)

and

E(I)
p = pI =

mI

R(I)
=

1√
α′

mI(
R(I)

√
α′

)−1, (3.74)

E(I)
w = wI =

nIR(I)

α′
=

1√
α′

nI(
R(I)

√
α′

). (3.75)

In the expression above Eosc is the energy contributed by the oscillatory mode while

E
(I)
p and E

(I)
w are contributed by the momentum mode, and the winding mode for

the I th spatial direction, respectively. It is obvious that the energy contributed by

the oscillatory mode does not depend on the scale factor R(I)√
α′

; therefore, we can

ignore the energy from this mode when we consider the evolution of the universe.

Thereafter, we define N(|nI |) as the total number of winding strings which have

the winding number |nI | in the I th direction. In other words, N(|nI |) is the sum of

the winding and anti-winding strings which wrap a torus along the I th direction

with |nI | number of round (+ for winding mode and − for anti-winding modes).

In the similar way we define the total number of strings with momentum modes

as M(|mI |). Consequently, we can express the total energy, Etotal, contributed by
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momentum and winding modes in all directions as

Etotal =
∑

I

∑

|mI |
M(|mI |)|E(I)

p |+
∑

I

∑

|nI |
N(|nI |)|E(I)

w | (3.76)

=
1√
α′

∑
I

(M (I)(
R(I)

√
α′

)−1 + N (I)R
(I)

√
α′

), (3.77)

where M (I) ≡ ∑
|mI | M(|mI |)|mI | and N (I) ≡ ∑

|nI | N(|nI |)|nI |. It is important

to note that we can assume that the three spatial dimensions are isotropic and

so do the other six dimensions. As a consequence, we can set M (I) = M (3)

and N (I) = N (3) ; I = 1, 2, 3 for three spatial dimensions with the scale factor

a(t). Similarly, we choose M (J) = M (6) and N (J) = N (6) ; J = 1, . . . , 6 for the

other six spatial dimensions with the scale factor b(t). If the total volume can be

expressed as V ≡ va3(t)b6(t) = ve3λ+6ν where v is the comoving spatial volume

with dimension [L]D−1, the energy density ρ and the pressure pλ and pν can be

calculated by using equations (3.62)-(3.64) and can be written as

ρ =
1

v
√

α′
e−3λ−6ν(3M (3)e−λ + 3N (3)eλ + 6M (6)e−ν + 6N (6)eν), (3.78)

pλ =
1

v
√

α′
e−3λ−6ν(M (3)e−λ −N (3)eλ), (3.79)

pν =
1

v
√

α′
e−3λ−6ν(M (6)e−ν −N (6)eν). (3.80)

As a result, the equations of motion (3.65)-(3.68) become

−3λ̈− 6ν̈ − 3λ̇2 − 6ν̇2 + 2φ̈ =
e2φ−3λ−6ν

v
√

α′
(3M (3)e−λ + 3N (3)eλ

+6M (6)e(−ν) + 6N (6)eν), (3.81)

λ̈ + 3λ̇2 + 6λ̇ν̇ − 2λ̇φ̇ =
e2φ−3λ−6ν

v
√

α′
(M (3)e−λ −N (3)eλ), (3.82)

ν̈ + 6ν̇2 + 3λ̇ν̇ − 2ν̇φ̇ =
e2φ−3λ−6ν

v
√

α′
(M (6)e−ν −N (6)eν), (3.83)

4φ̈− 6λ̈− 12ν̈ − 4φ̇2 + 4φ̇(3λ̇ + 6ν̇)− (3λ̇ + 6ν̇)2 − 3λ̇2 − 6ν̇2 = 0. (3.84)

Here, we set k10 = 1 and work in the unit of the reduced Planck mass. It is

very important to note that the equations of motion (3.81) - (3.84) are obviously

invariant under T-duality transformation

λ(t) −→ −λ(t), ν(t) −→ −ν(t), φ(t) −→ φ(t)− 3λ(t)− 6ν(t), M (I) ↔ N (I). (3.85)

These equations are too complicated to be solved in the form of general solutions;

however, we can investigate how the scale factors a(t), b(t) and the string coupling

gs evolve with time numerically. In the next subsection we will use the results
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from §3.3.3 and §3.3.4 to solve the moduli stabilization problem for the late-time

universe in a quantitative way. We also determine the conditions for which the

scale factor a(t) of three dimensions grows large continuously as the scale factor

b(t) are still stabilized at the self-dual radius.

3.3.5 Moduli Stabilization Problem

As we mentioned in §3.3.3, it is essential for SGC to demonstrate that six extra

dimensions must be stabilized at the self-dual radius during the expansion of the

late-time universe in order that we cannot detect these dimensions nowadays. We

can see that the winding modes contribute the negative pressure from (3.79) and

(3.80) and lead to the negative effective potential in the equations of motion for

λ in (3.82) and for ν in (3.83). This means that as the universe expands, the

winding modes become more massive and then halt the expansion of the universe.

However, the expansion of the universe can occur if and only if the string winding

modes in three dimensions are all annihilated according to the Brandenberger and

Vafa mechanism mentioned in §3.3.3. On the other hand, the momentum modes,

which are dual to the winding modes, contribute the positive pressure and become

heavier as the universe collapses, and prevent the universe from collapsing to the

singularity.

In our simulation we first set N (3) = 0 or equivalently N(|nI |) = 0 ; I =

1, 2, 3. From the first assumption we set the initial value of string coupling gs

to become very small and to change very slowly. From the second assumption

the scale factor of both extended and extra dimensions starts at self-dual radius

(a(0) = b(0) = 1); as a result, we obtain λ(0) = ν(0) = 0. In addition, we assume

that the expansion rate of the scale factor in six extra dimensions is initially equal

to zero (ḃ(0) = 0) and this yields the result ν̇(0) = ν̈(0) = 0. From the assumptions

above, we obtain the important condition from equation (3.87) as

N (6) = M (6), (3.86)

which is always true at the self-dual radius. Thereafter, we use the equations

of motion (3.81) - (3.84) to simulate the evolution of scale factors a(t) = eλ(t),

b(t) = eν(t) and the string coupling gs = e2φ and we obtain the results that

are shown in the Figures 3.2. We can see that the scale factor of three large

dimensions grows continuously as the scale factor of the extra dimensions is still

fixed at the self-dual radius and the string coupling is still very weak. However, we

cannot investigate whether the momentum modes and winding modes of the extra
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dimensions really drive the scale factor b(t) toward the self-dual radius. Therefore,

we assume that the scale factors a(t) and b(t) starts at the point slightly away

from the self-dual point. However, it is not so far that the relation (3.86) is still

valid. The evolutions of the scale factors a(t), b(t), and the string coupling gs are

shown in Figure 3.3. From Figure3.3 we can see that the scale factor b(t) oscillates

around the self-dual point due to the effect of momentum modes and the winding

modes. The string coupling and the scale factor a(t) together play the role in

damping the oscillation as we can see from (3.83). In other words, the large scale

factor a(t) and the very weak string coupling damp the oscillation of the scale

factor b(t).

From this analysis, we can conclude that the expansion of the universe can

really occur when all winding modes in three dimensions are all annihilated and the

existence of both winding modes and momentum modes stabilize the scale factor

of the extra dimensions to the self-dual point. This scenario takes place in the

regime of which the string coupling is very weak during the consideration. We can

see that SGC is successful in the explanations for the dimensionality of spacetime

and for the moduli stabilization for the late-time universe. However, it is more

appreciate if there is a systematic way to examine this problem qualitatively.

( )( ) exp ( )  a t tλ=

( )( ) exp ( ) b  t tν=
t t

(a) (b)

scale factor
exp(2 ( ))tφ

Figure 3.2: Figure 3.2(a) shows that the scale factor of non-compact dimensions

a(t) grows larger while the scale factor of compact dimensions b(t) is stabilized at

the self-dual radius. Figure 3.2(b) shows that the string coupling is very weak.

3.3.6 Further Development and Striking Problems

In the last subsection we will discuss some outstanding problems and the further

development in SGC briefly.
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Figure 3.3: Figure 3.3 shows that the scale factor of compact dimensions b(t)

oscillates around the self-dual with the decreasing amplitude as the scale factor of

non-compact dimensions grows larger and the string coupling runs slowly to weak

coupling.

The first issue emerges from the fact that it is very important for SGC to

provide the explanation of the evolution of the universe for matter-dominated

period. This means that the solution for the moduli stabilzation problem must be

provided in this era. If it can be possible, the phase transition of the universe and

supersymmetry breaking should be explained in the context of SGC.

Second, it is essential for the string gas cosmologists to obtain the mechanism

for explaining the inflation or the mechanism which is equivalent to the inflation

in the context of SGC. As a consequence of this issue, we can solve the other two

crucial problems, i.e. the horizon and the flatness problems.

The last issue is that we require the qualitative analysis for the moduli

stabilization for the late-time universe and also for the the universe consisting of

gas of heterotic strings.



CHAPTER IV

MODULI STABILIZATION IN

O(d, d)-COVARIANT FORMALISM

In the previous chapter we mentioned the moduli stabilization problem that

concerned the stability of size and shape of the compact space T 6 for the late-time

universe and solved it numerically. In this chapter we will resolve the moduli

stabilization problem by using another approach, known as the O(d, d)-covariant

formalism. This approach arose from the discovery of the O(d, d) symmetry in

the space of the string background. This symmetry reveals obviously when one

studies the toroidal compactification by using the concept of compactification

lattice proposed by Narain [25, 26]. Therefore, in the first part of this chapter we

will follow the Narain’s idea of the compactification lattice for the d-dimensional

toroidal background. The space of string background and its symmetry are then

studied explicitly. Thereafter, it will be shown that the low-energy effective action

for the late-time string gas universe can be expressed in the O(d, d)-covariant

form. We then end up this section by analyzing the moduli stabilization problem

qualitatively in the context of O(d, d)-covariant string cosmology.

4.1 O(d, d) Symmetry of The Moduli Space of

d-dimensional Toroidal Compactification

In perturbative string theory, each background (solution) is provided by one con-

formal field theory (CFT) and a deformation of the background is described by

a set of operators in the spectrum, known as the truly marginal operators. The

space of all backgrounds connected by the deformation is called the moduli space.

In general, if a CFT possesses a Lagrangian density L that is exactly solvable,

there can be a neighbor CFT with a Lagrangian density L′ expanded as

L′ = L+
d∑
i

gifi(τ, σ), (4.1)
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where gi are suitable couplings and fi(τ, σ) are the truly marginal operators. This

fact implies that one can use the couplings gi as basis vectors of the local neighbor-

hood of the background corresponding to the CFT with the Lagrangian density

L and the number, d, of marginal operators fi(τ, σ) is locally the number of di-

mension of the moduli space. It is important to note that in some cases the local

neighborhood of the background of the CFT with L can be generated by a certain

continuous group G of L. Furthermore, there exists a subgroup Gd of G which

leaves the spectrum invariant and is considered as a symmetry of the physical

theories. This means that one can obtain another CFT by applying an element

g ∈ G to one CFT and these two CFTs are physically equivalent when g ∈ Gd.

In our case the couplings gi correspond to the allowed target space back-

grounds which are d-dimensional torus and are generally collected into the back-

ground metric GIJ , the Kalb-Ramond field BIJ , and the dilaton φ. The contin-

uous group G which generates the moduli space is O(d, d;R) while its subgroup

O(d, d;Z) plays a role of a symmetry for physically equivalent theories. We then

study the T-duality which is the element of the O(d, d;Z) group explicitly.

4.1.1 Compactification Lattice on d-dimensional Torus

We start by supposing that we live in the spacetime with critical dimension D

which can be separated into the (1 + dn)-dimensional non-compact spacetime

and the d-dimensional compact space. Remember that the components in D-

dimensional spacetime are labelled by the indices µ, ν, = 0, 1, . . . , D−1, the compo-

nents of non-compact spacetime are labelled by the indices α, β = 0, 1, . . . , dn and

the spatial components of non-compact spactime are labelled by a, b = 1, . . . , dn

(not confuse to the indices a, b of coordinates τ, σ in the string frame). For the

compact space, the indices of coordinates in an ordinary frame are denoted by

I, J = 1, . . . , d and the indices of coordinates in an orthonormal frame are de-

noted by i, j = 1, . . . , d. Similar to the previous chapter, the compact space is

assumed to be compactified as T d. Thus, we can use the worldsheet action (2.251)

as the worldsheet action, SBG, for bosonic part of type-II superstrings or heterotic

strings in the d-dimensional toroidal background

SBG = − 1

4πα′

∫
d2σ(GIJηab∂aX

I∂bX
J + BIJεab∂aX

I∂bX
J − 1

2
φR), (4.2)

where XI is the compactified coordinate which satisfies the periodic condition

XI(τ, σ + π) = XI(τ, σ) + 2πα′wI ; I = 1, . . . , d. (4.3)
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Here, the winding mode wI , which represents the string wrapping around the

compact coordinate XI , is defined by

wI ≡
d∑

i=1

niR(i)

α′
eI

i , (4.4)

where the vielbeins eI
i are the basis vectors of the compactification lattice Λd, R(i)

and ni are the radius and the number of wound for the compactification in the

i-direction, respectively. It is worth noting that the total action is, in fact, the

sum of the worldsheet action for the non-compact spacetime and the worldsheet

action for the compact space.

It is the fact that the number of truly marginal operators for a d-dimensional

toroidal background is d2. The d2 truly marginal operators can be separated into

d(d + 1)/2 operators from

GIJηab∂aX
I∂bX

J , (4.5)

and d(d− 1)/2 operators from

BIJεab∂aX
I∂bX

J . (4.6)

The dilaton term 1
2
φR does not play any role in describing the string background,

so we neglect this term for convenience. At this point we will introduce the field

that contains those d2 truly marginal operators, namely the background matrix,

E,

EIJ = GIJ + BIJ . (4.7)

It is easy to show that the equations of motion take the same forms as those

of uncompactified coordinates

(∂2
τ − ∂2

σ)XI = 0. (4.8)

From the periodic condition (4.3) and the equations of motion (4.8), it is obvi-

ous that XI can be separated into the left-moving and right-moving coordinates

expressed as

XI
L(τ + σ) =

1

2
xI

L +
√

2α′αI
0(τ + σ) + i

√
α′

2

∑

n 6=0

αI
n

n
e−2ni(τ+σ), (4.9)

XI
R(τ − σ) =

1

2
xI

R +
√

2α′α̃I
0(τ − σ) + i

√
α′

2

∑

n 6=0

α̃I
n

n
e−2ni(τ−σ). (4.10)
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Thus, the general solution of XI(τ, σ) reads

XI(τ, σ) = xI +
√

2α′(αI
0 + α̃I

0)τ +
√

2α′(αI
0 − α̃I

0)σ

+ i

√
α′

2

∑

n 6=0

(
αI

n

n
e−2ni(τ+σ) +

α̃I
n

n
e−2ni(τ−σ)), (4.11)

where xI ≡ 1
2
(xI

L + xI
R) is the string center-of-mass coordinate. The momenta

conjugate along τ -and σ-directions are denoted by PIτ and PIσ and are expressed

as

PτI =
1

2πα′
(GIJ∂τX

J + BIJ∂σX
J)

=
1

2πα′
{
√

2α′EIJαJ
0 +

√
α′

2
EIJ

∑

n 6=0

αJ
ne−2ni(τ+σ)

+
√

2α′ET
IJ α̃J

0 +

√
α′

2
ET

IJ

∑

n6=0

α̃J
ne−2ni(τ−σ)}, (4.12)

PσI = − 1

2πα′
(GIJ∂σX

J + BIJ∂τX
J)

=
1

2πα′
{
√

2α′ET
IJαJ

0 +

√
α′

2
ET

IJ

∑

n 6=0

αJ
ne−2ni(τ+σ)

+
√

2α′EIJ α̃J
0 +

√
α′

2
EIJ

∑

n6=0

α̃J
ne−2ni(τ−σ)}. (4.13)

The center-of-mass momenta pI can be determined by

pI =

∫ π

0

dσPτI

=
1√
2α′

(EIJαJ
0 + ET

IJ α̃J
0 ). (4.14)

Inserting the general solution (4.11) into the periodic condition (4.3), we obtain

the relation between the string winding mode wI and the zero-mode oscillators

αI
0, α̃I

0

wI =
1√
2α′

(αI
0 − α̃I

0). (4.15)

As we mentioned in §2.3.1, if the basis vectors of the compactification lattice are

laid along the directions of compactified coordinates XI (eI
i = δI

i ) and we work

in quantum theory, the momentum mode pI and the winding mode wI take the

forms

pI =
mI

R(I)
, (4.16)

wI =
nIR(I)

α′
, (4.17)
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where mI and nI are integers that represent the momentum number and winding

number, respectively. As a consequence, the left-and right-moving momenta pI
L =√

2
α′α

I
0 and pI

R =
√

2
α′ α̃

I
0 can be written in terms of momentum and winding modes

as

pI
L = GIJ mJ

R(J)
+ GIJ(GJK −BJK)

nKR(K)

α′
, (4.18)

pI
R = GIJ mJ

R(J)
−GIJ(GJK + BJK)

nKR(K)

α′
(4.19)

Analogous to bosonic string, we can determined the commutation relations for the

center-of-mass coordinates and momenta and for the oscillators by using the equal-

time commutation relation [XI(τ, σ), PτJ(τ, σ′)] = iδI
Jδ(σ−σ′). The non-vanishing

commutation relations are

[xI , pJ ] = iδI
J , [αI

m, αJ
n] = [α̃I

m, α̃J
n] = mGIJδm,−n. (4.20)

We can see that the commutation relations of oscillators are background depen-

dent. At this point we can determine the (bosonic) Virasoro operators and number

operators of closed strings by using the procedure in Chapter 2 and then obtain

L0 =
1

2
GIJαI

0α
J
0 + N, N =

∞∑
n=1

(αµ
−nαµn + GIJαI

−nαJ
n), (4.21)

L̃0 =
1

2
GIJ α̃I

0α̃
J
0 + Ñ , Ñ =

∞∑
n=1

(α̃µ
−nα̃µn + GIJ α̃I

−nα̃
J
n). (4.22)

Here, αµ
n and α̃µ

n are the oscillators in the non-compact spacetime.

It is obvious that the toroidal compactification we mentioned above is quite

trivial since we set eI
i = δI

i . In general, we choose the vielbiens eI
i to be the

orthonormal basis vectors which satisfy

GIJeI
i e

J
j = δij. (4.23)

We also introduce the dual basis vectors e∗iI of the dual lattice Λ∗d which satisfy

d∑
i=1

eI
i e
∗i
J = δI

J . (4.24)

Therefore, in these bases the metric GIJ and its inverse GIJ can be expressed as

GIJ =
d∑

i=1

e∗iI e∗iJ , GIJ =
d∑

i=1

eI
i e

J
j . (4.25)



78

We continue our study by considering the left-and right-moving momenta in the

orthonormal frame

pLi = pLIe
I
i = (

mI

R(I)
+ ET

IJ

nJR(J)

α′
)eI

i , (4.26)

pRi = pRIe
I
i = (

mI

R(I)
− EIJ

nJR(J)

α′
)eI

i . (4.27)

Using the zeroth-mode Virasoro constraints, we can determine the mass-squared

operator M2 and the level-matching condition for type-II superstring as

M2 =
1

2
(p2

L + p2
R) +

2

α′
(N + Ñ − 2), (4.28)

Ñ −N = mInI . (4.29)

It is important to note that the vectors (
√

α′
2
pLi,

√
α′
2
pRi)

T form the even self-dual

(d, d) Lorentzian lattice Γ(d,d) for type-II superstrings since the squared length of

any vector in this lattice is even

(

√
α′

2
pLi)

2 − (

√
α′

2
pRi)

2 = 2mIn
I ∈ 2Z, (4.30)

and the lattice is self-dual

Γ(d,d) = Γ∗(d,d). (4.31)

As we mentioned in §2.3.2, this implies that string theory possesses the modular

invariance and avoids the gauge and gravitational anomalies. Furthermore, we will

see in the next subsection that the continuous group which generates the moduli

space is the group of transformation that preserves the properties of Γ(d,d).

Next, we explore the string spectrum by considering the massless states.

If pLi = pRi = 0 (or equivalently, mI = nI = 0), we can see from (4.28) that

the massless states, which are αµ
−1α̃

I
−1|0; 0〉L

⊗ |0; 0〉R and α̃µ
−1α

I
−1|0; 0〉L

⊗ |0; 0〉R,

generate the local U(1)d × U(1)d gauge symmetry. Moreover, there can be extra

massless states if
√

α′
2
pLi and

√
α′
2
pRi are roots of the simply laced groups GL and

GR of rank d with root length
√

2, respectively. As a consequence, the U(1)d
L ×

U(1)d
R gauge symmetry is enlarged to GL × GR. However, it appears that the

toroidal compactification of type-II superstring theories do not give rise to any

non-Abelian gauge symmetry. This result arises from the fact that the gauge

symmetry GL is as same as GR and consequently, theses symmetries act on both

left-and right-moving fermions in the similar way.

In the case of heterotic string we must add the extra components
√

α′
2
pLj; j =

1, . . . , 16 that provide the non-Abelian gauge group SO(32) or E8 × E8 for ten-

dimensional heterotic string theory we mentioned in §2.3.2 to the vectors; there-

fore, the even self-dual Lorentzian lattice in this case is Γ(16+d,d). However, we
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can ignore these extra degrees of freedom since our aim is to study the stabil-

ity of the d-dimensional toroidal space. This means that we can focus on the

d×d-dimensional sublattice of Γ(16+d,d). Thus, the mass-squared operator and the

level-matching condition in our consideration are

M2 =
1

2
(p2

L + p2
R) +

2

α′
(N + Ñ − 1), (4.32)

Ñ −N = mInI − 1, (4.33)

where N and Ñ are the (bosonic) left-and right-moving number operators of het-

erotic string. Similar to type-II superstring theory, if pLi = pRi = 0; i = 1, . . . , d

and pLj = 0; j = 1, . . . , 16, the massless states of heterotic string generate the local

U(1)16+d
L × U(1)d

R gauge symmetry. However, the difference for heterotic string is

that the Abelian gauge group can be enhanced to the non-Abelian gauge group

for some certain specific compactification lattices as we mentioned in §2.3.2. It

turns out that the enhancement of gauge group can take place if the vectors with

(
√

α′
2
pLi)

2 = 2 and
√

α′
2
pRi = 0 belong to the lattice Γ(16+d,d), and the largest

non-Abelian gauge group we can obtain is GL = SO(32 + 2d).

In this subsection we provided the cursory review of the toroidal compactifi-

cation of type-II superstring and heterotic string in the standard form. However,

it is quite difficult for this approach to reveal the symmetries of the moduli space.

In the next subsection we will take a study of the toroidal compactification in the

particular form which makes the symmetries of the moduli space more transparent.

4.1.2 Generating Group O(d, d;R) and Symmetry Group

O(d, d;Z) of The Moduli Space

This subsection is devoted to a study of the continuous group that generates the

moduli space and its discrete subgroup that leaves the spectrum invariant and is

regarded as a symmetry group of theory. We can determine the generating group

of the moduli space from the fact that an O(d, d;R) transformation preserves both

even and self-dual conditions of the even self-dual Lorentzian (d, d) lattice Γ(d,d).

Moreover, each Γ(d,d) is also unique up to such a transformation. This means that

the continuous group O(d, d;R) generates the whole set of the even self-dual (d, d)

Lorentzian lattices that possibly give rise to the backgrounds of the d-dimensional

toroidal compactification. Therefore, the O(d, d;R) group is considered as the

generating group G of the moduli space. However, not all the O(d, d;R) rotations

provide different string spectra. It is found that as (
√

α′
2
pLi,

√
α′
2
pRi)

T transforms
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as a vector under the action of O(d, d;R), its squared length is invariant under

the continuous subgroup O(d;R)×O(d;R) that corresponds to the d-dimensional

rotations of
√

α′
2
pLi and

√
α′
2
pRi, separately. Therefore, at this point we can

state that the moduli space of d-dimensional compactification is isomorphic to the

quotient space O(d, d;R)/(O(d;R)×O(d;R)).

In order to reveal the O(d, d) symmetry of string spectrum obviously, we

introduce a 2d-dimensional vector, Z, which represents the (d, d) Lorentzian vector

(
√

α′
2
pLi,

√
α′
2
pRi) in terms of the momentum and winding numbers

Z = (m1, . . . , md, n
1, . . . , nd)T . (4.34)

Let Ω be an element of the O(d, d;R) group and take the form

Ω =

(
Ω11 Ω12

Ω21 Ω22

)
, (4.35)

where Ω11, Ω12, Ω21, Ω22 are d×d real matrices. It is obvious that Ω must preserve

the form of a 2d× 2d, matrix, η =

(
0 Id×d

Id×d 0

)
in such a way that

ΩT ηΩ = η. (4.36)

We then introduce a 2d× 2d matrix, M(E), that contains the information of the

background matrix E as

M(E) =

(
G−1 −G−1B

BG−1 G−BG−1B

)
. (4.37)

Here, we rescale the metric GIJ and the Kalb-Ramond field BIJ by

GIJ → G′
IJ =

R(I)R(J)

α′
GIJ , BIJ → B′

IJ =
R(I)R(J)

α′
BIJ , (4.38)

and drop the sign ′ for convenience. We can see that p2
L + p2

R can be expressed in

terms of M(E) and Z as (see (B.5) - (B.6))

p2
L + p2

R =
2

α′
(GIJmImJ + GIJnInJ + GIJBIKBJLnKnL

−2GIJBJKmIn
K) (4.39)

=
2

α′
ZT MZ. (4.40)

Thus, the mass squared operator M2 can be written as

M2 =
1

α′
ZT MZ +

2

α′
(N + Ñ − a), (4.41)
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where a is the normal ordering constant that takes the value 2 (1) for Type-II

superstring (heterotic string).

Under an O(d, d;R) transformation Ω, a matrix M(E) and a vector Z change

by

M → M ′ = ΩMΩT , (4.42)

Z → Z ′ = ΩZ, (4.43)

respectively. The string mass spectrum (4.41) is obviously invariant under this

transformation. At this point it is essential to consider the fact that in order to

determine the string spectrum, one must know pLI and pRi or equivalently E, mI ,

and nI besides the number operators. However, it is easy to see that the number

operators do not change under the O(d, d;R) transformation but the others do.

This means that any point in the moduli space can be labelled by E, mI , and nI .

Next, we will find a transformation corresponding to the background matrix

E. In order to do this, we consider the particular element ΩE of O(d, d;R) that is

expressed as

ΩE =

(
(e∗T )−1 0

B(e∗T )−1 e∗

)
, (4.44)

where e∗ is a d× d matrix representation of the vielbeins e∗iI . With this element,

the matrix M(E) takes the form

M(E) = ΩEΩT
E. (4.45)

We then see that the transformed matrix M ′ can be expressed in the form

M ′ = M(E ′) = ΩM(E)ΩT = ΩE′Ω
T
E′ ; ΩE′ = ΩΩE. (4.46)

Now we introduce a d × d matrix, ωΩ, which transforms any d × d matrix under

the action of the element Ω. The action of ωΩ on a d× d matrix F is defined by

ωΩ(F ) ≡ (Ω11F + Ω12)(Ω21F + Ω22)
−1. (4.47)

It means that we can obtain the background matrix by applying ωΩE
to the identity

matrix

ωΩE
(I) = E = G + B. (4.48)

Thus, the expression of the transformed background matrix E ′ under the action

of Ω is

E ′ = ωΩE′ (I) = ωΩ(E) = (Ω11E + Ω12)(Ω21E + Ω22)
−1. (4.49)
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We can determine the transformed metric G′ and the transformed anti-symmetric

matrix B′ by using the relation

G′ = (ET ΩT
21 + ΩT

22)
−1G(Ω21E + Ω22)

−1 (4.50)

to obtain G′ and then substituting it back into (4.49) to obtain B′.

Next, we will study the discrete subgroup Gd of G, which provides the discrete

symmetries of the moduli space. The property of the subgroup we require is that

it does not change the lattice Γ(d,d) to a different one but it indeed changes the

lattice basis in terms of which the lattice is defined [25]. It turns out that such

a subgroup is the O(d, d;Z) group [29]. There are three transformation groups

whose elements generate the O(d, d;Z) group:

1. Theta-parameter shift group Θ(Z)

This transformation arises from the fact that the spectrum is still unchanged

if an antisymmetric integral-valued matrix, Θ ∈ Θ(Z), is added to the antisymmet-

ric matrix B. As a consequence, an element of O(d, d;Z) group that is generated

by Θ can be expressed in the form

ΩΘ =

(
I Θ

0 I

)
. (4.51)

2. Basis-change group GL(d;Z)

This transformation is the basis change of the compactification lattice Λd.

The action of A ∈ GL(d;Z) on the background matrix E is E ′ = AEAT . Then,

an element of O(d, d;Z) corresponding to A can be written as

ΩA =

(
A 0

0 (AT )−1

)
. (4.52)

3. Factorized-duality group

An O(d, d;Z) transformation corresponding to an element of this group is

ΩDI
=

(
I −∆(I) ∆(I)

∆(I) I −∆(I)

)
, (4.53)

where ∆(I) is a d × d matrix whose components are [∆(I)]JK = δIJδIK . It is the

fact that the factorized duality DI is a transformation that changes the compact-

ification radius in the direction XI from RI to α′
RI

but leaves the compactification

radii in other directions unchanged. In other words, the factorized duality DI is a
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generalization of RI → α′/RI duality and thus concerns the target-space duality

we mentioned in the previous chapter.

Actually, the O(d, d;Z) group is not the complete discrete symmetry group

Gd. The complete discrete symmetry group includes the worldsheet-parity sym-

metry σ → −σ which acts on the antisymmetric matrix B as B → −B to the

O(d, d;Z) group. However, we ignore this discrete symmetry since it does not

affect our consideration on the target space directly. Thus, the moduli space of

d-dimensional toroidal background is the quotient space

O(d, d;Z)\O(d, d;R)/(O(d;R)×O(d;R)), (4.54)

where the quotient of the continuous groups is applied from the right and that of

the discrete group is applied from the left.

4.1.3 T-duality of d-dimensional Toroidal Background

In this subsection we will study the particular elements of O(d, d;Z) that generate

T-duality or equivalently, the inversion of the background matrix (E → E−1). We

then see that the generators of T-duality concern the symmetric tensor G and

the antisymmetric tensor B. This arises from the fact that the generators of the

discrete group O(d, d;Z) are eventually the moduli fields. We start our study by

considering a transformation that changes the background matrix to its inverse or

the inversion duality

E → E ′ = G′ + B′ = E−1, (4.55)

where

G′ = (G−BG−1B)−1, (4.56)

B′ = (B −GB−1G)−1. (4.57)

It is important to note that this transformation preserves the symmetric (anti-

symmetric) property of G (B) and if it combines with the interchange between

winding modes and momentum modes (n ↔ m), the consequent transformation

is called the T-duality transformation which leaves the lattice Γ(d,d) and the mass

spectrum invariant.

First, we consider the operator of the inversion duality that corresponds to

the element of the factorized-duality transformation only

ΩD =
∏

I

ΩDI
=

(
I −∑

∆(I)

∑
∆(I)∑

∆(I) I −∑
∆(I)

)
=

(
0 I

I 0

)
. (4.58)
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We can see from (4.43) and (4.49) that the transformation generated by ΩD not

only interchanges the winding numbers with momentum numbers (nI ↔ mI), but

also inverses the background matrix E to E−1.

It turns out that there exist in the moduli space the fixed points that do

not change under the inversion duality. It means that at the fixed point the

background matrix is as same as its inverse

E = E−1. (4.59)

In this case, the fixed point corresponding to

E = G = I, B = 0. (4.60)

is only the solution. We can see that if we express the equation (4.59) as I =

EE−1 = E2 = (G + B)2, the unique solution of this relation is (4.60). Under the

background inversion generated by (4.58) the metric at the fixed point changes as

G → G′ = G−1 = G. (4.61)

If we restore the compactification radii by using the equation (4.38) and set their

length to be equal (R(I) = R), we obtain the relation between the transformed

radius and the original radius at the fixed point

R2

α′
→ R′2

α′
=

α′

R2
√

detG
=

R2

α′
. (4.62)

It is conventional to define GIJ as the metric of toroidal background with unit

volume (
√

detG = 1). As a consequence, at the fixed point the compactification

radius is the self-dual radius

R =
√

α′. (4.63)

From the equation above, the fixed point in this case is usually called the self-dual

point. This is the toroidal compactification we mentioned in Chapter 3.

However, we must include other O(d, d;Z) transformations generated by

Theta-parameter shift and basis change in order to obtain the complete back-

ground inversion. To do this, we consider the fixed point of the inversion duality

E → E−1 modulo the basis change A ∈ SL(d;Z) and the Theta-parameter shift

Θ ∈ Θ(Z)

E → E ′ = E−1 = AT (E + Θ)A. (4.64)
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It is the fact that the background satisfying the equation above possesses the

maximally enhanced symmetry (see [27]). In this case the background matrix E

at the fixed point must obey

EIJ = CIJ ; I > J, EII =
1

2
CII , EIJ = 0; I < J, (4.65)

where CIJ is the Cartan matrix. Equivalently,

GIJ =
∑

i

ei∗
I ei∗

J =
1

2
CIJ , BIJ = {

GIJ , I < J

0, I = J

−GIJ , I > J

. (4.66)

Here, we the vielbein is defined by ei∗
I ≡ 1√

2
αi

I where αI spans the root lattice

Λroot of simply laced group G of rank d with root length
√

2. It appears that the

solutions of equation 4.64 are

E ∈ SL(d;Z), (4.67)

A = E−1, (4.68)

Θ = ET − E. (4.69)

This fact implies that a fixed point corresponding to the maximally enhanced

symmetry G is a symmetric point under the non-trivial O(d, d;Z) transformation

generated by Theta-parameter shift, basis change, and factorized duality. How-

ever, it is difficult to determine the fixed points and their enhanced gauge sym-

metries for arbitrary d-dimensional compactification. Therefore, we provide one

of the simplest but non-trivial example for toroidal compactification that is the

identification of the fixed points and the associated enhanced gauge symmetries

for two-dimensional compactification (d = 2).

As we mentioned in the previous subsection, the generating group and

the symmetry group of two-dimensional toroidal background are O(2, 2;R) and

O(2, 2;Z), respectively. Although O(2, 2;R) can be decomposed into SL(2;R) ×
SL(2;R), its discrete subgroup O(2, 2;Z) cannot be separated into the analo-

gous product SL(2;Z)× SL(2;Z). In fact, O(2, 2;Z) is isomorphic to SL(2;Z)×
SL(2;Z) ⊗ Z2 × Z2, and the moduli space is isomorphic to SL(2,R)/U(1) ×
SL(2,R)/U(1).

Next, we examine the generators of O(2, 2;Z). For the Theta-parameter

shift, there is one transformation, ΩΘ, generated by Θ, where

ΩΘ =

(
I Θ

0 I

)
; Θ =

(
0 1

−1 0

)
. (4.70)
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In the case of the basis change group GL(2;Z), there are three transformations:

1. The permutation between two directions of the torus generated by P12

ΩP12 =

(
P12 0

0 P12

)
; P12 =

(
0 1

1 0

)
. (4.71)

2. The reflection on the I direction, generated by RI ; I = 1, 2

ΩRI
=

(
RI 0

0 RI

)
; R1 =

(
−1 0

0 1

)
, R2 =

(
1 0

0 −1

)
. (4.72)

3. The transformation generated by T12

ΩT12 =

(
T12 Θ

0 (T−1
12 )T

)
; T12 =

(
1 1

0 1

)
. (4.73)

It is worth noting that the generators of GL(2;R) actually are P12, R1 and T12

since we can generate R2 by R2 = P12R1P12. Furthermore, it appears that the

SL(2;Z) subgroup of GL(2;R) can be generated by T ≡ T12 and S ≡ R1P12.

For the factorized duality, there are two generators, D1 and D2. The corre-

sponding transformations are

ΩD1 =




0 0 1 0

0 1 0 0

1 0 0 0

0 0 0 1




, ΩD2 =




1 0 0 0

0 0 0 1

0 0 1 0

0 1 0 0




(4.74)

We end this section by investigating the fixed points with maximally en-

hanced symmetry. Since the dimension of compact space in this case is two, the

maximally enhanced symmetry groups must be the simply laced groups of

rank 2, which are SU(2)×SU(2) and SU(3). The first fixed point corresponding

to the enhanced symmetry group SU(2) is described by

E = G = I, B = 0. (4.75)

Therefore, the basis vectors e∗iI of the compactification lattice and the transformed

vectors are

e∗i1 = e
′1
i = (1, 0), e∗i2 = e

′2
i = (0, 1). (4.76)

The SU(2)× SU(2) root lattice is illustrated in the Figure 4.1.
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1H

2H

(1,0)

(0,1)

2

ie′

1

ie′

2

ie∗

1

ie∗

Figure 4.1: The original basis e∗iI and the transformed basis e
′I
i are the same in

the SU(2)× SU(2) root lattice.

The second fixed point corresponding to the maximally enhanced symmetry

SU(3) is described by

E =

(
1 −1

0 1

)
, G =

1

2

(
2 −1

−1 2

)
, B =

1

2

(
0 −1

1 0

)
. (4.77)

The basis vectors e∗iI of the compactification lattice are

e∗i1 = (
1

2
,

√
3

2
), e∗i2 = (

1

2
,−
√

3

2
). (4.78)

Under the background inversion, the transformed background, symmetric and

anti-symmetric matrices are

E ′ = E−1 =

(
1 1

0 1

)
, G′ =

1

2

(
2 1

1 2

)
, B′ =

1

2

(
0 1

−1 0

)
. (4.79)

The transformed basis vectors are

e
′1
i = (

1

2
,

√
3

2
), e

′2
i = (1, 0). (4.80)

It is worth noting that the original basis vectors (4.78) and the transformed

ones (4.80) span the same SU(3) lattice as shown in Figure 4.2.

Obviously, this arises from the fact that the basis change is one of the gen-

erators of the background inversion.

Up to this point all preliminaries for the O(d, d)-covariant formalism are

prepared. In the next section we will review string gas cosmology in the context

of the O(d, d)-covariant approach and use it to study the evolution of the late-time

string gas.
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1 3
,

2 2

 
  
 

1 3
,

2 2

 −
  
 

( )1,0

1H

2H

1

ie′

2

ie′

1

ie∗

2

ie∗

Figure 4.2: The original basis e∗iI and the transformed basis e
′I
i are different in the

SU(3) root lattice.

4.2 O(d, d)-Covariant String Cosmology

In the final section of Chapter 3 we used the low-energy effective action with a

specific condition (the vanishing of the Kalb-Ramond field, Bµν = 0) to study

the evolution of the late-time universe and determined the solution for the moduli

stabilization problem numerically. In this section we study the same circumstance

in the O(d, d)-covariant formalism (see Refs[24, 30]).

Analogous to §3.3, we start with some prior assumptions before we continue

our consideration. First, according to the Brandenberger-Vafa mechanism [16], the

six spatial dimesions are toroidally compactified but the other four-dimensional

spacetime is non-compact. Second, it is supposed that the metrics in both compact

and non-compact space depend only on the non-compact coordinates; therefore,

the metric ansatz is

ds2 = gαβ(x)dxαdxβ + ds2
torus = gαβ(x)dxαdxβ + GIJ(x)dyIdyJ , (4.81)

where the metric and coordinates in non-compact and compact space are denoted

by gαβ and GIJ , respectively. It means that the compact space is flat with respect

to the compact coordinate yI . The last assumption is that the non-vanishing an-

tisymmetric tensor exists only in the compact space (BIJ 6= 0). As a consequence,

the low-energy effective action (2.256) can be expressed in the O(d, d;R)-covariant

form (see (B.7))

So = − V6

2k2
10

∫
d4x

√
−g(4)e−Φ(R(4) + ∂αΦ∂αΦ +

1

8
Tr(∂αM(E)η∂αM(E)η),(4.82)
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where V6 is the volume of compact space, M(E) is in the form of (4.37) and Φ is

shifted dilaton expressed as

Φ = 2φ− ln
√

G(6). (4.83)

It is obvious that this action is invariant under the O(d, d;R) transformation

M → M ′ = ΩMΩT ,

Φ → Φ′ = Φ. (4.84)

The action of string gas source can be written in the form

SM =

∫
d4x

√
−g(4)ρ, (4.85)

where g is the determinant of four-dimensional metric and ρ is the energy density

of string gas expressed in the form

ρ =
µ4√
g(s)

√
gabpapb + M2. (4.86)

Here, µ4 is the comoving number density of string gas and gab, g(s), and pa are

metric, determinant of metric, and momentum in spatial part of four-dimensional

spacetime, respectively. Note that M2 in the above equation is obtained from the

mass squared formula (4.41). It is obvious that the action of string gas source

(4.85) is also invariant under the O(d, d,R) transformation. This means that

the total action S = So + SM expressed in this form is O(d, d)-invariant. In other

words, string gas cosmology possesses the O(d, d) symmetry even with the presence

of classical string source. It turns out that it is convenient to consider T-duality of

toroidal background by expressing the action in the Einstein frame. If we choose

the Einstein-frame metric gαβ = e−Φgαβ, then the total action S in the Einstein

frame becomes

S = So + SM

= − V6

2k2
10

∫
d4x

√
−g(4)(R

(4) − 1

2
∂αΦ∂αΦ +

1

8
Tr(∂αMη∂αMη))

+

∫
d4x

√
−g(4)Veff(g, Φ, E), (4.87)

where the effective potential Veff(g, Φ, E) is defined by

Veff(g, Φ, E) ≡ µ4√
g(s)

√
gabpapb + eΦM2(E), (4.88)

where g(s) = detgab is the determinant of the spatial part of the four-dimensional

metric in the Einstein frame.
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As we mentioned in §4.1.3, it is very difficult to consider the O(d, d;Z) group

which generates T-duality in arbitrary dimensions. In Chapter 3, it was assumed

that T 6 = (T 1)6, so the one-dimensional torus T 1 was used to be a representative

of the compact space. For this chapter, the d = 2 example was studied in the

previous section. Obviously, it is appropriate for our consideration to assume that

T 6 = T 2 × T 2 × T 2 in order to use T 2 as a representative of the compact space.

Before we continue our consideration, we require some adjustments for con-

venience. First, the metric and Kalb-Ramond tensors are described by four pa-

rameters ξ, η, β, and b2 as follows

ξ =
G′

12

G′
11

, η =

√
detG′

G′
11

, β = B′
12, b2 =

√
detG′, (4.89)

or equivalently,

G′ =
b2

η

(
1 ξ

ξ ξ2 + η2

)
, B′ =

(
0 β

−β 0

)
. (4.90)

Note that the sign ′ means the rescaled tensors in (4.38). Since we can consider

each two-dimensional torus separately, the line element of the compact background

ds2
torus reduces to

ds2
torus =

b2

η
((dy1 + ξdy2)2 + η2(dy2)2). (4.91)

Second, we restore the compactification radii from (4.38) and suppose that two

compactification radii of T 2 are equal (R(1) = R(2) = R). Third, the original

metric GIJ in (4.38) is assumed to have the unit volume (
√

detG = 1). As a

consequence, we obtain

ξ =
G12

G11

, η =
1

G11

, β =
R2

α′
B12, b2 =

R2

α′
. (4.92)

Certainly, any point in the moduli space is now described by four parameters,

ξ, η, β, and b2. The shape of T 2 is characterized by two parameters ξ, η and

illustrated in Figure 4.3.

The parameter β corresponds to the Kalb-Ramond field and is called the

flux moduli. The last parameter b2 obviously represents the scale factor of the

compact space as we can see from (4.92).

In the final section we will resolve the moduli stabilization problem by using

the O(d, d)-covariant formalism.
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η

ξ

y
2
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1

Figure 4.3: The shape of T 2 is described by two parameters ξ and η.

4.3 Moduli Stabilization in O(d, d)-Covariant For-

malism

The moduli stabilization problem for the toroidal compactification of superstring

was solved qualitatively by Kanno and Soda [22]. The result showed that at there

was one stable fixed point However, the enhanced non-Abelian gauge symmetry

did not appear since the fundamental strings used in that model was type-II super-

strings. Moreover, T-duality in that model was generated by the factorized duality

alone. Therefore, one could not obtain the maximally enhanced gauge symmetry.

Later, Chatrabhuti [23] suggested that there could be more than one fixed point

corresponding to the maximally enhanced gauge symmetries under T-duality if the

full inversion of background matrix was taken into account. Furthermore, those

enhanced gauge symmetries should be non-Abelian when the heterotic strings were

used as fundamental strings. In this section we will follow the latter idea to solve

the moduli stabilization problem. Our aim is to examine the stability of those

fixed points.

4.3.1 SU(2)× SU(2) Fixed Point

As we mentioned in §4.1.3, there are two fixed points corresponding to the maxi-

mally enhanced gauge symmetries. The first fixed point occurs at

b2 = η = 1, β = ξ = 0. (4.93)

From equation (4.92), this fixed point is the self-dual point (R =
√

α′). The

corresponding enhanced gauge symmetry for heterotic string is GL = SU(2) ×
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SU(2). In order to examine the stability of the fixed point, we must determine all

extra massless states in terms of momentum and winding numbers (m1,m2, n
1, n2).

Substituting (4.93) into (4.41), it turns out that at this fixed point there are four

extra massless modes which are (±1, 0,±1, 0) and (0,±1, 0,±1). Next, we will

determine the flat directions for each mode.

Mode (1, 0, 1, 0)

The mass squared in this mode can be expressed in terms of b, η, ξ, β as

M2
1010 =

1

b2η
(1 + βξ)2 +

β2η

b2
+

b2ξ2

η
+ ηb2 − 2, (4.94)

with the flat directions β2 = b4ξ2

η2 and 1 + βξ = ηb2. This mode corresponds to the

closed string wrapping along the y1 direction.

Mode (0, 1, 0, 1)

The mass squared in this mode can be expressed as

M2
0101 =

1

b2η
(ξ − β)2 +

b2

η
+

η

b2
− 2, (4.95)

with flat directions β = ξ and b2 = η. This mode corresponds to the closed string

wrapping along the y2 direction.

It appears that two flat directions from two modes intersect at the self-dual

point b2 = η = 1, β = ξ = 0; as a consequence, this self-dual point is stable

in both y1 and y2 directions. We can obtain the same result if we examine other

modes, (−1, 0,−1, 0) and (0,−1, 0,−1). Since these modes are massless, they

stay at the minimum of the effective potential Veff (4.88). The effective potential

expanded around the minimum point can be expressed as

Veff = µ4

√
gabpapb

g(s)
+

µ4e
Φ

2
√

g(s)gabpapb

M2(β, b, η, ξ). (4.96)

We can examine the stability of the fixed point by perturbing the background

around the minimum. If the flat directions at the minimum disappear, then the

fixed point is stable. It turns out that the flat directions cancel each other in the

total mass squared

δM2
1010 = (δξ − δβ)2 + (δη − 2δb)2, (4.97)

δM2
0101 = (δξ + δβ)2 + (δη + 2δb)2, (4.98)

δM2
SU(2) = δM2

1010 + δM2
0101 = 2δξ2 + 2β2 + 2η2 + 8b2. (4.99)

It implies that the SU(2)× SU(2) fixed point is stable.
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4.3.2 SU(3) Fixed Point

The second fixed point corresponding to the enhanced gauge symmetry GL =

SU(3) appears at

b2 = η =

√
3

2
, β = ξ = −1

2
. (4.100)

From (4.92) the compactification radius of this fixed point is R = (
√

3
2

)
1
2

√
α′ and

equivalent to R = ( 2√
3
)

1
2

√
α′ by means of T-duality. It turns out that at this fixed

point there are six massless modes corresponding to (±1, 0,±1, 0), (0,±1,±1,±1)

and (∓1,±1, 0,±1). Analogous to the SU(2)×SU(2) fixed point, we will examine

only three massless modes in order to determine the stable point.

Mode (1, 0, 1, 0)

The mass squared that contributes to the effective potential in this mode is

M2
1010 =

1

b2η
(ξ − β)2 +

b2

η
+

η

b2
− 2, (4.101)

with the flat directions β = ξ and b2 = η. This mode corresponds to the closed

string wrapping along the y1 direction as well as that in the SU(2)× SU(2) fixed

point.

Mode (0, 1, 1, 1)

The mass squared in this mode is

M2
0111 =

1

b2η
(1 + βξ)2 +

ηβ2

b2
+

b2

η
(ξ + 1)2 + ηb2 +

β

b2η
(β + 2βξ + 2)− 2,(4.102)

with flat directions ξ + 1 = − β
β2+b4

and (ξ + 1)2 = η2β2

b4
. This mode corresponds

to the closed string wrapping along both y1 and y2 directions.

Mode (−1, 1, 0, 1)

M2
−1101 =

1

b2η
(1 + βξ)2 +

η

b2
(1 + β)2 +

b2

η
(η2 + ξ2)

+
ξ

b2η
(ξ + 2βξ + 2)− 2, (4.103)

with flat directions β + 1 = − ξ
ξ2+η2 and (β + 1)2 = b4ξ2

η2

We can see that these three flat directions from three modes intersect at the

self-dual point of SU(3) : b2 = η =
√

3
2

, β = ξ = −1
2
. We can see that this fixed
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point is stable by examining the points around this fixed point. For simplicity we

redefine the parameters b, ξ, η, β to

b2 =

√
3

2
b
2
, ξ = −1

2
ξ, η =

√
3

2
η, β = −1

2
β. (4.104)

From these new parameters, the SU(3) fixed point is

b = ξ = η = β = 1. (4.105)

The moduli parameters expanded around the fixed point are in the form

b = 1 + δb, ξ = 1 + δξ, η = 1 + δη, β = 1 + δβ. (4.106)

Then we can obtain the perturbed mass squared

δM2
1010 =

1

3
(δξ − δβ)2 + (δη − 2δb)2, (4.107)

δM2
0111 =

1

3
(δξ

2
+ δξδβ + δβ

2
)

+(δη2 + 2δηδb + 4δb
2
+ δηδβ − 2δξδb) (4.108)

δM2
−1101 =

1

3
(δξ

2
+ δξδβ + δβ

2
)

+(δη2 + 2δηδb + 4δb
2 − δηδβ + 2δξδb). (4.109)

It appears that the flat directions from all modes vanish in the total mass squared

δM2
SU(3) = δM2

1010 + δM2
0111 + δM2

−1101 = δβ
2
+ δξ

2
+ 3δη2 + 3δb

2
. (4.110)

It means that the SU(3) fixed point is the stable fixed point.

From these results one can conclude that the moduli of the compact space

are stable at both fixed points. If the moduli of compact space start near the

SU(2)×SU(2) fixed point, four string states, (±1, 0,±1, 0) and (0,±1, 0,±1), that

are extra massless modes at this fixed point will become massive and thus stabilize

the moduli at the SU(2) × SU(2) fixed point. Similarly, if the the moduli of

compact space start around the SU(3) fixed point, six string modes, (±1, 0,±1, 0),

(0,±1,±1,±1) and (∓1,±1, 0,±1), which are extra massless modes at this fixed

point, become massive and play the role in stabilizing the moduli.

Next, we investigate the dilaton stabilization by following the method in ref

[22, 23]. The equations of motion are required to consider this issue. Since the

parameter b2 plays the role of scale factor, it can be considered as b2(t) ∝ e2ν(t),
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where ν(t) is a function of the comoving time x0 = t. The shape and flux moduli

are then constrained as

ξ2 + η2 = 1, (4.111)

β = ξ
b2

η
=

z

2
e2ν , (4.112)

b2

η
= e2ν , (4.113)

where z = 0 for the SU(2) × SU(2) fixed point and z = −1 for the SU(3) fixed

point. As a consequence, the metric ansatz becomes

ds2 = −dt2 + e2λ(t)

3∑
a=1

dxadxa + e2ν(t)((dy1)2 + zdy1dy2 + (dy2)2), (4.114)

and the background antisymmetric tensor takes the form

B(t) =
e2ν(t)

2

(
0 z

−z 0

)
. (4.115)

Therefore, the equations of motion are (see B.8−B.10)

λ̈− 2λ̇φ̇ + 3λ̇2 + 2λ̇ν̇ = k2
10pλe

2φ, (4.116)

ν̈ − 2ν̇φ̇ + 3λ̇ν̇ +
8

4− z2
λ̇2 = k2

10pνe
2φ, (4.117)

φ̈− 2φ̇2 + 3φ̇λ̇ + 2φ̇ν̇ +
2z2

4− z2
λ̇2 =

k2
10

2
Te2φ, (4.118)

where T = −ρ + 3pλ + 2pν is the trace of the energy-momentum tensor, pλ and

pν are the pressure of the non-compact and compact directions, respectively. We

can rewrite the last equation in the form

d2

dt2
(e−2φ) = −3λ̇

d

dt
(e−2φ)− 2ν̇

d

dt
(e−2φ)− 4z2ν̇2

4− z2
(e−2φ)− k2

10T. (4.119)

From the equation above it implies that at the fixed point ν = 0 and z = 0 for

the SU(2) × SU(2) fixed point (z = −1 for the SU(3) fixed point), the energy-

momentum tensor is traceless T = 0 and ν̇ is very close to zero. Therefore, the

last three terms in the RHS of (4.119) vanish and the dilaton is stabilized by the

damping term −3λ̇ d
dt

(e−2φ) contributed from the expansion of the non-compact

space. The situation is quite different for shifted dilaton Φ. It appears that as

the mass squared M2(β, b, η, ξ) of heterotic string vanishes at the fixed points, the

effective potential is independent to the shifted dilaton and the hubble expansion

inhibits the shifted dilaton from moving along the flat direction. Therefore, the

shifted dilaton is marginally stable at the fixed points.
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To confirm the results obtained from the qualitative analysis, the evolutions

of the scale factors of non-compact and compact space at SU(2) × SU(2) and

SU(3) fixed points are shown in the Figure 4.4 and the evolutions of the string

coupling (dilaton) for both fixed points are shown in the Figure 4.5

( )a(t)   exp (t) λ =

( )b(t)   exp    (t)ν =

scale factor

t

( )(t) exp (t) a λ=

( )( ) exp ( )  b t tν=    

scale factor

t

(a) (b)

Figure 4.4: (a) The evolutions of scale factors at SU(2)×SU(2) fixed point (b)

The evolutions of scale factors at SU(3) fixed point

t t

(a) (b)

exp(2 ( ))tφ
exp(2 ( ))tφ

Figure 4.5: (a) The evolution of string coupling at SU(2)× SU(2) fixed point (b)

The evolution of string coupling at SU(3) fixed point



CHAPTER V

SUMMARY AND DISCUSSION

In this chapter we review all articles throughout this thesis. Then the strik-

ing results in each part will be shown explicitly. We start from the basics of string

theory and end at the moduli stabilization problem in the O(d, d)-covariant string

gas cosmology. Thereafter, the ideas of further development are given in the final

part of this chapter.

5.1 Concluding Remarks

In this thesis, various kinds of string theories are reviewed. Bosonic string theory

describes the dynamics of one-dimensional fundamental particles, namely strings.

There are three types of possible boundary conditions for the spacetime coordi-

nates of bosonic strings which are periodic, Neumann, and Dirichlet conditions.

Only strings satisfying periodic and Neumann boundary conditions or open and

closed strings are emphasized. The constraint operators satisfy the Lie algebra,

known as the Virasoro algebras. Because of the conformal anomaly, the only

consistent quantum theory of bosonic strings is allowed for the 26-dimensional

spacetime. The lowest states of closed and open strings represent tachyons whose

masses squared are negative. The massless states of closed strings consist of the

gravitons, Kalb-Ramond fields, and dilatons; on the other hand, those of open

strings represent the photons. It appears that bosonic string theory cannot be

a good candidate for unified theory due to the existence of the tachyonic states

and the lack of fermionic states. In order to solve these problems the world-

sheet supersymmetry and the two-dimensional Majorana spinors (the worldsheet

fermions) are merged to basic descriptions of bosonic string theory. As a conse-

quence, we obtain superstring theory in the worldsheet view point. Any fermionic

field must satisfy either the periodic (R) or anti-periodic (NS) boundary condition.

The constraint operators in this theory satisfy the graded Lie algebra, namely the

super-Virasoro algebra. Similar to bosonic string, the anomaly cancellation allows
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the consistent quantum theory of superstring to exist in 10-dimensional spacetime.

Truncating string states with the definite chirality, we can eliminate the tachyonic

ground states and obtain the spacetime supersymmetry. This method is known

as the GSO projection. Type I superstring theory consists of open strings and

unoriented closed string. In this theory the lowest states of string spectrum are

massless states representing the photons are their superpartners. For oriented

closed strings, there are two types, type IIA and type IIB superstring theories cor-

responding to the chirality of left- and right-moving sectors. Both type IIA and

type IIB theories contain gravitons and dilatons in the lowest states. The difference

is that the massless states of type IIA also include the odd-form fields while those

of type IIB include the even-form fields. Heterotic string theory consists of closed

strings whose left-moving sectors are bosonic string and right-moving sectors are

superstrings. There are two types for heterotic string theories corresponding to

non-Abelian gauge groups, that are SO(32) and E8 × E8.

String gas cosmology (SGC) regarded as an application of string theory in

cosmology is constructed under the assumption that the early universe of which

all nine spatial dimensions are toroidally compactified with the size comparable to

string scale consists of hot string gases with very weak coupling. T-duality implies

that the smallest effective size of the universe is the string length; therefore, the

universe is non-singular and never encounters the initial singularity problem. As

a consequence, there exists the maximum temperature, known as the Hargedorn

temperature. The annihilation of winding and anti-winding modes of strings allows

the universe to expand and it can take place in the spacetime of which the number

of dimensions does not exceed four. As a result, only three spatial dimensions can

grow larger whereas the other six dimensions are still confined. The stability of

extra dimensions becomes the essential problem for the late-time universe and this

is called the moduli stabilization problem. In the first attempt, this problem is

analyzed numerically under the assumption that the antisymmetric tensors vanish

even in compact space. The result shows that the size moduli of extra dimensions

are stabilized at the self-dual point and the string coupling is still very small.

Studying the toroidal compactification of extra dimensions in the context of lattice,

we can solve this problem qualitatively. Furthermore, this method allows us to

deal with an O(d, d;Z) symmetry, a generalization of T-duality, of the low energy

effective action. The result shows that for the compact space T 2× T 2× T 2, there

are two fixed points for heterotic strings, SU(2)× SU(2) and SU(3). The former

symmetry point is the fixed point for T-duality while the latter symmetry point

is the fixed point for T-duality modulo the basis change and the shift on the anti-
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symmetric tensor B with the integral-valued anti-symmetric matrix. The string

coupling is still confined to the very small value in this approach. Furthermore,

the effective potential of heterotic strings becomes the local minima at these fixed

points.

5.2 Further Developments

5.2.1 Other Models for Compact Space

It is obvious that in this thesis the six-dimensional compact space is assumed to

be T 2 × T 2 × T 2. In this toy model there are two stable fixed points for heterotic

strings and the corresponding enhanced gauge symmetry groups, SU(2)× SU(2)

and SU(3). We can see that total number of simple roots for each symmetry group

equal two, that is the number of dimensions of the torus T 2, and a maximally

enhanced symmetry group must be a simply-laced group of rank 2 with the root

length
√

2. This arises from the fact that for heterotic strings compactified in

T d the U(1)d gauge group at self-dual fixed point is enhanced to the SU(2)d

gauge group and there can be other fixed points corresponding to the maximally

enhanced symmetry groups which are the simply laced groups of rank d with the

root length
√

2. As a consequence, if the compact space is assumed to be a product

of other manifolds, we will obtain different fixed points with different enhanced

gauge symmetry groups. However, the results always fall into the same conclusion.

As we mentioned in §3.3.2, there are many types of compactifications for

string background. For the toroidal background, the six-dimensional compact

metric G does not depend on the compact coordinates; as a consequence, the

toroidal manifold is flat space and string equations of motion are in the same forms

as those in the uncompactified theory. Despite the simplicity and the success

of toroidal compactification, this model provides the four-dimensional N = 4

supersymmetric theory and may not be an appropriate theory for our real world.

This arises from the fact that a promising theory must be non-chiral or N =

1 supersymmetric theory. We can solve this problem by replacing the toroidal

compactification with more complicated and more plausible ones that provide the

four-dimensional N = 1 supersymmetric theories, for example, orbifold or Calabi-

Yau compactificaions. An orbifold compactification can be simply considered as

a six-dimensional toroidal compactification modified by identifying points on the

torus that are mapped to each other by certain discrete symmetries of the lattice
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of torus. The resulting space is called the orbifold, that has some singular points

corresponding to the fixed points of the discrete symmetries. The orbifold is flat

all over, except at those singular points. At a singular point there exists a deficit

angle corresponding to a rotational angle of the vector parallel transported along

the closed path around this singular point. If the symmetry group, or equivalently

the holonomy group in this case, is chosen to be an SU(3) subgroup of SO(6)

group, one can obtain the N = 1 supersymmetric theory in four-dimensional

spacetime. A Calabi-Yau compactification can be regarded as a generalization of

the orbifold compactification with an SU(n) holonomy. More details on Calabi-

Yau compactifications can be found in Refs [1, 2, 5, 10, 25, 27].

5.2.2 String Landscape and Anthropic Principle

From the result obtained in Chapter 4, it implies that there can be a vast number

of string vacua depending on the possible configurations of the compact space. In

other words, there is only one theory but many solutions that are characterized

by the massless moduli describing the shape, volume and flux of compact space.

The number of stable vacua calculated by Sen and others is of order between 10100

and 10500 [34]. If the energy of each possible vacuum is plotted as a function of

the moduli, the graph looks similar to the landscape consisting of many peeks and

valleys. This is known as the string landscape. From this paradigm each valley

represents the stable vacuum corresponding to each fixed point of the moduli

space. This means that each of these stable vacua, which correspond to the local

minima of effective potential, possesses the exact spectrum of particles and the

certain vacuum energy. The idea of string landscape sheds some light to the

anthropic principle that concerns why the universe evolves in such a way that it

allows the existence of carbon-based life forms, i.e. human beings. In cosmology

the anthropic principle concerns the fine-tuning of the vacuum energy density

ρv contributed from the cosmological constant. In spite of the value of vacuum

energy density is very small, it cannot be zero (≈ 0.8 × 10−120M4
P). Since the

slight difference of the vacuum energy density leads to the different universe with

obviously different rate of expansion, it is essential to determine the mechanism

that provides such a vacuum energy density with very high precision or at least

some possible solutions that contain such a vacuum energy density. We will see

how string landscape solves this problem. It is the fact that the values of the

vacuum energy density for possible string vacua range from −M4
P to +M4

P and

the number of those possible vacua is about 100500. Therefore, it is possible that
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there are some string vacua with the exact vacuum energy density we require.

However, this also implies that there can be plenty of disconnected sub-universes

with different expansion rates corresponding to their vacuum energy densities.

We can demonstrate this scenario by supposing that the universe starts at some

stable vacuum with the vacuum energy density around +M4
P. Then there occurs

the quantum tunnelling from this stable vacuum to other lower stable vacua at

different points in the universe. Obviously, these different regions with different

vacuum energy densities and different expansion rates are called sub-universes.

More sub-universes can occur in a similar way. It is believed that the expansion

rate of each sub-universe is greater than the speed of light; therefore, an event in

one sub-universe cannot affect an event in another sub-universe, certainly.
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APPENDIX A

LIE ALGEBRA LATTICE

A.1 Lie Algebras

A Lie group is a group of which all elements can be described by a function of

continuous parameters. Let G be a Lie group and g(α) be a group element which

depends on a set of N real continuous parameters, αa; a = 1, . . . , n. Since every

group contains the identity element, e, it is conventional to parametrize elements

in such a way that the identity element corresponds to α = 0

g(α)|α=0 = e. (A.1)

A representation of group G is a mapping, D of elements of group G onto a

set of linear operators which obey

(i) D(e) = I, (ii) D(g1)D(g2) = D(g1g2). (A.2)

Here, I is the identity operator. If a linear operator D(g) acts on an N -dimensional

vector space V , the dimension of the representation D is N . A representation D

is equivalent to a representation D′ if there exists a similarity transformation

such that

D(g) → D′(g) = S−1D(g)S. (A.3)

If any vector of a subspace of the linear vector space still leaves in the subspace

under the action of D(g), that subspace is called an invariant subspace. A

representation D is said to be reducible, if it possesses invariant subspaces. A

representation D is irreducible if it is not reducible. A representation D is com-

pletely reducible if it is equivalent to a representation in the block diagonal

form

D(g) =




D1(g) 0 · · ·
0 D2(g) · · ·
...

...
. . .


 , (A.4)
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where Di(g) is irreducible for ∀i. In other words, a representation D(g) is com-

pletely reducible if it can be written as a direct sum of the irreducible represen-

tations Di(g)

D(g) = D1(g)⊕D2(g)⊕ . . . . (A.5)

It is obvious that a representation D(g) of Lie group must be parametrized in the

same way as the element g(α) of the Lie group; therefore, it is convenient to use

D(α) in stead of D(g(α)). From (1), one obtains

D(α)|α=0 = I. (A.6)

Then in the neighborhood of the identity element e, the linear operator D(α) can

be expanded as

D(α) = I+ iαaXa +O(α2), (A.7)

where Xa are the generators of the group representation. From the expression

above the generator Ta can be determined by

Xa = −i
∂D(α)

∂αa

|α=0. (A.8)

This parametrization suggests that the representation of the group element g(α)

for finite α takes the exponential form

D(α) = eiαaXa . (A.9)

If D is the unitary representation (D−1 = D†), the generator Xa is hermitian

(Xa = X†
a) and its eigenvalue is real number. The closure of the group G implies

that the multiplication law of D(α) = eiαaXa must be

eiαaXaeiβbXb = eiγcXc . (A.10)

The expression above is true if the generator Xa obeys the commutation relation

[Xa, Xb] = ifabcXc, (A.11)

where fabc are called the structure constants and satisfy

fabc = −fbac. (A.12)

The Lie algebra, G, is the vector space spanned by Xa with the commutation

relation (A.12). In other words, the generators Xa of the representation the Lie

group G form the Lie algebra G. It is important to note that only the structure
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constants are sufficient for constructing the algebra and they are the same for all

representations. It is the fact that the associativity of the group leads to another

important relation, known as the Jacobi identity

[Xa, [Xb, Xc]] + [Xb, [Xc, Xa]] + [Xc, [Xa, Xb]] = 0. (A.13)

A representation of the Lie algebra generated by structure constants are called

the adjoint representation. The generators in this representation are the n×n

matrices, Ta, defined by

[Ta]bc = −ifabc. (A.14)

Obviously, the dimension of the adjoint representation is the number of the inde-

pendent generators, which is the number of the continuous parameters αa. It is

convenient to define the Killing form (Ta, Tb) of the generators as

(Ta, Tb) = Tr(TaTb). (A.15)

A Lie subalgebra G ′ of the Lie algebra G is a subspace of G whose elements

themselves form the Lie algebra with the commutation relation (12). A subalgebra

G ′ is said to be invariant if [Xa, Yb] ∈ G ′ for ∀Xa ∈ G ′ and ∀Yb ∈ G. The whole

algebra G and the empty set ∅ are also the invariant subalgebras, called the trivial

invariant subalgebras. An invariant subalgebra G ′ is said to be Abelian if

there exist elements of G ′ that commute with all elements of G. A simple Lie

algebra is a Lie algebra that is not Abelian and possesses only the trivial invariant

subalgebras. It turns out that an adjoint representation of a simple Lie algebra is

irreducible. A semi-simple Lie algebra is a Lie algebra that does not possess

the Abelian invariant subalgebras. It is the fact that the semi-simple Lie algebra

is a simple Lie algebra or a direct sum of the Lie subalgebras, i.e. the Lie algebra

of G1 × G2 is isomorphic to the direct sum G1 ⊕ G2. Therefore, the structure of

simple Lie algebra can be regarded as a basis of the semi-simple Lie algebras that

play many important roles in physics.

A.2 Structure of Simple Lie Algebras

Cartan Subalgebras, Weights, and Roots

A systematic way to study the representation of simple Lie algebras is the root

system. First, we must determine the largest subspace of commuting hermitian
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generators, known as the Cartan subalgebra. In a representation D, the commut-

ing generators corresponding to elements of the Cartan subalgebra are called the

Cartan generators and denoted by Hi; i = 1, . . . , m. Here, m is the number of

commuting hermitian generators and is called the rank of the Cartan subalgebra.

From definition, we obtain

[Hi, Hj] = 0. (A.16)

Since any Cartan generator commutes to one another, it is possible to simultane-

ously diagonalize all Cartan generators and to use their eigenvalues to label the

states. After the Cartan generators are simultaneously diagonalized, the states of

representation D, denoted by |µi; D〉, are the eigenvectors of the Cartan generators

Hi|µi; D〉 = µi|µi; D〉, (A.17)

where the eigenvalue µi are called the weights. The m-dimensional vector con-

sisting of µi as components is called the weight vector. We can choose a basis

{H} in such a way that the Killing form can be written as

(Hi, Hj) = Tr(HiHj) = λδij (A.18)

where λ is a positive constant. The weight is positive if the first non-zero com-

ponent is positive and the weight is negative if the first non-zero component is

negative. Then, it is conventional to define the ordering of the weight is defined

by

µ > ν if µ− ν is positive. (A.19)

If a representation D is the adjoint representation, the dimension of representation

is equal to the number of generators. It implies that the states of representation

correspond to the generators themselves and can be labelled by |Xa〉. In this

representation, the weights are called roots and the weight vector is called the

root vector. Since every Cartan generator commutes to one another, all states,

|Hi〉, corresponding to the Cartan generators have zero weight (root) vectors in

the adjoint representation. The other states, denoted by |Eα〉, do not correspond

to the Cartan generators and have non-zero root vectors, α, with components αi

determined by

Hi|Eα〉 = αi|Eα〉. (A.20)

This means that the commutator between Hi and Eα (E−α) is

[Hi, Eα] = αiEα, [Hi, E−α] = −αiE−α. (A.21)



110

Then, we can define the raising and lowering operators E±α and use them to

construct other states. However, one must consider the ordering of the root vectors

in order to specify which one is raising or lowering operator. It turns out that the

positive (negative) root vector corresponds to the raising (lowering) operator E+α

(E−α). Since we use an entire root vector, not its components, to study the

structure of the algebra, from now on we will call a root vector as a root for short.

If |µ; D〉 is a state with the weight µ of representation D and there are integer

numbers p(µ) and q(µ) for each root α in such a way that

(E+α)1+p(µ)|µ; D〉 = 0, (E−α)1+q(µ) |µ; D〉 = 0, (A.22)

the weight µ satisfies the relation, namely the master formula

2α · µ
α2

= q(µ) − p(µ). (A.23)

At this point, it is essential to note that some positive roots can be considered as a

linear combination of other roots. A simple root is defined as a positive root that

cannot be written as a sum of other positive roots. This means that the simple

roots are not only linearly independent, but also complete. As a consequence, the

number of the simple roots is the rank of the Cartan subalgebra, and any positive

root can be written as a linear combination of simple roots with non-negative

integer coefficients. From now on, the Ith simple root is denoted by αI where

I = 1, . . . , m. Therefore, the angle between two simple roots αI and αJ can be

determined by

cos2 θ =
(αI · αJ)2

α2
Iα

2
J

=
(q

(αJ )
I − p

(αJ )
I )(q

(αI)
J − p

(αI)
J )

4
. (A.24)

where p
(αJ )
I and q

(αJ )
I satisfy the equation (22) for the state with the weight µ = αJ

acted by the operators E±αI
. It is important to note that there are only four

possibilities for the angle between two simple roots, that are π
2
, 2π

3
, 3π

4
, and 5π

6
.

The advantage of the root system is that the whole algebra can be con-

structed from the simple roots. Any state annihilated by the generators of all

simple roots is the state with the highest weight. We can construct the whole

algebra by applying the appropriate lowering generators to the highest-weight

state and this procedure is called the highest weight construction. If µJ ;

J = 1, . . . , m is the weight vector satisfying

2αI · µJ

α2
I

= δIJ , (A.25)
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every highest weight µ can be written as

µ =
m∑

J=1

q
(µ)
J µJ . (A.26)

The vectors µJ are called the fundamental weights and the m irreducible repre-

sentations of which highest weights are components of the associated µJ are called

the fundamental representations,denoted by D(J).

From the simple roots, the Cartan matrix, CIJ , is defined by

CIJ = 2
αI · αJ

α2
J

. (A.27)

The property of Cartan matrix is that all diagonal elements of Cartan matrix are

equal to 2 and any off-diagonal element can be only 0,-1,-2, or -3. It is obvious

that the Cartan matrix contains the information about the angle between two

simple roots and the relative length of these roots.

Dynkin Diagram and Classification of Simple Lie Algebras

Next, we introduce the Dynkin Diagram, which is a short-notation for describ-

ing the simple roots of the algebra. It appears that the Dynkin diagram carries

the information about angle and relative lengths of simple roots as well as the

Cartan matrix, but in different form. In the Dynkin diagram, every simple root

is indicated by an open dot. If a filled dot appears in the diagram, it means that

the length of the corresponding simple root is shorter than that of open one. The

line between two dots represents the angle between the pair of simple roots, as

follows:

if the angle is 
2

π

if the angle is 
2

3

π

if the angle is 
3

4

π

if the angle is 
5

6

π

Figure A.1: Four possible angles between two simple roots
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At this point, the classification of simple Lie algebras is given in terms of

the Dynkin diagram. There are 7 types of simple Lie algebras, labelled by A to G,

such as An where the subscript n is the rank of the algebra, which is the number

of the simple roots. It turns out that these 7 types of simple Lie algebras can

be divided into two groups, that are 4 infinite families, known as the classical Lie

algebras and 3 finite families, known as the exceptional Lie algebras. The Dynkin

diagrams of simple Lie algebras are shown in the figure below

6E

nD

nC

nB

nA

2G

4F

7E

8E

Figure A.2: Dynkin Diagrams of simple Lie algebras

For classical Lie algebras, the infinite series of root systems An, Bn; n ≥ 3,

Cn; n ≥ 2, and Dn; n ≥ 4 correspond to SU(n + 1), SO(2n + 1), Sp(2n), and

SO(2n) Lie algebras, respectively. We can see that the Lie groups generated by

the classical Lie algebras can be considered as the groups of rotation in some

vector spaces. For exceptional Lie group, there are only 5 allowed root systems,

which are E6, E7, E8, F4, and G2; besides, there is no geometrical picture for these

algebras.

A simply laced algebra is the semi-simple Lie algebra whose all roots have

the same lengths. From the Dynkin diagrams of simple Lie algebras above, we can

see that a simply laced algebra can be a simple Lie algebra An, Dn, E6, E7, E8,

or a direct sum of these simple Lie algebras consisting of simple roots with equal
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lengths. The examples for simply laced lattices of rank one and two are provided

as follows. For the simply laced lattice of rank one, it turns out that there is only

one distinct lattice corresponding to A1 or the SU(2) Lie algebra. For the simply

laced lattice of rank two, there are two possible lattices corresponding to A1×A1

or SU(2)× SU(2), and A2 or SU(3) Lie algebras.

A.3 Simply Laced Lattices as Self-Dual Lattice

Let V be an N -dimensional vector space, a lattice Λ is the space of all linear

combinations of basis vectors of the vector space V with integer coefficients, and

takes the form

Λ = {
N∑

a=1

naea|na ∈,Z}, (A.28)

where ea; a = 1, . . . , N is a basis vector of the vector space. The vector space we

consider is either RN with a Euclidean inner product, i.e., v · w =
∑N

i=1 viwi,

where vi and wi are components of v, w ∈ V , or R(p,q) (p + q = N) with a

Lorentzian inner product, i.e., v · w =
∑p

i=1 viwi − ∑q
j=1 vjwj. Then, it is

conventional to define the metric of the lattice, denoted by gab, as the inner product

of the basis vectors

gab = ea · eb. (A.29)

The unit cell of a lattice is a set of points {x =
∑

a xaea |0 6 x < 1, x ∈ R}.
Obviously, the unit cell contains only one lattice point, that is x = 0. The volume,

vol(Λ), of the unit cell is determined by

vol(Λ) =
√
|detgab|. (A.30)

A dual lattice Λ∗ of Λ is a space of vectors of V whose inner products with

elements of Λ are integers

Λ∗ = {w ∈ V |v · w ∈ Z, ∀v ∈ Λ}. (A.31)

If the basis vectors of Λ∗ are given by e∗a with e∗a · eb = δa
b , the dual lattice takes

the form

Λ∗ = {
N∑

a=1

mae
∗a|ma ∈ Z}. (A.32)
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The metric of the dual lattice Λ∗ is denoted by gab and is determined by gab =

e∗a · e∗b. It is obvious that gab of Λ∗ is the inverse of gab of Λ; therefore, we obtain

vol(Λ) = 1/vol(Λ∗).

A lattice Λ is said to be

- unimodular if vol(Λ) = 1,

- integral if v · w ∈ Z, ∀v, w ∈ Λ,

- even if Λ is integral, and v2 ∈ 2Z, ∀v ∈ Λ,

- odd if Λ is integral, but not even,

- self-dual if Λ = Λ∗.

It is the fact that Λ is integral if and only if Λ ⊂ Λ∗. As a consequence, Λ is

self-dual if and only if Λ is integral and unimodular.

If the basis vectors of the vector space V are the simple roots of the semi-

simple Lie algebra G, a lattice Λ is called a root lattice ΛR of G. This means

that the dimension of the vector space V is equal to the number of the simple

roots as well as the rank of the algebra. A set of all linear combinations of the

fundamental weights with integer coefficients is also a lattice, called the weight

lattice ΛW of G. At this point, we can see from the master formula (A.23) that

if all root are normalized in such a way that their squared lengths are equal to 2,

the inner product of two roots is always an integer and the squared length of any

vector in ΛR or in ΛW is also an integer. This means that

ΛR ⊂ ΛW , ΛW = Λ∗R. (A.33)

As a consequence, a self-dual lattice can be considered as a sublattice of the

weight lattice of G. The elements of the quotient space ΛW /ΛR are called the

conjugacy classes, which form a group isomorphic to the center of the Lie algebra,

i.e. the set of which element commutes with all elements. We can obtain the

even Lorentzian self-dual lattice Γ(p,p) in the following way. First, we choose

the semi-simple Lie algebra G of rank p. Then, we collect all vectors in R(p,p) of

the form (v1,v2), such that v1,v2 belong to the same conjugacy class. As a result,

the lattice we choose is unimodular, integral and even-self dual.
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APPENDIX B

CALCULATIONS

Equations (3.67)-(3.70)

We give the indices I = 1, . . . , dλ and the index J = 1, . . . , dν label the

components of expanding spatial dimensions (dλ = 3) and the components of

extra dimensions (dν = 6). From the metric ansatz (3.60) and Bµν = 0, we can

compute the connection coefficients and the Ricci tensors. The non-vanishing

connection coefficients and Ricci tensors are

ΓI
0I = λ̇, ΓJ

0J = ν̇, Γ0
II = λ̇e2λ, Γ0

JJ = ν̇e2ν ,

R00 = −(dλλ̈ + dν ν̈ + dλλ̇
2 + dν ν̇

2), RII = e2λ(λ̈ + dλλ̇
2 + dνλ̇ν̇)

RJJ = e2ν(ν̈ + dν ν̇
2 + dλλ̇ν̇).

Then we express equations (3.60)-(3.61) in the forms

gµρRρν + 2gµρ(∂ρ∂νφ− Γσ
ρν∂σφ)− 1

4
gµκHκρσH

ρσ
ν = k2

De2φT µ
ν ,

4gµν∂µφ∂νφ− 4gµν(∂µ∂νφ− Γκ
µν∂κφ) = 0.

The equations of motion then become

−dλλ̈− dν ν̈ − dλλ̇
2 − dν ν̇

2 + 2φ̈ = k2
De2φρ, (B.1)

λ̈ + dλλ̇
2 + dνλ̇ν̇ − 2λ̇φ̇ = k2

De2φpλ, (B.2)

ν̈ + dν ν̇
2 + dλλ̇ν̇ − 2ν̇φ̇ = k2

De2φpν , (B.3)

4φ̈− 2dλλ̈− 2dν ν̈ − 4φ̇2 + 4φ̇(dλλ̇ + dν ν̇)− (dλλ̇ + dν ν̇)2 − dλλ̇
2 − dν ν̇

2 = 0. (B.4)

Equations (4.39)-(4.40)

From equations (4.18) and (4.19), p2
L and p2

R can be expressed as

p2
L = GIJGILGJM(

mL

R(L)
+ (GLK −BLK)

nKR(K)

α′
)(

mM

R(M)
+ (GMN −BMN

nNR(N)

α′
)

= GLM(2GMN
mL

R(L)

nNR(N)

α′
+ GLKGMN

nKR(K)

α′
nNR(N)

α′
− 2BMN

mL

R(L)

nNR(N)

α′

+
mLmM

R(L)R(M)
− 2GLKBMN

nKR(K)

α′
nNR(N)

α′
+ BLKBMN

nKR(K)

α′
nNR(N)

α′
),
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p2
R = GIJGILGJM(

mL

R(L)
− (GLK + BLK)

nKR(K)

α′
)(

mM

R(M)
− (GMN + BMN

nNR(N)

α′
)

= GLM(−2GMN
mL

R(L)

nNR(N)

α′
+ GLKGMN

nKR(K)

α′
nNR(N)

α′
− 2BMN

mL

R(L)

nNR(N)

α′

+
mLmM

R(L)R(M)
+ 2GLKBMN

nKR(K)

α′
nNR(N)

α′
+ BLKBMN

nKR(K)

α′
nNR(N)

α′
).

After rescaling GIJ and BIJ by using (4.38), we combine (C.1) and (C.2) to obtain

equation (4.39)

p2
L + p2

R =
2

α′
(GLMmLmM + GLMnLnM + GLMBLKBMNnKnN − 2GLMBMKmLnK). (B.5)

It turns out that p2
L + p2

R can be expressed in terms of the background matrix M

and the vector Z =

(
m

n

)

2

α′
ZT MZ =

2

α′

(
mT nT

) (
G−1 −G−1B

BG−1 G−BG−1B

)(
m

n

)

=
2

α′
(mT G−1m + nT Gn− nT BG−1Bn + nT BG−1m−mT G−1Bn)

=
2

α′
(GLMmLmM + GLMnLnM

+GLMBLKBMNnKnN − 2GLMBMKmLnK), (B.6)

where mT =
(

m1, . . . , md

)
and nT =

(
n1, . . . , nd

)
.

Equation (4.82)

The metric and the Kalb-Ramond tensors are assumed to be in the forms

(Gµν) =

(
(gαβ(xα)) 0

0 (GIJ(xα))

)
, (Bµν) =

(
0 0

0 (BIJ(xα))

)
.

The non-vanishing Christoffel coefficients are

ΓI
Jα =

1

2
GIK∂αGJK , Γα

IJ = −1

2
gαβ∂βGIJ

Γα
βγ =

1

2
gαδ(∂βgγδ + ∂γgβδ − ∂δgβγ).
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In order to obtain the Ricci scalar, we determine the Ricci tensors Rαβ and RIJ

Rαβ = (∂γΓ
γ
αβ − ∂βΓγ

γα + Γγ
αβΓδ

δγ − Γγ
αδΓ

δ
βγ)− ∂βΓI

Iα + Γγ
αβΓI

Jγ − ΓJ
αJΓI

βJ

= R
(dn+1)
αβ +

1

4
gγδ(∂αgβδ + ∂βgαδ − ∂δgαβ)GIJ∂γGIJ − 1

2
∂βGIJ∂αGIJ

−1

2
GIJ∂α∂βGIJ − 1

4
GJKGIL∂αGIK∂βGJL

RIJ = ∂αΓα
IJ + Γα

IJΓβ
βα + Γα

IJΓK
Kα − ΓK

IαΓα
JK − Γα

IKΓK
Lα

= −1

2
∂αgαβ∂βGIJ − 1

2
gαδ∂α∂δGIJ − 1

4
gαν∂νGIJgβδ(∂βgαδ + ∂αgβδ − ∂δgβα)

−1

4
gαβ∂βGIJGKL∂αGKL +

1

2
GKLgαβ∂αGIL∂βGJK .

Using the identity ∂µG
ρσ = −GρκGλσ∂µGκλ, we obtain the Ricci scalar

R = gαβRαβ + GIJRIJ

= gαβR
(dn+1)
αβ − gαβGIJ∂α∂βGIJ − 3

4
gαβ∂βGIJ∂αGIJ − 1

4
gαβGIJ∂αGIJGKL∂αGKL

−GIJ∂αGIJ∂βgαβ − 1

2
gαβGIJ∂αGIJgγδ∂βgγδ

= R(dn+1) +
1

4
gαβ∂βGIJ∂βGIJ + gαβ∂α ln

√
G(dc)∂β ln

√
G(dc) − 2∂βgαβ∂α ln

√
G(dc)

−2gαβ∂α ln
√
−g(1+dn)∂β ln

√
G(dc) − 2gαβ

√
G(dc)

∂α∂β

√
G(dc),

where |detgαβ| = −g(1+dn) and |detGIJ | = G(dc). Here, in the last line we used

the identity GGµν∂ρGµν = ∂ρG and the following consequence (1/
√

G)¤
√

G =
1
2
Gµν¤Gµν + 1

2
∂ρG

µν∂ρGµnu + 1
4
Gµν∂ρGµνG

κλ∂ρGκλ.

The components of field strength H = dB in (2.255) can be determined by

Hµνρ = 3[∂µBνρ].

Therefore, the non-vanishing components of HABC are

HαIJ = −HIαJ = HIJα = ∂αBIJ ,

and the square of field strength H2 is in the form

H2 = HαIJHαIJ + HIαJHIαJ + HIJαHIJα

= 3GαβGIKGJL∂αBIJ∂βBKL.

After eliminating the divergence term, the low-energy effective action (2.256) takes

the form

S0 = − Vdc

2k2
D

∫
ddn+1x

√
−g(1+dn)e−Φ(R(dn) + ∂αΦ∂αΦ +

1

4
∂αGIJ∂αGIJ

−1

4
GIKGJL∂αBIJ∂αBKL),
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where Φ ≡ 2φ− ln
√

G(dc) is the shifted dilaton and Vdc ≡
∫

ddcx is the volume of

compact space.

Next, we will see that the equation above can be written in terms of the

background matrix M(E). It is not difficult to show that Tr(∂µMη∂µMη) can be

expressed as

Tr(∂αMη∂αMη) = ∂α(BIJGJL)∂α(BLKGKI) + ∂α(GIL −BIJGJKBKL)∂αGLI

+∂αGIL∂α(GLI −BLJGJKBKI) + ∂α(GIJBJL)∂α(GLKBKI)

= 2∂µGad∂µGad + 2GbdGca∂µBab∂µBdc

= 2∂αGIJ∂αGIJ − 2GIKGJL∂αBIJ∂αBKL.

As a result, the low-energy effective action can be expressed in the O(d, d)-

covariant form as

S0 = − Vdc

2k2
D

∫
ddnx

√
−g(1+dn)e−Φ(R(dn) + ∂αΦ∂αΦ +

1

8
Tr(∂αMη∂αMη)). (B.7)

Equations (4.16) - (4.18)

Since in our consideration we give dn = 2, it is convenient to use 1,2 as

the indices of the compact components. From the metric ansatz (4.114), we can

compute the connection coefficients and the Ricci tensors. The non-vanishing

connection coefficients and Ricci tensors are

Γa
0a = λ̇, Γ1

01 = Γ2
02 = ν̇, Γ0

aa = λ̇e2λ, Γ0
11 = Γ0

22 = ν̇e2ν , Γ0
12 =

z

2
ν̇e2ν

R00 = −(dnλ̈ + dcν̈ + dnλ̇2 + dcν̇
2), Raa = e2λ(λ̈ + dnλ̇2 + dcλ̇ν̇)

R11 = R22 = e2ν(ν̈ + dcν̇
2 + dnλ̇ν̇), R12 =

1

2
e2ν(ν̈ + dcν̇

2 + dnλ̇ν̇).

From the Kalb-Ramond tensor (4.115), the non-vanishing field strength tensors

and the square of the field strength are

H012 = −H021 = zν̇e2ν , H2 = − 12dc

4− z2
z2ν̇2.

Inserting these terms into the equations of motion in general case

Rµν + 2∇µ∇νφ− 1

4
HµρσH

ρσ
ν = k2

De2φTµν ,

R− 4∇µφ∇µφ + 4∇µ∇µφ− 1

12
H2 = 0,

2∇µφ∇µφ−∇µ∇µφ− 1

12
H2 =

k2
De2φT

2
.
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we obtain

−dnλ̈− dcν̈ − dnλ̇
2 − dcν̇

2 + 2φ̈− 4dn

4− z2
ν̇2 = k2

De2φρ,

λ̈ + dnλ̇2 + dcλ̇ν̇ − 2λ̇φ̇ = k2
De2φpλ, (B.8)

ν̈ +
4dc + (2− dc)z

2

4− z2
ν̇2 + dnλ̇ν̇ − 2ν̇φ̇ = k2

De2φpν , (B.9)

φ̈− 2φ̇2 + dnλ̇φ̇ + dcν̇φ̇ +
k2

De2φT

2
. (B.10)
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