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String theory is one of the most promising candidates for theory of quan-
tum gravity. String gas casmology is thus expected to be a plausible cosmological
model which provides an excellent explanation for dynamics of the early universe.
By means of T-duality and string winding modes, string gas cosmology can solve
the initial singularity problem and the dimensionality problem in standard cos-
mology. According to Brandenberger-Vafa mechanism, the annihilation process
of winding and anti-winding modes can take place effectively in four-dimensional
spacetime. As a consequence, the expansion of three spatial dimensions comes
with the evolution of the early universe; on the other hand, six extra dimensions
are stabilized at the self-dual pomnt due to the existence of momentum and winding
modes in these directions. Despite its success, string gas cosmology encounters
the moduli stabilization problem concerning the stability of moduli describing size,
shape and, flux of extra dimensions for the late-time universe. The numerical cal-
culation from the previous work based on the assmmption of the vanishing flux
showed that the size of the extra dimensions dampedly oscillated around the self-
dual point as the dilaton ran slowly to weak coupling. The aim of this thesis is
to study string gas cosmology in the O(d, d)-covariant formalism and resolve the
moduli stabilization problem qualitatively. In this thesis we considered the gen-
erators and the enhanced symmetrie fixed points of O(d, d; Z) symmetry, which is
regarded as a generalization of T-duality for d-dimensional toroidal background
with the non-vanishing flux. The result showed that in the case of two-dimensional
toroidal extra dimensions, there were two enhanced symmetric fixed points corre-
sponding to the simply laced groups, SU(2) x SU(2), and SU(3), and the dilaton
was stabilized by Hubble damping term at both fixed points.

: 1 |
Department Physics Student’s signature Preuds Pk lﬂ“‘-ﬂwmrfa_./u W

Field of study Physics Advisor’s signature (©%I0 N2 (3-}-;’ ffJ\

Academic year 2007



vi

ACKNOWLEDGEMENTS

I am most grateful to Dr. Auttakit Chatrabhuti, my thesis advisor, for his
useful guidance and discussions. He always encourages me as well as his other
students. My deep gratitude is given to Dr. Pisistha Ratanavararaksa for his
guidance, encouragement, and kindness. T am very grateful to Dr. Ahpisit Ungk-

itchanukit for his invaluable guidance.

[ am grateful to Dr. Rujikorn Dhanawittayapol and Dr. Narumon Suwon-

jandee for serving in my thesis committee.

I would like to thank all lecturers in all international schools I attended and
all organizers in all conferences for opportunities of presentations. My thank goes
to all members in theoretical high-energy physics and cosmology group for their
useful and joyful discussions. I particularly thank Mr. Pitayuth Wongjun for his
help throughout the time in which I have studied in the master’s degree program.

Without him, I might not be a member in the group.

Finally, I would like to thank my parents and brothers for their love and

encouragement.



TABLE OF CONTENTS

page

Abstract (Thai) ......ociuuiii ittt ittt iiiinineneeans iv
Abstract (English) ....viiutiiiiiiiiiiiiin ittt v
Acknowledgements .. ... ...ttt it it it vi
List of Figures ...... . oottt iiiiienenennn X
Chapter page
I INTRODUCTION ...ttt ittt iieneneennn 1
1.1 Brief Overview . . T o, . .. 1
1.1.1 History of String Theory . . . . . . .. ... ... ... ... 1

1.1.2 A Cursory Look on String Theory . . . . . . ... ... ... 3

1.1.3 Application of String Theory to Cosmology . . . . . . . . .. 4

1.2 Organization of Thesis . . . .. v v v i oo )

IT FUNDAMENTALS OF STRING THEORY ................... 6
2.1% BosonicsString' Theory YU~ F I 1. @ FEILS FON LS |0 . 6
2.1.1 Classical Theory of Bosonic String . . . .. .. .. ... .. 6

2.1.2  Quantum Theory of Bosonic String . . . . . ... ... ... 20

2.2 Supersymmetric String Theory . . . . . .. . ... ... ... 28
2.2.1 Classical Theory of Supersymmetric String . . . . . .. . .. 28

2.2.2  Quantum Theory of Supersymmetric String . . . . . . . .. 35



viil

2.3 Heterotic String Theory . . . . . . . . . . ... ... ... ... 39
2.3.1 Classical Theory of Heterotic String . . . . . . . .. ... .. 39
2.3.2  Quantum Theory of Heterotic String . . . . ... ... ... 42

2.4  Low-Energy Effective String Theory . . . . . . . . . ... ... ... 45

IITASPECTS OF STRING GAS COSMOLOGY .......c.ccvvnnen. 48

3.1 Standard Model of Cosmology . . . . . . ... ... ... ... ... 48
3.1.1 Cosmological Principle and Robertson-Walker Universe . . . 49
3.1.2 Evolution of The Universe . . . .. . ... ... ... .... 50
3.1.3 Thermodynamics of The Early Universe . . .. ... .. .. 52
3.1.4 Problems in Standard Model of Cosmology . . . . . . .. .. 53

3.2 Inflationary Model = . . . . . . . . ... L 54
3.2.1 Slow-roll Inflation model . . . . . . . . ... ... ... ... 54
3.2.2  Other Inflationary Models . . . . . . . ... ... ... ... 57

3.3 String Gas Cosmology . . . . . . .. . ... 58
3.3.1 Assumptions in String Gas Cosmology . . . . . .. ... .. 58
3.3.2 Toroidal Compactification and T-duality in SGC. . . . . . . 59
3.3.3 String Thermodynamics of The Early Universe. . . . . . . . 61
3.3.4 Evolution of The Late-time Universe . . . . .. . ... ... 66
3.3.5 Moduli Stabilization Problem .. . . . .. ... 70
3.3.6  Further Development and Striking Problems ... . . . . .. 71

IVMODULI STABILIZATION IN O(d,d)-COVARIANT FORMAL-

ISM

4.1

.......................................................... 73
O(d,d) Symmetry of The Moduli Space of
d-dimensional Toroidal Compactification . . . . . . . .. .. .. .. 73
4.1.1 Compactification Lattice on d-dimensional Torus . . . . .. 74

4.1.2  Generating Group O(d, d; R) and Symmetry Group O(d, d; Z)
of The Moduli Space . . . . . ... .. .. ... ... .... 79



156

4.1.3 T-duality of d-dimensional Toroidal Background . . . . . . . 83

4.2 0O(d,d)-Covariant String Cosmology . . . . . . . . . ... ... ... 88
4.3 Moduli Stabilization in O(d, d)-Covariant Formalism . . . . . . . . . 91
43.1 SU(2) x SU(2) Fixed Point . . . . . ... ... ... .... 91

432 SU(@3) Fixed Point . . . . ... ... ... 93

V SUMMARY AND DISCUSSION ...ttt 97
5.1 Concluding Remarks . . . .. . .0 ... ..o 97
5.2 Further Developments . . . . . . . .. ... 99
5.2.1 Other Models for Compact Space . . . . .. ... ... ... 99

5.2.2  String Landscape and Anthropic Principle . . . . . .. . .. 100
REFERENCES .. ittt ittt it ittt ieeaneaenaens 102
APPENDICES .. it i ittt ittt it eieen i, 105
APPENDIX A LIE ALGEBRA LATTICE ..........coiiiivinian. 106
Al Lie Algebras . . . . . . . .. oL e 106
A.2 Structure of Simple Lie Algebras . . . . . . .. ... ... ... .. 108
A.3 Simply Laced Lattices as Self-Dual Lattice . . . . ... . ... ... 113
APPENDIX B CALCULATIONS .. it i i e eeeiees 115



Figure

3.1

3.2

3.3

4.1

4.2

4.3

44

4.5

Al

A2

LIST OF FIGURES

page
The temperature of Plateau approaches to the Hagedorn tempera-
ture. The higher entropy, the larger the plateau. The temperature
is symmetric around the self-dual radius, In R = 0 (o/ = 1). From
[16]. . . ™y, | ™ e 63
Figure 3.2(a) shows that the scale factor of non-compact dimensions
a(t) grows larger while the scale factor of compact dimensions b(t)
is stabilized at the self-dual radius. Figure 3.2(b) shows that the
string coupling is very weak. . . . . . ... ... L. 71
Figure 3.3 shows that the scale factor of compact dimensions b(t)
oscillates around the self-dual with the decreasing amplitude as the
scale factor of non-compact dimensions grows larger and the string
coupling runs slowly to weak coupling. . . . .. .. ... ... ... 72
The original basis ei* and the transformed basis e,/ are the same in
the SU(2)-x SU(2) root lattice. . . . . . .« . ... ... ... ... 87
The original basis e}’ and the transformed basis e;’ are different in
the SU(3) root lattice. . . . . . . . .. .. 88
The shape of T%is described by two parameters & and n. . . . . . . 91
(a) The evolutions of scale factors at SU(2) x SU(2) fixed point
(b) The evolutions of scale factors at SU(3) fixed point . . . . . . . 96
(a) The evolution of string coupling at SU(2) x SU(2) fixed point
(b) The evolution of string coupling at SU(3) fixed point . . . . . . 96
Four possible angles between two simple roots . . . . . . . ... .. 111

Dynkin Diagrams of simple Lie algebras . . . . . . ... ... ... 112



CHAPTER I

INTRODUCTION

One of the most crucial problems for physicists concerns the number of
spacetime dimensions, and is sometime referred as to the dimensionality problem.
In fundamental theories of modern physics, such as conventional quantum field
theory and general relativity, the dimensionality of spacetime is set to four by
hand. Therefore, any would-be theory of everything should provide the ways
to derive the spacetime dimensionality. Certainly, string theory emerging as a
candidate for such a theory cannot avoid this challenge. The purpose of this thesis
is to review the basic concepts of string theory and application to cosmology. We
emphasize on string gas cosmology in order to study the methods for solving the

dimensionality problem and other important concepts.

1.1 Brief Overview

1.1.1 History of String Theory

At present string theory is regarded as one of the most promising candidates for
theory of quantum gravity. However, it is the fact that a true original purpose
of string theory is to describe an enormous proliferation of hadrons of strong
interaction physics discovered in 1960s [1, 2, 3]. The hadronic spectrum contains
particles with high spin. It turns out that the relation between mass squared of
the lightest particles and spin .J is approximately m? = % The constant o’ takes
the value around 1 GeV~2 and is known as the Regge slope. This behavior was
tested up to spin % and it seemed to continue infinitely. It is obvious that in
that period there was no quantum field theory that could provide the acceptable
explanation for this proliferation since the consistent quantum field theory seemed
to be limited for particles with low spin. The difficulty for constructing quantum
field theory of high spin particles is that tree diagrams for the exchanged particles

with high spin do not maintain the unitary bounds at high energy limit. More



precisely, the high-energy behaviors of s- and t-channel amplitudes for high spin
particles are divergent. Therefore the dual model proposed by Veneziano was used
to overcome this problem in 1968. According to Veneziano’s model, there exists
the duality between s- and t- channel amplitudes; as a consequence, these two
amplitudes are equivalent and total scattering amplitude may be convergent at
high energy limit. A surprising result of Veneziano’s model was that it inevitably
included the massless spin-2 particles. At the first glance, this seemed to be
incorrect since in Yang-Mills field theory there are only the massless fields of spin-1
particles. However, it is important to note that in general relativity the gauge fields
whose quanta are called gravitons are massless spin-2 particles. This means that
the Veneziano’s dual model sheds some light on the unification between gravity
and other interactions. In 1970, Yoichiro Nambu showed that the dual model
could be explained by quantum theory of stringy particles and it was possible
to describe all interactions by means of the same circumstance. This could be
regarded as the origin of string theory for a candidate of the unified theory and
string theory arose in this way was known as bosonic string theory. Although
bosonic string theory provided many elegant explanations for interaction processes,
it still encountered some crucial problems that were the lack of fermion states and
the existence of negative mass-squared particles, namely tachyons. In the late
1970s the Ramond-Neveu-Schwarz string model, which possesses the worldsheet
supersymmetry, became an active area of research. This model was regarded as
the first superstring theory. In 1984, M. Green and J. H. Schwarz discovered the
anomaly cancellation in superstring theories [4]. This was the first superstring
revolution. At that time there were three possible superstring theories, i.e., type
I superstring, type ITA superstring and type IIB superstring. In 1985, two other
superstring theories, namely the :SO(32) and the Eg x Eg heterotic string theories
[5], which can provide the non-Abelian gauge group, were introduced by D. Gross
and others [6]. Between 1994 and 1997 there was the second string revolution
pioneered by E. Witten: The different string theories were connected to the eleven-
dimensional theory, namely M-theory by a set of symmetries, such as S-duality,
T-duality, and U-duality. New object called D-brane was discovered and became
the center of interest. This object led to the relation between strongly coupled
gauge theory in d + 1-dimensional Anti de Sitter spacetime and string theory, in
d-dimensional spacetime, known as AdS/CFT correspondence. This topic was
considered as a realization of holographic principle introduced by 't Hooft and
developed by L. Susskind. In 1990s the holographic principle became the active

area of research and its applications, such as thermodynamics of black hole and



brane world cosmology, were developed significantly. In 2000s the string landscape
[34, 35, 36], which concerns a conjecture that there exist a large number of possible
string vacua, is believed to agree with the anthropic principle and becomes the

center of interest among string theorists.

1.1.2 A Cursory Look on String Theory

In string theory all fundamental particles arise from the same origin and all forces
are elegantly unified in a significant way. According to this theory, each particle
can be identified by a specific vibrational mode of a fundamental microscopic open
or closed strings and different particles correspond to different vibrational modes
of these strings. In analogy with music, different elementary particles represent
different musical notes and also different frequencies. There are many differences
between string theory and quantum field theory for point particles. The first issue
we mention here is that the interaction process of stringy particles. For example,
a decay process v — (3 + 7 in the view point of string theory can be thought as
a process that a single string with a vibrational mode corresponding to particle a
decays to two strings with different modes corresponding to particles § and ~. It
arises from the fact that in string theory there is no well-defined point at which a
single string is decomposed into two strings. In other words, the interacting string
theory is not Lorentz invariant. The consequent advantage is that string theory
is free from the ultraviolet divergence that occurs in quantum field theory for
point particles due to the existence of the well-defined interaction point. Another
advantage of string theory is that it is quite unique since it contains only one
adjustable dimensional parameter, namely the string length [s, that is roughly
interpreted as the typical size of a string. We ‘can see, for instance, the standard
model contains nineteen adjustable dimensionless parameters that are required to
be precisely adjusted from experiments and also includes ten parameters for taking
into account the neutrino masses. The different values for adjustable parameters
lead to different theories with different predictions. Therefore, there can be a large
number of distinct standard models due the different values of these dimensionless

parameters.

One of the most striking predictions of string theory is that the dimen-
sionality of spacetime is ten (twenty-six) for superstring (bosonic string) theory.
This seems to be a contradiction to human’s sense since one realizes only the
existence of four-dimensional spacetime and never observes any extra dimensions

yet. However, in string theory it is possible to avoid this problem by using an



assumption that extra dimensions are compactified in so small space that they
cannot be detected. There are many types for compactifications, such as toroidal,
orbifold, or K3 compactifications. It is convenient to consider string compactifi-
cation in terms of Lie algebra lattice. This idea was introduced by Narain and
others [25, 26]. It is also essential to note that string theory provides not only
the different pictures for the elementary particles, interactions and spacetime but
also provides different symmetries from those of point-particle field theory. The
important symmetries in string theory concern some certain number of discrete
symmetries, namely dualities. It appears that different string theory relates to one
another via a duality. In string theory there are three important discrete symme-
tries; T-, S- and U-dualities. In this thesis we focus on T-duality, or Target-space
duality that is a symmetry between two spaces compactified in large and small
volume. An example for one-dimensional toroidal compactification is that physics

in a circle with radius R is equivalent to physics in a circle with radius o/ /R.

1.1.3 Application of String Theory to Cosmology

Standard cosmology has been developed and has been used to study the celes-
tial phenomena and evolution of the universe for many decades. Although it can
provide many elegant explanations for many problems, there are still some unsolv-
able difficulties. Most of these fatal problems concern the invalidity of quantum
field theory in the region that the gravitational field is very strong, i.e. in the
vicinity of black hole, or at the origin of the universe. This failure motivates the
modification of standard cosmology by a theory of quantum gravity. An applica-
tion of string theory to cosmology is known as string gas cosmology pioneered by
Brandenberger-and Vafa [16].. This model is. constructed under the assumption
that the early universe consisting of the hot gases of closed superstring is initially
compactified into the 79 x R space where T denotes the nine-dimensional torus
with compactification radii of string scale (at the order of @’ & 10733cm in the
conventional unit & = ¢ = 1). Based on T-duality in string theory, this model is
remarkably successful in resolving the initial singularity problem that takes place
at the very beginning of the universe. Moreover, it also provides the reasonable
solution for the dimensionality problem. Tseytlin and Vafa [17] showed that as the
late-time universe is expanding, only three spatial dimensions are growing larger
whereas six extra spatial dimensions are still confined to the string scale due to the
new degrees of string modes wrapping around these compact dimensions, namely

the winding modes. The consequent problem is the moduli stabilization problem



that concerns the stability of moduli describing the shape, size and flux of the
extra dimensions [18, 22, 23]. This issue is the aim of this thesis and is studied
in chapter 3 and 4. One of the most important consequences is that there is a
great number of possible string vacua corresponding to different ways that mod-
uli of extra dimensions are stabilized. It turns out that these enormous distinct
string vacua possess very slightly different vacuum energies. In the energy space,
string theory contains plenty of possible local minima of effective potential. This
is known as the string landscape [34, 35, 36] and relates to the anthropic principle
arguing that only the universe with some specific conditions sufficient to allow
observers (human-beings) to exist are permitted. This subject is not in the scope

of the thesis; however, we will mention it briefly in chapter 5.

1.2 Organization of Thesis

In chapter 2 the fundamental concepts of string theory are reviewed. All
four types of string theories are introduced briefly. Theories consisting of closed
strings, that are bosonic strings, Type II superstrings and heterotic strings, are

emphasized. String low-energy effective theory is also studied.

For chapter 3, various cosmological models are studied. In §3.1, we review
standard cosmology [8, 9]. The initial singularity, flatness and horizon problems
are mentioned explicitly. In §3.2, inflationary models are introduced as successful
cosmological models that can provide some elegant solutions to flatness, and hori-
zon problems. In §3.3, a study of string gas cosmology is given. T-duality and
winding modes are introduced in order to solve the initial singularity problem and
explain the dimensionality of spacetime. The moduli stabilization problem arose

from this model is solved numerically in this chapter.

Chapter -4 provides Narain’s original idea to study string compactification
on the Lie algebra lattice [25, 26]. In'§4.1, the general discussion for d-dimensional
toroidal compactification is given. The generalization of T-duality to O(d,d;Z)
symmetry is studied. In §4.2, we repeat a study of string gas cosmology in the
O(d,d;Z) formalism. In §4.3, we apply the methods we studied in §4.1 and §4.2

to solve moduli stabilization problem qualitatively.

For chapter 5, summary and discussion are provided. further developments,
such as the string landscape and the anthropic principle, are also included in this

chapter.



CHAPTER II

FUNDAMENTALS OF STRING THEORY

In string theory, all fundamental particles arise from the same origin and all
forces are elegantly unified in a significant way. This can be easily understood by
assuming that fundamental particles are one-dimensional objects as strings and
each type of particles can be identified by a specific vibrational mode of these
fundamental microscopic open or closed strings. However, the full description of
string theory is more complicated since it is furnished with many mathematical
aspects. Therefore, this whole chapter is devoted to an introduction to string
theory. In the first part, we take the understanding of bosonic string theory [1, 2].
All types of superstring theory are then studied in the second part. We end up
this chapter by studying dynamics of strings in the low-energy limit.

2.1 Bosonic String Theory

In this section we study a theory of free bosonic strings. First, we introduce bosonic
string action and discuss its classical symmetries. The equations of motion and
their solutions are also provided. Then, two equivalent canonical formalisms are
introduced to quantize this theory. Thereafter; all consistency conditions for the
quantum theory will be determined explicitly. We end up this section by studying

in detail the spectrum of bosonic string states.

2.1.1 Classical Theory of Bosonic String

Strings can be thought of as one-dimensional objects moving in D-dimensional
spacetime. Their spacetime coordinates are denoted by X* where p =0,1,...., D —
1. As a string propagates freely in the spacetime, it sweeps out a two-dimensional
surface, namely a worldsheet. We can parametrize the worldsheet by using a
timelike coordinate, 7, and a spacelike coordinate, o. This means that X#(7, o) can

be thought as D scalar fields of 7 and o. The classical string action is proportional



to the area of the worldsheet and is known as the Nambu-Goto action, Syg.

The Nambu-Goto action can be written in the form

Sng[X] = -T / dea\/ (X1X)2 — (XrX,)(X'BX)), (2.1)

where we denote derivatives of X*(r, o) with respect to 7 and ¢ by X* and X',
respectively. T is the string tension, which can be related to the Regge slope
parameter, o/, and the intrinsic string length, I,, by T = ﬁ = # Note that

we use the conventional unit & = ¢ = 1 throughout this thesis.

Since the Nambu-Goto action is in a square-root form of X*(7,0), it is
quite difficult to quantize this action. Thus, we instead introduce another action
which is physically equivalent to the Nambu-Goto action but obviously easier to
be quantized. This action is known as the Polyakov action, Sp, and can be
expressed in the form

1
Y e

SP[th] 7

/ o/ ~hh®0, X", X, (2.2)

where h and h® are the determinant and the inverse of the worldsheet metric,
respectively. We also label the worldsheet coordinates 7 and o by ¢* with Latin

0

index a = 0,1 , where 0” = 7 and ¢! = 0.

Since there is no quadratic term of Jyh® appearing in the action (2.2), h
is a non-dynamical variable which acts like a Lagrange multiplier in the classical
action of a constrained system. In general, the Polyakov action is not physically
equivalent to the Nambu-Goto action. However, their equivalence can take place

under certain conditions that will be discussed later.

The very important concept in the classical theory is the symmetry in the
classical action and the corresponding conserved charge determined by Noether’s

theorem. There are two local gauge symmetries for the Polyakov action :

(1) Reparametrizations (or diffeomorphisms) of the worldsheet coordinates;

do = €(1,0), (2.3)
Sh* = €0.h™ — 0e"h® — D" h, (2.4)
XK = €9,X", (2.5)

(2) Weyl rescaling of the worldsheet metric;

Sh** = w(r,0)h®(r,0). (2.6)



It is worth noting that the Polyakov action is also invariant under a (global)

Poincare transformation of spacetime coordinates;
OX™M = AN XY(T,0) + at. (2.7)

We then determine the energy-momentum tensor, T,,, by varying the Polyakov

action with respect to h®

2 §Sp 1
Tab == _T\/__hm = 8QX”85,XH - ihabh (9CX“8qu, (28)
where we use the relation dh = —h,0h™ = h*®6hgy.

It is the fact that the reparametrization invariance implies the conservation

of the energy-momentum tensor
0Ty, = 0, (2.9)
and the Weyl invariance implies the tracelessness of energy-momentum tensor
15 4 (2.10)
We can show that if the worldsheet metric satisfies its equation of motion
0=Typ =0 X"OX, — %hathdacX“aqu, (2.11)

the Polyakov action becomes the Nambu-Goto action.

According to gauge theory, any two different systems which relate to each
other by gauge symmetries are physically equivalent. There are some difficulties
in counting the quantum states of these systems. Thus, these gauge symmetries

should be eliminated by fixing the appropriate gauge choice in the action.

As we mentioned above, the Polyakov action possesses three local gauge
symmetries (two reparametrizations and one Weyl rescaling), which act on the
worldsheet metric. Therefore, we can gauge away all three components of the
worldsheet metric by using these local gauge symmetries. As a result, we can
choose the worldsheet metric as a (Lorentzian) flat metric, hq, = 14 = diag(—1,1).

This gauge choice is known as a conformal gauge.

After gauge fixing, the Polyakov action then become

Sp[X] = ! / o/ =m0, X" 0 X,

Al
1 g . !/ !
= drdo(—X"X, + X "X ). (2.12)




We can define the conjugate momenta corresponding to Xﬂ and X'* by Pt =

357” = TX* and P = 357’7 = —T X" respectively. In accordance with classical
W W

mechanics, the variables X* and P* must satisfy Poisson brackets (P.B.) evaluated

at equal 7

{X"(1,0), P’ (1,0")}pp. = n*"é(c — o), (2.13)

T

{X*(1,0),X"(1,0")}p. = {P"(1,0),P’(1,0")}pp = 0. (2.14)

It is essential to note that there is still a residual symmetry left in the
Polyakov action although we have already fixed all local gauge symmetries. In
order to see this, we examine the first line in (2.12). It turns out that if there is

the reparametrization which yields Weyl rescaling on the worldsheet flat metric

O S0 g(a e, (2.15)

MNab, (216)

/0 /1
N 77(/11,(0/0:0/1) LN ew(a ,0'h)

then the gauge-fixed Polyakov action is invariant under this transformation.

The transformation mentioned above is known as a conformal transfor-
mation, which preserves the angle between any two vectors. This means that
there exists the conformal symmetry in the gauge-fixed Polyakov action. The cor-

responding quantum field theory is called the conformal field theory (CFT).

The variation of the gauged-fixed Polyakov action with respect to X, reads

0 = 0xSp
1 . " 1
= /dea(—X“—l—X Mo0X, — 5

2ma! o'

/ dr[X'6X, )T, (2.17)
where the portion of a string is‘indicated by o€ [0, 7].
The first term in the RHS of (2.17) provides us the equation of motion
cxt g xtrom, (2.18)

It is obvious that the equation of motion of the classical bosonics string is the

wave equation.

The second term in the RHS of (2.17) corresponds to the surface term and

its vanishing leads to the boundary conditions of the string

[(X'#5X, )7 = 0. (2.19)

There are three possible boundary conditions:
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(1) Periodic boundary condition,
X (1,0 =0) = X*(1,0 =), (2.20)
a string which satisfies this boundary condition is called a closed string.
(2) Neumann boundary condition,
XH*r,0=0)=X"(1,0 =7) =0, (2.21)
a string which satisfies this boundary condition is called an open string.
(3) Dirichlet boundary condition,
XH¥(r,0=0) =a", XM7,0 =) =", (2.22)

where a* and b* are constant vectors, a string which satisfies this boundary con-
dition is an open string attached on a p-dimensional object, namely a D-brane or

Dp-brane (D stands for Dirichlet and p is the integer 0,1,2,...,D — 2).

In this thesis, we give an emphasis on the closed strings and open strings
from the Neumann boundary condition as we neglect the open strings living on
the D-brane.

From (2.18), a classical bosonic string propagates in the spacetime by obey-
ing the wave equation. Therefore, X*(7,0) can be decomposed into the left-
moving sector, X1 (c"), and right-moving sector, X4 (c~), where we introduce the
left-moving and right-moving worldsheet coordinates as 0™ = 7+cand 0~ = 7—0,

respectively. Thus,
XH(r,0) = Xp(t+0)+ X —0). (2.23)
The corresponding partial derivatives with respect to ot and o~ can be defined by

Oy = 3(£+L2)and 0_ =1 (2L <L), respectively. At this point, we can determine

explicitly the general solutions of X#(7,0) of both closed and open strings .
For closed strings, equation of motion (2.18) can be reexpressed in the form

04 XE(r+ 0)= 0 Xi(r = 0)=0; X (t+0+7m) —0-Xh(P—0o—m), (2.24)

This means that 0, X} (7 + ¢) and 0_X4(7 — o) are periodic with the period 7,
and they can be expanded by exponential Fourier series. After some calculation,

X} and X}, can be expressed as

1 : o Ckg —2ni(t+o
XiH(t+0o) = 51”£+\/20/a5(7+0)+u/52;6 2i(r+o) (2.25)

n#0

1 el
Xp(r—0) = Sah+V2aH(r—0)+iy/ T D R (2.26)
n#0
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Note that from (2.20), (2.25) and (2.26) we obtain the relation oy = &. Therefore,

the general solution of a closed string X*(7, ) can be expressed as
/ 1 ) )
XH(r,0) = xf 4+ 2" + 04/ % Z —(aﬁe‘gm(ﬂ“’) + dﬁe_Qm(T_")),(Q.Q?)
n
n#0

where we define zf) = 1 (2} + %) and p* = \/gag = \/g@g as the center-of-mass
coordinate at 7 = 0 and the center-of-mass momentum, respectively . The reality
condition , X**(7,0) = X*(7,0), is required in order that X*(r,0) is real. This
condition yields o, = o/* and &, = a#*. From the general solutions for both
left-moving and right-moving modes, we can see that these modes are obviously

independent to each other.

It is also important to determine the Poisson brackets in terms of a# and

ak. From (2.13),(2.14) and (2.27) the equal-7 Poisson brackets are written as

{aﬁna QZ}P.B. = in6~m,n77wja (228)
{a. an e, = ind_pmun™, (2.29)
{af,, atep = 0. (2.30)

In addition, it is found that z{ and p* also satisfy the Poisson bracket
{zh, 0" ps. = 0" (2.31)
For open strings, from equation of motion (2.18) we obtain
at 0 =0

0, XE(r) = O_ X" (1), (2.32)

at o=
O Xt (r+m) = 0_-Xi(r—m). (2.33)

We can impose the periodicity condition to X*(7,0) by extending the domain of
o from [0, 7] to [—m, 7| and assuming X*(7,0) = X*(7, —0). Combining this with

2.32) and (2.33), we can determine the general solutions of X* and X% as
( ) g L R
I 1 " o iz o 045 —ni(1+0)
Xi(t+0) = éijL 3a0(7'+<7)+z 5276 . (2.34)
n#0
1 o o a )
Xi(r—0) = ot/ Fablr—o)+iy/5 > —re o (2.35)

n#0
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Therefore, the general solution of open strings X*(7,0) can be written as

1 .
XM1,0) = af +2d'p'T +iv20! g —ake ™" cosno, (2.36)
n
n#0

where we define zff = (2} + 2/3) and p* = /550 and the reality condition is
also imposed on X*(7,0). From the general solutions for X} and X%, we can
interpret that these two modes reflect at the ends of open string and then form

the standing wave.

Now, we will consider the equations of constraint for both open and closed
strings. It is the fact that in the gauged-fixed Polyakov action we lose (2.11) as
the equation of motion of the worldsheet because we use the conformal gauge
(huw = nu) to fix all degrees of freedom of the worldsheet metric . Thus, we must
impose (2.11) as an equation of constraint in order that the gauged-fixed polyakov
action is physically equivalent to the Nambu-Goto action. For convenience, we will

express this constraint in terms of o™ and o~. Thus, we introduce the Lorentzian

1

2
consequence, the energy-momentum tensor (2.11) can be rewritten as

o -1
metric of the left- and right-moving coordinates as n = ( 2 ) As a

Tip(oh) = (XF+X") (X, +X,)=0:X10, X1, =0 (2.37)
T _(07) = (X' =X")(X,=X,)=0_Xh0_Xp, =0 (2.38)
T+_ = T_+ = W (239)

Equations (2.37) and (2.38) are called Virasoro constraints. It is obvious
that the periodicity and dependence of 0, X/'0, X, and 0_X30_Xg, are as same
as those of 0. X4 and J-Xk, respectively. Therefore, we can also expand the

Virasoro constraints by exponential Fourier series (at 7 = 0, for convenience).

For closed strings, (2.37) and (2.38) can be expanded as

Tii(o) = 4> Lye ™, (2.40)
nez

T _(0) = 4a'Z[~/n62"w, (2.41)
neZ

with
L ! /ﬂd T, e* (2.42)
n = o e, .
dmal ), A

~ 1 4 .
L, = / doT__e "7 (2.43)
0

4drad
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where 4w/ is given to make L, and f)n dimensionless as well as for convenience.
From (2.42) and (2.43) we define L,, and L, as the Virasoro generators, which
generate the conformal transformations on ot and o™, respectively. This corre-
sponds to the conformal symmetry which is left in the gauge-fixed Polyakov action.

Using (2.25) and (2.26), we can determine the Virasoro generators in terms of o/

and at
1
L, = 5 Oy * Oy, = 0, (2.44)
meZ
~ 1 y B
L 3 Ay * Oy, = 0, (2.45)
meZ

where oy, - ap = ob oy, and @y, - &y = b vy, Then, we can determine straightfor-

wardly the Poisson brackets of the Virasoro generators, known as the Virasoro

algebra
{Lma Ln}P.B. £S5 _Z(m L n)Lerna (246)
{Lois Lu}pp. = —i(m —1)Lnn, (2.47)
{erm zn}P.B. = 0. (248)

According to classical mechanics, the Hamiltonian, H, can be interpreted as

the generator of translation in 7 and can be determined in the form

H = / dU(T++ + T__)
0

= 2(Lo+ Ly) = 0. (2.49)

Similar to the Hamiltonian, the momentum, P, is interpreted as the gener-

ator of translation in ¢ and can be determined in the form

P = /Oﬂ do(Tyy —T-_)
) PLd 940 ¥ a (2.50)

The equation (2.50) is one of the most important constraint , known as level-
matching condition, when the classical theory of closed strings is quantized.
From the definition of p* and H, we also express the mass squared of closed

strings in the form
M? = —p'p,

1
= - Z(an SO 4 Gy Gy (2.51)

ne”Z
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For open strings, expanding (2.37) and (2.38) yields

Tii(o) = oY Lye ™, (2.52)
neL

T _(0) = o) Le™. (2.53)
neL

In analogy with closed strings, L, can be interpreted as the Virasoro generators

of the open strings and can be written in terms of a#
1
L, =3 >t Ay = 0. (2.54)

Obviously, we can obtain the Virasoro algebra of L,, which is in the same form

as (2.46). The Hamiltonian, momentum and mass squared in open strings can be

written as
H = _Ly=0, 2.55)
ey OB (2.56)
and
MR > an-al, (2.57)
20/ nez

Notice that from the Virasoro constraints all generators of translations in
the worldsheet coordinates (the Virasoro generators of translations in ¢ and o~
or the Hamiltonian and momentum of translations in 7 and o, respectively) for the
gauge-fixed Polyakov action must be equal to zero. This means that we implicitly
set all conserved charges (generators) to vanish in order that there is no gauge

transformation linking the physical systems.

It is also essential to determine the generators of the Poincare transforma-
tion . of the spacetime as well as we-do for the conformal transformation of the
worldsheet. Using Noether’s theorem, we can obtain the generator of translation,

P*, and the Lorentz generator, M"”, as
P* = / doP* = pt, (2.58)
0
and

M* = T / do(X' XY — XV X")
0

= [ B 4 BM (2.59)
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for closed strings and

M? = " + B, (2.60)
for open strings ,where
wr o Bov Vo
l = xop” — zgp,
14 /L 1 14 14
E/'L pry _é Z E(Ofinan - O{_naz),
nez
. ) 1., . Yy~
EM = i Z E(oﬂnoffl —a”,ak).
nez

It is obvious that these Lorentz generators satisfy the Lorentz algebra
{M* M} p g = n"P"MH + nloMP — n*" MHP — nPM". (2.61)
It turns out that P# and M* also satisfy the relations

P P}pp = 0, (2.62)
(PP, M} pp = P! —nP", (2.63)

Equations (2.61)-(2.63) are known as the Poincare algebra.

It is the fact that we are now able to quantize the classical string theory in
order to obtain the quantum field theory which is manifestly Lorentz invariant.
The corresponding procedure is called the Lorentz covariance quantization.
This means that the forms of all equations for all variables are unchanged regard-
less of the Lorentz frames in which an observer is. However, we cannot use the
Virasoro constraints as the operator equations since we cannot solve these con-
straints in terms of a/ and a*, explicitly. Therefore, we must impose them on the
Fock space in order to obtain the subspace of physical states. In general, it is quite
difficult to study the quantum string theory by this approach. Therefore, we in-
troduce an alternative method which is less difficult to quantize but compensates
for the manifest Lorentz invariance. This method is known as the light-cone
gauge quantization. In the last part of this subsection, the preliminaries for

this method are provided before quantizing in next subsection.

The purpose of the light-cone gauge method is to use the appropriate extra
gauge fixing to eliminate the conformal symmetry in the gauge-fixed Polyakov
action. Thus, we start this by reparametrizing 7 = 3(c 40~ ) and o = $(c " —0 ")
in such a way that

/ 1 1+ /—
7= S+ o)+ o (- 0)),

/ 1 I+ /—
o = 5(0 (14+0)—0" (1 —0)).
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As a result, 7/ and ¢’ can satisfy the wave equations as well as the spacetime
coordinates X*. However, 7" and o’ relate to each other by the condition of
conformal transformations. This means that we can choose a gauge choice by
setting 7 or ¢’ to be proportional to one of X*. Next, we must choose the

appropriate condition for this gauge choice.

The condition we choose is that a physical string may be a spacelike or
occasionally lightlike object but cannot be a timelike object. In order to achieve

this condition, we examine a relation
T = An, X", (2.64)

where n# is an arbitrary vector and A is a constant. At a fixed 7/, all vectors
X* satisfying this relation are assigned by the same 7’ and so indicate the entire
portion of a string. Furthermore, any vector joining between two of those X* lives
on the hyperplane orthogonal to n* . This means that the entire portion of a string
also lies on that hypersurface. It is the fact that if n* is a lightlike vector, any
vector living on the hyperplane orthogonal to n* can be only a spacelike or lightlike
vector but cannot be a timelike vector. As a consequence, if we choose a lightlike
n*, a string can be a spacelike or lightlike object but not a timelike object as we
—% \/% 0 ... 0)
and introduce the spacetime coordinates corresponding to this choice as the light-

want. In this case, we choose a unit lightlike vector n, = (

cone coordinates. As a result, we define

1
S 2.65
ﬂ( ) (2.65)
1
X~ = —(X"=XxPh, 2.66
= ) (2.66)
and X with i = 1,..., D — 2 as the light-cone timelike, spacelike and transverse

coordinates, respectively. As aresult, the flat spacetime metric, g, = 71,,, changes
from 7, = diag(—1,1,1,...,1) tony_ =n_4 = =1, nyy =n__ = 0 and n;; = J;;.
Thus, the components of any vector V are

1
V2

Vo= E(VO — VP, (2.68)

and V' with i = 1, ..., D —2. The inner product of two vectors V and W is written

% (VO vPhy), (2.67)

as
D—-2
VW o= VW VWY VI (2.69)
=1

= VW, + V- W_+V'W, (2.70)
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where W, = -W~ , W_=-W"and W'=W,; .

Omitting the sign "prime” of the worldsheet coordinate for convenience, we

can reexpress (2.64) in the form

1
T = X,
2a/pt

Xt = 2dpTr. (2.71)

The gauge choice (2.71) is called the light-cone gauge. The associated o is

written in the form

- /Oadg)'ﬁ(r).

20/p™

The gauge-fixed Polyakov action with light-cone gauge fixing can be rewritten as

Sp = —4 //deU(—2X+X_+2X+X_+XZXi—XZXZ‘)
T
= / d2a(—?i+—X— — (XX, - X'"X,)) (2.72)
N s dre/ k o ’

where we define respectively the conjugate momenta corresponding to X~ , X'
and X as
OLp aLp 1

0X. 0X ™
2Ok S,
0X; 2mal
and
. oL 1 1
Pt = _P_ X

i 0X, 2ma’

From (2.72) there is no quadratic term of X~ appearing in the action, so X~
acts like a Lagrange multiplier . This means that only the transverse coordinates
X? can be interpreted as the physical coordinates and possesses the same properties
of X*#iin the Lorentz covariance case such as the boundary conditions for closed

and open strings and equations of motion.
For closed strings, the general solutions of X* can be determined in the form
Xi(r,0) = xh+2dp'T+ i/ « Z l(ai e 2nilrto) 4 & e‘zni(T_”)), (2.73)
2 n#0 no " "

It is worth noting that once the light-cone gauge is fixed, we can solve the Virasoro

constraints to determine the relation between the «o’s. This is one of the most
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important advantages of the light-cone gauge approach. As a consequence, we can

express X (7,0) in the form

/ 1 . .
X~ = x5 +2dp T+ % E —(ay, e72niTH0) 4 g7 2miT=0)) - (2.74)
n
£0

_ 2 _ 2 __
p = aao = JO%)

. 1 :
an p"'\/ﬂ Xm: O[main—nﬂ

where

- 1 -
o —— E al .
n m - in—m
pHV2al S
The result is that we can express a,, in terms of a’ and &’ .

It is the fact that X% P! = and p™ must satisfy the Poisson bracket as well

as those in the covariance case. Thus, their Poisson brackets are written as

{X'(1,0), P(r,0")}pp. = n"(c — o) (2.75)
{7, p"}ps = n " =-1L (2.76)

As a result, the Poisson brackets of a’ and &' are in the similar form

{Oéin, O‘%}P.B. = in(s—m,nnij; (277)
{dim &%}PB — m&,mynn”, (278)
{o7,,a0}ps = 0. (2.79)

We can define the transverse Virasoro generators , L+ and L', in the same

way as L and L |

1 ™ : . /

Ly = —/ doe*™ 90X 10X, = p’ ga;, (2.80)
T Jo 2

7l L[ —2ino v 4o jo

Ln = - doe OXLRGXZR =p Ean, (281)
™ Jo

These transverse Virasoro generators must satisfy the Virasoro algebras as

well,
{L7J;L7 Li;}P.B. = —z’(m - ”)L#LM, (2-82)
(L5, LY = —ilm—n)Li,,, (2.83)

{L: LR pp = 0. (2.84)
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The Hamiltonian, momentum and mass squared are also written as

H = 2Ly +Ly) =) (ahai, + @), (2.85)
P = 2Ly —Ly) =) (cha;_, —dhdi_,), (2.86)

. 1 . .
M2 — 2p+p— _ plpz — a Z(O&;Oziin + 66:16(17”) (287)

n

We now consider the situations of the Lorentz generators. From the light-
cone gauge, we notice that the worldsheet timelike coordinate 7 is fixed to be
proportional to the light-cone timelike coordinates X ™. This means that X can-
not change usually according to the Lorentz transformations, in the other words,
the classical string theory with this gauge choice is not manifestly Lorentz invari-
ant. However, we can investigate whether this theory is really Lorentz invariant
by considering the Lorentz algebra of corresponding generators. If the Lorentz
generators satisfy the Lorentz algebra, this theory still maintains the Lorentz in-
variance. From the definition of the Lorentz generators, we can express the Lorentz

generators in the light-cone gauge case as

Mt = —a5pt, (2.88)
M4 = 94 B9 4 FY (2.89)
MAAY /L RS + F (2.90)

where (9, E', Bl E~"and E~* are in the similar forms as the Lorentz co-
variance case. However, we must modify the term [~* due to the effect of the
reparametrization compensating for maintaining the gauge choice on the Lorentz
transformations of X*. It appears that the term [~* must be in the form

—i Wi L i — — 1
! = %yp _i(xop + pTwg). (2.91)

The term 5 (zfp- +p ) appears in ™! to verify that the Poisson bracket be-
tween M and M~/ must vanish. Therefore, all classical Lorentz generators in
this approach obey the Lorentz algebra and the classical theory maintains the
Lorentz invariance. However, we must check the Lorentz algebra for M~ and

M7 carefully when this theory is quantized.

The situation for open strings is very similar to that of closed strings, so
we will neglect all derivations for open strings. At this point, we have studied all
preliminary concepts for light-cone gauge quantization. Therefore, we are ready

to study the quantum theory of bosonic string in next subsection.
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2.1.2 Quantum Theory of Bosonic String

In this subsection we study the quantum theory of free bosonic strings by using
two basic canonical quantizaions. The first one is the Lorentz covariance formal-
ism, which is manifestly Lorentz invariant but not manifestly ghost-free while the
second one, known as the light-cone gauge formalism, is not manifestly Lorentz
invariant but manifestly ghost-free. As a consequence of anomaly cancellation, we
can obtain the consistency conditions for the quantum theory. Moreover, we can
show the equivalence for both formalisms. Finally, we also discuss some low-level

string states as examples for the representation theory.

We will use a standard shortcut to the understanding of quantum string
theory by means that we consider a variable as an operator and replace Poisson
bracket by commutatoer via substitution { , }pp — —i] , ]. Asaresult, a

nonzero commutation relation between X#(7,0) and P”(1,0’) reads

[X*(1,0), P (1,0")] = in"dé(c — o). (2.92)

We also obtain all commutation relations of o/, and/or &% in the forms

[ah,an] = My ", (2.93)
[ahsan] = moy, -, (2.94)
lofzdal =0 (2.95)

That of xf and p# is also expressed as

[, p"] = in™”. (2.96)

For m >0, the a# and & can be interpreted as the annihilation operators
while o/, = o/l and &@",, = @1 can be interpreted as the creation operators. It
is conventional to use the normalized operators, a? and a”, instead of o and

m?

at . The normalized operators can be expressed in the forms

1

CL/;,L = ﬁaﬁw m > 0, (297)
1

o= m > 0, (2.98)

m \/ﬁ m)

As usual, we can define the ground state of a string with momentum k*,

|0; k), in the Fock space by using the relation

ak |0; k) = a*|0;k) =0, m > 0. (2.99)
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However, it is the fact that we cannot solve the Virasoro constraints to
determine the relation between the a’s in this approach. Thus, the states created
by a", and a”,, are not all independent. This will produce the inconsistent states
in the theory. We can demonstrate this by examining a norm of the state a°, |0)

or a’,,|0)
(0la,a”,,|0) = (0] (a,ap, +mn™)|0) = 1. (2.100)

The states with negative norms are called ”"ghosts” and are not allowed to exist in
any physical theories. According to the quantization of gauge fields, we can solve
this problem by imposing the Virasoro constraints on the Fock space to choose
only the independent states. However, we cannot impose the Virasoro constraints
in the classical form immediately, since all operators in quantum string theory
must be defined by means of the normal ordering, : : . This means that we must
check whether the quantum Virasoro generators are in the same forms of those in
the classical case. As a consequence, we must reconsider the expressions for L
and Ly because they contain the terms of o/ a” or & a” , with m = —n . Thus,

the normal ordered Lg and f)o can be written as

1 1

Ly = 5 : O = O 1= 500~ O + N, (2.101)
~ 1 - . 1. . ~
Ly = p- : O, (= 5040 -+ N, (2.102)
where

NS Z ol o, = Z mal - am, (2.103)

m=1 m=1
No= Y al, - ay = Y mal, - (2.104)

m=1 m=1

are defined as the left-moving and right-moving number operators, respectively.
Thus;, the zeroth-mode Virasoro constraints from classical theory can be written

in the forms

1 00
0 = 5 E Q- Oy, = Lo + nl’j 51 m, (2.105)
1 ) ) B 0o

The constant 7y Y _,m can be determined by means of zeta-function regular-
ization. This means that we can modify the zeroth-mode Virasoro constraints by

adding some constant to the zeroth-mode Virasoro generators. It is reasonable
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to suppose that the zeroth-mode Virasoro constraints in quantum string theory
are not necessary to be exactly the same as those in classical theory. Thus, the

Virasoro constraints can be expressed as

L — abpg = 0, (2.107)

L, —abno = 0, (2.108)
where a is some constant and known as the normal ordering constant.

Furthermore, we must recalculate the Virasoro algebra. As a result, the

modified Virasoro algebra can be written in the forms

D
[Lim , demmil. —SD) L e E(m3 —M)Om,—n, (2.109)
~ p’ 3 D 3

[Lins Lol = (m — n)Lyyn + E(m — M) 0, —p- (2.110)

We call (2.109) and (2.110) the Virasoro algebra with central charge.

It is conventional to introduce the notation for the quantum states of open
and closed strings. In general, the n'" excited state of open string with the center-

of-mass momentum k* is denoted by |n; k) where

Nin k) = nln; k), (2.111)
pn; k) = kfn; k). (2.112)

The situation is quite similar for the closed string but the difference is that the
quantum state of closed string is the tensor product of two copies of open-string

states corresponding to the left- and right-moving sectors.

At this point, we can eliminate the ghost states by imposing the Vira-
soro constraints on the Fock space. This procedure corresponds to the Gupta-
Bleuler formalism for treating the Lorentz gauge in quantum-electrodynamics.
Thus;, the physical states, |¢), can be defined as the quantum states satisfying the

nonnegative-mode Virasoro constraints

(L — abpm0)|¢) = 0, m >0 (2.113)
(Lym — abm)|0) = 0, m > 0. (2.114)

This definition is equivalent to the vanishing of the expectation values of the

energy-momentum tensors

(¢|Tu|0) = 0. (2.115)
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It is worth noting that we can determine the Hamiltonian and the mass squared

from the zeroth-mode Virasoro constraint

H = 2(Ly+ Ly), (2.116)
M? = %(N—FN—Z@), (2.117)
where
N =N, (2.118)
for closed strings and
H = Ly, (2.119)
M? = %(N —a), (2.120)

for open strings.

Equation (2.117) or (2.120) is called the mass-shell condition while (2.118)
is called the level-matching condition. This means that imposing the zeroth-mode
Virasoro constraints for the left- and right-moving sectors in the case of closed
strings is equivalent to imposing the mass-shell condition and the level-matching
condition while imposing the zeroth-mode Virasoro constraint in the case of open

strings is equivalent to imposing only the mass-shell condition.

After imposing the constraints on the Fock space, we obtain the physical
states from which we can decouple the timelike operators o, and aY . We can
see this by considering that the number of operators with timelike component is
equal to the number of constraints. Thus, it is possible to express the timelike-
component operators in terms-of the spacelike-component operators and avoid
the ghosts contributed from these operators. However, we must examine such
conditions for the normal ordering constant a in the Virasoro constraints and
dimension of spacetime D in the Virasoro algebra.  This leads to the consistency

conditions for the quantum string theory.

We start an investigation by considering the mass-shell condition on the
ground state of open string with momentum k#, |0;k). As a result, we obtain
the squared mass m? = —k% = —ia. Then, we consider the first excited state
¢ -a_1]0; k) where (* is a polarization vector. The norm of this state is (* and the
mass square is m?> = —k* = (1 — a). From the first-mode Virasoro constraint,
we obtain ¢ - £ = 0. This means that only (D — 1) independent polarizations are

allowed in this state. For convenience, we assume that the momentum k* lies in
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the (0, 1) direction. Thus, there are certainly (D —2) spacelike polarizations which
all contribute the positive norms regardless of the momentum. Our real task is
to examine the conditions for the last polarization. There are three possible cases

for the last polarization according to a .

(1) If @ > 1, then k* is spacelike and the associated (* is timelike. This

means that the last polarization contributes to the negative-norm state.

(2) If a = 1, then k* is lightlike and the associated ¢* is also lightlike. This

means that the last polarization contributes to the zero-norm state.

(3) If a < 1, then k" is timelike and the associated (* is spacelike. This

means that the last polarization contributes to the positive-norm state.

It is obvious that only the cases (2) and (3) are ghost-free. Thus, we obtain

the consistency condition for the normal ordering constant a
a<1. (2.121)

This condition is also valid in the case of closed string. It is worth noting that
at the boundary (a¢ = 1) we obtain the state with zero norm as the extra state.
This state is certainly not included in the S-matrix because of its zero norm.
The appearance of the zero-norm state mentioned above is essential to find the
consistency conditions in quantum string theory. Similarly, we can obtain the

consistency condition for D as

D < 26. (2.122)

Actually, the only consistency conditions for the interacting string theory
are a = 1 and D = 26. However, it is difficult to achieve those conditions. Thus,
we assume that the consistent quantum theory of bosonic string is that with a = 1
and D = 26. In addition, we can study string theory with D < 26 by choosing an
appropriate a . Such string theory is interpreted as the theory constructed from the
subspace of ground states of D = 26 string theory. It is worth noting that D = 26
is called the critical dimension for bosonic string since the theory with D = 26
contains the extra zero-norm states but no ghost states at all. Accordingly, any

string theory with higher dimensions must contain the ghost states unavoidably.

Now, we study the light-cone gauge quantization. This approach offers the
effective framework for the understandings of quantum string theory and consis-

tency conditions. In analogy with the Lorentz covariance quantization, we consider
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all variable as operators and replace Poisson bracket by commutator via substi-

tution { , }pm — —i[ , ]. Thus, commutators of X* P! x~ and pT are
written as

[X'(r,0), Pi(r,0")] = in’d(c— o), (2.123)

[z7p"] = —i. (2.124)

It is worth noting that in this theory the only independent operators are

,pt, al and &), . Then the commutators of o' and &' are written in the familiar

forms
[ o] = Tl . (2.125)
[a7,,65) = mb_pmnn?, (2.126)
[al, ] = 0. (2.127)

We also define the normalized operators @’ in the same way as a* in the

covariance case. As a result, the ground state of a string with momentum £* and
k', 10; kT, k%), can be defined as

al 10 kT K =a’,

[0; kT, k=0, m > 0. (2.128)

As a consequence of normal ordering, we obtain the zeroth-mode Virasoro

constraints as

0 = Ly —a= %agam + N+ —a, (2.129)
0 = Ly —a= %@g@m £ Nt —q, (2.130)
where
Nt = f: ozi,iami = i majflami, (2.131)
m=1 m=1
Nt = i Al Gy = i Ml i, (2.132)
m=1 m=1

and the normal ordering constant a can be determined by (-function regular-
ization. Like the Lorentz covariance formalism, we obtain the Virasoro algebra

with central charge

2
L Db = (m—n)Lh + == (m* = m)dp e (2133)
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L - D —2
[LL LY = (m—n)Lh,, + T(m3 — ) (2.134)

We can determine the Hamiltonian and the mass squared

H = 2Lt + L), (2.135)
M? = %(Nl + N+ —2a), (2.136)
where
Nt = N*, (2.137)
for closed strings and
H = Lg, (2.138)
Vi E %(NL ey (2.139)

for open strings.

Since only a’, and a’, are independent and appear in the Hamiltonian, we
can use the negative modes of these operators to construct other states after defin-
ing the ground state. This means that the Fock space in the light-cone gauge case
contains only the independent states. Hence this theory is certainly ghost-free.
Nevertheless, the Lorentz invariance is still subtle for this theory. Similar to clas-
sical theory, we can examine whether the quantum string theory in the light-cone
gauge case is still Lorentz invariant by means of the Lorentz algebra. In the classi-
cal case we concern {M_i, M }pp. since M~ is the generator of transformation
on XT. In the quantum case it turns out that the corresponding commutator is
still ambiguous because of the normal ordering. After some calculations, the result

for open string is

M~ M| = > (at,0d, = dan)

X
—
S
[ > -
——
|
J/
|
/‘\
|
S
~
~—

(2.140)

The quantum string theory maintains the Lorentz invariance provided that
M M) = 0 as well as {M*, M 7}pp = 0 in the classical theory. It is
obvious that the above commutator vanishes if and only if D = 26 and a = 1.
The situation is similar for the closed strings. Thus, only quantum string theory
with D = 26 and a = 1 is Lorentz invariant and is chosen as the consistent theory.
We can conclude that in the final result the quantum theory of bosonic string in

the light-cone gauge case is equivalent to that in the Lorentz covariance case.
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Finally, we consider the string states of low-lying levels by using the light-
cone gauge quantization. For open strings, the ground state, |0; kT, k), satisfies
N+[0; k%, k") = 0 and then has the negative squared mass, M? = L(—a) =
—é. Thus, this state represents a scalar field, known as a tachyon. For the first
excited state, N+ takes the first nonzero value, N* = 1 and yields the massless
state, M? = é(l —a) = 0. Since such a state is constructed by acting any
a' | to the ground state, there are D — 2 = 24 first excited states. The general
expression for this state is (;a’ ;]|0; kT, k%), where (* is a polarization vector. From
above expression and other properties, we can interpret that the first excited state
represents the photon which is a massless spin-1 particle. This means that we
obtain the photon states unexpectedly from the quantization of classical theory of
free open string. For higher excited states, N+ > 1 and these states represent the

massive particles.

For closed strings, the ground state |0; &%, k"), @ |0; kT, k') g represents the
tachyon, as well. The difference is that its squared mass, M? = —% is four times
larger than that of open string. For the first excited state, we obtain N* = N+ =
1. This means that the first excited state of closed string is also massless. We
can construct this state by applying a’; and a’ , to the ground state. Since ¢ and
j are chosen independently, the number of these states is (D — 2)%. The general
expression of the first excited state is R;;a’a?|0; k", k') where R% can be considered
as an element of the (D —2) x (D — 2) matrix. We can decompose it into three

parts
Rij&iéjm; k‘+, k‘z> = (SU - Aij i ij)ai&j](); k+, kl>, (2.141)

where S¥ is an element of the symmetric traceless matrix, AY is an element of
the antisymmetric matiix and R = 151, R 48 the average of the trace of RY.
The first term S;ja’a’|0; &, k") has (D = 3)D degrees of freedom and represents
the graviton, G, which is the massless spin-2 particle. For the second term on
the RHS of (2.141), it contains 3 (D= 3)(D — 2) degrees of freedom and represents
the Kalb-Ramond field, B
Maxwell gauge field in theory of electromagnetism. The last term of the RHS of

., which can be interpreted as the generalization of
(2.141) has only one degree of freedom and represents the dilaton field, ¢, which
is interpreted as the field of string coupling. Similar to open string, we can obtain
the unexpected massless particles, such as gravitons, from quantum theory of free

closed string.
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2.2 Supersymmetric String Theory

The existence of tachyon in the spectrum and the lack of fermions indicate that
the bosonic string theory is not an appropriate candidate for a theory of quantum
gravity. In this section, we study a more feasible string theory called superstring
theory. This theory possesses the fermionic fields as well as bosonic fields. An
understanding of superstring theory can be carried out in the same way as the
bosonic string theory. This means that we start with the classical superstring
theory. All preliminaries for the Lorentz covariance and light-cone gauge quanti-
zations are prepared. Then, the quantum superstring theory and its consistency
conditions are developed, explicitly. Finally, we introduce the condition required
for eliminating inappropriate states and study the low-lying states of superstring

spectrum.

2.2.1 Classical Theory of Supersymmetric String

Since the bosonic string theory does not possess any fermions, it is reasonable to
construct a prototype of superstring theory by adding some fermionic term to the
Polyakov action. To do this, we introduce a Majorana spinor, #, as a worldsheet

fermion. This means that we require W* to be a two-component real spinor and

\I;M
PH = i (2.142)
vy

where U, and U/ are defined as the right- and left-moving sectors, respectively.

can be written in the form

It is worth noting that W* is considered as a spinor in the view point of worldsheet
but it is considered as a vector in the view point of spacetime. However, we must

introduce a zwiebein, e, which satisfies
Pab = Nageley (2.143)

in order to incorporate the spinor in a curved worldsheet. Although e has one
more component than h,, for two-dimensional worldsheet, we obtain an additional
local (worldsheet) Lorentz symmetry for the action. This means that we can use
these new bases whereas we do not change the context of general relativity in the

worldsheet. Therefore, we start with the action

So =

/ d*ov/—h(h®0, X "0, X, — iV p"V, V), (2.144)

el



29

o (0 —t 1 [0
p—(i O), p—(i()) (2.145)

are two-dimensional Dirac matrices which satisfy the anti-commutation relation

where

{0 0"} = =20 I5s, (2.146)

and V, = 0, + swS’[pa, psl is the covariant derivative operator for any spinor.
Since the spin connection, w®?, does not contribute to the two-dimensional spinor,
this implies that we can replace V, by 9, in (2.144). The action Sy certainly pos-
sesses a reparametrization invariance and a local (worldsheet) Lorentz symmetry.
In additional, there is a global worldsheet supersymmetry in the action. The

corresponding global worldsheet supersymmetry transformation is

SXH = EUH (2.147)
SUH = —ip"y XFE, (2.148)

where ¢ is a two-component Majorana spinor. In order to achieve the constraints
in superstring theory, it is essential to obtain the action which is invariant under
the local worldsheet supersymmetry transformation. This means that we now
consider ¢ as a function of 7 and ¢. However, it turns out that the action Sy is no
longer invariant under the local worldsheet supersymmetry transformation. We

can see this by varying this action with respect to £(7,0); as a result, we obtain
1 1
650 = —w/d%(—h)wagﬁ, (2.149)
where
a 1 b a
Je = 3PP U0, X,,, (2.150)

is defined as the worldsheet supercurrent. Cancelling this non-vanishing term,
we obtain the locally supersymmetric action, which is known as the Ramond-
Neveu-Schwarz (RNS) action, as

1

Y

S:

/ o/ —h(h™0, X" X, — iV p*0, 0,
1—
+2%,0" 0"V 00 X+ S ULV X0), (2.151)

where the two-component Majorana spinor, x,, is called the gravitino and is in-

troduced in the same way as hgp.
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The RNS action not only possesses the local worldsheet supersymmetry

X = UM (2.152)
SUH = —ip(0, X" — T'\,)E, (2.153)
5Xa - 8a§7 (2154)
§e2 = —2i€p*Xa, (2.155)
but also possesses the local fermionic symmetry
5Xa 7 ipan(770)7 (2156)
0e, =X /S50 U= (), (2.157)
and the extended Weyl symmetry
des = w(r,0)el, (2.158)
1
Ut = —§w(7,0)\11“, (2.159)
1
. — -Z-W(T,U)Xa. (2.160)

At this point we can fix all components of e and y, by using all local symmetries.
We use four local bosonic symmetries corresponding to two reparametrizations, one
Weyl rescaling and one Lorentz transformation to gauge away all four components
of the zwiebein, so we can choose e = 05. Similarly, we use the local worldsheet
supersymmetry and the local fermionic symmetry to fix all four components of
the Majorana spinors x,, so we can set x, = 0. This gauge choice is called the

superconformal gauge. After gauge fixings, the RNS action reduces to

SYE : / Po(0°X"0, X, — iV p*0, V). (2.161)

Y,
Similar to the bosonic string, this gauge-fixed action is still invariant under the
residual symmetry, namely the superconformal symmetry. The variation of
this action leads to the equations of motion and boundary conditions for both
bosonic fields X* and fermionic fields W*. In the case of X*, their equations of
motion and boundary conditions are as same as those in the previous subsection.

In the case of U*, we obtain
o_vh = 0, (2.162)
0.Uh = 0. (2.163)

These equations show that it is reasonable to define U4 and U/, as the left- and

right-moving sectors, respectively. We also obtain the boundary term

[0 p'oW ] |97 = 0. (2.164)
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There are two fermionic boundary conditions. The first one is the periodic or
Ramond (R) boundary condition ¥*(7,0 = 0) = V#(7,0 = 7). The sec-
ond one is the anti-periodic or Neveu-Schwarz (NS) boundary condition
UH(r,0 = 0) = —V#(r,0 = m). In order to obtain the general solutions, we
must express these conditions in terms of W4 and W% for closed and open strings,

separately.

In the case of closed string, we can choose arbitrarily the R~ or NS-boundary
conditions for the left-moving and right-moving sectors since the left- and right-
moving sectors are independent to each other. The boundary condition for W%

and W%, can be expressed in the forms

Uit +0) =25 (T +0+7), (2.165)
and

Vi(r —0) = £V (1 — 0 — ), (2.166)

where the sign + is for R-boundary condition and the sign — is for NS-boundary
condition. In analogy with the bosonic string theory, we can determine the general

solutions by using the exponential Fourier series.

For R-boundary condition, the general solutions of U} and ¥/, can be ex-

pressed as

Vh(r+o) = V2o die 2nrto), (2.167)

nEZL

Vh(r=0) = V2aly die 210, (2.168)

nez
For NS-boundary: condition, we obhtain

Vi(r+o) = V2o Y Bre o), (2.169)
reZ+%
Uha(r—0o) = V2o Z pre=2r(T=0o), (2.170)
T€Z+%
By pairing the left- and right-moving sectors, we obtain four distinct closed-string
sectors denoted by R-R, R-NS, NS-R and NS-NS.

In the case of open string, there are two possible sectors according to the
R~ or NS-boundary conditions. It comes from the fact that the left- and right-
moving sectors for each mode must have the same amplitude and form a standing

wave together.
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The boundary condition then can be written as

Uh(r) = Uh(r), (2.171)
Ui(r+m) = V% (1 —m), (2.172)

where + is for R-boundary condition and — is for NS-boundary condition as well.

Then, we can express the general solutions of ¥/ and ¥/, as

I .
Ui(r+o) = 4/ % Z dte=mrto), (2.173)

neZ

/
Uhir—0) =\ D die ), (2.174)

nEZ
for R-boundary condition and

I .
Ui(r+0) = \/% Z ble Tt (2.175)
TGZ+%

o :
v L5 =7 y > bpemintro), (2.176)
T€Z+%
for NS-boundary condition.
Since assuming that W# is the two-component Majorana spinor is equivalent
to imposing the reality condition to the spinor, we obtain d", = d** | V", = bi* |
d*, = d* and V", = b for positive n and 7. It is also the fact that the spinor

UH must satisfy the anti-commutation relation
{Wh(r, 0), V(1 0)} = 2ma/n6(0 — 0")dap. (2.177)

As a result, the anti-commutation relation for b and Z;ﬁ is

{05} =1 n*érts) (2.178)
{0} = 0", (2.179)
{bbyy =10, (2.180)

The anti-commutation relation for d¥ and J/;g can be expressed in the similar

forms.

We also obtain the constraints in superstring theory. Obviously, the bosonic

constraint is the energy-momentum tensor
0
T++ — 8+X58+XHL - §\Ijlza+\IjuL — O, (2181)

T = 0_X!0_X,p— %xpga&w —0, (2.182)
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which can be determined in the same way as that in the case of bosonic string. In

addition, we also obtain the worldsheet supercurrent as the fermionic constraint
J+ — qj’z8+XML — 0, (2183)
J. = VRO_X,r=0. (2.184)

Equations (2.181)-(2.184) are known as the super-Virasoro constraints.

Then, the super-Virasoro generators can be determined from these con-
straints. Now, we will discuss only the case of open string for conciseness. The

super-Virasoro generators can be expressed as

1 1 n
L = 5) Ot 5 ) (5= m)dn du =0, (2.185)
meZ meZ
1
F, =3 >y =0, (2.186)
meZ

for the R-boundary condition and

1 1 n
Ln = 520 0m Gnent 5 D (5 =7)b buy =0, (2.187)
mez TEZ-’—%
1
GT = 5 Z bm D p—m = 0, (2188)
meZ

for NS-boundary condition. Obviously, these super-Virasoro generators altogether

form the algebra, namely the super-Virasoro algebra.

For R-sector; the super-Virasoro algebra for left-moving generators is

{Lm,Ln}p.B. = —i(m—n)Lm+m (2189)
1

{Lm,Fn}p.B. = —i(im—n)Fern, (2190)

(B FRy V2 C2L ). (2.191)

Then, the Hamiltonian and mass squared for the R-sector can be written as

H = ) (an-a_p—nd,-d_) =0, (2.192)
nez
1
2
M o nez(an c_py —ndy, - d_y). (2.193)

For the NS-sector, we can obtain these quantities by replacing d,, with b,..

It is the fact that the RNS action still maintains the global Poincare sym-

metry of spacetime as well as the Polyakov action does. Therefore, it is important
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to determine the Poincare generators for this action. In the case of closed string,

we obtain the momentum, P*, and the Lorentz generator, J*”, as

Pt = pt (2.194)
I = [ B (2.195)

where the terms [*¥ and E* are in the similar forms as those in bosonic string

but K" is
7
K" = —= at, v —d. d-
2 T;Z( —n-rn —-n TL)’
for R-boundary condition and
v e Z 12 v 4
R = _5 Z (b-rbr —b—rbg)7
r:Z—‘r%

for NS-boundary condition. These Poincare generators certainly obey the Poincare

algebra.

Next, we briefly mention the light-cone gauge formalism in classical super-
string theory. In order to fix the light-cone gauge in the action, we must introduce
the fermionic light-cone coordinates W, W~ and ¥’ as well as the bosonic light-

cone coordinates X, X, and X*. From the superconformal invariance, we can
fix X*, and U" into the forms

Xt = 2dp'r, (2.196)
vt o= 0. (2.197)

The choices (2.196) and (2.197) are called the light-cone gauge for superstring

theory. Then, the action can be written in the form

1 , —i
Sp = /d7d0(4a/p+37X_ + 0 X0, X; =iV p?0,X;). (2.198)

Y ed

It is obvious that only X? and ¥ are considered as the physical variables and their

equations of motion are

0"0, X" = 0, (2.199)
L0, = 0, (2.200)

respectively. Fixing the light-cone gauge in the action, we can solve the super-
Virasoro constraints. As a consequence, we can determine all light-cone spacelike
modes (the minus modes) in terms of transverse modes. We can obtain all ex-

pressions for super-Virasoro generators, the squared mass, and other quantities by
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using the transverse oscillators instead. For the Poincare symmetry, it turns out
that we can easily obtain the Lorentz generators J¥ and J*~ by adding the fer-
minic modes, K% and K~ to the Lorentz generator in the bosonic case. It is also
obvious that all Poincare generators obey the Poincare algebra in any dimension

of spacetime.

2.2.2 Quantum Theory of Supersymmetric String

In this subsection we will use only the light-cone gauge quantization to study
the quantum superstring theory. In analogy with bosonic string, we start by
considering all variables as operators and replacing the Poisson bracket { }pp.
with —i[ |. Then, we introduce the annihilation and creation operators as the
positive- and negative-mode oscillators, respectively. The normalized positive-
mode bosonic oscillators and fermionic oscillators are used to define the ground

state. For brevity, we consider only the case of open string.

All commutation relations and expressions for the bosonic transverse oscil-
lators are as same as those in the previous subsection. For fermionic transverse
oscillators, we can express all operators and commutation relations in the similar
forms of those in the previous subsection via the normal ordering. The difference
is that we must replace the general oscillators by transverse oscillators. Therefore,

we can obtain the mass-squared operators as

M? = é(Nl — ag), (2.201)
where
NL = i ] g A=A ), (2.202)
m=1
for R sector and
M2 = %(Nl —ays), (2.203)
where
Nt = i Mal’ pm; + i b1, 4, (2.204)
m=1 r=1

for NS sector.

Next, we determine the consistency conditions for superstring theory. As

we have mentioned in the previous section, demanding the Lorentz invariance, we
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obtain the consistency condition for string theory in light-cone gauge approach.
Similar to the bosonic string theory, we concern whether the generator J~* obeys
the Lorentz algebra. If the commutator [J~*, J7/] vanishes, then Lorentz algebra
still maintains in this theory. So this theory is Lorentz invariant. After some
calculation, we can determine this commutator in the case of NS sector as

oo

1

37,377 = pr mz_:l@/_ ol —al al)
D—10. 1,D—2
— —(=—= -2 . 2.2
x (el — —(— ans)) (2.205)

Therefore, the consistency condition for NS sector is

1
anNs — 5, (2206)
D\\="10. (2.207)

With the same method, we obtain ap = 0 and D = 10 as the consistency condition
for R sector. This means that the critical dimension for superstring is ten no

matter which boundary condtion we consider.

Analogous to bosonic string, the ground state of a superstring with momen-

tum kT and k%, |0; kT, k%) can be defined by using the condition

al |0; kT kY = dij0 kT kY =0, m,n >0, (2.208)
for R-boundary condition and

al 107 kT K = 04]0; kT, KY) = 0, m,r >0, (2.209)

for NS-boundary condition. Obviously, the Fock space in this approach is mani-
festly ghost-free. It is worth noting that the ground state of R sector is degener-

ated. In order to see this, we examine the anti-commutation relation of df)
{dy, &} =0 o (2.210)

This also implies that dj commutes with N+ and M?2. It turns out that if |0) is
applied by a combination of d, then this new state also obeys the condition of
the ground state as well as the state |0). In the case that both oscillators in the

algebra are of zero mode, we obtain
[l dyy = ™. (2.211)

This is similar to the Dirac algebra {I', TV} = —2n% where I' are defined as

the D — 2 -dimensional Dirac matrices. This means that these degenerate ground
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states of R sector are the irreducible representation of the Clifford algebra. In other
words, we can express these degenerate ground states as the spinor representation
of SO(D — 2). Therefore, the ground state of R sector can be written as

4

n,) = [ (el)m=[0) i =0,1 (2.212)
a=1
where
eq = d3* 1 +id2® a=1,....,4 |, (2.213)

and we denote |0; kT, k") by |0). For convenience, we introduce n = (>_ n,)mod2.
So n = 0 is for even number of creation operators that we apply to |0) and n =1
is for odd number. Choosing whether each ereation operator €], is or is not applied
on |0)7, we can obtain 2* = 16 degenerate ground states in R sector. Therefore,
the R sector of superstring is called the fermionic sector; on the other hand, the

NS sector is called the boesonic sector.

Next, we study the condition which must be imposed on superstring spec-
trum in order to eliminate an inappropriate ground state. We consider the string
spectrum of closed string as an example. It is obvious that the ground state of R
sector is the massless state whereas that of NS sector is the state with negative
mass squared or tachyon. It is the fact that the tachyonic ground state implies the
instability of the theory. We can solve this problem by discarding the tachyonic
ground state, all states that have the same chirality as the tachyonic ground state
in NS sector and all states with the certain chirality in R sector. Practically, this
truncation can be performed by projecting onto states with definite chirality for
left- and right-moving modes in both NS and R sectors, independently. The cor-
responding projection is:called the GSO projection that was proposed by Gliozzi,
Scherk and Olive in 1976.

In the case of R sector, the projection operator, P, on theleft-moving sector

can be written as

1 -1 F+1
polEnEUm (2.214)
2
where the number operator, F', is defined as
F =Y diidm, (2.215)
m=1

and 7 is either +1 or —1 independently for left- and right-moving sectors. For
right-moving sector, we obtain the similar expressions for projection and number

operators by replacing dt with d’ .



38

In the case of NS sector, the projection operator, P can be expressed in the

form
1 -1 F+1
po LT (2.216)
2
where
F=> b, (2.217)
1
=3z

Obviously, the tachyonic ground state, which corresponds to F© = 0 in NS sec-
tor, is certainly eliminated by this projection. It is worth noting that after this
projection, the bosonic (NS) ground state and the fermionic (R) ground state of
left-moving sector are both massless. Besides, they also have the same number of
degrees of freedom. We can see this by considering that sixteen ground states of R
sector can be separated into eight states with n = 0 and eight states with n = 1.
From GSO projection, we keep only former (or latter) eight states if we set n =1
(or —1). Thus, the number of selected ground state is as same as b° ,|0);, of NS
sector. The situation is similar for the states in right-moving sector. Tﬁe matching
of degrees of freedom is an important evidence for the spacetime supersymmetry.
Therefore, we can infer that the two-dimensional (worldsheet) superstring theory
with GSO projection is equivalent to the ten-dimensional (spacetime) superstring
theory. We then end up this section by examining the lowest states of open and

closed strings.

In the case of open string, we obtain eight massless bosonic states b’ ,|0),
which represent the photons for NS sector. For R sector, we can choose eigther
eight massless ground states with n = 0 or those with n = 1 since we finally
obtain the other eight states in the string spectrum. This is also a result of the
GSO projection. We can easily see this by assuming that the eight ground states
with n = 0 are chosen. We can construct first-excited states by applying one of d* ,
and one ‘of other ef’s to the selected ground states in order to preserve the number
of fermionic oscillators. Equivalently, we obtain the states constructed from the
ground states with n = 1 in this level. For this sector, we can interpret that
these eight massless fermionic states represent the superpartners of photons from
NS sector. This open superstring and an unoriented closed superstring, which is
invariant under a parity of worldsheet spatial coordinate (¢ — m — o), together

form the type I superstring theory.

In the case of (oriented) closed string, the ground states of NS-NS sector

can be written as b’ , b’ ,]0); ® |0)x. Similar to bosonic string theory, we obtain
2 2
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the massless fields which represent the graviton G, the Kalb-Ramond field B,
and the dilaton ¢. Number of these bosonic states is 64. The ground states of
NS-R and R-NS sectors can be written as b’ ,|0), ® |n.)g and b, [ng), & |0) g,
respectively. From these sectors, we can obtai2n (8 x 8) + (8 x 8) _ 128 massless
fermionic states. If we choose the different values of 7 for left- and right-moving
sectors, the fermions in both sector have the opposite chirality. This theory is
called type ITA superstring theory. On the other hand, we choose the same
value of 7 , this theory is called type IIB superstring theory and contains the
fermions with the same chirality in both sectors. For R-R sector, there are 64
massless bosonic ground states, |n,); @ [ng)r. In the type-IIA theory, we obtain
the Maxwell field, A*, and the antisymmetric tensor, A", with three indices. In
the type-I1IB theory, we obtain the scalar field, A, the Kalb-Ramond field, A*",

and the totally antisymmetric tensor, A??*” with four indices for this sector.

2.3 Heterotic String Theory

Although the superstring theory that we have studied in the previous section
possesses both bosonic and fermionic fields, it does not contain any non-Abelian
gauge fields which are required to describe the strong interaction. In this section
we study one of superstring theories which include non-Abelian gauge symmetries
[6]. This theory comes from the fact that the left- and right-moving modes of closed
strings are independent. This implies that we can choose one of these modes to
possess the worldsheet supersymmetry and the other mode to possess non-Abelian
gauge symmetries. A theory consisting of such closed strings is called a heterotic
string theory. Similar to'the previous section, we begin a study of heterotic string
theory with a classical theory. Then, we use a shortcut to take the understanding
of a quantum theory. After that, we end up this theory with an analysis of string

spectrum.

2.3.1 Classical Theory of Heterotic String

In this context, we choose the right mover to possess the worldsheet supersym-
metry and the left mover to possess the non-Abelian gauge symmetries. This
means that we obtain the bosonic fields X% and fermionic fields W% with pu =
0,1,...,D —1 for right-moving. For left-moving mode, we still obtain the bosonic
fields X4 but replace ¥ by Majorana fermions, A} with A = 1,....,n. The n
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fermions A{ are Lorentz singlets which possess internal degrees of freedom. In
order to achieve the dynamics of heterotic string as soon as possible, we start our

study with the gauge-fixed action which can be written in the form

S = —

yo— / o (0" X"0u X, — 2000, g, — 20 Y MO_AY).  (2.218)
s

A=1
For right-moving sector, all results of X/ and W/, are as same as those in Section
2.2. For left-moving sector, X}’ still have the same formulae as those in Section 2.1
and A4 can satisfy the boundary conditions like U} do. The difference is that there
is no supersymmetry between X/ and A7, In fact, we can proceed the work on A4
in order to obtain the non-Abelian gauge fields. However, it is quite difficult for
this approach to demonstrate the non-Abelian gauge symmetries. Therefore, we
choose another framework to study the heterotic string theory. In this framework
we replace the fermionic fields A7 by bosonic fields, X{ with I = 1,...,d. Since
two Majorana fermions have the same number of degrees of freedom as one boson,
we obtain the relation d = 7. In this approach we can consider a heterotic string
as a closed string consisting of the right mover from superstring and the left mover

from bosonic string.

It is the fact that the bosonic fields X7 can carry non-Abelian gauge degrees
of freedom if they are compactified into a d-dimensional torus with correct radii.
Now we briefly mention the toroidal compactification. In this context we generalize
our case by assuming that there are still the corresponding right-moving modes,
X1 and then eliminate these modes for heterotic string later. First, we introduce
a lattice, I', with basis vectors (vielbeins) el; i = 1,...,d. If a d-dimensional space
is compactified into a d-dimensional torus, the spatial coordinate =/ must satisfy

the equivalent relation
d
ol ~alon STRWn'el  in e Z, (2.219)
i=1

where- R() are. compactification-radii and n’-are. called winding numbers. This
means that we compactify the d-dimensional space by winding it along each di-
rection ¢ with n’ numbers of round as a circle with radius R®. It is conventional

to choose the vielbeins such that they are orthonormal
grieie; = ;. (2.220)

As a consequence, the coordinates of closed string X! (7, o) must satisfy the bound-

ary condition
d
X (r,0+7) =X (r,0) + 27 Z ROntel = X1(7,0) + 2na’w’.  (2.221)

=1
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Here, we define the string winding mode, w’, as

i i

i ~ (2.222)

=1

Then, the mode expansions of X7 and X} can be expressed as

1
Xl(r+0) = §xL+apLT+o i — Z i e~ 2nilrte) - (2.223)

1
Xh(r—0) = ExR—i-oszT—a i/ = Z ne=ilr=o) = (2.224)

where p} = /Zaf , pp = /2. From the boundary condition we can obtain

the relation between pt and pl, as
— pe = 2w, (2.225)
Therefore, the general solution of X'(7,¢) can be written in the form
X(r,0) = ot £2dp'1t +2dw'c
o 1 ) )
+ Z % Z E(Q{Le—2m(7+0) + &’fle—QnZ(T—o’))’ (2226)
n#0
where
£ L g I
AV, é(xL + zR), (2.227)
J:
p' = 5L+ pR) (2.228)

We then eliminate the right-moving mode X% by imposing a (second-class) con-

straint
(0r — 0,)X! = 0. (2.229)

In order to obtain the context of heterotic string.~Because of the second-class con-
straint, we must use the Dirac bracket, { *, '}*, instead of the Poisson bracket.
In this case, the equal-7 Dirac bracket of X!(7,0) and P/(7,0’) can be written in

the form
1
(X! P/} = §5”5((; — o). (2.230)

After we imposed the constraint, the center-of-mass coordinates and all oscillators

of right-moving mode vanish

rh =0, al=0 ;neZ.
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As a result, the #7 must satisfy the condition

1
rh = ézpé + 2ma’w’, (2.231)

N | —

and the Dirac bracket of z1 and p! can be written in the form
{21, prs}" = 265 (2.232)

At this point we can combine X} and X! as bosonic coordinates X¢ where a =
0,1,...,D+d—1. Therefore, we can treat X¢ in the same way as the left-moving
mode in Section 2.1. The difference is that the squared mass is defined from the
momentum of non-compactified dimensions only. Now we turn to the quantum

theory of heterotic string.

2.3.2 Quantum Theory of Heterotic String

Similar to the previous section, we make a shortcut to the understanding of quan-
tum heterotic string theory by considering all variables as operators and replacing
the Poisson bracket and Dirac bracket with commutator —i[ , |. For concise-

ness, we study only the Lorentz covariance formalism in this subsection.

In the case of right-moving mode, we can refer all results from those of
superstring in Section 2.2.  This means that the critical dimension of heterotic
string theory is ten (D = 10). From the zeroth bosonic mode of super-Virasoro
constraint the right-moving mass-squared operator, M7, and number operator N

can be expressed as

ML = % V, (2.233)
N< in(ag-anﬂﬁl-dﬂ), (2.234)
n=1
for R sector and
My = %(N—%% (2.235)
N = inayaﬁirér-l}r, (2.236)
n=1 =1

for NS sector. It is worth noting that we also use GSO projection on the Fock
space of right-moving sector to eliminate the tachyonic ground state and obtain

spacetime supersymmetry.
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In the case of left-moving mode, we can obtain the same results as those in
Section 2.1. Since the bosonic string theory is ghost-free and Lorentz invariant if
the number of dimension is twenty-six (D + d = 26), the number of compactified

dimension is sixteen (d = 16). Then, we consider commutator of x4 and p;
[z}, prs] = 2id7. (2.237)

From this commutator we can infer that $p} is a generator of translation in z7 .

Therefore, the wave function of 2 is proportional to

DO | =

d
exp(i > =pritp) (2.238)
I=1

and is single-valued under the condition (2.238). As a consequence, the p! can be

written in the form
4
4 7 Zl ﬁg—)e? m; € Z, (2.239)

where m; are called momentum numbers and e}’ are basis vectors of a dual lattice,

I | and satisfy

Z el (2.240)

It is essential to note that in order to avoid the gauge and gravitational anomalies,
string theory must possess the modular invariance, which is a reparametrization
invariance on a one-loop string scattering amplitude. As a consequence, the lattice

I' must be an even self-dual lattice, which satisfies
0401 (2.241)

and contains the vectors whose squared length is-even number.

From the zeroth-mode Virasoro constraints the left-moving mass-squared

operator, M?, and number operator N can be expressed as

(N —1), (2.242)

) d
N = Z n(al - a, + Z allal). (2.243)
=1
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Combining the results from both left- and right-moving modes, we can obtain the

mass-shell condition and the level matching condition as

d
1 2 1
2 _ 2 2\ _ 12
M* = E(le—FluR)—a(N—l—N—l)—l—ﬁ E (p1)°, (2.244)

d
_ YA 1\2
0 = N—N+Z§]m)—L (2.245)

for R sector and

d
2 el 1
M? = —(N+N-S—y+= )2 2.24
o’ d 1
— \7 I\2
0= N-N+2> @)~ (2.247)

for NS sector. It is obvious that the level-matching condition does not allow the
(bosonic) string states in the left-moving sector to possess the negative mass-
squared. In the other words, there are no tachyons in the heterotic string theory
as well as in any superstring theory. We can see that it is more convenient if
the ordering constant (ar = 0 or ayg = 1/2) is included in the right-moving
number operator N for each sector in order that the mass-squared operator and
the level-matching condition for both sectors take the same forms (2.244) and

(2.245), respectively.

Now we turn to a study of ground states of heterotic string. We will see
the emergence of non-Abelian gauge groups in this theory. Before we consider the
string states, it is important to note that pt is the internal degree of freedom of
string state since it is the momentum of the compactified dimensions. Therefore,
we introduce [0;pl); @ [0)r for NS sector or{0; pl); @ |n,)r for R sector as a
ground state which has the momentum p% in the compactified dimensions. In
this context, we use the Light-cone gauge formalism to consider string states for

convenience.

We start by considering the ground states which have no momentum in
compactified dimensions (p! = 0). For NS sector the massless bosonic states
which are in the form a* ;5" ,]0;0),®|0) g can be decomposed into ten-dimensional
graviton, Kalb-Ramond ﬁel(Qi, and dilaton. Their superpartners are from R sector
and are expressed in the form a*,|0;0); ® |n,)z. We can see that heterotic string
theory also possesses the string states which are similar to those in the previous
section. Next, we will consider additional massless states of heterotic string which

are constructed from oscillators in compactified dimensions and contribute an



45

Abelian gauge group. We will consider only the bosonic states from NS sector for
conciseness. These additional bosonic states can be expressed as a’ ;0" ,[0;0); ®
|0)r. According to Kaluza-Klein theory, these states provide an AbeliQan gauge
group U'(1). Next, we will see that this gauge group can be enhanced to a

non-Abelian gauge group for the particular lattice I' and radii R; .

The momentum p! of ground state must have some specific value in order
to obtain extra massless gauge fields. From the mass-shell condition the ground
state can be massless if

16 ;

Z(\/gpif 2. (2.248)

I=1
These extra massless states can be written in the form b* , |0; pt), ®]0) . Due to
the modular invariance, there are only two choices for theQeven self-dual lattice I
and only one choice for the radii R® which can satisfy the condition (2.248) in

the 16-dimensional space. For the compactification radii, the choice must be
RD =o' . i=1,...,16. (2.249)

For a lattice I, the first choice is I'j, which contains the root lattice of SO(32) as
a sublattice. With this lattice the U'%(1) gauge group is enlarged to the SO(32)
gauge group. The second choice is I's x I's, which leads to the Eg x Eg gauge group.
Therefore, there are two types for heterotic string theory, SO(32) or Eg x FEj,

depending on a non-Abelian gauge group that the theory possesses.

2.4 Low-Energy Effective String Theory

Until now, we have studied only the dynamics of free strings with no background
fields. Therefore, we devote the last section to a brief discussion about the dy-
namics of strings with the presence of the background fields at low energy, which

is lower than the energy scale of string o/ ~2. In this context only massless bosonic
fields of closed string G, (X)), Buw(X), and ¢(X ) are considered as a background

) v
since the massless fields are relevant at such a limit and we are interested in theo-
ries of closed strings; such as a bosonic string, a type-II superstring, and a heterotic

string.

We start out by modifying the string action (2.2) with all massless back-
ground fields of closed string

! / oV —h(h"0, X 0 X" G (X)) + €0, X"0,X" B, (X)

S =—
Y

+ oRP¢(X)), (2.250)
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where € is an antisymmtric tensor and R® is a Ricci scalar in the two-dimensional
worldsheet. Similar to the free theory of bosonic string, the action (2.251) possesses
both reparametrization invariance and Weyl invariance. In the conformal gauge,

this action reduces to

S=-

/ Bo(0, X" X Gy + €0, X 0, X" B, — o’ RP ). (2.251)

Yt

Obviously, the action (2.251) is conformally invariant. This is a non-trivial quan-
tum field theory, which is known as a non-linear sigma model. We can consider
the scattering amplitude as an expansion in powers of o/. Since the low-energy
limit is heuristically equivalent to an approximation o’ — 0, in such a limit we
consider the expansion in the lowest order of o/. In quantum field theory the UV
divergence causes the infiniteness of the scattering amplitude; therefore, the scale
invariance is required for renormalization. The existence of nonzero [ functions
implies the breakdown of scale invariance. In string theory it turns out that the
conformal invariance of the action (2.251) ensures the vanishing of all lowest-order

[ functions,

1

ij ~ o (R — ZlH;jfwa,,, +2V,V,8) =0, (2.252)

VBp ~ o (VHE =2(V,0)H]),) =0, (2.253)
1

% = o4V, V'~ R—4V, V' + —H, H"") =0, (2.254)

12

where V, and R, are the D-dimensional covariant derivative and Ricci tensor,

respectively and
H =48, (2.255)

is the field strength of Kalb-Ramond field.

Equivalently, we can study the dynamics of these background fields in the
view point of spacetime by introducing the D-dimensional string action that yields
equations (2.252)-(2.254) as equations of motion. This action is called the low-
energy effective action, S.;s, and is expressed as

1

1
Seff = B / dPxV/—Ge (R + 4V 0V ¢ — EHWpH“””), (2.256)

where kp relates to the D-dimensional gravitational coupling constant, Gp, by

k% = 87Gp. It is conventional to define the string coupling, g5, as

gs = €%, (2.257)
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We will see in the next chapter that under some assumptions we can use this

action to study the dynamics of string gas in the early universe .

In summary, we begin this chapter with bosonic string theory. From anomaly
cancellation, the quantum theory of bosonic string is consistent only in 26 dimen-
sions. Adding the fermion terms to the bosonic string action, we obtain the con-
sistent superstring theory in 10 dimensions. Combining the left-moving mode of
closed string from bosonic string and the other mode from superstring, we obtain
the heterotic string theory, which contains non-Abelian gauge fields. In the pres-
ence of background fields the conformal invariance implies that the background

fields must satisfy the field equations of string theory themselves.



CHAPTER 111

ASPECTS OF STRING GAS COSMOLOGY

The main purpose of this chapter is to study the aspects of string gas cosmol-
ogy, which is a combination of the basic concepts of standard cosmology and the
fundamentals of string theory. In the first part of this chapter we review the stan-
dard model of cosmology. The dynamics of the universe is discussed briefly. Then
we point out some crucial problems in this model. Thereafter, we introduce one of
the most successful cosmological models, namely the inflationary model. We will
study the mechanism of the inflation and demonstrate the ways this model solves
the problems. The final part of this chapter is devoted to the understandings of
string gas cosmology. We give emphasis on the mechanism of hot gases of closed
strings in the early universe. It will be shown that the new symmetry and new
degrees of freedom emerging from this model play the crucial role in solving one of
the most important problems in standard cosmology and explaining the evolution
of the early universe. The further development and the striking problems in this

model are also discussed.

3.1 Standard Model of Cosmology

For almost a century the standard model of cosmology has been developed and has
been used to study the evolution of the universe. The perspective concept of this
model is that the universe consists of enormous numbers of celestial objects which
interact with each other under the effect of gravity. In the other words, the stan-
dard model of cosmology can be considered as an application of general relativity
(GR). The dimension of spacetime in this model is set to be four corresponding to
the number of dimensions we can observe. Therefore, we begin this section with
the classical action of gravitation, namely the Einstein-Hilbert action, Sgg, in the

4-dimensional spacetime

I S Tt . I
SEH = e d'x g(R 2A), (31)
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where R, G and A are respectively the Ricci scalar, the gravitational constant and
the cosmological constant, which contributes to the vacuum energy. Due to the
presence of matters, we add the action, Sj;, which provides the energy-momentum

tensor
1 Sy
V—gdg™’

to the Einstein-Hilbert action. Varying the total action, S = Sgy + Sy, with

T, = (3.2)

respect to g"”, we obtain the Einstein’s field equation with the presence of the

cosmological constant and the matters
1
- §R9;w + Agw=8aGT,, . (3.3)

It is essential to consider the conservation of energy-momentum, which can be

expressed in the form
VL 4%\ (3.4)

It is very difficult to solve the Einstein’s field equation and the equation of conser-
vation in general case. However, under some suitable assumptions we can simplify

these equations and use them to study the evolution of universe.

3.1.1 Cosmological Principle and Robertson-Walker Uni-

verse

It is believed that the universe viewed on the sufficiently large scale looks very
similar in every directions and at every points. This assumption is known as the
cosmological principle, which states that the universe is isotropic and homo-
geneous [8, 9].. The isotropy means that there is no preferred directions in the
universe and implies the rotational symmetry. On the other hand, the homo-
geneity means that there is no preferred place in the universe and implies the
translational symmetry. The standard choice of the metric corresponding to this
principle is the Friedmann-Robertson-Walker (FRW) metric

2

2 2 r
ds® = —dt* + (JL(t)(1 -

+ 72(d6? + sin*0d¢?)), (3.5)

where k can be +1,0, —1 for the closed, flat or open universe respectively and a(t)
is known as the scale factor. Alternatively, we can express this metric in another

form

dr?

1—Ekr?

ds* = a(n)(—dn* + +12(d6® + sin*0d°¢)), (3.6)
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where n(t) = | ! %j) is the conformal time. It is very useful to define the Hubble

parameter, H(t), as
H = @. (3.7)
a(t)
Before we study the dynamics of the universe, it is essential to consider some
properties of matter in the universe. It is believed that the early universe is
occupied by the hot gases of matter. This means that the matter in the universe

can be considered as the perfect fluid with the energy-momentum tensor

T,u,u . (p+p)UuUu+pguua (38)

where p and p are the energy density and the pressure in the rest frame of fluid
respectively and U* is the normalized fluid four-velocity. For simplicity, we use
U, =(1,0,0,0) and then obtain

—p

We can see that the pressures in all spatial dimensions are assumed to be equal
due to the cosmological principle. Since the matter is assumed to be the perfect

fluid, it is essential to introduce the equation of state for perfect fluid as

P = wp. (3.10)

From this equation we can consider the matter in the cases of the radiation (w = %)
and the pressureless dust (w = 0). At this stage, we are ready to solve the

Einstein’s field equation and study the dynamics of the universe.

3.1.2 Evolution of The Universe

Inserting the expressions for the energy-momentum tensor (3.9) and the FRW
metric (3.5) into the Einstein’s field equation (3.3), we find that the non-zero
components of this equation are the 00-component, which is called the Fried-
mann’s equation and is expressed as

8tG Ak 81G 8tG k

H? = — - =— — Py — — 3.11
3P T3 T e 3T 3T e (3-11)
where p, = ﬁ is the vacuum energy density contributed by the cosmological
constant, and the 7j- components, which can be written as

a 1 E A
—+ H? = —47Gp — — + —. 3.12
R TGP 5 T (3.12)
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Combining these two equations, we obtain the acceleration equation

a 4G A
-—= - 3 —. 3.13
a4 (3.13)

In the case that the cosmological constant is absent (A = 0), we can define the

critical energy density, p., from the Friedmann’s equation as

3H?
Pe=8nC

(3.14)

It is obvious that the universe is flat (k = 0) if the energy density of all particles
in the universe is equal to the critical density. It is also useful to define the density

parameter, €2, as

4 _ S, (3.15)

Q
A (NI

From the observable data on Cosmic Microwave Background Radiation (CMBR),

it is shown that the total density parameter at the present time, )y, is
Qo = 1.02 £ 0.02. (3.16)

This means that our present universe is very flat. Obviously, it is not the unex-
pected result because it agrees with our intuition that we are living in the flat

space.

The equation of the energy-momentum conservation (3.4) is also simplified

into the form
p+3H(p+p)=0. (3.17)
Using the equation of state, we can obtain the solution of the energy density
pla) oc a0t (3.18)

Inserting the expression of p-into the Friedmann’s equation with the assumptions

k =0 and A =0, the solution of scale factor a(t) can be determined as
alt) o« 30w (3.19)

From the above equation it is obvious that the scale factor increases continuously

1
3

ing this solution back into equation (3.17), we can obtain the energy density as a

with time for the radiation (w = %) and the pressureless dust (w = 0). Substitut-

function of time

p(t) oc t72. (3.20)
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From equation (3.17) we can see that the energy density of radiation falls down
as a~% while the energy density of matter (pressureless dust) falls down as a=3.
This means that in the past there might be some period for which the universe
was dominated by the radiation and then the universe came into the era for which
the matter became dominant instead of the radiation. The former epoch is called
the radiation-dominated period and the latter epoch is called the matter-
dominated period. We can see that it is reasonable for both radiation- and
matter-dominated periods to assume £ = 0 and A = 0 in Friedmann’s equation
(3.11), because the term 8mp/3 becomes more relevant than the other two in the
RHS during such periods. However, from the observations of Supernovae Type

[a (SNe Ia) and CMBR, we can estimate the density parameters of matter and

cosmological constant at present as

It means that at the moment the universe is dominated by the cosmological con-
stant instead of matter (and also radiation). As a consequence, we can determine

the vacuum energy density p, from the cosmological constant in the Planck unit

P

4
Py

~ QTP (3.22)

where Mp = \/Ls?mp is the reduced Planck mass, and mp = % is the Planck

mass.

Next, we briefly study thermodynamics of the early universe and indicate
some remarkable results before we undergo some difficulties emerging in this

model.

3.1.3 Thermodynamics of The Early Universe

It is reasonable to consider the expansion of the universe as an adiabatic process
since there is no heat transfer within the homogeneous universe. In the early uni-
verse the entropy density, s, the energy density and the pressure of particles which
are in thermal equilibrium (their reaction rates are higher than the expansion rate

of the universe) can be expressed in terms of temperature, T', as

272

s = EN*TE (3.23)
7T2 4

p = %N*T, (3.24)
71_2

p = —N,T% (3.25)

90
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where N, is the number of total degrees of freedom from bosons and fermions.
Since the expansion of the universe is adiabatic, the entropy, S, which can be

written as
S = sa®, (3.26)

must be constant. From equations (3.23) and (3.26) we obtain the important

relation between the scale factor and the temperature
aT = constant. (3.27)
As a consequence, the temperature can be expressed in terms of time ¢ as
T ot (3.28)
for the radiation-dominated period and
Toct s (3.29)

for the matter-dominated period.

We end up the review of standard cosmology at this point. In the next

subsection we will discuss some crucial difficulties in this model.

3.1.4 Problems in Standard Model of Cosmology

It is the fact that the standard model of cosmology provides the basic under-
standings of the universe and agrees with some observable data. However, there
are still some crucial problems in this model. In this subsection we mention only

three major problems.

The first problem is the initial singularity problem. This problem occurs
when we study the dynamics of the universe at the origin or the Big Bang. This
means that we take the limit ¢ — 0 for all expressions of physical quantities. It
is worth noting that we assume the radiation-dominated period as the first era
in the history of the universe. As a result, from equation (3.17) the scale factor
approaches zero, a(t) — 0. In other words, the universe was shrunk to a point at
the time of Big Bang. At this stage we can see from equations (3.20) and (3.28)
that the energy density and the temperature became infinite, p(t), T(t) —
oo. This result is unacceptable; therefore, we require the way to solve this fatal
problem or a new model which can avoid it. In the last section we will see that

string gas cosmology can overcome this difficulty gracefully.
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From the CMBR data, it turns out that the background temperature of the
universe at the present is extremely homogeneous no matter how far the distance
is. This is so weird because it implies that the contact between two causally dis-
connected regions that even light signal cannot reach can occur. This inexplicable

result is known as the horizon problem.

The last problem is called the flatness problem. This difficulty also
emerges from the observation on CMBR. As we mentioned in §3.1.2, the CMBR
data leads to the expected result that the universe at present is very flat. How-
ever, it is quite surprising when we determine the density parameter in the early

universe. The result shows that the early universe is extremely flat
|Q — 1| ~ 1.66 x 107, (3.30)

This number is unusually very small; therefore, the remarkable fine tuning on the

density parameter in the early universe is essentially required.

In the next section we present a critical review on the inflationary model
and its remarkable success in solving the horizon and flatness problems from the

standard cosmology.

3.2 Inflationary Model

The inflation is a very rapid expansion of the universe which makes the scale factor
grow larger with an incredible rate. The model of this cosmological scenario was
first proposed by Guth [31] and is known as the inflationary model. This model not
only solves both horizon and flatness problems mentioned in the previous section,
but also provides the solution to the unwanted relics problem that we will discuss
later. It is essential to note that there are, in fact, many inflationary models;
however, in this thesis we mainly study the model of the slow-roll inflation and

then discuss other models of inflation briefly.

3.2.1 Slow-roll Inflation model

In this model we can describe the inflation by using a scalar field called an inflaton,
¢. It appears that the inflaton must roll very slowly at the beginning of the
inflation and also rolls slowly along the nearly flat effective potential, V' (¢), long
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enough to yield the sufficient inflation. We start our study with the action of

inflaton

Sus = [ doy=g(0°00,0 - V(o). (331)
We can obtain the equation of motion

0 = V,0"+V'(¢)
= ¢+3Hp+V'(9), (3.32)

where V'(¢) is the derivative of V(¢) with respect to ¢. Since ¢ rolls slowly, we

¢

can estimate |Ep| < 1 and we then obtain the expressions for ¢ and ¢ as

_Vi(¢)

¢ = 3 (3.33)
/1 AVERNKN
ol = e (3.34)

It is the fact that the energy density of inflaton contributes to the vacuum
energy p, as well as the cosmological constant does. The energy-momentum tensor

of inflaton can be expressed as

T /= po= 5@ £V(8), (3.35)
Ty = iy = (0P V(9))5 (3.30)

It is reasonable to assume that in the inflation period the vacuum energy is
142
2

dominated by the potential V(¢); in other words, we assume that v <L As a
result, the Friedmann’s equation (3.17) becomes
81Gp, 8rGV (o) 8nV ()
HF E ~ = ) 3.37
3 3 3m?2 (3:37)
We then obtain the slow-roll conditions
my [V (9)]
P~ 1 3.38
2dr Vi) © (3:38)
my V'(¢)
—L 2 1. 3.39
B Vg (3.39)

It is useful to introduce the e-fold number, N,, which is the measurement of

expansion rate of the inflation, as

alty), (Y
)= /t H(b)dt, (3.40)

7

Ne

In(
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where ¢; and ¢; are the time at the beginning and at the end of inflation, respec-
tively. From Friedmann’s equation and the fact that the inflaton rolls very slowly
at the beginning of the inflation, we can express the e-fold number in terms of the
inflaton field as

8wV (¢)

e —————— > 1. 3.41
2 V() (3.41)

After the inflation ends, the inflatons must undergo a damped oscillation about the
absolute minimum of potential and decay into radiation and massive particles in
order that the radiation- and matter-dominated periods can occur. This scenario is
known as the reheating process. We can study the reheating process by modifying

equation (3.32) with a damping term T'4¢
0 = ¢+ BH+T)d+V'(9), (3.42)

where I'y is the decay rate of inflatons. In general, we assume that the decay rate
of inflatons is very rapid (I'y, < H) and the inflatons decay into only fermions.

As a result, equation (3.33) can be expressed in terms of the average of vacuum

energy, (pu),
<pv> + 3H(p,) = 0. (3.43)

However, if the inflatons decay into a large number of pairs of bosons before the re-
heating process takes place, the rapid decay can occur by means of the parametric
resonance. This process is known as the preheating. As a consequence of the rapid
decay, all regions throughout the universe can be rapidly equilibrated and have
the same temperature known as the reheating temperature, Try. Thereafter, the
universe undergoes the radiation- and matter-dominated eras respectively as well
as the standard model. Up to this point, we can see obviously that the model of
slow-roll inflation can solve the horizon problem because it offers the explanations
for both tremendous expansion of the universe and isotropic background temper-
ature. We also see that this model can solve the flatness problem by considering
the equation (3.37) and equation (3.43). It turns out that the e-fold number must
be at least sixty-four (N, > 64) in order to satisfy expression (3.41). This is
certainly possible for slow-roll inflation. As we mentioned above, this model can
solve the unwanted relics problem. The inflation can dilute many particles which
are produced during the phase transition period before the time of inflation, such
as magnetic monopoles, and make them have so extremely low densities that we
hardly observe them nowadays. Moreover, it appears that we can also explain the

formation of celestial structures, such as clusters and galaxies, in the context of
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inflationary model by considering the quantum fluctuation of the inflaton fields, qAﬁ,
which yields the density perturbation, %. The spectrum of these density pertur-
bations calculated by this model is in an excellent agreement with the recent data
on the fluctuations of CMBR [32, 33]. However, we will neglect the details of the
density perturbations for brevity. We can see in this subsection that the model of
slow-roll inflation is very successful in describing the evolution of the universe and
solving horizon and flatness problems in the standard model of cosmology. In the

next subsection we will study other interesting models of inflation.

3.2.2 Other Inflationary Models

It is the fact that there are many models of inflation which can provide graceful
explanations for the evolution of the universe, besides the model of slow-roll infla-
tion. For conciseness, we briefly discuss only two more models in this subsection.

One is the chaotic inflation model and the other is the hybrid inflation model.

In the slow-roll inflation model, we might require some fine tuning for the
initial condition in order that the inflaton can start out in the flat region of the
potential. We can avoid the fine tuning by assuming that the early universe starts

in the time interval less than the Planck time, At < ¢, where we define the

-1
p

inflatons ¢ should start with different values about the absolute minimum of the

Plank time as ¢, = m,~. From the uncertainty principle, we can expect that the
potential in different regions of the universe at the beginning of the inflation. As a
consequence, various parts of the universe undergo various amounts of expansion
during the inflation. The chaotic inflation model is named after this remarkable

result.

For the hybrid model, there are two scalar fields, ¢ and v, involving in the
inflation. As the field ¢ plays the important role in the slow roll; the other field v
is the main character in the vacuum density. When the field ¢ rolls down below
the critical value, ¢, the field v is also unstable and rolls down from one vacuum

with positive energy to the vacuum with zero energy.

In this section we can see that the inflationary model is very successful in
both explaining the evolution of the universe and solving two major problems
from the standard cosmology. However, a significant difficulty for this model is
that there are still no physical concepts governing the mechanism of the inflation.
In the next section we study one of the most promising cosmological model, namely

string gas cosmology.
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3.3 String Gas Cosmology

Since string theory emerged as one of the most impressive candidates for quantum
gravity, this theory must explain any physical scenario which takes place at the
Planck scale (at energy scale ~ 101 GeV) and can be verified by the experiments
held at energy scale with the same order. Unfortunately, even the Large Hadron
Collider (LHC) experiment, which will be in operation at CERN in November
2007, can provide the scenario of particle physics at energy scale approximately 10
GeV that is still very far from the Planck scale. However, there is still some hope
to achieve this verification by applying string theory into the context of cosmology,
especially in the early universe whose size is comparable to that of Planck scale.
In other words, the cosmologists always encounter some unavoidable failure when
they study any process taking place at very small scale that the quantum effect
become relevant. This failure motivates the modification of standard cosmology
with a theory of quantum gravity. String gas cosmology (SGC) pioneered by
Brandenberger and Vafa [16] is an attempt in combining the ideas of standard
cosmology with the essentials of string theory. The remarkable success of this
model is that it can resolve the initial singularity problem which takes place at the
beginning of the universe. Moreover, it also provides the reasonable explanation
for the dimensionality of spacetime while the number of spacetime dimensions is

set to four by hand in the standard cosmology .

3.3.1 Assumptions in String Gas Cosmology

In standard cosmology we assume the cosmological principle prior to the study of
the evolution of the universe in-order to reflect-the remarkable properties of the
universe and simplify the equations of motion. Similarly, in string gas cosmology
three conditions are initially assumed before undergoing the evolution of the string

gas universe. In this subsection we will state and discuss each assumption in detail.

The first assumption is that the string coupling is so weak that we do not
take into account the back reaction of strings on the background. This simplifies
thermodynamics of early universe in the case that we can ignore the effect of

gravity on string gases.

The second assumption is that all nine spatial dimensions of the early uni-
verse were initially compactified in a shape of torus, 7%, with the size of Planck
scale. We will see that from this view point we can provide the reasonable expla-

nation for both expansion of the universe and the dimensionality of spacetime.
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The third assumption is that the evolution of the universe is adiabatic. We
will see in the next subsection that this assumption is acceptable for all types
of superstring except the heterotic string at a certain compactification radius.
Combining this assumption with the other assumptions, we can solve the initial

singularity problem.

3.3.2 Toroidal Compactification and T-duality in SGC

It is essential to introduce a new symmetry and a new degree of freedom of string
theory emerging from compactification of spatial dimensions. First, we will dis-
cuss a basic concept of compatification and indicate some important results from
this mechanism. Eventually there are many kinds of compactifications, such as
toroidal, K3 , and orbifold; however, in this thesis we give emphasis on the sim-
plest but quite plausible model, namely a toroidal compactification [25]. In this
model we assume that the D-dimensional spacetime is separated into the (d,, 4+ 1)-
dimensional non-compact spacetime M'*T9 and the d-dimensional toroidal com-
pact space T¢. Throughout the thesis, the components in D-dimensional spacetime
are labelled by the indices p,v,=0,1,..., D — 1, the components of non-compact
spacetime are labelled by the indices a, 8 = 0,1,...,d,, and the spatial compo-
nents of non-compact spactime are labelled by a,b = 1,...,d, (do not confuse
to the indices a,b in the string frame). For the compact space, the indices of
coordinates in an ordinary frame are denoted by I, J = 1, ..., d and the indices of

coordinates in an orthonormal frame are denoted by 7,5 =1,...,d.

As we mentioned in §2.3.2; the coordinate of toroidal compact space satisfies

an equivalent relation

d
x1~x1+27rZR(i)nieiI, i=1,...,d n'eZ, (3.44)

i=1
where R, n', and el are the compactfication radius, the integer that is called
the winding number, and the lattice basis (vielbein) of the i** direction of a torus,
respectively. Next, we provide the basic concept of toroidal compactificaton in the
context of string theory. For simplicity, in this subsection we choose the vielbein as
el = 6! and use the second assumption (d,, = 0,d = D —1). As a result, the mass

squared formula for type II superstring (and heterotic string) can be respectively
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expressed as

M? = Z(p1)2+2(w1)2+3(1v+]\7—a),

Oé/
I=1 I=1
d d Ip(I)
mr n'R 2 ~
_ Z(W)MZ( ~ )2+J(N+N—a) (3.45)
I=1 I=1

nIRU)

Oé,

where p; = %, my, and w! = are the momentum mode, the integer that is
called the momentum number, and the winding mode of I*" compactified spatial
dimension, respectively and the normal ordering constant a takes value 2 (1) for
type II superstring (heterotic string). From the formula above, there are three
types of degrees of freedom in the string spectrum, i.e., the oscillatory modes (N
and N), the momentum mode (p;), and the winding modes (w!). We can see that
the winding mode is a new degree of freedom arising from the compactification.
It is obvious that the oscillatory modes, which can govern the types of particles
according to the values of the number operators, do not depend on how large
the radius is; therefore, these modes are quite irrelevant in this scenario. The
momentum modes p7, which take a responsibility for strings moving in the I
compact direction, vary as 1/R). On the other hand, the winding modes w’,
which represent strings wrapping around a torus in I** direction with n! round(s),
are proportional to RY). This means that the larger the radius, the lighter the
momentum modes but the heavier the winding modes, and vice versa. We will

see in the next subsection that these outstanding properties of momentum modes

and winding modes play crucial roles in the expansion of the early universe.

Next, we will discuss a new symmetry which is believed to be one of many
essential symmeties for both perturbative and non-perturbative string theories; it
is T-duality (T denotes for Target space). Literally; from T-duality it appears that
physics in small scale compared to the string scale (or Planck scale) is as same as
physics in large scale with the interchange of definitions between the momentum
modes and winding modes, and vice versa. Mathematically, the expressions of all
physical quantities, such as the string mass spectrum, the scattering amplitude,

must be invariant under the duality transformations

RO Va!

or
(1) ()
ln(R ) — —ln(R ), nl——my. (3.47)

B
By
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We can see for example that the expressions of string mass spectrum for type II
superstring or heterotic string (3.45) is invariant under the transformations above .

I = y/o/, the duality transformations map a

It is very important to note that at R
target space into itself; as a consequence, this compactification radius (RY) = Vo )
is called the self-dual radius. In the next subsection we will see that these new
degrees of freedom and symmetry in string theory together play important roles
in the evolution of the early universe and in solving the initial singularity problem

emerging from the standard cosmology.

3.3.3 String Thermodynamics of The Early Universe

It is the fact that the main purpose of the first assumption is to simplify a study
of thermodynamics in theory of gravity. From this assumption we can ignore
the gravitational effect contributed by the non-zero expectation value for energy
density due to the strings on the background. In other words, from the first
assumption we choose the string background to be classical background instead
of the quantum background in this model for simplicity. In this subsection we
will discuss thermodynamics of the early universe by using the microcanonical
ensemble. It will be shown that this ensemble is appropriate and reasonable for
explaining the mechanism of string gas in the early universe in the time that a
quantum description for this scenario is still under development. We will also see
the way in which this approach solves the initial singularity problem and offers

the explanation for dimensionality of spacetime.

We begin this subsection by demonstrating that the microcanonical ensemble
is more suitable than canonical ensemble for describing thermodynamics of strings
in the early universe.. We can see this by investigating the number of partitions
at the asymptotic limit (large number of oscillation' N '—= o0) in the canonical
ensemble. For simplicity we consider the case that there are only bosonic strings
in the uncompactified spacetime with critical dimension; as a result, the number
of partitions, p(E), can be determined by the Hardy-Ramanujan method and can

be expressed as

1 27 27
p(E) = Eo/_TE_7 exp(47T\/aE). (3.48)

Then we can determine the entropy and temperature of bosonic strings as

27

/ 27 1 =T
S(E) = klnp(E):k:(47r\/aE—?ln(E)+ln(Ea ), (3.49)

1 9S(E) - 27k
TE - 9B = drkvVo! Tk (3.50)
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It is very important to note that while the energy of string increases as much as
possible, it turns out that the temperature tends to be constant and we define
such a temperature as the Hagedorn temperature, Ty,
0S (E)| = 1
E— = —F.
) - Ak o

In other words, as we increase the energy of string, the temperature of string

Ty = (

(3.51)

increases corresponding to an increase of energy in such a way that the temperature
approaches to the Hagedorn temperature 7Ty, the maximum allowed temperature
in context of string theory. However, it turns out that the partition function,
Z(V,T)str, which can be written as

gl 25 lo T
_ —BE; g - —4mvol Eo(LH —1)
Zur = 3 PR TV GTHINE () TR, 52)

where V' is a volume of transverse dimensions, Zy and Ey are partition function
and the energy under which are suitable for the Hardy-Ramanujan approximation,
diverges at T' = Ty. This does not mean that physics is invalid at the Hagedorn
temperature. We can see that all physical quantities, i.e. the energy density and
specific heat, are still finite at this temperature. The situation changes drastically
when we turn to thermodynamics of strings in compactified spacetime. It turns
out that if number of uncompactified dimensions is less than or equal to three, the
energy density diverges at the Hagedorn temperature. This comes from the fact
that the aspect of winding modes, which are new degrees of freedom in the context
of string compactification, is not appropriate in the infinite volume. The larger
the finite volume of universe is, the more energy the winding mode acquires but
not infinite. This implies that the universe should start with the finite volume.
Moreover, we see that we cannot trust the canonical ensemble when the tempera-
ture reaches the Hagedorn temperature because of large energy fluctuation. The

situation is very similar for the superstring thermodynamics.

This implies that it is more appropriate to use the microcanonical ensemble,
which is more fundamental than the canonical approach, to study string thermo-
dynamics of compactified spacetime in the vicinity of the Hagedorn temperature.
However, it appears that if some of spatial dimensions are uncompactified, the
specific heat then becomes negative and leads to the unacceptable description for
strings thermodynamics. The situation is quite different when all spatial dimen-
sions are all compactified. In this approach the number of partition for both type

IT superstring and heterotic string at high energy limit and the entropy can be
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expressed as

dp(E) = %gHE)dE, (3.53)
S = BHE — % + Ca, (354)

where By = kTy, ¢ and ¢y are some constants. It turns out that the specific heat
determined by this approach is positive. This means that the microcanonical en-

semble is appropriate for describing string thermodynamics in compact spacetime.

Now we undergo a study of string thermodynamics in the early universe from
the view point of SGC. We will see that this model offers the qualitative way to
solve the initial singularity problem. From the previous subsection we introduce
T-duality in string theory. As a consequence of this duality, the temperature
must be symmetric around the self-dual radius (RY) = /o/). We will explain
this scenario qualitatively. For large RY), it turns out that 7" decreases as 1/R(!)
similar to the standard cosmology since the winding mode becomes irrelevant.
As the radius approaches the self-dual radius (R — \/J), the temperature
does not increase in the same way as in the standard model but it tends to the
limiting temperature, Hagedorn temperature Ty. The curve in the vicinity of the
Hagedorn temperature is so flat that this region can be called a plateau. It turns
out that the temperature of the plateau is Thatcau = T — 5z, Where ¢ is a constant.
Moreover, it is found that the width of the plateau, ARz(ﬁtmu,
to the entropy S as ARY sb

plateau 7y

TH: e — S E— — T —
P I 2
e = """

L |
oS - =

R FA- A SN SR | N

is also proportional

L

Figure 3.1: The temperature of Plateau approaches to the Hagedorn temperature.
The higher entropy, the larger the plateau. The temperature is symmetric around
the self-dual radius, In R =0 (¢/ = 1). From [16].
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Thereafter, when RY) becomes much smaller than the self-dual radius, it is
very striking that the temperature again decreases as 1/R). This occurs because
the winding modes which stay dominantly in thermal equilibrium become lighter
and lighter. As a result, the adiabaticity dictates the temperature to decrease as

well as the winding modes. This scenario is illustrated in the Figure 3.1.

Before we continue our study, it is worth noting that the figure above is
normally valid for type II superstring theories but it requires little modification
for heterotic string theory. We can see from [16] that at the self-dual radius the
heterotic strings acquire the enhanced gauge symmetry in the same way as they
possess the non-Abelian gauges for which we discussed in §2.3. In this case we as-
sume that all nine spatial dimensions are compagctified as a nine-dimensional torus;
therefore, the enhanced symmetry for the heterotic strings is SU(2)?. As a con-
sequence, at the self-dual radius (RD = \/a/), there exist in the string spectrum
the extra massless states contributed by the compactified heterotic strings which

1 T
|

have |p| = |w| = & (‘or equivalently |[m;| = |n

Oé/

= 1 for only one index I and
my = n’ = 0 for other indices J) and these massless states carry so little energy
and temperature. Therefore, the adiabacity implies that the temperature must
decrease to zero at this point and this feature is quite unacceptable. A reasonable
solution to this subtlety is that we will relax the assumption for adiabaticity and
we instead assume that the energy and the temperature of heterotic strings are
constant when the radius R passes the self-dual radius. This modification makes
the curves for heterotic strings are similar to those for type II superstrings. How-
ever, it also yields the differences in the number of degenerate states and in the

Hagedorn temperature between the heterotic strings and type II superstrings.

Next, we will investigate the interpretation of the scenario we mentioned
above. It is‘the fact that in the compact space the momentum modes and the
winding modes can interchange to each other when we cross from large R to
small R or vice versa due to T-duality. We can see that when R\) is larger than
the self-dual radius (R > /&), we use the momentum mode:(p; = +0h) which
are light in this region to create the light particle in order to define the position.
On the other hand, when R become smaller than the string scale (R < v/a/),

. . - 1R(D)
the momentum modes become heavier while the winding modes (w! = 2 f, )

become lighter. Therefore, it is easier to create light by using the winding modes
instead of the momentum modes in this region. However, we can interpret the

winding modes in this scenario as the momentum modes

~ 1 p(l)
. m;  n'R
pr=w — _R(I) =g (3.55)
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As a result, we realize that we measure the position by using photon with the
momentum number 7m; = n! and thus we are living in the universe with the
radius R0 = RO‘T;) which also appears larger than the self-dual radius. In other
words, all observers who use some certain way to measure the position realize that
the self-dual radius (v/a') is the smallest effective length that they can observe
and they cannot distinguish whether they are living in the universe with radius R
or in the universe with radius R = %. This means that we can never encounter
the state for which the universe become a point (RY) = 0). As a result, we can
conclude that SGC provides a satisfactory exit for the initial singularity problem

because of the existence of T-duality and winding modes.

Next, we will explore the way that SGC can explain why we live in four-
dimensional spacetime. In other words, we will show that the universe with nine
compact spatial dimensions and one time direction (R! x T?) from the starting
point evolves in such a way that one time direction combines with three spatial
dimensions which grow much larger than the Planck scale but the other six di-
mensions are still fixed at Planck scale (M* x T%). We start by considering one of
the most important properties of winding modes. It is the fact that the winding
modes contribute to the negative pressure; as a result, these modes prevent the
universe from expansion. On the other hand, the momentum modes contribute
to the positive pressure and allow the universe to expand. We can see this ob-
viously by examining the mass spectrum of superstring or heterotic string. The
larger the universe expands (the larger the radius is), the more energy the wind-
ing modes require. Therefore, the expansion can occur if and only if the number
of winding modes decreases. This means that the universe continues expanding
as long as the winding modes stay in thermal equilibrium and thus annihilate to
their anti-particles, namely anti-winding modes. In this context we give emphasis
on the number of spacetime dimensions in which the winding modes can main-
tain thermal equilibrium. Up to this point it is clear that the winding modes do
not maintain thermal equilibrium certainly if all nine compact dimensions expand
at the early universe. Next, we investigate the condition for which the winding
modes can stay in thermal equilibrium as the universe expands. It is the fact
that two strings with equal winding number but opposite signs (winding mode
and anti-winding mode) can interact to each other if their worldsheets come to
intersect. Since a worldsheet of one string has two dimensions, this means that
the largest number of expanding spacetime in which two worldsheet can intersect
certainly is 2+2 = 4. As a result, the most possible way for which the winding and

anti-winding modes can interact to each other is that the winding modes in three
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spatial compact directions must be annihilated and only three spatial dimensions
are expanding along the expansion of the universe. This is a reasonable expla-
nation from SGC for the dimensionality of spacetime. However, for this scenario
there is still a major problem which concerns how we know that the size of other
six dimensions are really fixed at the Planck length in later time in order to avoid
from the observation at the present time. This difficulty is known as the moduli
stabilization problem for the late-time universe. We will discuss the numerical
analysis on this problem which was done by Watson and Brandenberger [18] in
§3.3.5.

3.3.4 Evolution of The Late-time Universe

In this subsection we study of the evolution of the late-time universe without the
flux (B, = 0) [17, 18]. Since the energy of strings in the late-time universe is very
small compared to that in the early universe, it is reasonable to use the low-energy

effective action (2.256) in ten-dimensional spacetime (D = 10) without flux

1

80:—2—]%‘

dPao/~Ge (R + 4V V" 9). (3.56)

It is important to note that it is difficult to consider T-duality in this form. How-
ever, we will see in the next chapter that we can express this action in the particular

form which makes T-duality more transparent.

Because of the presence of string gas, we introduce the string action for

matter, Sy, as
Sy = / dPzv/—Gp, (3.57)

where p is the total energy density of string gas. Varying the total action, S =
So + Sy, with respect to the inverse metric G*; and the dilaton ¢, respectively,

we obtain the equations of motion

R + 2V, V,¢ = kHe*T,,, (3.58)
R —4V,¢V'¢ + 4V, V' = 0. (3.59)

From the second assumption (d,, = 0,d = 9), we introduce the metric ansatz
as

3 6
ds’ = —dt* +a’(t) Y _da’ +0°(t) > dy”?, (3.60)
I=1

J=1
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where a(t) = % =M (b(t) = % = ¢®) and dz’! (dy’) are the scale factor
and the dual basis of non-compact (compact) space, respectively. We separate the
scale factors into two parts in order that we will use the first part a(t) to represent
the scale factor of three expanding spatial dimensions and the second part b(t)
to represent that of the six extra dimensions. As a consequence of the second
assumption, not only the scale factor become a function of time, but also do the

dilaton ¢ = ¢(t) and the string coupling g, = **®).

Since we assume that the string gas behaves like the perfect fluid, it can be

simplified into the familiar form

—p
L= PA , (3.61)
DPv
where
Etotal

= — 3.62
p V ) ( )

1 aE'total
= 3.63
Px Vv a)\ ) ( )

1 aEtotal
ol , 3.64
P . (3.64)

Here, we define Fiuq, pa and p, as the total energy contributed by all numbers
of string from all modes, the pressure densities in non-compact and compact di-
rections, respectively. Substituting the metric ansatz into (3.58) and (3.59), we

obtain the equations of motion

—3X = 3\2 — 60 — 61 + 20 = K2,e%p, (3.65)

A4 372+ 6A0 — 2)p = K2,e*p,, (3.66)

602 43N0 < 200 = k2 e*p,, (3.67)

3\ + 6A% + 60 + 2107 + 18\ + 2¢° — 26 — 6Ad — 1206 = 0. (3.68)

It is interesting to examine these equations in the case that the dilaton is
constant and the extra dimensions are ignored (v = 0). As a result, we obtain the
equations analogous to (3.11) and (3.13)

H?= )= 5P (3.69)
. e
A 7= -0+ 3py), (3.70)

with a constraint equation

RW =X+2)\2 =0, (3.71)
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where R™ is the Ricci tensor in four-dimensional spacetime and the gravitational

coupling is restored by using the relation k%, = 87Gy = mgzo) = M}%I(m). It is

important to note that there are very slight differences between the expressions
above and those in standard cosmology that are the extra term A% in (3.70) and
the ten-dimensional gravitational coupling Gig instead of the four-dimensional
coupling G. However, we can obtain the relation p — 3p = 0 which implies that
the application of general relativity in cosmology can be considered as the string
low-energy effective theory and then the evolution of the early universe starts in
the radiation-dominated period. For the constraint equation (3.71), it is obvious

that this equation verifies the conformal invariance in the context of string theory

(T[j =0).

Since all nine spatial dimensions are compactified, the string mass squared is
equal to the energy squared. Then we can express respectively the energy squared

of type II superstring or the heterotic strings from equation (3.45) as

W L PE RS (EDR Y (B, (372
T T
where
9 \
J e —— \/Q(NjLN —a), (3.73)
and
(1
(I) — — mI — 1 R -1
Ep DI RO — \/ij(\/&_,) ) (374)
Ip(I I
EWD = e—T R()). (3.75)

= n
o Ve a
In the expression above F,;. is the energy contributed by the oscillatory mode while
Ez(zl) and E " are contributed by the momentum mode, and the winding mode for
the I'™* spatial direction, respectively. It is obvious that the energy contributed by
JLiSoN
Vo
ignore the energy from this mode when we consider the evolution of the universe.

the oscillatory mode does not depend on the scale factor therefore, we can
Thereafter, we define N1y as the total number of winding strings which have
the winding number |n!| in the I** direction. In other words, N(jn1)) is the sum of
the winding and anti-winding strings which wrap a torus along the I** direction
with |[n!| number of round (+ for winding mode and — for anti-winding modes).
In the similar way we define the total number of strings with momentum modes

as M(jm,)). Consequently, we can express the total energy, Fiy,, contributed by
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momentum and winding modes in all directions as

Bt = Y M| EY |+ZZNW| |ED (3.76)

T jmy] In|

R( > RW
— Ly ND ), 3.77
_2 (M =) (377

where MY = 37 My, plmy| and N = 37 1 Ngpln'|. Tt is important
to note that we can assume that the three spatial dimensions are isotropic and
so do the other six dimensions. As a consequence, we can set M = MG
and NO = NG . T = 1,2 3 for three spatial dimensions with the scale factor
a(t). Similarly, we choose M) = M© and N&) = N© . J =1, ...,6 for the
other six spatial dimensions with the scale factor b(t). If the total volume can be
expressed as V' = va®(1)b°(t) = ve* % where v is the comoving spatial volume
with dimension [L]P~!, the energy density p and the pressure py and p, can be

calculated by using equations (3.62)-(3.64) and can be written as

14 £
p = ?e***@“(?)M(%—A+3N<3>e*+6M<6>e—V+6N<6>e”), (3.78)
vV«
1 —3\—6v (S (3) A
py = ——e (MiVe = INSet), (3.79)
vva!
1
p = ——=e NV FO = —NO) ), (3.80)

o/

As a result, the equations of motion (3.65)-(3.68) become

2p—3\—6v

—3\— 60 L3N T W= —————
— e

(BMPe + 3NBe
+6M e 1 6NOer) (3.81)
2¢—3A—6v
(MW — NO®N) (3.82)
oo ’ '
2¢—3A—6v

vvao!
4~ BA— 120 ~ 49 +4P(3A 4 617) = (3A+ 60)? = 3\2 —602=0.  (3.84)

A+ 302 + 6A0 — 20 =

U+ 6024 B — 20 = (M©e - NOevy, (3.83)

Here, we set kip = 1 and work in the unit of the reduced Planck mass. It is
very important to note that the equations of motion (3.81) - (3.84) are obviously

invariant under T-duality transformation
At) — =A(t), v(t) — —v(t), é(t) — d(t) —3\(t) — 6v(t), M) — NU (3.85)

These equations are too complicated to be solved in the form of general solutions;
however, we can investigate how the scale factors a(t), b(t) and the string coupling

gs evolve with time numerically. In the next subsection we will use the results
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from §3.3.3 and §3.3.4 to solve the moduli stabilization problem for the late-time
universe in a quantitative way. We also determine the conditions for which the
scale factor a(t) of three dimensions grows large continuously as the scale factor
b(t) are still stabilized at the self-dual radius.

3.3.5 Moduli Stabilization Problem

As we mentioned in §3.3.3, it is essential for SGC to demonstrate that six extra
dimensions must be stabilized at the self-dual radius during the expansion of the
late-time universe in order that we cannot detect these dimensions nowadays. We
can see that the winding modes contribute the negative pressure from (3.79) and
(3.80) and lead to the negative effective potential in the equations of motion for
Ain (3.82) and for » in (3.83). This means that as the universe expands, the
winding modes become more massive and then halt the expansion of the universe.
However, the expansion of the universe can occur if and only if the string winding
modes in three dimensions are all annihilated according to the Brandenberger and
Vafa mechanism mentioned in §3.3.3. On the other hand, the momentum modes,
which are dual to the winding modes, contribute the positive pressure and become
heavier as the universe collapses, and prevent the universe from collapsing to the

singularity.

In our simulation we first set N = 0 or equivalently Ny =0 ;1 =
1,2,3. From the first assumption we set the initial value of string coupling g,
to become very small and to change very slowly. From the second assumption
the scale factor of both extended and extra dimensions starts at self-dual radius
(a(0) = b(0) = 1); as a result, we obtain A(0) = v(0) = 0. In addition, we assume
that the expansion rate of the secale factor in six extra dimensions is initially equal

to zero (b(0) = 0)and thisyields the result 7(0) = (0) = 0.- From the assumptions

above, we obtain the important condition from equation (3.87) as
N© = p® (3.86)

which is always true at the self-dual radius. Thereafter, we use the equations
of motion (3.81) - (3.84) to simulate the evolution of scale factors a(t) = e*®,
b(t) = e’® and the string coupling g, = €** and we obtain the results that
are shown in the Figures 3.2. We can see that the scale factor of three large
dimensions grows continuously as the scale factor of the extra dimensions is still
fixed at the self-dual radius and the string coupling is still very weak. However, we

cannot investigate whether the momentum modes and winding modes of the extra
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dimensions really drive the scale factor b(¢) toward the self-dual radius. Therefore,
we assume that the scale factors a(t) and b(t) starts at the point slightly away
from the self-dual point. However, it is not so far that the relation (3.86) is still
valid. The evolutions of the scale factors a(t), b(t), and the string coupling g, are
shown in Figure 3.3. From Figure3.3 we can see that the scale factor b(t) oscillates
around the self-dual point due to the effect of momentum modes and the winding
modes. The string coupling and the scale factor a(t) together play the role in
damping the oscillation as we can see from (3.83). In other words, the large scale
factor a(t) and the very weak string coupling damp the oscillation of the scale
factor b(t).

From this analysis, we can conclude that the expansion of the universe can
really occur when all winding modes in three dimensions are all annihilated and the
existence of both winding modes and momentum modes stabilize the scale factor
of the extra dimensions to the self-dual point. This scenario takes place in the
regime of which the string coupling is very weak during the consideration. We can
see that SGC is successful in the explanations for the dimensionality of spacetime
and for the moduli stabilization for the late-time universe. However, it is more

appreciate if there is a systematic way to examine this problem qualitatively.

scale factor - N
e 0, 0000675
a(t) = exp (L)) 0000065
2 0.0000525

0. 00R06
T 0.0000575
0. 00005s
]
b(t)=exp(v(1) 0.000052% g t
‘ : : t oo 200 200 400 L]

] 40 &0 &0

(a) (b)

Figure 3.2: Figure 3.2(a) shows that the scale factor of non-compact dimensions
a(t) grows larger while the scale factor of compact dimensions b(t) is stabilized at

the self-dual radius. Figure 3.2(b) shows that the string coupling is very weak.

3.3.6 Further Development and Striking Problems

In the last subsection we will discuss some outstanding problems and the further

development in SGC briefly.
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scale factor,string coupling

a(t) =exp (A1)

b(t)=exp(v(1))

exp(20(¢)) x 1000

20 40 60 80 100

Figure 3.3: Figure 3.3 shows that the scale factor of compact dimensions b(t)
oscillates around the self-dual with the decreasing amplitude as the scale factor of
non-compact dimensions grows larger and the string coupling runs slowly to weak

coupling.

The first issue emerges from the fact that it is very important for SGC to
provide the explanation of the evolution of the universe for matter-dominated
period. This means that the solution for the moduli stabilzation problem must be
provided in this era. If it can be possible, the phase transition of the universe and

supersymmetry breaking should be explained in the context of SGC.

Second, it is essential for the string gas cosmologists to obtain the mechanism
for explaining the inflation or the mechanism which is equivalent to the inflation
in the context of SGC. As a consequence of this issue, we can solve the other two

crucial problems, i.e. the horizon and the flatness problems.

The last issue is that we require the qualitative analysis for the moduli
stabilization for the late-time universe and also for the the universe consisting of

gas of heterotic strings.



CHAPTER IV

MODULI STABILIZATION IN
O(d,d)-COVARIANT FORMALISM

In the previous chapter we mentioned the moduli stabilization problem that
concerned the stability of size and shape of the compact space T for the late-time
universe and solved it numerically. In this chapter we will resolve the moduli
stabilization problem by using another approach, known as the O(d, d)-covariant
formalism. This approach arose from the discovery of the O(d,d) symmetry in
the space of the string background. This symmetry reveals obviously when one
studies the toroidal compactification by using the concept of compactification
lattice proposed by Narain [25, 26]. Therefore, in the first part of this chapter we
will follow the Narain’s idea of the compactification lattice for the d-dimensional
toroidal background. The space of string background and its symmetry are then
studied explicitly. Thereafter, it will be shown that the low-energy effective action
for the late-time string gas universe can be expressed in the O(d,d)-covariant
form. We then end up this section by analyzing the moduli stabilization problem

qualitatively in the context of O(d, d)-covariant string cosmology.

4.1 O(d;d) Symmetry of The Moduli Space of

d-dimensional Toroidal Compactification

In perturbative string theory, each background (solution) is provided by one con-
formal field theory (CFT) and a deformation of the background is described by
a set of operators in the spectrum, known as the truly marginal operators. The
space of all backgrounds connected by the deformation is called the moduli space.
In general, if a CF'T possesses a Lagrangian density £ that is exactly solvable,

there can be a neighbor CFT with a Lagrangian density £’ expanded as

d
£,:£+Zgifi(77a)v (41)
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where g; are suitable couplings and f;(7, o) are the truly marginal operators. This
fact implies that one can use the couplings g; as basis vectors of the local neighbor-
hood of the background corresponding to the CFT with the Lagrangian density
L and the number, d, of marginal operators f;(7, o) is locally the number of di-
mension of the moduli space. It is important to note that in some cases the local
neighborhood of the background of the CFT with £ can be generated by a certain
continuous group G of L. Furthermore, there exists a subgroup G; of G which
leaves the spectrum invariant and is considered as a symmetry of the physical
theories. This means that one can obtain another CFT by applying an element

g € G to one CFT and these two CF'T's are physically equivalent when g € G,.

In our case the couplings g; correspond to the allowed target space back-
grounds which are d-dimensional torus and are generally collected into the back-
ground metric Gy, the Kalb-Ramond field B;;, and the dilaton ¢. The contin-
uous group G which generates the moduli space is O(d, d; R) while its subgroup
O(d, d;Z) plays a role of a symmetry for physically equivalent theories. We then
study the T-duality which is the element of the O(d, d;Z) group explicitly.

4.1.1 Compactification Lattice on d-dimensional Torus

We start by supposing that we live in the spacetime with critical dimension D
which can be separated into the (1 + d,,)-dimensional non-compact spacetime

and the d-dimensional compact space. Remember that the components in D-

dimensional spacetime are labelled by the indices p, v, = 0,1, ..., D—1, the compo-
nents of non-compact spacetime are labelled by the indices o, 3 =0,1,...,d, and
the spatial components of non-compact spactime are labelled by a,b = 1,...,d,

(not confuse to the indices a, b of coordinates 7, o in‘the string frame). For the
compact space, the indices of coordinates in an ordinary frame are denoted by
I,J = 1,...,d and the indices of coordinates in an. orthonormal frame are de-
noted by 7,5 = 1,...,d. Similar to the previous chapter, the compact space is
assumed to be compactified as T%. Thus, we can use the worldsheet action (2.251)
as the worldsheet action, Sp¢, for bosonic part of type-II superstrings or heterotic
strings in the d-dimensional toroidal background

1
Ve

Spa = — /dza(Glﬂlab@aXI@bX‘] + Bre?0, X9, X7 — %¢R)7 (4.2)

where X7 is the compactified coordinate which satisfies the periodic condition

X ro0+7) =X (1,0) +2maw’ ;1=1,...,d (4.3)
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Here, the winding mode w!, which represents the string wrapping around the

compact coordinate X7, is defined by

(4.4)

where the vielbeins e! are the basis vectors of the compactification lattice A?, R
and n' are the radius and the number of wound for the compactification in the
i-direction, respectively. It is worth noting that the total action is, in fact, the
sum of the worldsheet action for the non-compact spacetime and the worldsheet

action for the compact space.

It is the fact that the number of truly marginal operators for a d-dimensional
toroidal background is d°. The d* truly marginal operators can be separated into

d(d + 1)/2 operators from

Grin™0, X 0, X, (4.5)
and d(d — 1)/2 operators from

Bre™0, X0, X7 (4.6)

The dilaton term %gbR does not play any role in describing the string background,
so we neglect this term for convenience. At this point we will introduce the field
that contains those d? truly marginal operators, namely the background matrix,
E,

Er; = Grj+ Bry. (4.7)

It is easy to show that the equations of motion take the same forms as those

of uncompactified coordinates
@ -aH)xl=o. (4.8)

From the periodic condition (4.3) and the equations of motion (4.8), it is obvi-
ous that X7 can be separated into the left-moving and right-moving coordinates

expressed as

1 ! 1 A
Xl(r+0) = 59&2 V20l (T + o) + iy % Z %6_27“(7-’_0), (4.9)
n#0

1 el
Xp(r—0) = Jah+V2a)(T —o)+iy[ T Y e (410)

n#0
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Thus, the general solution of X!(7, o) reads
XN ro)=2" + V2 a0+a0)r+v (ao—ao)
/ Z “n —2nz (t+0) _|_ n —2m(7’ O’))’ (411)
n;ﬁO
where 2/ = 1(z] + z%) is the string center-of-mass coordinate. The momenta

conjugate along 7-and o-directions are denoted by P, and Py, and are expressed

as
1
Py = 5 (G1s0; X7 4 Bj;0,X")
T
o :
= — 5EIJ Z 047{6_27“(7-"_0)
n#0
VOB A+~ E}j, &l e~ milr=o)y, (4.12)
n#0
P, = g (GU@X —|—BU6X)
o T J —2ni(t+0)
o 24 1% + EEIJZane
n#0
+\/20/EU645+\/ E]JZaJ —2ni(r=o)y (4.13)
n#0

The center-of-mass momenta p; can be determined by

Pr—= / dUPTI
0

1
— m(E}JOjO +EIJO[O) (414)

Inserting the general solution (4.11) into the periodic condition (4.3), we obtain
the relation between the string winding mode w! and the zero-mode oscillators

I =1

1
wils () - &), (4.15)

As we mentioned in §2.3.1, if the basis vectors of the compactification lattice are
laid along the directions of compactified coordinates X! (el = §!) and we work

in quantum theory, the momentum mode p; and the winding mode w! take the

forms
mr
pr = R(I)7 (416)
Ip()
w = PR (4.17)
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where m; and n! are integers that represent the momentum number and winding
number, respectively. As a consequence, the left-and right-moving momenta pt =
\/ Za and pf, = 4/ 2@ can be written in terms of momentum and winding modes

as

K p(K)
my n* R
pL = G”—R(J) + G"(Gyx — Byk) — (4.18)
K p(K)
my n* R
PR = GU_R(J) - G"Y(Gyk + BJK)—a, (4.19)

Analogous to bosonic string, we can determined the commutation relations for the
center-of-mass coordinates and momenta and for the oscillators by using the equal-
time commutation relation [X'(7, o), P, ;(7,0")] = i616(c—0’). The non-vanishing

commutation relations are

(o, pal = 0%, <ok o) = (6L, &) = MG 6y . (4.20)

m? n

We can see that the commutation relations of oscillators are background depen-
dent. At this point we can determine the (bosonic) Virasoro operators and number

operators of closed strings by using the procedure in Chapter 2 and then obtain

1 (oe)

Ly = §G1Jaéag +N, N= Z(a‘inalm + Gryat,al), (4.21)
n=1
~ 1 — - o
=il

Here, o and & are the oscillators in the non-compact spacetime.

It is obvious that the toroidal compactification we mentioned above is quite
trivial since we set el = §/. In general, we choose the vielbiens e/ to be the

orthonormal basis vectors which satisfy
G[(]Gilej = 5%] (423)

We also introduce the dual basis vectors e}! of the dual lattice A*? which satisfy
d
> eler =4y, (4.24)

=1

Therefore, in these bases the metric G;; and its inverse G’ can be expressed as

d d
Gy = Z eyey, G = Z efe}-]. (4.25)
i=1 i=1
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We continue our study by considering the left-and right-moving momenta in the

orthonormal frame

J p(J)
_ ;o mr 'R 7
PLi = DPLi¢; = (w + EIJT)6i7 (4.26)
J p(J)
B 1, my n’R 7
PrRi = DPRIC; = (_R(f) - E”—o/ Je; . (4.27)

Using the zeroth-mode Virasoro constraints, we can determine the mass-squared

operator M? and the level-matching condition for type-II superstring as

1 2 -
M? = S+ pR) + S(N+N-2), (4.28)

It is important to note that the vectors (4/ %lpu, v/ %lpRi)T form the even self-dual
(d,d) Lorentzian lattice I'@9 for type-II superstrings since the squared length of

any vector in this lattice is even

o o af o I
( EpLi) 7 | Epm) =2mn" € 2Z, (4.30)

and the lattice is self-dual
) e +(d.d), (4.31)

As we mentioned in §2.3.2, this implies that string theory possesses the modular
invariance and avoids the gauge and gravitational anomalies. Furthermore, we will
see in the next subsection that the continuous group which generates the moduli

space is the group of transformation that preserves the properties of I'(¢4).

Next, we explore the string spectrum by considering the massless states.
If pr; = pri = 0 (or equivalently, m; = n’ = 0), we can see from (4.28) that
the massless states, which are o ;& ,10;0), &® [0;0) g and &" ol ;]0;0) L &) [0; 0) g,
generate the local U(1)? x U(1)% gauge symmetry. Moreover, there can be extra
massless states if \/gpu and \/gpm are roots of the simply laced groups GGy, and
Gg of rank d with root length v/2; respectively.~As a consequence, the U(1)¢ x
U(1)4 gange symmetry is enlarged to G x G. However, it appears that the
toroidal compactification of type-II superstring theories do not give rise to any
non-Abelian gauge symmetry. This result arises from the fact that the gauge
symmetry G is as same as G'g and consequently, theses symmetries act on both

left-and right-moving fermions in the similar way.

In the case of heterotic string we must add the extra components 4/ %’pLj; j=
1,...,16 that provide the non-Abelian gauge group SO(32) or Eg x Eg for ten-
dimensional heterotic string theory we mentioned in §2.3.2 to the vectors; there-

fore, the even self-dual Lorentzian lattice in this case is [16+44)  However, we
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can ignore these extra degrees of freedom since our aim is to study the stabil-

ity of the d-dimensional toroidal space. This means that we can focus on the

16-+d,d)

d x d-dimensional sublattice of T'( . Thus, the mass-squared operator and the

level-matching condition in our consideration are

1 2 i
M? = §(p%+p?z)+g(N+N—1)a (4.32)
N—-N = min;—1, (4.33)

where N and N are the (bosonic) left-and right-moving number operators of het-
erotic string. Similar to type-II superstring theory, if pr; = pr; = 0;i =1,....,d
and pr; = 0;7 = 1,..., 16, the massless states of heterotic string generate the local
U(1)5574 x U(1)% gauge symmetry. However, the difference for heterotic string is
that the Abelian gauge group can be enhanced to the non-Abelian gauge group
for some certain specific compactification lattices as we mentioned in §2.3.2. It
turns out that the enhancement of gauge group can take place if the vectors with
(v/%pri)? = 2 and \/gpm — 0 belong to the lattice T'16+94) and the largest
non-Abelian gauge group we can obtain is G, = SO(32 + 2d).

In this subsection we provided the cursory review of the toroidal compactifi-
cation of type-II superstring and heterotic string in the standard form. However,
it is quite difficult for this approach to reveal the symmetries of the moduli space.
In the next subsection we will take a study of the toroidal compactification in the

particular form which makes the symmetries of the moduli space more transparent.

4.1.2 Generating Group O(d,d;R) and Symmetry Group
O(d,d;Z) of The Moduli Space

This subsection is devoted to a study of the continuous group that generates the
moduli space and its discrete subgroup that leaves the spectrum invariant and is
regarded as a symmetry group of theory. We can determine the generating group
of the moduli space from the fact that an O(d, d; R) transformation preserves both
even and self-dual conditions of the even self-dual Lorentzian (d,d) lattice '@,
Moreover, each I'“? is also unique up to such a transformation. This means that
the continuous group O(d, d; R) generates the whole set of the even self-dual (d, d)
Lorentzian lattices that possibly give rise to the backgrounds of the d-dimensional
toroidal compactification. Therefore, the O(d,d;R) group is considered as the
generating group G of the moduli space. However, not all the O(d, d; R) rotations

provide different string spectra. It is found that as (4/ %’pLi, v/ %’pRi)T transforms
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as a vector under the action of O(d,d;R), its squared length is invariant under
the continuous subgroup O(d; R) x O(d; R) that corresponds to the d-dimensional
rotations of \/gpu and \/%pm, separately. Therefore, at this point we can
state that the moduli space of d-dimensional compactification is isomorphic to the
quotient space O(d, d;R)/(O(d;R) x O(d; R)).

In order to reveal the O(d,d) symmetry of string spectrum obviously, we
introduce a 2d-dimensional vector, Z, which represents the (d, d) Lorentzian vector
(1/ %’p Lis\/ %’p ri) in terms of the momentum and winding numbers

Z = (my, g .., 0T (4.34)

Let © be an element of the O(d, d; R) group and take the form

LA\Q
A1 Y AREN (4.35)
Q21 QZQ

where 11, Q19, o1, 299 are d X d real matrices. It is obvious that €2 must preserve
0

the form of a 2d x 2d, matrix, 1 =
Id><d

I
2% ) in such a way that

QT = n. (4.36)

We then introduce a 2d x 2d matrix, M(E), that contains the information of the

background matrix F as

G ! =c="7
M(E) = . (4.37)
BESSNENE, | [
Here, we rescale the metric G;; and the Kalb-Ramond field B;; by
RU R) RO RW)
Gry— G,[J = TGU’ Brj— B}J = TBLh (4-38)

and drop the sign ’ for convenience. ‘We ‘can see that p? + p% can be expressed in
terms of M(FE) and Z as (see (B.5) - (B.6))

2
p% + p?g = a(GIJm]mJ + G[JTLITLJ + GIJB[KBJLTLKTLL
—QGIJBJKm[TLK) (439)
2
= —Z'MZ. (4.40)
«

Thus, the mass squared operator M? can be written as

1 2 -
M? = —Z"MZ+ =(N+ N —a), (4.41)
o o
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where a is the normal ordering constant that takes the value 2 (1) for Type-II

superstring (heterotic string).

Under an O(d, d; R) transformation €2, a matrix M (E) and a vector Z change
by

M — M =QMQT, (4.42)

7 — 7 =02, (4.43)

respectively. The string mass spectrum (4.41) is obviously invariant under this
transformation. At this point it is essential to consider the fact that in order to
determine the string spectrum, one must know p;; and pg; or equivalently F, m;,
and n! besides the number operators. However, it is easy to see that the number
operators do not change under the O(d, d; R) transformation but the others do.

This means that any point in the moduli space can be labelled by E, m;, and n'.

Next, we will find a transformation corresponding to the background matrix
E. In order to do this, we consider the particular element Qg of O(d, d; R) that is

expressed as
*T\—1 0
AL , (4.44)
B(e*T)—l 6*

where e* is a d X d matrix representation of the vielbeins e}’. With this element,

the matrix M (F) takes the form
M(E) = QpQL. (4.45)
We then see that the transformed matrix M’ can be expressed in the form
M' = M(E") = QM(E)QT = QpQf Qe = QQp. (4.46)

Now we introduce a d X d matrix, wq, which transforms any d x d matrix under

the action of the element 2. The action of wg on.a d X d matrix F' is defined by
CL)Q(F) = (QllF HS ng)(leF + 922)‘1. (447)

It means that we can obtain the background matrix by applying wq,, to the identity

matrix
wQE(I) =F=G+ B. (4.48)

Thus, the expression of the transformed background matrix £’ under the action
of 2 is

E, = WQE,(I) = WQ(E) = (QHE + ng)(leE —|— QQQ>_1. (449)
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We can determine the transformed metric G’ and the transformed anti-symmetric

matrix B’ by using the relation
G/ == (ETle -+ QgQ)ilG(QzlE + 922)71 (450)
to obtain G’ and then substituting it back into (4.49) to obtain B’.

Next, we will study the discrete subgroup G, of G, which provides the discrete
symmetries of the moduli space. The property of the subgroup we require is that

it does not change the lattice &4

to a different one but it indeed changes the
lattice basis in terms of which the lattice is defined [25]. It turns out that such
a subgroup is the O(d, d;Z) group [29]. There are three transformation groups

whose elements generate the O(d, d;Z) group:
1. Theta-parameter shift group O(Z)

This transformation arises from the fact that the spectrum is still unchanged
if an antisymmetric integral-valued matrix, © € O(Z), is added to the antisymmet-
ric matrix B. As a consequence, an element of O(d, d;Z) group that is generated

by © can be expressed in the form

Qe:(é ?) (4.51)

2. Basis-change group GL(d; Z)

This transformation is the basis change of the compactification lattice A
The action of A € GL(d;Z) on the background matrix E is £’ = AEAT. Then,

an element of O(d, d;Z) corresponding to A can be written as

A .0
Q4= < ol dnyo ) . (4.52)

3. Factorized-duality group

An O(d, d; Z) transformation corresponding to an element of this group is

I-Ay A
Qp, = ( R ) , (4.53)
An  I=Aqg

where A(py is a d X d matrix whose components are [Ap|jx = 0r5707x. It is the
fact that the factorized duality Dy is a transformation that changes the compact-
ification radius in the direction X’ from R; to g—; but leaves the compactification

radii in other directions unchanged. In other words, the factorized duality Dy is a
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generalization of R; — «'/R; duality and thus concerns the target-space duality

we mentioned in the previous chapter.

Actually, the O(d, d;Z) group is not the complete discrete symmetry group
G4. The complete discrete symmetry group includes the worldsheet-parity sym-
metry 0 — —o which acts on the antisymmetric matrix B as B — —B to the
O(d,d;Z) group. However, we ignore this discrete symmetry since it does not
affect our consideration on the target space directly. Thus, the moduli space of

d-dimensional toroidal background is the quotient space
O(d, d; Z)\O(d, d; R) /(O(d;R) x O(d; R)), (4.54)

where the quotient of the continuous groups is applied from the right and that of

the discrete group is applied from the left.

4.1.3 T-duality of d-dimensional Toroidal Background

In this subsection we will study the particular elements of O(d, d;Z) that generate
T-duality or equivalently, the inversion of the background matrix (E — E~!). We
then see that the generators of T-duality concern the symmetric tensor G and
the antisymmetric tensor B. This arises from the fact that the generators of the
discrete group O(d, d;Z) are eventually the moduli fields. We start our study by
considering a transformation that changes the background matrix to its inverse or

the inversion duality

E—E=G+B =E", (4.55)

where
G' = (G~ BG'B)., (4.56)
BY 2 (B-GBr'a)T! (4.57)

It is important to note that this transformation preserves the symmetric (anti-
symmetric) property of G (B) and if it combines with the interchange between
winding modes and momentum modes (n < m), the consequent transformation

(d,d

is called the T-duality transformation which leaves the lattice I'*% and the mass

spectrum invariant.

First, we consider the operator of the inversion duality that corresponds to

the element of the factorized-duality transformation only

_ _ I_ZA(I) ZA([) - 0 I
QD_I:[QDI_< > A I—ZA(I>>_<[ 0>' 9
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We can see from (4.43) and (4.49) that the transformation generated by Qp not
only interchanges the winding numbers with momentum numbers (n! < m;), but

also inverses the background matrix £ to E~!.

It turns out that there exist in the moduli space the fixed points that do
not change under the inversion duality. It means that at the fixed point the

background matrix is as same as its inverse
E=FE" (4.59)
In this case, the fixed point corresponding to
E =G~ I, B=0: (4.60)

is only the solution. We can see that if we express the equation (4.59) as [ =
EE~! = E? = (G + B)?, the unique solution of this relation is (4.60). Under the
background inversion generated by (4.58) the metric at the fixed point changes as

o T AAT'=0G. (4.61)

If we restore the compactification radii by using the equation (4.38) and set their
length to be equal (RY) = R), we obtain the relation between the transformed
radius and the original radius at the fixed point

R? R? o R?

"l 4.62
o o R2\/detG (4.62)

It is conventional to define G;; as the metric of toroidal background with unit

volume (vdetG =1). As a consequence, at the fixed point the compactification

radius is the self-dual radius
R=1Va'. (4.63)

From the equation above, the fixed point in this case is usually called the self-dual

point. This is the toroidal compactification we mentioned in Chapter 3.

However, we must include other O(d,d;Z) transformations generated by
Theta-parameter shift and basis change in order to obtain the complete back-
ground inversion. To do this, we consider the fixed point of the inversion duality
E — E~! modulo the basis change A € SL(d;Z) and the Theta-parameter shift
© € 0(Z)

E—E=E"'=A"E+0)A (4.64)
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It is the fact that the background satisfying the equation above possesses the
maximally enhanced symmetry (see [27]). In this case the background matrix E

at the fixed point must obey
1
EIJ = C[]; I > J, E]] = 50[[, E[J = O; I < J, (465)

where C7; is the Cartan matrix. Equivalently,

] Gr;,, I<J
Gry=) efey = 51 B = { o I=7. (4.66)
¢ -Gy, I>J

Here, we the vielbein is defined by e} = \%o@ where a; spans the root lattice

Ayoor Of simply laced group G of rank d with root length v/2. It appears that the

solutions of equation 4.64 are

E € SL(d;Z), (4.67)
A== IR (4.68)
0, =9 " 5 B (4.69)

This fact implies that a fixed point corresponding to the maximally enhanced
symmetry G is a symmetric point under the non-trivial O(d, d;Z) transformation
generated by Theta-parameter shift, basis change, and factorized duality. How-
ever, it is difficult to determine the fixed points and their enhanced gauge sym-
metries for arbitrary d-dimensional compactification.. Therefore, we provide one
of the simplest but non-trivial example for toroidal compactification that is the
identification of the fixed points and the associated enhanced gauge symmetries

for two-dimensional compactification (d = 2).

As we mentioned in'the previous subsection, the generating group and
the symmetry group of two-dimensional toroidal background are O(2,2;R) and
0(2,2;Z), respectively. -Although O(2,2; R) can-be decomposed into SL(2;R) x
SL(2;R), its discrete subgroup O(2,2;Z) cannot be separated into the analo-
gous product SL(2;Z) x SL(2;Z). In fact, O(2,2;Z) is isomorphic to SL(2;7Z) x
SL(2;7Z) ® Zo X Zs, and the moduli space is isomorphic to SL(2,R)/U(1) X
SL(2,R)/U(1).

Next, we examine the generators of O(2,2;Z). For the Theta-parameter

shift, there is one transformation, {2g, generated by ©, where

I © 0 1
(1) a0 i
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In the case of the basis change group GL(2;7Z), there are three transformations:

1. The permutation between two directions of the torus generated by P

Py 0 01
Qp, = ° . Py = : (4.71)
0 P 10

2. The reflection on the I direction, generated by R;; [ = 1,2

R, 0O ~1 0 1 0
Qp, = 7 . Ry = Ry = . (4.72)
0 Ry 0 1 0 —1

3. The transformation generated by 7%,

T C) 11
Or, < . T ) ;o Tip = ( ) : (4.73)
0 (135 0 1

It is worth noting that the generators of GL(2;R) actually are P2, Ry and T)o
since we can generate Ry by Ry = Pj3RPj5. Furthermore, it appears that the
SL(2;Z) subgroup of GL(2;R) can be generated by T'= Ty and S = Ry Pys.

For the factorized duality, there are two generators, D; and D,. The corre-

sponding transformations are

(4.74)

o = O O
o D O N
O IpES
= aovWe o
o R O O
o O = O

0
1
0
0

We end this section by investigating the fixed points with maximally en-
hanced symmetry. Since the dimension of compact space in this case is two, the
maximally enhanced symmetry groups must be the simply laced groups of

rank 2, which are SU(2)x:SU(2) and SU (3). The first fixed point corresponding
to the enhanced symmetry group SU(2) is described by

E=G=1I B=0. (4.75)

Therefore, the basis vectors e} of the compactification lattice and the transformed

vectors are
=l = (L0), & == (0.1) (1.76)

The SU(2) x SU(2) root lattice is illustrated in the Figure 4.1.



87

I

Figure 4.1: The original basis e} and the transformed basis e;’ are the same in

the SU(2) x SU(2) root lattice.

The second fixed point corresponding to the maximally enhanced symmetry
SU(3) is described by

1 —1 1 2 —1 1/(0 —1
E = / G:._. ) B =— . 4.77
(o 1) 2(—4 2) 2(1 0) (4.77)

The basis vectors e}’ of the compactification lattice are

. 143 1 V3
== 5 = (=, ——). 4.
Under the background inversion, the transformed background, symmetric and

anti-symmetric matrices are

11 1(21 1{ 0 1
E' =E'= , G'== , B'=- . (4.79)
0 1 21 2 2\ -10

The transformed basis vectors are

, 1 v3
eilz( v3

2) 72

), e = (1,0). (4.80)
It is worth noting that the original basis vectors (4.78) and the transformed

ones (4.80) span the same SU(3) lattice as shown in Figure 4.2.

Obviously, this arises from the fact that the basis change is one of the gen-

erators of the background inversion.

Up to this point all preliminaries for the O(d, d)-covariant formalism are
prepared. In the next section we will review string gas cosmology in the context
of the O(d, d)-covariant approach and use it to study the evolution of the late-time

string gas.
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Figure 4.2: The original basis €5 and the transformed basis e, are different in the
SU(3) root lattice.

4.2 0O(d,d)-Coevariant String Cosmology

In the final section of Chapter 3 we used the low-energy effective action with a
specific condition (the vanishing of the Kalb-Ramond field, B, = 0) to study
the evolution of the late-time universe and determined the solution for the moduli
stabilization problem numerically. In this section we study the same circumstance
in the O(d, d)-covariant formalism (see Refs[24, 30]).

Analogous to §3.3, we start with some prior assumptions before we continue
our consideration. First, according to the Brandenberger-Vafa mechanism [16], the
six spatial dimesions are toroidally compactified but the other four-dimensional
spacetime is non-compact. Second, it is supposed that the metrics in both compact
and non-compact-space depend-only on the non-compact-coordinates; therefore,

the metric ansatz is
ds? = gop(n)da“de’+ ds? | = Gag(w)de“dzs’ + G y(x)dy! dy’, (4.81)

where the metric and coordinates in non-compact and compact space are denoted
by gag and Gy, respectively. It means that the compact space is flat with respect
to the compact coordinate y’. The last assumption is that the non-vanishing an-
tisymmetric tensor exists only in the compact space (Br; # 0). As a consequence,
the low-energy effective action (2.256) can be expressed in the O(d, d; R)-covariant
form (see (B.7))

Vs

Sy = —so

d*zy/—g®We *(RW + 0,00° + %Tr(aaM(E)m?“M(E)n) (4.82)
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where Vg is the volume of compact space, M (E) is in the form of (4.37) and ® is
shifted dilaton expressed as

O =2¢—InvVGO. (4.83)
It is obvious that this action is invariant under the O(d, d; R) transformation

M — M =QMQT,

o — =0 (4.84)

The action of string gas source can be written in the form

S :/d4x —gWp, (4.85)

where g is the determinant of four-dimensional metric and p is the energy density

of string gas expressed in the form

=g, + M2, (4.86)

g(s)

Here, 14 is the comoving number density of string gas and gu, ¢, and p® are
metric, determinant of metric, and momentum in spatial part of four-dimensional
spacetime, respectively. Note that M2 in the above equation is obtained from the
mass squared formula (4.41). It is obvious that the action of string gas source
(4.85) is also invariant under the O(d,d,R) transformation. This means that
the total action S'= S, + Sy expressed in this form is O(d, d)-invariant. In other
words, string gas cosmology possesses the O(d, d) symmetry even with the presence
of classical string source. It turns out that it is convenient to consider T-duality of
toroidal background by expressing the action in the Einstein frame. If we choose
the Einstein-frame metricg,5 = e~ ®gap, then the total action S in the Einstein

frame becomes

S = S,+Su
Vi 1 11 1
" B A AN ~g&® = =0,00%P + =Tr (0 Mno*M
2k%/ oy PR £ 0,000 1 STH(0, M)
+/d41‘ _§(4)‘/eff(§aCI)7E)a (487)

where the effective potential Vog (g, ®, E) is defined by

Vr (3. 8. E) = 5\ [7%papy + M2 (ED), (4.89)

where §*) = detg,, is the determinant of the spatial part of the four-dimensional

metric in the Einstein frame.
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As we mentioned in §4.1.3, it is very difficult to consider the O(d, d;Z) group
which generates T-duality in arbitrary dimensions. In Chapter 3, it was assumed
that 7% = (T1)°, so the one-dimensional torus 7" was used to be a representative
of the compact space. For this chapter, the d = 2 example was studied in the
previous section. Obviously, it is appropriate for our consideration to assume that

TS =T? x T? x T? in order to use T? as a representative of the compact space.

Before we continue our consideration, we require some adjustments for con-
venience. First, the metric and Kalb-Ramond tensors are described by four pa-

rameters &, 1, 3, and b? as follows

' Vet G
g= 212 VO 3= B b = Vdet G, (4.89)

’ 0 !
11 11

o AL AN P (4.90)
n\EE+ -3 0

Note that the sign ' means the rescaled tensors in (4.38). Since we can consider

or equivalently,

each two-dimensional torus separately, the line element of the compact background

ds?, .. reduces to
b2
Asioras = = ({dy" +EdY)" +*(dy")") (4.91)

Second, we restore the compactification radii from (4.38) and suppose that two
compactification radii of 7?2 are equal (R) = R® = R). Third, the original
metric Gy in (4.38) is assumed to have the unit volume (vdetG = 1). As a

consequence, we obtain

G 1 R? R?
il ok 7 A Vigd ?Bu, b= (4.92)

f—G—H; T]ZGH;

Certainly, any point in the moduli space is now described by four parameters,
¢, n, B, and b*>. The shape of T? is characterized by two parameters &,n and
illustrated in Figure 4.3.

The parameter 3 corresponds to the Kalb-Ramond field and is called the
flux moduli. The last parameter b? obviously represents the scale factor of the

compact space as we can see from (4.92).

In the final section we will resolve the moduli stabilization problem by using

the O(d, d)-covariant formalism.
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/
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Figure 4.3: The shape of T is described by two parameters & and 7.

4.3 Moduli Stabilization in O(d, d)-Covariant For-

malism

The moduli stabilization problem for the toroidal compactification of superstring
was solved qualitatively by Kanno and Soda [22]. The result showed that at there
was one stable fixed point However, the enhanced non-Abelian gauge symmetry
did not appear since the fundamental strings used in that model was type-1I super-
strings. Moreover, T-duality in that model was generated by the factorized duality
alone. Therefore, one could not obtain the maximally enhanced gauge symmetry.
Later, Chatrabhuti [23] suggested that there could be more than one fixed point
corresponding to the maximally enhanced gauge symmetries under T-duality if the
full inversion of background matrix was taken into account. Furthermore, those
enhanced gauge symmetries should be non-Abelian when the heterotic strings were
used as fundamental strings. In this section we will follow the latter idea to solve
the moduli stabilization problem. “Our aim is to examine the stability of those

fixed points.

4.3.1. SU(2) x SU(2) Fixed Point

As we mentioned in §4.1.3, there are two fixed points corresponding to the maxi-

mally enhanced gauge symmetries. The first fixed point occurs at
V=n=1, pB=£=0. (4.93)

From equation (4.92), this fixed point is the self-dual point (R = v/a/). The

corresponding enhanced gauge symmetry for heterotic string is G, = SU(2) x
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SU(2). In order to examine the stability of the fixed point, we must determine all
extra massless states in terms of momentum and winding numbers (my, ma, n', n?).
Substituting (4.93) into (4.41), it turns out that at this fixed point there are four
extra massless modes which are (£1,0,£1,0) and (0,£1,0,£1). Next, we will

determine the flat directions for each mode.
Mode (1,0,1,0)

The mass squared in this mode can be expressed in terms of b,n, &, 3 as
2 242

1 b
Mipyo = %(1 + B€)? ﬁq o KB +nb* — 2, (4.94)

with the flat directions 3% = %E—Q and 1+ € = nb®. This mode corresponds to the

closed string wrapping along the y' direction.
Mode (0,1,0,1)

The mass squared in this mode can be expressed as
Moy =l75= (6 = B)2+ ) + 5 — 2, (4.95)

b?n 1]
with flat directions 3 = £ and b* = 1. This mode corresponds to the closed string

wrapping along the y? direction.

It appears that two flat directions from two modes intersect at the self-dual
point b* = n =1, [ =& = 0; as a consequence, this self-dual point is stable
in both y' and 2 directions. We can obtain the same result if we examine other
modes, (—1,0,—1,0) and (0,—1,0,—1). Since these modes are massless, they
stay at the minimum of the effective potential Vog (4.88). The effective potential

expanded around the minimum point can be expressed as

—ab P
9" "PaDPb €
‘/;{f = M4 =) + = 4_ A M2(ﬁa b7 n, 6) (496)
V 9 27/ 3G papy

We can examine the stability of the fixed point by perturbing the background

around the minimum. If the flat directions at the minimum disappear, then the
fixed point is stable. It turns out that the flat directions cancel each other in the

total mass squared

My = (06 —0p)* + (9n — 26b)%, (4.97)
Mgy = (86 +00)* + (61 + 28b)°, (4.98)
SM3y) = 0Mige+ 0Mgyg = 266° 4 26% + 2% 4 8b°. (4.99)

It implies that the SU(2) x SU(2) fixed point is stable.
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4.3.2 SU(3) Fixed Point

The second fixed point corresponding to the enhanced gauge symmetry G =

SU(3) appears at

V=n=-—-, B=¢(=——. (4.100)

From (4.92) the compactification radius of this fixed point is R = (%g)%\/c? and
equivalent to R = (\%)%\/& by means of T-duality. It turns out that at this fixed
point there are six massless modes corresponding to (£1,0,+1,0), (0, £1,+1, £+1)
and (F1,+£1,0,+1). Analogous to the SU(2)x SU(2) fixed point, we will examine

only three massless modes in order to determine the stable point.
Mode (1,0,1,0)

The mass squared that contributes to the effective potential in this mode is
2

1 b
Moo = %(5—5)24‘5‘*‘% =2, (4.101)

with the flat directions 8 = ¢ and b* = 7. This mode corresponds to the closed
string wrapping along the 4! direction as well as that in the SU(2) x SU(2) fixed

point.
Mode (0,1,1,1)
The mass squared in this mode is

ME 1(1+65)+"—52+ (§+)+b2 i 2 2) — 2(4.102
0111 = b2 n +b277(ﬁ+ BE+2) (4.102)

2 .
"bf . This mode corresponds

with flat directions £ + 1 = _fPLer‘* and (£ + 1)* =
to the closed string wrapping along both y!' and y? directions.

Mode (—1,1,0,1)

1 b’
M? 10 et BE) + (1 +0)* + ; —(* + &)
£
+%(5 +2B€ +2) — 2, (4.103)

with flat directions 8+ 1 = —ﬁ and (64 1)* = b;_gz’

We can see that these three flat directions from three modes intersect at the
self-dual point of SU(3) : v =n = ‘/, B =¢&=—1. We can see that this fixed
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point is stable by examining the points around this fixed point. For simplicity we

redefine the parameters b, &, 7, (G to
P =L c=—F n=X25 B=--FB (4.104)

From these new parameters, the SU(3) fixed point is
b=¢(=n=p=1. (4.105)
The moduli parameters expanded around the fixed point are in the form

b=1+4+6b, E=1+6 T=1+61 [B=1+05. (4.106)

Then we can obtain the perturbed mass squared

v/ _
S Mg = 5(55 —0B)* + (6 — 26b)?, (4.107)
¥ A LN\
My = (08 + 3805 + 05 )
+ (572 -+ 26716b + 46D + 5765 — 2026D) (4.108)
1 —2 —_——— %X
M2y = 5(56 + 0803+ 63)
(87 + 2076b+ 46b° — 67163 + 256D). (4.109)

It appears that the flat directions from all modes vanish in the total mass squared

It means that the SU(3) fixed point is the stable fixed point.

From these results one can conclude that the moduli of the compact space
are stable at both fixed points. If the moduli of compact space start near the
SU(2) x SU(2) fixed point, four string states, (+1,0,41,0) and (0, £1,0, £1), that
are extra massless modes at this fixed point will become massive and thus stabilize
the moduli at the SU(2) x SU(2) fixed point. < Similarly, if the the moduli of
compact space start around the SU(3) fixed point, six string modes, (+1,0,£1,0),
(0,£1,4+1,£1) and (F1,+£1,0,£1), which are extra massless modes at this fixed

point, become massive and play the role in stabilizing the moduli.

Next, we investigate the dilaton stabilization by following the method in ref

[22, 23]. The equations of motion are required to consider this issue. Since the

parameter b? plays the role of scale factor, it can be considered as b?(t) oc e?®),
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where v(t) is a function of the comoving time 2° = ¢. The shape and flux moduli

are then constrained as

e+t = 1, (4.111)
vz,
_ el _Zw 4.112
b2
— = ¥, (4.113)
U

where z = 0 for the SU(2) x SU(2) fixed point and z = —1 for the SU(3) fixed

point. As a consequence, the metric ansatz becomes

3
d82 _ —dt2 + 62)\(1‘,) deadxa + te/(t)((dyl)Q + ZdyldyZ + (dy2>2), (4114)

=T

and the background antisymmetric tensor takes the form

eZV(t) 0 >
By 25 (_Z 0). (4.115)

Therefore, the equations of motion are (see B.8 — B.10)

A=2\@+8)2 + 20 = K2 pre®®, (4.116)
U — 209+ 3 v+ e 2)\2 = kip.e*, (4.117)
. ‘9 Z 7, 22 . 9 k%o 2
O — 20 +3¢)\+2¢u+4 SAL = 7T€ , (4.118)
-z
where T' = —p + 3p) + 2p, is the trace of the energy-momentum tensor, p, and

p, are the pressure of the non-compact and compact directions, respectively. We

can rewrite the last equation in the form

d2
dt?

o d d
(e77%) 3>\dt(e ) 2udt(e )

Z114222(@—2@5) — K2, 7. (4.119)
From the equation above it implies that at the fixed point ¥ =0 and z = 0 for
the SU(2) x SU(2) fixed point. (z = —1 for the SU(3) fixed point), the energy-
momentum tensor is traceless 7" = 0 and v is very close to zero. Therefore, the
last three terms in the RHS of (4.119) vanish and the dilaton is stabilized by the
damping term —3}\%(6_2¢) contributed from the expansion of the non-compact
space. The situation is quite different for shifted dilaton ®. It appears that as
the mass squared M?(f3,b,7,&) of heterotic string vanishes at the fixed points, the
effective potential is independent to the shifted dilaton and the hubble expansion
inhibits the shifted dilaton from moving along the flat direction. Therefore, the

shifted dilaton is marginally stable at the fixed points.
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To confirm the results obtained from the qualitative analysis, the evolutions

of the scale factors of non-compact and compact space at SU(2) x SU(2) and
SU(3) fixed points are shown in the Figure 4.4 and the evolutions of the string

coupling (dilaton) for both fixed points are shown in the Figure 4.5
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Figure 4.4: (a) The evolutions of scale factors at SU(2) x SU(2) fixed point
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CHAPTER V

SUMMARY AND DISCUSSION

In this chapter we review all articles throughout this thesis. Then the strik-
ing results in each part will be shown explicitly. We start from the basics of string
theory and end at the moduli stabilization problem in the O(d, d)-covariant string
gas cosmology. Thereafter, the ideas of further development are given in the final

part of this chapter.

5.1 Concluding Remarks

In this thesis, various kinds of string theories are reviewed. Bosonic string theory
describes the dynamics of one-dimensional fundamental particles, namely strings.
There are three types of possible boundary conditions for the spacetime coordi-
nates of bosonic strings which are periodic, Neumann, and Dirichlet conditions.
Only strings satisfying periodic and Neumann boundary conditions or open and
closed strings are emphasized. The constraint operators satisfy the Lie algebra,
known as the Virasoro algebras. Because of the conformal anomaly, the only
consistent quantum theory of bosonic strings is allowed for the 26-dimensional
spacetime. The lowest states of closed and open-strings represent tachyons whose
masses squared are negative. The massless states of closed strings consist of the
gravitons, Kalb-Ramond fields, and dilatons; on the other hand; those of open
strings represent. the photons. It appears that bosoni¢ string theory cannot be
a good candidate for unified theory due to the existence of the tachyonic states
and the lack of fermionic states. In order to solve these problems the world-
sheet supersymmetry and the two-dimensional Majorana spinors (the worldsheet
fermions) are merged to basic descriptions of bosonic string theory. As a conse-
quence, we obtain superstring theory in the worldsheet view point. Any fermionic
field must satisfy either the periodic (R) or anti-periodic (NS) boundary condition.
The constraint operators in this theory satisfy the graded Lie algebra, namely the

super-Virasoro algebra. Similar to bosonic string, the anomaly cancellation allows
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the consistent quantum theory of superstring to exist in 10-dimensional spacetime.
Truncating string states with the definite chirality, we can eliminate the tachyonic
ground states and obtain the spacetime supersymmetry. This method is known
as the GSO projection. Type I superstring theory consists of open strings and
unoriented closed string. In this theory the lowest states of string spectrum are
massless states representing the photons are their superpartners. For oriented
closed strings, there are two types, type IIA and type IIB superstring theories cor-
responding to the chirality of left- and right-moving sectors. Both type IIA and
type IIB theories contain gravitons and dilatons in the lowest states. The difference
is that the massless states of type ITA also include the odd-form fields while those
of type I1B include the even-form fields. Heterotic string theory consists of closed
strings whose left-moving sectors are bosonic string and right-moving sectors are
superstrings. There are two types for heterotic string theories corresponding to

non-Abelian gauge groups, that are SO(32) and Eg x Es.

String gas cosmology (SGC) regarded as an application of string theory in
cosmology is constructed under the assumption that the early universe of which
all nine spatial dimensions are toroidally compactified with the size comparable to
string scale consists of hot string gases with very weak coupling. T-duality implies
that the smallest effective size of the universe is the string length; therefore, the
universe is non-singular and never encounters the initial singularity problem. As
a consequence, there exists the maximum temperature, known as the Hargedorn
temperature. The annihilation of winding and anti-winding modes of strings allows
the universe to expand and it can take place in the spacetime of which the number
of dimensions does not exceed four. As a result, only three spatial dimensions can
grow larger whereas the other six dimensions are still confined. The stability of
extra dimensions becomes the essential problem for the late-time universe and this
is called the moduli stabilization problem. In the first attempt, this problem is
analyzed numerically under the assumption that the antisymmetric tensors vanish
even in compact space. The result shows that the size moduli of extra dimensions
are stabilized at the self-dual point and the string coupling is still very small.
Studying the toroidal compactification of extra dimensions in the context of lattice,
we can solve this problem qualitatively. Furthermore, this method allows us to
deal with an O(d, d; Z) symmetry, a generalization of T-duality, of the low energy
effective action. The result shows that for the compact space T? x T? x T?, there
are two fixed points for heterotic strings, SU(2) x SU(2) and SU(3). The former
symmetry point is the fixed point for T-duality while the latter symmetry point
is the fixed point for T-duality modulo the basis change and the shift on the anti-
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symmetric tensor B with the integral-valued anti-symmetric matrix. The string
coupling is still confined to the very small value in this approach. Furthermore,
the effective potential of heterotic strings becomes the local minima at these fixed

points.

5.2 Further Developments

5.2.1 Other Models for Compact Space

It is obvious that in this thesis the six-dimensional compact space is assumed to
be T? x T? x T?. In this toy model there are two stable fixed points for heterotic
strings and the corresponding enhanced gauge symmetry groups, SU(2) x SU(2)
and SU(3). We can see that total number of simple roots for each symmetry group
equal two, that is the number of dimensions of the torus 72, and a maximally
enhanced symmetry group must be a simply-laced group of rank 2 with the root
length v/2. This arises from the fact that for heterotic strings compactified in
T¢ the U(1)¢ gauge group at self-dual fixed point is enhanced to the SU(2)?
gauge group and there can be other fixed points corresponding to the maximally
enhanced symmetry groups which are the simply laced groups of rank d with the
root length v/2. As a consequence, if the compact space is assumed to be a product
of other manifolds, we will obtain different fixed points with different enhanced

gauge symmetry groups. However, the results always fall into the same conclusion.

As we mentioned in §3.3.2, there are many types of compactifications for
string background. For the toroidal background, the six-dimensional compact
metric G does not depend on the compact coordinates; as a consequence, the
toroidal manifold is flat space and string equations of motion are in the same forms
as those in the uncompactified theory. Despite the simplicity and the success
of toroidal compactification, this model provides the four-dimensional N' = 4
supersymmetric theory and may not be an appropriate theory for our real world.
This arises from the fact that a promising theory must be non-chiral or N' =
1 supersymmetric theory. We can solve this problem by replacing the toroidal
compactification with more complicated and more plausible ones that provide the
four-dimensional N' = 1 supersymmetric theories, for example, orbifold or Calabi-
Yau compactificaions. An orbifold compactification can be simply considered as
a six-dimensional toroidal compactification modified by identifying points on the

torus that are mapped to each other by certain discrete symmetries of the lattice
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of torus. The resulting space is called the orbifold, that has some singular points
corresponding to the fixed points of the discrete symmetries. The orbifold is flat
all over, except at those singular points. At a singular point there exists a deficit
angle corresponding to a rotational angle of the vector parallel transported along
the closed path around this singular point. If the symmetry group, or equivalently
the holonomy group in this case, is chosen to be an SU(3) subgroup of SO(6)
group, one can obtain the NV = 1 supersymmetric theory in four-dimensional
spacetime. A Calabi-Yau compactification can be regarded as a generalization of
the orbifold compactification with an SU(n) holonomy. More details on Calabi-
Yau compactifications can be found in Refs [1, 2, 5, 10, 25, 27].

5.2.2 String Landscape and Anthropic Principle

From the result obtained in Chapter 4, it implies that there can be a vast number
of string vacua depending on the possible configurations of the compact space. In
other words, there is only one theory but many solutions that are characterized
by the massless moduli describing the shape, volume and flux of compact space.
The number of stable vacua calculated by Sen and others is of order between 101%°
and 10°% [34]. If the energy of cach possible vacuum is plotted as a function of
the moduli, the graph looks similar to the landscape consisting of many peeks and
valleys. This is known as the string landscape. From this paradigm each valley
represents the stable vacuum corresponding to each fixed point of the moduli
space. This means that each of these stable vacua, which correspond to the local
minima of effective potential, possesses the exact spectrum of particles and the
certain vacuum energy. The idea of string landscape sheds some light to the
anthropic principle that concerns why the universe evolves in such a way that it
allows the existence of carbon-based life forms, i.e. human beings. In cosmology
the anthropic principle concerns the fine-tuning of the vacuum energy density
p, contributed from the cosmological constant. In spite of the value of vacuum
energy density is very small, it cannot be zero (=~ 0.8 x 1071*°M3{). Since the
slight difference of the vacuum energy density leads to the different universe with
obviously different rate of expansion, it is essential to determine the mechanism
that provides such a vacuum energy density with very high precision or at least
some possible solutions that contain such a vacuum energy density. We will see
how string landscape solves this problem. It is the fact that the values of the
vacuum energy density for possible string vacua range from —Mp to +Mp and

the number of those possible vacua is about 100°%°. Therefore, it is possible that



101

there are some string vacua with the exact vacuum energy density we require.
However, this also implies that there can be plenty of disconnected sub-universes
with different expansion rates corresponding to their vacuum energy densities.
We can demonstrate this scenario by supposing that the universe starts at some
stable vacuum with the vacuum energy density around +Mp. Then there occurs
the quantum tunnelling from this stable vacuum to other lower stable vacua at
different points in the universe. Obviously, these different regions with different
vacuum energy densities and different expansion rates are called sub-universes.
More sub-universes can occur in a similar way. It is believed that the expansion
rate of each sub-universe is greater than the speed of light; therefore, an event in

one sub-universe cannot affect an event in another sub-universe, certainly.
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APPENDIX A
LIE ALGEBRA LATTICE

A.1 Lie Algebras

A Lie group is a group of which all elements can be described by a function of
continuous parameters. Let G' be a Lie group and g(«) be a group element which
depends on a set of N real continuous parameters, «o,; a = 1,...,n. Since every
group contains the identity element, e, it is conventional to parametrize elements

in such a way that the identity element corresponds to o = 0

g(a)|azo = €. (A1)

A representation of group G is a mapping, D of elements of group G onto a

set of linear operators which obey

(i) D(e) =L (i) D(91)D(g2) = D(9192)- (A.2)

Here, I is the identity operator. If a linear operator D(g) acts on an N-dimensional
vector space V, the dimension of the representation D is N. A representation D
is equivalent to a representation D’ if there exists a similarity transformation
such that

D(g) =D'(g) = S~' D{g)S. (A.3)

If any vector of a subspace of the linear vector space still leaves in the subspace
under the action of D(g), that subspace is called an invariant subspace. A
representation D is said to be reducible, if it possesses invariant subspaces. A
representation D is irreducible if it is not reducible. A representation D is com-
pletely reducible if it is equivalent to a representation in the block diagonal

form
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where D;(g) is irreducible for ¥i. In other words, a representation D(g) is com-
pletely reducible if it can be written as a direct sum of the irreducible represen-

tations D;(g)
D(g) = Di(g9) ® D2(9) & ... (A.5)

It is obvious that a representation D(g) of Lie group must be parametrized in the
same way as the element g(a) of the Lie group; therefore, it is convenient to use
D(«) in stead of D(g(«)). From (1), one obtains

D()|a=0 = L (A.6)

Then in the neighborhood of the identity element e, the linear operator D(a) can

be expanded as
D(a) =1+ ia, X, + O(a?), (A.7)

where X, are the generators of the group representation. From the expression

above the generator T, can be determined by

0D
Xog=—1 8051?) |a=0~

(A.8)

This parametrization suggests that the representation of the group element g(«)

for finite o takes the exponential form
D) — toa (A.9)

If D is the unitary representation (D~! = DT), the generator X, is hermitian

(X, = X]) and its eigenvalue is real number. The closure of the group G implies

Xa must be

that the multiplication law of D{(a) = ¢«
¢0- 0 Pl gl ig (A.10)

The expression above is true if the generator X, obeys the commutation relation
[Xay Xp) = i fape Xe, (A.11)

where f,;. are called the structure constants and satisfy

fabc = _fbac- (A12)

The Lie algebra, G, is the vector space spanned by X, with the commutation
relation (A.12). In other words, the generators X, of the representation the Lie

group G form the Lie algebra G. It is important to note that only the structure



108

constants are sufficient for constructing the algebra and they are the same for all
representations. It is the fact that the associativity of the group leads to another

important relation, known as the Jacobi identity
(X, [Xb, Xe]] + [Xb, [Xe, Xo]] + [ X, [Xa, Xp]] = 0. (A.13)

A representation of the Lie algebra generated by structure constants are called
the adjoint representation. The generators in this representation are the n x n

matrices, T,, defined by

[Toloe = S apt (A.14)

Obviously, the dimension of the adjoint representation is the number of the inde-
pendent generators, which is the number of the continuous parameters a,. It is

convenient to define the Killing form (7,,7}) of the generators as
(Taa Tb) = Tr(TaTb)- (A15)

A Lie subalgebra G' of the Lie algebra G is a subspace of G whose elements
themselves form the Lie algebra with the commutation relation (12). A subalgebra
G’ is said to be invariant if [X,,Y;] € G’ for VX, € G’ and VY, € G. The whole
algebra G and the empty set ) are also the invariant subalgebras, called the trivial
invariant subalgebras. An invariant subalgebra G’ is said to be Abelian if
there exist elements of G’ that commute with all elements of G. A simple Lie
algebra is a Lie algebra that is not Abelian and possesses only the trivial invariant
subalgebras. It turns out that an adjoint representation of a simple Lie algebra is
irreducible. A semi-simple Lie algebra is a Lie algebra that does not possess
the Abelian invariant subalgebras. It is the fact that the semi-simple Lie algebra
is a simple Lie algebra or a direct sum of the Lie subalgebras, i.e. the Lie algebra
of G; x (G5 is isomorphic to the direct sum G; & Gy. Therefore, the structure of
simple Lie algebra can be regarded as a basis of the semi-simple Lie algebras that

play many important roles in physics.

A.2 Structure of Simple Lie Algebras

Cartan Subalgebras, Weights, and Roots

A systematic way to study the representation of simple Lie algebras is the root

system. First, we must determine the largest subspace of commuting hermitian



109

generators, known as the Cartan subalgebra. In a representation D, the commut-
ing generators corresponding to elements of the Cartan subalgebra are called the
Cartan generators and denoted by H;; i« = 1,...,m. Here, m is the number of
commuting hermitian generators and is called the rank of the Cartan subalgebra.

From definition, we obtain

Since any Cartan generator commutes to one another, it is possible to simultane-
ously diagonalize all Cartan generators and to use their eigenvalues to label the
states. After the Cartan generators are simultaneously diagonalized, the states of

representation D, denoted by |u;; D), are the eigenvectors of the Cartan generators
Hilpi; D) = pilpa; D), (A.17)

where the eigenvalue p; are called the weights. The m-dimensional vector con-
sisting of u; as components is called the weight vector. We can choose a basis

{H} in such a way that the Killing form can be written as

where A is a positive constant. The weight is positive if the first non-zero com-
ponent is positive and the weight is negative if the first non-zero component is
negative. Then, it is conventional to define the ordering of the weight is defined
by

pw>v if p—wv is positive. (A.19)

If a representation D is the adjoint representation, the dimension of representation
is equal to the number of generators. It implies-that the states of representation
correspond to the generators themselves and can be labelled by |X,). In this
representation, the weights are called roots and the weight vector is called the
root_vector. Since every Cartan generator commutes to one another, all states,
|H;), corresponding to the Cartan generators have zero weight (root) vectors in
the adjoint representation. The other states, denoted by |E,), do not correspond
to the Cartan generators and have non-zero root vectors, o, with components «;

determined by
H;|E,) = a4|E,). (A.20)
This means that the commutator between H; and E, (E_,) is

[Hi7 Ea] = OéiEa, [H“ E_a] = —OéiE_a. (A21)



110

Then, we can define the raising and lowering operators F., and use them to
construct other states. However, one must consider the ordering of the root vectors
in order to specify which one is raising or lowering operator. It turns out that the
positive (negative) root vector corresponds to the raising (lowering) operator E.,
(E_,). Since we use an entire root vector, not its components, to study the
structure of the algebra, from now on we will call a root vector as a root for short.
If |p; D) is a state with the weight u of representation D and there are integer

numbers p® and ¢® for each root a in such a way that
(Bea) "y D) =0, ' (BLo)"+"" |u; D) = 0, (A.22)

the weight 1 satisfies the relation, namely the master formula

200+
7k g — p, (A.23)

At this point, it is essential to note that some positive roots can be considered as a
linear combination of other roots. A simple root is defined as a positive root that
cannot be written as a sum of other positive roots. This means that the simple
roots are not only linearly independent, but also complete. As a consequence, the
number of the simple roots is the rank of the Cartan subalgebra, and any positive
root can be written as a linear combination of simple roots with non-negative
integer coefficients. From now on, the I'" simple root is denoted by «a; where
I =1,...,m. Therefore, the angle between two simple roots «; and «; can be

determined by

. 2 (ag) _  (ap)\/, (ar)  (ar)
cos? 0 = (Q;Q(;jgﬂ sl (¢ Pr zl(qj Db, ) (A.24)
I~J

where p P 7 and a4 satlsfy the equation (22) for the state with the weight u = a;
acted by the operators El,;. It is important to note that there are only four

possibilities for the angle between two simple roots, that are 7, 2; , 31 , and 5“

The advantage of the'root system is that the whole algebra can be con-
structed from the simple roots. Any state annihilated by the generators of all
simple roots is the state with the highest weight. We can construct the whole
algebra by applying the appropriate lowering generators to the highest-weight
state and this procedure is called the highest weight construction. If uy;
J=1,...,m is the weight vector satisfying

201 1y _ sty (A.25)

2
ag
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every highest weight p can be written as

n=>q"pu,. (A.26)
J=1

The vectors u; are called the fundamental weights and the m irreducible repre-
sentations of which highest weights are components of the associated p; are called

the fundamental representations,denoted by D).
From the simple roots, the Cartan matrix, C;;, is defined by
arp - ag

>
a7

CL]:2

(A.27)

The property of Cartan matrix is that all diagonal elements of Cartan matrix are
equal to 2 and any off-diagonal element can be only 0,-1,-2, or -3. It is obvious
that the Cartan matrix contains the information about the angle between two

simple roots and the relative length of these roots.

Dynkin Diagram and Classification of Simple Lie Algebras

Next, we introduce the Dynkin Diagram, which is a short-notation for describ-
ing the simple roots of the algebra. It appears that the Dynkin diagram carries
the information about angle and relative lengths of simple roots as well as the
Cartan matrix, but in different form. In the Dynkin diagram, every simple root
is indicated by an open dot. If a filled dot appears in the diagram, it means that
the length of the corresponding simple root is shorter than that of open one. The
line between two dots represents the angle between the pair of simple roots, as

follows:

Q Q if the angle is
. o 2n
Q—Q if the angle is 5
. . 3m
. . St

Figure A.1: Four possible angles between two simple roots

(SRR
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At this point, the classification of simple Lie algebras is given in terms of
the Dynkin diagram. There are 7 types of simple Lie algebras, labelled by A to G,
such as A,, where the subscript n is the rank of the algebra, which is the number
of the simple roots. It turns out that these 7 types of simple Lie algebras can
be divided into two groups, that are 4 infinite families, known as the classical Lie
algebras and 3 finite families, known as the exceptional Lie algebras. The Dynkin

diagrams of simple Lie algebras are shown in the figure below

An O—Q O—O
B, O O\G/ A~ 0

E O 2UO
E, O—C gu@
ESOOOO?/“O

Figure A.2: Dynkin Diagrams of simple Lie algebras

For classical Lie algebras, the infinite series of root systems A,,, B,; n > 3,
Cy; n > 2, and D,; n > 4 correspond to SU(n + 1), SO(2n + 1), Sp(2n), and
SO(2n) Lie algebras; respectively.. We can see that the Lie groups generated by
the classical Lie algebras can be considered as the groups of rotation in some
vector spaces. For exceptional Lie group, there are only 5 allowed root systems,
which are Eg, E;, Eg, Fy, and G9; besides, there is no geometrical picture for these

algebras.

A simply laced algebra is the semi-simple Lie algebra whose all roots have
the same lengths. From the Dynkin diagrams of simple Lie algebras above, we can
see that a simply laced algebra can be a simple Lie algebra A,,, D, Es, Fr, Eg,

or a direct sum of these simple Lie algebras consisting of simple roots with equal
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lengths. The examples for simply laced lattices of rank one and two are provided
as follows. For the simply laced lattice of rank one, it turns out that there is only
one distinct lattice corresponding to A; or the SU(2) Lie algebra. For the simply
laced lattice of rank two, there are two possible lattices corresponding to A; x A;
or SU(2) x SU(2), and Ay or SU(3) Lie algebras.

A.3 Simply Laced Lattices as Self-Dual Lattice

Let V' be an N-dimensional vector space, a lattice A is the space of all linear
combinations of basis vectors of the vector space V' with integer coefficients, and

takes the form

N
N'={> ne,ln" €2}, (A.28)
a=1
where e,; a = 1,...,N is a basis vector of the vector space. The vector space we

consider is either R" with a Euclidean inner product, i.e., v-w = Zf;l viw?,
where v’ and w’ are components of v,w € V, or R®»9 (p + ¢ = N) with a
Lorentzian inner product, ie., v-w = 37 v’ — 30 v/w’/. Then, it is
conventional to define the metric of the lattice, denoted by g4, as the inner product

of the basis vectors

GJab = €4 * €. (A29)

The unit cell of a lattice is a set of points {x = ) _x.e, |0 <z <1,z € R}.
Obviously, the unit cell contains only one lattice point, that is x = 0. The volume,

vol(A), of the unit. cell is determined by

vol(A) = +/|detgap|. (A.30)

A dual lattice A" of A is a space of vectors of V whose inner products with

elements of A are integers
N ={weVjv-weZVveAlA} (A.31)

If the basis vectors of A* are given by e** with e** - e, = 9, the dual lattice takes

the form

N
A ={> mee|m, € Z}. (A.32)
a=1
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The metric of the dual lattice A* is denoted by ¢? and is determined by ¢* =

*a

e*® . e*. It is obvious that ¢? of A* is the inverse of g, of A; therefore, we obtain

vol(A) = 1/vol(A*).

A lattice A is said to be
- unimodular if vol(A) = 1,
- integral if v-w € Z, Yv,w € A,
- even if A is integral, and v? € 27Z, Vv € A,
- odd if A is integral, but not even,
- self-dual if A = A*.
It is the fact that A is integral if and only if A C A*. As a consequence, A is

self-dual if and only if A is integral and unimodular.

If the basis vectors of the vector space V' are the simple roots of the semi-
simple Lie algebra G, a lattice A is called a root lattice Ar of G. This means
that the dimension of the vector space V is equal to the number of the simple
roots as well as the rank of the algebra. A set of all linear combinations of the
fundamental weights with integer coefficients is also a lattice, called the weight
lattice Ay of G. At this point, we can see from the master formula (A.23) that
if all root are normalized in such a way that their squared lengths are equal to 2,
the inner product of two roots is always an integer and the squared length of any

vector in Ag or in Ay is also an integer. This means that
Ap C Ay, Ay =A% (A.33)

As a consequence, a self-dual lattice can be considered as a sublattice of the
weight lattice of G. The elements of the quotient space Ay /Ag are called the
conjugacy classes, which form a group isomorphic to the center of the Lie algebra,
i.e. the set of which element commutes with all elements. We can obtain the
even Lorentzian self-dual lattice I'®?) in the following way: First, we choose
the semi-simple Lie algebra G of rank p. Then, we collect all vectors in R®?) of
the form (vy, va), such that v, vy belong to the same conjugacy class. As a result,

the lattice we choose is unimodular, integral and even-self dual.
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APPENDIX B
CALCULATIONS

Equations (3.67)-(3.70)

We give the indices I = 1,...,d) and the index J = 1,...,d, label the
components of expanding spatial dimensions (dy = 3) and the components of
extra dimensions (d, = 6). From the metric ansatz (3.60) and B, = 0, we can
compute the connection coefficients and the Ricci tensors. The non-vanishing

connection coefficients and Ricel tensors are

R = —(X+ db 4+ + di?), R =e? (A + N +d, M)
Ry = (U4 d 0%+ d\i).

Then we express equations (3.60)-(3.61) in the forms

1
gNPRpV + QQ'UP(apau(ﬁ R FZyaa¢> N ZgumanaHsz - k2De2¢T57
49"0,¢0,¢ — 49"(0,0p¢ = 17,0:0) = 0.

The equations of motion then become

—doA — dyi — N = d %+ 2¢ = k2e*p, (
A AN+ d A0 — 20 = k%e*p, (
U+ dyi? + da\v — 20p = k2 e*p,, (
46 — 2dyN = 20— 4¢3+ Ad(dy X+ dy 1) —(dxh+dy, i) — N2 — d,i? = 0. (

Equations (4.39)-(4.40)
From equations (4.18) and (4.19), p? and p% can be expressed as

m nfERE) m nN RV
P o= G”G]LGJM(R(E) + (Grx — Bri) o )(R(Aj\j) + (Gun — Bun =

N p(N) K R(K) N R(N) NRWN)
aw my nVR n R R oy R
= @G (2GMN_R(L) o ‘|‘GLKGMN o o 2BMNR(L) o
mrmuy nK RUE) pN R(N) nK RUE) pN R(N)

_'_—R(L)R(M) —2GrxkBun o o + BrrxBun o o )
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K p(K) N R(N)
mpy, n* R M n" R
RO (Gri + Brk) = )(R(M) — (Gun + Bun =

N p(N) K p(K) ;N p(N) N p(N)

LM mr n R n*RY nY R mr n" R
= G <_2GMNWT+GLKGMN = o _QBMNW—
K p(K) o N p(N) K p(K) o N R(N)

mrmy n* R n" R n®* R n" R
+—R(L)R(M) +2Grx Bun ~ R BrxBun ~ ~

After rescaling G;; and By by using (4.38), we combine (C.1) and (C.2) to obtain
equation (4.39)

p% — GIJGILGJM(

CYI

2 ,, ,
p% —{—p% = E(GLMmLmM <& GLMTLLTLA[ -+ GL]MBLKBMNTLKRN — QGLMBMKmLTLK). (B5)

It turns out that p? + p% can be expressed in terms of the background matrix M

and the vector Z = >
n
2 2 C NCNE
—/ZTMZ — _}(mT nT) m
e e B& 4 €% B¢ B n
2
= —(m'G 'm+n"Gn—n"BG'Bn+n"BG'm —m"G'Bn)
«
2 ,
= —/(GLMmLmM <& GLM’I’LL’)’LM
«
+GLMBLKB]V[NHKHN = QGLMBMKmLTZK), (BG)
where m! = ( mMiy, ..., Mg ) and n” = ( o [ 1 >

Equation (4.82)

The metric and the Kalb-Ramond tensors are assumed to be in the forms

(Guy>:<<gaa<xa» 2 q ) (BW):<0 0 )
0 (Grs(29)) 0 (Brs(z%))

The non-vanishing Christoffel coefficients are

1 1

F{]a = EGIKGQGJK, F?J = —§gaﬁagG[J
1
U5, = 59°(9sgvs + 01985 — Osgsn)-

2



117

In order to obtain the Ricci scalar, we determine the Ricci tensors R,3 and Ry
Raﬁ = (a’YFZuﬂ - aﬁrza + Flﬁrgw - 1—261—‘%7) - aﬁrftx + F,oyzﬁr(lfﬂy - FiJréJ
1 1
= R&déﬁl) + Zgw(aag,@d + 939as — 059ap) G 0,G 1y — §3BGUC%G1J
1 1
—§G1J8a8gGU - ZGJKGILaaG[KagGJL

Ry = 0.7+ F?‘ﬁga +T5 T Ra — Tl 5k — T3x T Ly

1 1

1
= —3 g™ 05G 1 — EgaaaaasGu — Zlga”ayGngﬂ5(8gga5 + 0a9ps — 0s9pa)

—igaﬁaﬁeu(;“aacm + %GKLgaﬁaaG[LaﬁGJK.
Using the identity 0,G*? = —GP*G*?9,G,.\, we obtain the Ricci scalar
R = ¢"R.s+GYRy,
= gPRYGTV = i@ 9,05G 1 — %gaﬂaﬁG”aaGu - ig“ﬂG”@aGUGKL@aGKL
~G0,G11059 = %go"gGl‘]@aGUf%Mw

1
= R(d"H) + Zgo‘ﬂaﬁG”ﬁgGU + g“ﬁaa In v G(dc)ag In VGde) — 28/3gaﬁ6a In vV G(de)

29/
—26%% 8, In \/—g( 1) In VGl — %aaaw G,

where |detgas| = —g %) and |det(G;| = G%). Here, in the last line we used
the identity GG*0,G,, = J,G and the following consequence (1/vG)OVG =
1G"OG,, + 10,G" PGy + 1G*0,G 0, GFA PGy,

The components of field strength H = dB in (2.255) can be determined by
Hywp = 3[auBVp]'
Therefore, the non-vanishing components of H o are
Huory=—Hiay =Hrja = 04B1y,
and the square of field strength H? is in the form
H? = H"H,;+H"Hp\y+ H*Hyy,
= 3G°G'"G'10,B;;05Bky.

After eliminating the divergence term, the low-energy effective action (2.256) takes

the form

1
5, = _2‘;;15 /ddnJrlx /_g(1+dn)€f<1>(R(dn)+aaq>aaq>+Za“GljaaGfJ
D

1
—ZGIKGJLaaBUaaBKL),
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where ® = 2¢ — In VG4 is the shifted dilaton and V,, = [ d%xz is the volume of

compact space.

Next, we will see that the equation above can be written in terms of the
background matrix M (E). It is not difficult to show that Tr(0"*Mnd,Mn) can be

expressed as

Tr(0“Mnd Mn) = 0%(Br;G')04(BrxG*") 4+ 0%(Gyp — BryG'* Bgp)0.G*
+0°G™0,(G s — BLyG'E Byer) + 0%(G' By1) 0o (GYX By )
= 20"G0,G 4 + 2G* G 0" B0, Bae
= 20°G"0,Gr; — 2G™ G 9 By ;0,Bxk 1.

As a result, the low-energy effective action can be expressed in the O(d,d)-
covariant form as

Va.

Sy = — %
T2k

1
/ d¥g /< gtd)e=? (R 4 5, 59D + g Tr(0"Mn0a Mn)). (B.7)

Equations (4.16) - (4.18)

Since in our consideration we give d,, = 2, it is convenient to use 1,2 as
the indices of the compact components. From the metric ansatz (4.114), we can
compute the connection coefficients and the Ricci tensors. The non-vanishing

connection coefficients and Riccl tensors are

re = i, [Rr=Th=p T =je? Th=1% =re®, [, = gz'/e?”
Ry = —(doA+dev + d N2+ doi?),  Rug = P (X + dp A2 + dv)

. 1 .
Rii = Raa=¢"(V+d” +d, D), Riz= 562”(13 + d i + dy\).

From the Kalb-Ramond tensor (4.115), the non-vanishing field strength tensors
and the square of the field strength are

12d. -, .,

H012 = —H021 = 21)6211, H2 = 4 22 V.
—Z

Inserting these terms into the equations of motion in general case
1
Ryy + 2V, V06 — S Hypo HY = k5e** T,
1
R — 4V ,¢V*¢ + 4V Ve — EH2 =0,
1 k2 20T

2V, V") =V, Vi — = H” = =P
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we obtain

. : . Ad,, .
—d A — doi — d N — doi? + 20 — - 2 = k2e2p,

A+ do A2+ d A0 — 20 = k2 e*p,, (B.8)
—_ 2 . .
gy 2 +4(i szC)Z U’ + dp A — 206 = kpe’p,, (B.9)

k2e2¢T
SR

¢ = 20% + duAd + deig + =P

AONUUINYUINNS )
RN ITNINENAY
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