CHAPTER IV

APPLICATION TO THE CASE OF IDENTICALLY

DISTRIBUTED RANDOM VARIABLES

In this chapter,we‘specializeiheorem 3.11 to the case of
jdentically distributed integral-valued random variables. Theorem 4.1

give a general result along this line. We also provide worked out
examples for the casés where the random variables have common

distributions.

Theorem 4.1. Let Xj, 5= 1,2,...,n,be independent identiéally
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where A(t),h1(t),hz(t),hB(t),h4(t),h5(t) and B(t) are as defined
in Chapter III.
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which can be rewritten in the form
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By applying integration by parts to each of the integrals on.the iight

hand side of (4.1.27) and rearvange terms we have
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The second integral on the right hand side of (4.1.29) can be

treated by using (4.1.20). We have
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A bound: on the third integral on the right hand side of
(4.1.29) can be obtained similarly. In this case we have
M gtz d4

-=n
(4.1.32) I . |(1+h1(t))h5(t)(% + A(tt))ldt =
0 ' Rl

for some constant d4.

Finally we shall obtain 4 bound on the last integral on the

right hand side of (4.1.29). Observe that

A, A
A

)(1+h1(t))(1+h3(t)+h4(t))

can be written in the form

1 =pik) Loy q
(E4- 'y )(1+h1(t})(1+h3(t)¢h4‘t)) - = bo+ b1t4n..4'bqt >

where q is a positive integer and bo‘,b1,...,bq are constants.

SO
o SN
: -=not
2
J e ‘L%4—é%§l)(1+h1(t))(1+h3(t)+h4(t))|dt
6’
R
= I g~ |IL+b + bt +...+ b ti|dt
p L o 1 q
2
© __;_n(?t © __]_noth
[ e q G k
< t dt+z|bk|1e il
5 k=1 ° 4
3 ;
e—u2 a f5 k+1 i K —u2
= I = aus I (=) b, | I woe ldd
Ynog k=1 vno . Ynog
V2 ¥2
’nz'y2 k+1 e 2
q gk
< S5 4 5 = ip, ] b e
no‘y k=1 ¥no Vynog




6.1 .

£ t2 _x2

where the last inequality follow from the fact that I % dts-e—i 3

X 2x

£O1r of >N

For large n, we have

-] (o]

2 2
jj e D di £ I N el
no% YnoJ '
V2 V2

where 2m+1 be the smallest integer such that k < 2m+1. Since

o 2
2 -X
J' e_t t2m+1dt = % (x2m+mx2m—2+m(m—1)xzm—4+. S oaml s
X
we have
4 _n029,2
2 ~ 2m 2m-2
_‘- v au < g- “[r_xg__l_) + m(\GOT) 4...4+ m!)
Jno§ V2 V2
V2
Since 7 = 7 ! 5 , there is constant nk such that:
2°Vn(c“+1)
; oNGIBALU:
Jj k- P 8(02+1)
u e du-¢ #fh . e
k
no§
V2
Hence
G __o4m
J— k+1 % 2 1] 2
(_L) |bk| I uke B si i Ny 8 +1)
Vno Vno¥
_J_Z_' ;
!

for some constant nk.



62

So,
(4:.1.33}au0 2
o L2 .
j’ at 1 . Alt) 8(0°+1)
e I(t+ T )(1+h1(t))(1+h3(t)+h4(t))|dt < dge ,
for some constant ds.
From (4.1.29)-(4.1.33) we have
d1~/r-1- OZJ;
. oy e P LS
atet+1)  acden S\ %/ 04 8(02+1)
|a] < =———e + P d e
vnd po po po
1 13 n n
d1 02 =
-mint— ’ ————1}Vn
(dy4d,4d,) 44y 4(c%41) 8(o%+1)
< + ( + ds)e
npo Jﬁd1
So there exist positive constants A, B and C such that
o} <« AU
p #

(o]
n

The following examples illustrate how Theorem 4.1 can be

applied.

Example 1. Let Xj, j=1,2, ... 5 nbe independent identically

distributed random variables such that for each k = g+1,3+2, ..., q-%!n,

= § R

(E1-1)... P(Xj = 'K).i=

4w ¥, 83 i » De. Wo shall apply Theorem 4.1 with R= 1 to these

random variables. From (4.1.26), we have
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where
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Example 2. Let Xj, =1, 2, ... 5 Nybe independent identically
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for all t in (-%,9). So, we can take a in (i) of Theotrem 4.1 to be
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and
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Example 3. Let X., j =1, 2, «c0 > n,be independent identically

distributed random variables such that

n -0
(E3’1)-'- PX.(n) - -A—E——- (n=0, 1, 2) "')
J n!

for some positive constant ;\ . We shall apply Theorem 4.1 with By 2

to these random variables. Since P 2, the formula for R(T) is the

same as that given in (E2-2). From (E3-1) we have
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il At
p(t) = Adsint,
b = A%
and 02 - ks

Since 6(t) =-?\sin t, we have

a2 (0) NP/,
65(0) = a »
e = A >

for all t in (-9 ,9). So, we can take a in (i) of Theorem 4.1 to be Pl .

~ .
Hence f in our proof of Theorem 4.1 is given by

at3 2 Rts N at6
31 51 6! i

(E3-2) Tit) '

From (4.1.24), we have

(E3‘3)oo. a = 1
- o
and
(E3-4)... PO S
1 T

Since W = ak, for all positive integer k, it follows that

for all positive p.
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0 for ali positive p.

~N
Hence H_ =
P

So we have

and

A3,

“3
hence 5 in our proof of Theorem 7.1 is given by

(E3-5)... L O
By substituting results from (E3-2)-(E3-5) into R(T) which is given

by (E2-2), and work out the integrals involued, we have

7 E? _E? é
2 2 | (1-1%)

a
e T 1

(15-9T°+T°) T] .
7\n

T
b [ s 72
i’ [ 213 - 593724 2327% - 277%+ T8] 31 -
A2 52

5 [105T— 98T+ 20T°— T’ ] 12 E
432A° n

+ [945 _ 46627+ 29617% - 5991°+ 447°- 7'° ] 15 o
652 n2
where
lAI s éi'+ Befcf; 4

n

for some positive constants A, B and C.

b



that

So that

In this

bounded

for all

A proof

APPENDIX

Let f be a real-valued function defined on [-a, al. Assume

(1) £ has derivative of order n+ 1 everywhere on (-a, a) and

(2) f(n)(t) is continuous on [-a, al.

f has a Taylor's formula of the form
f(t) = a+ a,t+a t24-...4-a t"+ R (t)tn+1.
[o) 1 2 n n+1

appepdix, we show that if f is odd onv(-a, a) and Rn+1(t) is
on a neighbourhood of 0, then

A =10

nonnegative integer k such that 2k < n.

is as follows =

Suppose that a5k # 0 for some k such that 0 < 2k < n. Let ko

be the samllest such k. Let g be defined on (-a, a) by

[ : {f -
a2k L A - Q o

g e ﬁ Fgy - % a oy

2m-1 < 2k 2
- - -o

if et 0.

\ 5

By definition of ko’ we see that

AR T
| 4



2

and
n-2k n+1-2k
(o)

g(t) = a2ko+a2ko+1 t 4+ .o +-ant + Rn+1(t)t

for t # 0.

Since Rn+1(t) is bounded on a neighbourhood of 0 and n+-1-2ko> 0, hence

n+1-2ko
lim Rn+1(t)t = 0.
t -0

1t follows that g is continuous at 0. Observe that for t # 0

£(-t)+ I o
om-1< 2k
g(-t) o

—£(t) + > &

= —-g(t).

Hence g is odd on (-a, al.

. that‘32ko‘> 0. Since g is continuous at 0, there is a 6 > 0

32k ‘

o Shet fab Cpod] < W=

whenever x € (-a, a) and lx-0| < 6.

1t follows that g(x) has the same sign as ary for all such x.
o)

This is contary to the fact that g is odd. Hence Ay = 0 for all k

such that 0 < 2k < n.
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