CHAPTER II

THE OPZRATIOIAL CALCULUS FOR BASIC IIPULSE CIRCUITS

General

In impulse work the main concern is the sudden application of a direct vol-
tage wave 1:0 an equivalent impulse circuit made up of the usual circuit parameters
Ry L and C, These parameters are inveriant with time, and the matheﬁ]atical equa~
'bionsg’dleoscr:i.bling the behavior of these linear time invariant systems are linear

integro-differential equations with constant coefficients given as

2
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In solving this linear equation, the Heaviside operational method is much

prefer as a simplicity of use.

11
Heaviside Operational Calculus

In handling circuit problems described above, the Heavidide operational cal-
culus is an extremely useful method, Since it is a shorthand method that is well

suited to engincers in dealing with impulsc phenomena.

Heaviside'!s Expansion Theorem

The Heaviside expansion theorem is very important, and it is reality easy to
use; given as
4 .
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Where, Y(p) and Z(p) are two polynomials in p.

zi(p) = g—fs'(R)'



12

The symbol p replaces the Heaviside operator 3.%- s and it is also the roots of
the characteristic equation
Z(p) = 0 e B0
and that, the operational form of the eircuit parameters are given below
inductance L is pL

capacitance C is %‘-6— see 2-4

regsistance R is R

Basic Impulse Circuit
( R = C Circuit )

The basic impulse circuit is ghowm in figure 2-1. It is the fundamental cir-
culit from which all impulse generator circuits are derived. In this circuit a
capacitor C is eharged from a direct voltage Uo’ and then discharge through a
resistance R across which the j.mpulse voltage u is developed. Discharging is per-

formed by closing the switch S.
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Fig. 2-1 Basic Impulse Circuit

Treating the two elements of the basic circuit as a potential divider, the

impulse voltage u acress the resistance is given by



Z2 ¥
Zl+Z2 (o]

__.E.ql.?;.._ 3 .4
pCR-l-lUO L R J 5

YéE;
e . P Uo
X o
0 Y
e [z%o; *‘2 pZ'%p;

U = ==

il

Ntrmnraend
(o]
o]

Here, Y(p) = pCR ; so that Y(o) = O
Z(p) = pCR + 1, and (o) = 1 veo 2-6
z1(p) = CR
The roots of 2 (P) = O
p =B pl = ~C%{ s 2"7
Therefore, plt
p;CR €
u = -(O + R UO
=
-t/CR
= -U#% ese 2=8

0
Note that, if positive potential UO is applied, the capacitor is positively

charged, one plate being at +U * potential, the other being at zero potential due

to ground connection the closing of the switch is equivalent to applying instan—
taneously a unit voltage of value - Uo ; that isy the point A,'which previously was
at zero potential, is now suddenly raised to a potential = Uo' The voltage wave
across the resistance +then decays exponentially to zero at a rate dependent on

the time constant, CR of the circuite And the wave is given in figure 22,
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Fige 2-2 Basic Impulse Wave form

_ ~t/CR
: U = - Uof

Again, neglecting the negotive sign, the time taken for the wave to fall to

half value Uo/2 is

- & 0,5 = —t/CR :oo 2=9
U :
0
or ft/CR 2
so that t/CR = 1n. 2 = 0,693
a.n.d t = O. 693 GR/I-S ene 2-'10

if R is in ohms and C is in/u.'E‘

Basic Impulse Circuit with Included

Inductance ( RLC circuit )

The series RIC circuit is shown in figure 2-3, It is the same of the RC cire
cuit, but with inductance L included. Neglecting the negative sign, which only
means that if charging is positive, the resulting impulse is negative, and vice

versa,
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Fig. 2-3 RILIC circuitl

Again, by potential divider action the voltage u across the resistance R is

given by
7
3
> M U
Z1+Z2+Z3 o)
B H 1 %
R + pL + ==
007047 p0
R p
= ~ U X ) 2—11
3—2 H—F (o)
P +%—+-I-'-5
- R
Here ) = (g)py ¥(0) = 0
2 R )5
z(p) = p +0(3) +55 PUREE 55
21(p) = 2p + 5
2 R 1
Por 2(p) = p +p(F) 45 = ©
the roots of p are
2L ug IC
Bo that p, = ~(a-b)

P2 b “(a + b) :oo 2-13
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Where a=+("2‘f)
WL o P

B A

i

Therefore, from the expansion theorem

t p2‘t
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L {2b
from which
u w0 BRI )ty o

This is a typical double exponential wave of U, (("dt - f-/jt ) form,

and if values for R, L and C are inserted the shape of wave can be found by plotting

see figure 2-4, 8
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Fig. 2-4 Double Expontial Wave Shape
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The time to peak value can also be obtained by differentiating the wave equa-
tion and equating to zero 3 lic.,

B oeo= g o g "t cee 215

or /_Zf"/;t . JE
from which —ht

s

e ak _if

'(_(/)-a&)t

o

(/i-—ok)‘b' = 1n, ;ﬁ
\ 15,5 |
t = W/IJS see 2wlb
But for the sake of convenient, the time to peak value as well as the time to
half-value of the mve-tail are advisely obtained by the wave shape discussed in

the previous chapter.

Procedure’ in the case of Double Exponential Wave~forms

When desiring to lmow the transient response of a circuit to an impulse, the
use of the single exponential wave provides adequate information., IE it is impera-~
tive that the double exponential wave be used, then the two parts can be trga‘ted
as separate single exponential waves, and the difference subsequently takene

For the international 1/50/,usea wave, the accompanying table l* provides the

impulse wave constants for this wave shape

u = UO ((—it Lo f-JBt) seo 2"17

*
A comprehensive list of waveforms is given in Appendixa.i.
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The value of Uo in the table is such that the amplitude of the wave is unity.

T.
Wave shape 6 e
U, 2L x 10 /3 x 10
1;1 re %, value wses
1/ 50 1,036 0.0146 2456 2403
5 1

It will be of assistance to show a convenient way of plotting the wave

- 35 o
WM € €955 )e “irst draw up a table in the following

manner, obtaining the values of the exponential terms from tables or from the

u = 10036 ( (

grephs given in Appendix 2,



2, Table of Values for plotting equation

W = 1,056 (001468 _ (=2.56%
| I
- (£0-0L46%
t 0,0146% 256t ORI b ~2,56% u
¢ | € -€ )
| ; s
i &
0 0. Q. 8 1 0 c
0.1 | 0.00146 | 0.256 | 0,9985 0.7741 0.2244 0,233
0.2 | 0,00292 0,512 | 049971 | 045993 0.3778 04412
0.3 | 0.00438 | 0.768 ' 0,9956 | 0.4639 | 0.5317 04550
0.4 | 0,00562 | 1,024 | 0.9942 043592 0,6350 0,657
045 | 0,00730 | 1,280 | 0,9927 0.2780 | 0.7147 | 0,740
0.6 | 0,00876 1.536 | 0.9912 l 042152 0.7760 | 0.803
0.7 | 0.01022 | 1,792 | 0,9898 i 041667 0.8231 | 0.853
0.8 | 0,01168 2,048 | 0,9884 { 0,1290 048594 | 0.890
A5 i
0.9 | 0,01314 | 2,304 | 0.9870 | 040999 0.8871 | 0.919
; | 1
1.0 | 0,0146 2,560 | 0,9855 | 0.0773 0.9082 0,941
1.2 | 0401752 3,072 | 0,9826 040455 0.9371 0.971
1.4 | 0.02044 34584 0.9797 0.0279 0.9518 0,987
1.5 | 0,02190 3.840 | 0,9783 0,0215 0.9568 | 04992
2,0 | 0,02920 5.120 | 0,9712 0,0060 049652 1,000
245 | 0403650 6.400 | 049642 0.0017 0.9625 0.998
3.0 | 0.0438 7.680 | 0,9571 | 040005 0.9566 | 0,991 ’
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Fig, 2-5 Plot of the cquation u = 1,036 ( 6—0'01461; - {—2'561; )

representing o standard unity-amplitude 1/50 usec wave

Simplified circuit of Impulse generator and Load

Impulse generators arc always operated in conjunction with other appearatus
or loads, which results in a modification of the impulse wave shape. In case of
capacitance load, its capacitive value mainly affccts the wave shape by lengthening
the front of the impulse.

Usually, o series resistance is introduced into the circuit, between the actual
out put terminal of the generator and the test piece, for. the purpose of removing
unwented ascillations from the peak of the generator wave,

The resistance potential divider is necessary to put in parallel across the
whole generator resistors with ones having lower values for the sake of shorten of
wave tail,

The equivalent circuit of the complete impulse set up assumes the form shown

in figure 2-6.
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Fige 2«6 Simplificd circuit of impulse generator and load

for calculation purpose

is that across the parallel R,C

50, branch, which

The voltage across the load 02

combined give an impedance

2, = T___B;Z____T_ eee 2-18
2 1+ p02R2
The total circuit impedance is then.
R

i %‘c' + 90y ¥R+ T
Cnfefodnnt p? (011'1 + ClcleRJ +p {?1131 + Cle+02R27+ 1

pCy {1 + pCsz)

ces 219
4y,
so that u =T U
B pClBQU
e
OOyt + 1[0yt Oy ) + B0 1Ry (RoHCRy | + 1
e e 2-20

For evalunting the critical resistance R1 necessary to suppress any oscillation in

in the circuit, R, can be neglected; i.e. Rz*ﬂaxﬁ, then
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pCiUo
u =
Y005 + 9 0.0.8 +p(0 +0.)
P70 01y + pCCR) +p(C + G
’ u = ClUO oo; 2-21
sl
pC 0Ty + P10 CpRy + (cl + 02)
Oscillation will just not ocour if
(c.c )2.—400 (6. +¢) s O
108, 107y 1 2
Rl =2 '—‘d'—c—“"‘—" \ oee 2"'22
N ‘

Non-inductive Circuit

It is made zero, the cireuit is said to be non-inductive, sece figure 2-7
’ ’

o Ha Cz

-~

1
I
T

Pige 2-7 Non-inductive Circuit

Then
pO0.R.U .
e 312’2 C.R. + C,R E e
P CyOpRRy + p|C)R) + CyR, + 22]*
Here, ¥(p) = pC.R,, Y(0O) = 0

1 27



23

z(p)

il

2
P°C CR R, + p{ClRi + O.R, + 0232} %3

2p0102R1R2 + {ClRl + ClRQ + 0232]

i

z1(p)

Roots of Z(p) = 0 are

2. 2
_mlogRy OB, 4 0232) #* &IRI+CIRZ+G2RZJ ~40,0RR, o
Mg ™ 2C,C,R R,

and the solution is of the double exponential form

C.R -p,t -p,t
i 12 Uo(fl-{z)

f@l +C11:‘2”0232} " - 40 0RR,

..pzt

) aiw DD

sy (€0
Oy (Py-py fis

Simplified Non-oscillatory Inductive Circuit

If the tail of the wave is long compared with its front, as 1/50 wave, then
little error results from ignoring the wave tail resistance when caleculating the

wave front duration,

The circuit then simplified to that shown in figure 2-8.

L R

16
Fige 2-8 Simplified circuit for caleulation of wave front



By potential divider action

/ g W e 2-26
" pC, p2C1C2L + PO CR + (G +C,) "
-k il U
01021:
3= 2 b
=37 = T Uo ses 227
2" P +rT +i5
where e, ﬁc
Gu 4423
p g
put of =2 i ! 2
i X
AT |
so that
L ==
un = U seoe 2"’29
CZL p2+ 2Fp + W02 "
*
then the solution, is
% !
W WAR IIC f1 -f’“"‘t(l +ou:)} :
s DS 5
R
Cu ~NT &
=-C-;— 1—{ (1+'§'i"t) see 2-30

If the circuit is critically damped, then R =J4L/C s 80 that u under this

condition becomes

2
Ccu == g
RC 2 :
u=-é;—°-{1 —( (l+-fi.(-}‘t )} see 2=31

If L is reduced to zero, then

* W.G.Hawley, Impulse Voltage Testing,Chapman % ilall, Ltd., London,I959,Pe&5e




25

C

1
n = U
pCCR + (0 +G,) o
- Uo 5
02R [p N (.‘.1+C2 ]
0102R
U
= il L ee 232
CZIL + _:_L__
L o
and the solution is
cU
0 -15/RC
ue 201 ) ver 2233
2
@
Z/#-A
U= (1-¢ )
y
0 ,

Pig. 2-9 Form of equation u = U0 (1 ...{""(' t)

Effect of Inductance on Wave-~front

The circuit inductance will lengthen the wave front of the impulse voltage wave,
such that the inductive value must be kept as low as possible.
Figure 2-~10 shows that when the load 02 is 0,005 ¢y the effect of the inductance
-~

on the wave front is a function of the generator capacitance C

17 and its value must

not exceed lg,uﬁ if a ]yuS wave front is desired.
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Fige. 2-10 gffect of inductance on wave-front, for a
load of 5000 pF, as a function of generator capaci=
tances, 17
Graphical Method

Impulse Generator Cireuits with Two Energy Stores

When the impulse gencrators are used in conjunction with the test objects,

they form the simplified impulse genercator eircuits with two energy stores. The

various circuits are given in figure 2-11,

i

R, R,
0 Ol 3 r—0 O i
Cozs. %t =G - Uﬁa 1 ¢

A &

L.
,-F HR
-

<

Fig. 2-11 Impulse generator circuits having two energy stores

O
it




Output Impulse Voltage

As seen in the previous caleulations that, the two roots 12 and p2 of the
characteristic equations depend upon the constant ecircuit parameters Ry L and C.
Thus all impulse generator circuits which have only two cnergy stores are charac—
terized by the characteristic equation.

P ap4+bd = O ces 2-34

Where a and b are constant coefficients. If the roots Py and p2 are real ne-
gative, that is
o>
and P, = =P, cee 2=35

Then the impulse voltage has the expected shape, as in general form,

U
o -D % -D %
us= 'T"‘"“)’r (f 1" - ¢ 2 ) ece 2-36
X pz"pl
The constant coefficient K for any circuits A, B or C is given in table 3

below

Circuits A B C

L R C, R, C, L/R

And the impulse voltage for cach cirecuit is obtainecd by substituting and K
into equation 2-36, and the wave shapes are plottéd to scale,

Let the time function of the impulse voltage of equation 2-36 be written as

f(t’ pl) p2) = (-plt s f-pzt ees 2=37
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But the impulse voltage wave shape are standardized by the times t., t2 and the

1

roots ~Pqs -pz; And since the relation between t and p is frrationaly then it is

most satisfoctory to find the relationship in a graphic waye

Supposition
ese 2-38
Tien £ (8 by 0¥ = £(V,4) (1AL
: . ;i
= [t"'q-' i

ese 2=39

In practice, the value of ./ in y-axis is approximately equal to 104; The
equation 2~39 represcnts a family of curves with the shape of impulse voltage of
front time(jl and the time to half value 62. Thus it is possible to measure Gl

and 92 by means of graphic construetion, and the true valuesof 81 and 82 are

given as
Pt = 8
pl'tz = 62 soe 2"40
The ratio
% & .
...,.,tl - cos ‘el
2 %

This ratio 91 7 62 is plotted against A ( # = 1....104 ) in figure 2-12
and against 91 and G, in figure 2-13, If t; and %, are given, then u may be

found by the following process.
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/0 /0

\ (7
k3 ‘ /r:s/
/6~ 0 /o /€
Ve, Ve,
Fig.2-12 ok = £2(§/ G,) Fig. 2-13 6., 0, = £(6,/6,)
Fige 2-12 ——
b &
e TR
2 2 \Fig. 2=13 — el"—%pl = 'f't""" —-—-)pz =0(.p1 eoe 2=42
l 5 }
K > U - o

But from equations 2-38, 2-40; Py and p, are easier calculated from

¢

< s
! ‘t2
and P, = cee 2-43

wvhere it is sufficient to draw the graphs of
O(Ql = £ ( 'tl / 172 )
and g, = f ( 3 /%, ) ess 2-44

glven in figure 2-14
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) ]
2 514
/ IF //. %
} 62
o
#8732 & ot R 2 VN &t
A8, = 2(t /%) /%
i ¢ 1 2
Fig 2-14

8, 2% L5

So that u can directly be found from tl / t, with the uses of figure 2-14 and
equation 2-43 and the process is now

62
. ,///) 8,—>p; = %,
- S Fig, 2-14
3, o

o1

ees 2-45
t2
v
K s 1
Voltage Efficiency (7)
The efficiency is given by the ratio of
Wik ' ,
(V) = "'%e—"—'—' eee 246
/.t
This ratio should be as high as possible.

There exists a maximum for every
circuit and every kind of impulse wave shape

30
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it tn is the time for impulse voltage to be peak, that is

u o ]‘;{-plt ' (’i’zt ] 2-47
u = o N = < 2 cee
peak Ix(pz - pl) :
Then
upeak 1 I: -p_t -p_ .t
i = £ Wi T ] ses 2-48
1 ) —da>
or =Kp1 o [f n - ¢ nj eoe 2-49

For moximum efficiency

i—?—- = 0 see 2-50
dw_

gets 4 2 i
\ln = b g5 see -

Q
Where Y/ ", is the value of standard time for the ratio peak value of impulse voltage

to total charging voltage of the impulse generator becomes a maximum

and then r;/ = Kpllv T £ (=0)
hefe (<) = {(" o i KN (‘r’L(ln’ "‘4"“‘.1))} .. 2-52

Since o_and Py depend upon the voltage shape, zmdqjdepends only upon K for a given
voltage shapc; Then the impulse voltage will have a maximum efficieney whenever K
is minimum,

The values of 7 for all threce circuits of figure 2-10 are given in figure 2-15.
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o 2 & 0

b4,
Fig. 2-15 0] =2 (/%)

20

The Ratio 01/02 for Maximum Efficiency

The efficiency will voxry with changing ratios of generator C:L to load capaci~—
tance 02, and therc is a wide divergence for large (31/(3'2 ratios fo

» the tWo cir-
cuits locations of resistor P“.L'
It can be shown for cirevit i that is a maximum for a ratio Cl/C2 vihdeh is
itself a function of tl/tz, that mcans of impulse voltage wave shape. The function

01/02 = £ ('bl/tz) for maximum efficiency is showmn in figure 2-16,

166

: l
CV(, Z |
| e
. RN
el TR
T T T LIN
0632 £ &7 70 ¢ tg 2

Fig. 2-16 c,/c, =

valid for circuit A



maximum if cl/c2 > 107,
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In circuit B the ratio C:L/('J2 must be as high as possible. 0/ reaches its

2

Procedure in Finding the Circuit Parameters

Circuit A

The two roots are

e (0131+c Ry+C,R,) + (clRﬁclRZa»cz ~ 4C.C,R R,
’ =
sk 2C 02R1]12
so that,
P.+p
L2
p1p2 = CJ_R.L + Cle + 0232
kY
p1p2 = 01025’132 . ese
The condition for (7 is maximum is
R =GR, = 1
JP]_PZ
But substitution, equation 2-54 is written as
‘ ‘ P, + Py 5
2 + L = ""—l_"'—'z'" seoe
¥PqP P1P, 000 P1Pp
1
then K C : = -
mine ( 2R1)hi.1n. p1+p2- 2 P1P,
or C.. ( ) s = L » ses
2 Y1/min, P1¥Py -, {P1P,
with p, =[P, »
C ( ) p = "—_l“—“"‘*"‘-‘f""—w e v e
2 lein. 1 1 4+ A =2Vei
Therefore the maximm efficiencr is
V‘\—‘ 1 )
yeow

\_

7max = = l £ ()

LR R 2-53

2-54

2-55

2-56

2-57

2-58

2-59
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The value of A 1s obtained from figure 2-12, and the parameters eon be calcu—
latede But remember thot the coprcitive value of the test object must be ineluded
in 020 ‘

It is sufficient to write the ratio of C:L/C2 in the function of 1:1/'t:2 for

maximm efficiency condition; again write,

P, + D
OR, = —E—f. _p- L
i {PaP?
and , Oy - seveliiie . 20D
(1P, ,
o G E-a)f i,
G, o %

For any tl/tz wave, #. is obtained from figure 2-11 and 01/02 from figure 2-16

The values of Rl and R2 are gilven by

R
C1(P1Pp
and L
C
1
il
Circuit B
The two roots are given as
Py + Py : -
P1P, = Gy + Gofy + G,y il
and -
= C,C.R
P;Py 1%
The efficiency of the circuit is
B gt 2 () veo 2-64

1
a = T5 W
[ Colly, Py A=l



.

Therefore
R2 » pl+p2 i J(p1+p2 )2 ~ L - (-l—-+%=") 265
2PyPpCy = 2p1P5 0y P1P,Cp )

Gondition for maximum efficiency, 02R2 is minimm. %ee.

i Lol 2 l 5

Since C2 is constant for any load capacitance,

(Bo)pin O = %"2'17' & i’-(‘*"l)J
. 1 A

1

P ‘3-'("' vee only ese 2"'67
1

Then

X
”]mu = o osv ‘2u0M

The value of .';/ is given in figure 2-15. And the ratio Cl/ 02 mist be greater
2 3 " §
than 107, 10,s. for maximum efficiency.

The resistances B'.L and R2 are given by

MRS WA T
. PG A Py0,
1 1
and e o e vou. 2u08
. P1P,R,C, Gy 2%

Where the values of Pys Pos Cl and 02 are obtained from figure 2~14 and

equation 2«43,

| 12368931



Circuit C

The efficiency of the cirecuit is

77 G D L

T ERRATS ()

The characteristic equation of the circuit is

3
¥ =0

o
+*
C?J."—d

Then the two roots are given as

pl+p2 =

B ol

P2 /T
For maximum efficiency,
R & 3 y5/0

&k o4
n B.haanealt

2=70

2-71

2-72

2-73

274

2=75

36



Table 4. Circuits and parancters for maxinun efficiency

Circuit Rl R2 Critical danping
/“"U'”-F"C"
1+ 2
A MOS0 Tkt W 2L 55
[ Cl R A l ¥ 172
T, 2 cJ Z }
f Al *¢ | 2 WPPo | Lo C= i
T ’ 266
, , L < Ty
4301 + 02)
nl
f 1 )
C,-I— R clr ¢, plcl p,C,
£, &3z r < 1 L
FQ—-—-—1 o Pl * p2 T 2 \ 2 03
C= ﬂ‘? .l'._ - L Rs o
l e - PiP2 Ca' o5 ¢ I
2
| 38




Samples of Application
Given Cl = 0,1 ¢AF

C, =-200 ... 300 pF

standard wave with tl = 1.2/48. and tz = @(S

- “Find Rl and R2 for maximm efficiency.

solution
+t
2
Figure 2-14 P(el= 2.95
62 = 0073

23

I

Equation 2-43 0,0146 /.us"

Py
P, = 2446 JS™

Circuit A

\3
1
0
o1
RS

«Q

-Ei o 153
C,= 9 nF
R = 567 -
R, = 55 -

38



Circuit B

Circuit C

No oscillation

5
1

nfﬂyf)
I

2 o
1

7 -

70, =

1.5

97 %

R, (4674 —Cim

2
L <

¢y

Q
!

b o=

272 uMH
0.1025,/43‘

0.15 MF

>

186 _mH
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