CHAPTER I
INTERODUCTION

Suppose K is a'set and "o", " x " are binary operations
on tK with certain compatibility condition between '"o" and "% ",
For example, ( K, * ,+) (with + = o) might be a field or (K, %)
(with o = * ) might be a group. We consider the Cauchy type
function equation
(1.1) f(x o £(y)) = £(x) % £(y)
where : A\R—’R . Our main concern is to find the algebraic
solutions of Eq (1.1). As consequences, we also find continuous

solutions f : TR —%TR of Eq (1.1).

In particular in Chapter VI, we show that a non-zero
function f mapping a field *K of characteristic O into itself
satisfies the equation
(1.2) f(x + £(y)) BN UGR)ERSITY)
if and only if there exists a subgroup G of ‘K*= KN {O}
satisfying the condition
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where ai are integers and gi € G and where the sum and product
are finite, and there exists a function @ mapping the additive
subgroup A\ of k generated by G into m such thaf

fx+ A) = £(x) F(A) for all x e} , AEA.
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We also show in Chapter VI that a function f mapping GO, a
group G with O, into itself satisfies equation
(1.3) tx w £(3) = £(x) » £y
if and énly if there is a subgroup M and G and a function ?from

a set consisting of the elements of a set of representatives S of

left cosets of G/y and the element 0, onto M U {O} such that

f (0) = O whenever f ¢ constant and f(x) T (sx) * m_; where

each x € G has a unique representation x = s _ % m
(sx€ S and mxé Mo

As application of the latter fact, we find L.in Chapter Iv
the continuous solutions f ¢ TR —> R of equations
(1.4%) f(x » £(y)) = fly * £(x))
and in Chapter VI, those of the equation
(1.5) f(x » £(y)) = £(f(x) = £(y)) ,
where x» could be multiplication or addition in TR « These are
done by reducing Eq (1.4) to Eq (1.5) by using the following
theorem which is proved in Chapter IV: If £ 3 (TP\, O — (R 4o d
is a non-constant continuous function satisfying Eq (1.4), then
there exists an ok = O suclgpthat fo; or = f satisf:i;es Bg £3.5),
where f“ (x) = f(x.o ). Then we reduce Eq (1.5) to Eq i3} by
using a theorem proved in Chapter V stating that if f : TP\ -—-;R
is a non-constant continuous function satisfying Eq (1).5)"then :

f opr -f satisfies Eq (1,3),
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Moreover, very general solutions f : ﬂz-*TR\ (for
example, unbounded of non-measurable) of Eq (1.1) and Eq (1.2)

are obtained in Chapter VI.

Of course, no monogram on functional equations is complete
without making references to Cauchy's classical functional
equations¢ In Chapter II of this thesis, these equations as well
as some related generalizations are considered.

Finally, we have adopted the symbol "/" +to mark the end

of the nproof.
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