CHAPTER II

THE NILPOTENT ALGEBRAS OF DIMENSION 4.

In this chapter we present some partial results in
classifying the nilpotent algebras of dimension 4 over an

arbitrary ' field.

Let A be a nilpotent algebra of dimension 4 over an
arbitrary field K. Thepap have A3 A°D A>S..... 245 {0).
The proof is the same ag page 3. Thus we see that if dimension
A = 4 then dimension A2= 3 or 2 or 1 or O. Dimension A2= 0 is
the trivial case. Now we consider the case where dimension A2= 3.
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If dimension A2= 3, then dimension A” is 2 or 1 or O and dimension
Au= 1 or QO and A5 = {0}.
Now we investigate the case where the dimension A2 is 3

and ¥ 0}, L& feyve51e516, ) be 'a basis in A such that

{el,ez,e3} is a basis of A2. For each x, y in A we can write

and thus we obtain

XY i b3, b3 aib.eie. .
j=1 i=1 J 1



2L
d 3 . L "
Since e e e e € A= {0}, i = 1,2,3,e1ei,e2ei,e3eie.A ={0} i=1l,2,3,

we have
Xy = aubuei
and consequently, dimension of A2 is 1. This contradicts the

hypothesis that dimension A2= 3, so this case is impossible.

Next, we shall consider the case where the dimension of

8 L|.= {o}o

4% is 3 and dimension of A%= 2 //A
First, we shall show that the following linear maps of A
to itself are 1-1 and onto by showing that their determinants are

not zero. Let {el,ezgeafeu} and {ei,e',e',eﬁ} be two bases of A.

x5
(1) f(ei) =/ €49
o)) =7 e
flel) = #263 3 {k, #0} @ K, i=1,2,5,

f is 1-1 and onto, since

pURp UpIVED
dget[f] =aet |© ¥ O O |- -kikzks # o.
0 0 0] k1k5
0 0 k2 0
(1I) f(ei) = ey
f(eé) = kje,+ k2e3,
f(eé) = klkheB’

f(el'}) = k3e’+, {ki # O} C K' i = 1’2,3'l+.



f is lel and onto, since

1 o O 0]
det [£] = det |0 1 F2 O kikjk# £ 0.
o 0 kk, O
174
0 0 0 ky
(11I1) f(e]) = eqq

f(eé) = kjess kBeh’

f(eé) = k1k5e4'

flef) = Koezy {k; # 0} CK, 4 = 142,345

f is 1-1 and onto, since

Frim=0 40 N0
det [f] = aet o A °3 | -kikaks # 0.
(6] (6) 0 klk
5
g kZ 0 j
(IV) f(e]'.) = 61’
f(eé) = klez- R
f(eé) = klkue}-‘- klkSeLI-’
f(el'{.) = el‘. ’ {ki # 0} CK' 1= 1'#'50

f is 1-1 and onto, since

1 0o 0 O

det [f] = det e T i = kiku # 0.
0 0 Kk kkg
o 0 0 1




(V)

f is 1-1 and onto,

(vI)

f is 1-1 and onto,

(VII)

det [{]

f(e]'_) = elg
f(eé) = kjeq
flef) = kyezs {ki¢ oltck, i = 1,2,4,5.
since
1 0.0 o0 |
& det S k1 g “ = -kikakS £ O.
0 0 klkh klkS
;0 0 k2 0 ]
f(ei) = el’
f(eé) s/ Ky€5s
f(e%) = k1k4e3+ klkseh’
f(ed) = k3€l+o {ki £ 0}CK, i = 1,3,4,5.

det [f] =

f(ei)
f(eé)
f(e%)

f(e&)

det

since
1 0 0 0
0 kl 0 g = kikBkh # O.
0 0 1«:1kl+ klk5
0 0 k
= el
= k1e2+ k2e3,

n

L}

k1k4e3+ k1k594’

kBE"" ' {ki £0}CK, i= 10293i4'5‘

26
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f is 1-1 and onto, since

[ ;
1 o © 0
dget [£] = aet [© F1 %2 O |- kfkk, £o.

0 0 kk kKk 1737
174 7175

0O O O k

- 3

Theorem: Let A be a nilpotent algebra of dimension 4 over

the field K. 1If dimension of A2 is 3 and dimension of A3 is 2
and Auz {0}, then the multiplication in A is uniquely determined

up to isomorphism.

. ; g \ . 2 : .
Proof: Since dimension A = 4, dimension A"= 3, dimension

A’= 2 and Ah= {0}, we let {el,e ,eq} be a basis in A such

2"%3
that {ea.eB,eu} is a basis of A2 and {e3,e4} is a basis of A>.

For each x, (y in A we have that

L
xXi= I a ei
A=k
L
g = JE]_ bjej’ {aisbj}c K, i, = 1,2,3,4,
and we obtain
boob
Xy = T I a;b.e.e, .
j=1 i=1 *+ 9%

2 b

Since 62'9193’33°l‘eleh’e4616 A= {0},
-

©,€51€5€51€,8, 18,8, € A’ = {0},

eg,eﬁ,ejeu,eue3 € A6 = {0},  we get
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2
Ry a1b1e1+ a1b2e1e2+ a2ble2e1'
Since eze A2 and e.e.,e.e. € A3 we can write
i & 1 2521 b
e2 = k.e.+ k.e_+ k,e
. 152 255 3L 0
6162 = kl}83+ k56’+,
ey = kbe3+ k,?el+ y for some kje K, i = 1,2,3,4,5,6.7,

Thus, the multiplication xy can be expressed in the form:

(*) Xy = klalb1e2+(k2a1b1+k4alb2+k6a2bl)e3+(k3alb1+k5a1b2+k7a2bl)eho

Now we shall consider ki’i = 1,2,s¢047s Since dimension of
A2= 3, the case k1= 0 and k2= k4= k6 = 0 and k3= k5= k7 = O cannot

occur. Therefore, we consider the following cases.

Case 1. If k;# Oy ky# Oy kg O and k= kg= kg= k, = O, then

the multiplication (s)“becomes

k. a ble

Xy 121 +-k.a.b.e_+ k,a.b ey

2 2D 5 R e |

albl(kle2+ k2e3+ kBeh)‘

This formula holds for 211l x, ¥y in A and since k1e2+ k293+ k3eh is
a vector in A? we have dimension A2=_1 which contradicts the hypo-

thesis. Therefore this case is impossible.

> . 1 = = =
Case 2 Assume that kl% 0, kz# 0, k5 0 and k3 k= kg k7

= O. Then the multiplication (%) is

(241) xy = kja;byes+ kyabiegs kga bsey o
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To check whether or not A is associative under the multi-

plication in this case, let z = T c,e

% egleay,2,3,4%

Using (2.1) we have that

[ L L I L
(T a,e,)(ZTbee)|(2
bl * 3 g V37 4

il

(xy)z czez)

(k1a1b1e2+k2alb1e3+k5a1b2e4)(cle1+c292+0393+c4e4)

i

0,

on the otherhand ,

L b
1aiei)[( £ b )X czez)]

(
j=1 J 2=1

i

x(yz)

n

L e B o

n

(a1e1+a2e2+a3e3+a4e4)(klblcle2+k2b1c163+k5blc2e4)

ksal(klblcl)eu -

Hence A is not associative under the multiplication in this case,
i.e. the multiplication in this case is impossible.

Next, we shall consider the following casese.

Case 3. If ky# 0, ky# O, k,# O and ky = k= kg= kg= 0,

then from () we have that

XY o= k1a1b192+ k2a1b1e3+ k7a2ble4 .

Case 4. If k1¥ 0, kuﬁ 0, kB# 0 and k,= k5= k= k7= Oy

then from (+) we have that

Xy = k1a1b1e2+ k4a1b2e3+ kBalbleh .



then

then

then

then

then

then

then

Case 5:

from (*) we
Xy
Case 6.

from (&) we

xy

Case 7.

from () we

Xy

Case 8.

[

from (s) we

xy

Case 9.

R

from (*) we

Xy

Case 10.

from (*) we
Xy

Case 1ll.

from (*) we

xy

If ki# 0y ky# 04 kgé O

have that

= klalble2

If ky# 0y kg# 0, kyf O

have that

= k.a.b.eée.+ k6a

172 '3

If k # 0, kg# Oy k# O

have that

= klalble2+ k6

+ kua

and k2= k3= k6=
kSalbaeu .

and k2= k4= k5=

k3a1bleh.

and k2= k3= kq=

k7a2b1e4.

If k %0y ky#.0, k # O, ky# O and kg= kg= ko=

have that

= kla b-e-+ (k-a-b

1312

+ kha b,)e,+ b3alb1

12773

eL'..

E i1 klf 0, sz 0, kuf 0, ksf 0 and k3= k6= k7=

have that

= kla1b1e2+ (k2a1b1+ kualbz)e3+ k3a1bleu.

2L k1% 0, kaf 0, k6# 0, k3¢ 0 and kh= k

have that

5: k7=

= id .4
“la1b162+ (k2a1b1+ k6a2b1)e3+ k3a1b1e4

If k # 0, k# O, kg# O, k,# 0 and k

have that

= ’kla b,e.+ (k.a.b

112

3

=k’+=k—

5=

+ ksaabl)e3+ k_a_b_e

72147

0,

0,

O,

0,
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Case 12. If k1¥ 0, kaf 0, kB# 0, ksf 0 and k)= k¢= k7= 0,

then from (*) we have that

xy = k.,a,b.e+ k

1810785+ 2alb1 3+ (k a, b 1+ ksalbz)eu.

Case 13.. If kl# 0, ka# 0, k3¢ 0; k7# 0 and k)= k

e e

5: k6= 0,

then from (*) we have that

Xy = kla1b1e2+ k2a1b1e3+ (k a b 1t k7a2b1)°4°

Case 1h.  If ky# 0y ky# 0y kg 0, kg# O and ky= ke=k

i

0,

then from (%) we have that

xy = kqa biej+kja bes (k a, kgay by)e .

Case 15. If k # /0y kg# 0, ks# 0, k# 0 and ky= k= kg= O,

then from (*) we have that

cations

ta ‘that

xy = lkya;b e+ keajbies+ (k a,by+ koo obq)ey .

Case 16. If’klf 0, kzg 0, k4¢ Oy k3# O, ksf 0 and

0, then from (*) we have that

xy = k.,a b e+ (k a

1210785 1b & kha )e + (k a b + k.a

53105)0e .

Case 17. It klf 0, sz 0, k6# 0, k3¥ O, 37# 0 and

O, then from ( *) we have that

Xy = k1a1b1e2+ (k a, b 1+ k6a )e3+ (k3a1b1+ k

7a2b1)eha
We can prove that A is not associative under the multipli-

of case 3 to case 17. The proof of these cases are similar

of case 2. Therefore, the multiplications in these cases

are impossible.
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Case 18. Assume that kl¥ 0, khf 0, k7# 0 and

k= k3= k5= k6= O+ Then the multiplication () is

(18.1) Xy = k1a1b1e2+ k4a1b2e3+ k732b1ek'

To check whether or not A is associative under the multi-

4

plication (18.15 let z = % e, 5 {cy} C K.
' =1 L Ye=1,2,3,4

By (18.1) we have that

[4 5 i 4
(2 a.e.)(Eb.e) (2T ce)
R M Y I

1

(xy)z
2

L

(kla1b1e2+ k4a1b2e3+ k7a2bleh)(2§1°2el)

i

k7(k1a1b1)cle4,

on the other hand,

A 5 4
(iilaiei)l(jilbjej)( 210282)
L

(iglaiei)(klblcle2+ k4b1c2e3+ k7b2°19h)

n

x(yz)
2

il

khal(klblcl)e3°

Therefore, A is not associative under the multiplication (18.1).
(If not, it contradicts the independence of basis).
Similarly, A is not associative under the multiplications

in the following cases.



Case 19. 1If kl;é O,k6;£ O’ksf 0 and k2= k3= kl‘_r- k7= 0,

then from ( «) we have that

Yy & kla1b1e2+ k6a2b1e3+ k5a1b264'

Case 20. If k # Oyk,# O,k# O,k # 0 and ky= kg= kg=

then from (*) we have that

Xy = k1a1b1e2+ (k2a1b1+ kualba)e3+ ka,b ey .

Case 21. If ki# Oyk,# Oykgf Oyk# O and ky= k= ko=

then from (s) we have that

Xy = ’klalblea+ (k2a1b1+ k6a2b1)e3+ k.a.b €.

Case 22. If ki#/0,k# O)kc# Oko# O and ky= ky= k.=

then from () we have that

Xy = k1a1b1e2+ (k4a1b2+ k6a2b1)e3+ k5a1b2e4'

Case 23. If klf O,kuf O,k6# O,k7# 0 and k.= k,= k.=

then from (%) we have that

Xy = kla1b1e2+ (k4a1b2+ k6a2bl)e3+ k,a,b e .

Case 24, If kl# O,ku# o;k3¢ O,k7# 0 and ky= kg= k=

then from (%) we have that

Xy = k1a1b1e2+ k4a1b2e3+ (k3a1b1+ k7a2b1)e“.
Case 25. If ky# O,k,# Oykg# Ok # O and ky= ky= ke=

then from () we have that

Xy = kla1b1e2+ kha1b2e3+ (k5a1b2+ k7a2bl)e4.

33

0,

0,

0,

0,



then

then

then

then

then

then

then

Case 26 °
from (%) we

Xy

Case 27.
from (*) we
Xy

Case 28.
from (x) we
Xy

Case 29,
from () we

Xy

Case 30,

et -

from (*) we

xy

Case 3l.

from (*) we
xy
Case 3%2.

from () we

Xy

If k# Oykgé Oyks# O,kg# O and ky= k= ko= O,

o=
have that

= k.a.b,e

12,0985+ k6a2b1e3+ (k3a1b1+ k5a1b2)94'

= k

it k1# O,k6# O,kS# O,k7# 0 and k2 3

= k’+= o,

have that

a.b

= k.a.b,e_+ k6a b.e n%2 1)94'

48y 058 5 pPrest (kgaibo+ k

If ky# Oyky# OyKp# 0,kg# O)kg# O and ky= ko= 0

3 7 !
have that

13757954 (k2a1b1+ k4a1b2+ k6a2b1)e3+ k5a1b2e4°

If klf O,kzﬁ O,ku# o,k6¢ o,k7¢ 0 and k3= k5= O,

have that
= klalble2+ (k2a1b1+ k4a1b2+ k6a2b1)63+ k7a2b1e4.

If Ky# O ky# Oskg# Oyke# O,k # O and k= k= 0,

have that

b.+ k.a,b.+ k.a.b

= k.a b1e2+ kua b.e 191 52195 P 1)e4.

121 10283+ (k3a

If k)# Oykg# Oyky# Oykg# O,k # O and ky= k= 0,

have that

= k.a.b.e .+ k

1*%221% bye

62501 3+ (k3a1b1+ k_,a.b.+ k-a bl)ek'

2 1L 72

If kI% 0.k.# O,k4% O,k3# O,k7# 0 and k6= k5= 0,
have that

= k1a1b1e2+ (k2a1b2+ kualbz)e3+ (k3a1b1+ k7a2bl)e4.



Case 33. If kj# O,k # Ok # Oykg# O,k # O and kg= ky= O,

then from (+x) we have that
Xy = k1a1b1e2+(k2a1b1+ khalba)e3+(k5alb2+ k7a2b1)eu.

Case 34, 1If kl# O,k2# O,k6# o,k3¢ o,ksg 0 and k,= k.= O,

then from () we have that
Xy = klalb1e2+(k2albl+ k6a2b1)e3+(k3albl+ ksalbz)eh.

Case 35. If k1¥ O,kaf O,ksf O,kB# O,k7# 0 and k,= k,= 0,

then from (*) we have that
Xy = k1a1b1e2+(k2a1b1+ k6a2bl)e3+(k5alb2+ k_a.b )eu.

Case 36. If ky# O,ky# Oykc# O,k # 0,kg# O and ky= k.= 0,

then from (x) we have that

Xy = k1a1b132+(k4a1b2+ k6a2b1)e3+(k3alb1+ kSale)eh'

Case 37. If kl% O,ku# O,k6# O,kB# 0,k7# O and k.= k.= 0,

then from (%) we have that
Xy = klalb1e2+(k4alb2+ k6a2bl)e3+(k3albl+ k7a2bl)e4

Case 38. If ky# 0,k,# Oyk# O,kg# Oykg# Oykg# O and
k7= 0, then from (*) we have that

Xy = kla1b1e2+(k2albl+ k4a1b2+ k6a2b1)e3+(k3a1b1+k5a1b2)94.

Case 39. If ky# Oky# O,k # Oykg# Oyky# O,k,# O and
k5= O, then from (*) we have that

Xy = k1a1b1e2+(k2a1b1+k4alb2+k6a2bl)e3+(k3albl+k7a2bl)eq.

TADOY B13%
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Case 40, If ki# O,k # 0,k # o,ksg O,kg# Ok # O and

ke= 0, then from (*) we have that

Xy = k1a1b1e2+(k2a1bl+k4alb2)e3+(k3a1b1+k5a1k2+k7a2bl)eu.

Case 41. If ky# Ok # Oykg# Oyky# Opkg# Ok # O and

k,= 0, then from (+) we have that

Xy = klalble2+(k2alb1+k6a2b1)e3+(k3a1b1+k5alb2+k7a2b1)eu.

Hence, the multiplications of case 19 to case 41 are impossible.

Case 42. Assume that kl# 0,k # o,k6¢ o,k3¢ 0 and k,= k5

= k7= Os Then the multiplication (*) is
Xy = k1a1b1e2+ (k4a1b2+ k6a2b1)e3+ k3a1b1eh.

Choose a new basis ei,e such that el= e

2%3 17 ©1 ®3= Ky®

172!
e%: klk,_}e3 and e&: k3e4. Therefore, we get that
2
. tht ! Tthtegteal TtH!e
Xy = albl(el) + ajbletel+ albleled,
L b
fOI‘ X = .2 a(')e]{ ’ y = .2 bjej [} {a:;_’b:'j} C K’ i,j = 1'2,3,""0
i=1 J=1
Since (e')2 = 6% = ko + k.o + ke, = k.6.+ k0, = el+ ef
1 1 1727 "273" T3h 1727 "3k 2" Tk
taf - s = - 1
ejel = kjeje, = kl(khe3+ kseu) = klk463 = el
k
tal - o= o _
and eles = kje,e, = kl(k6e3+ k7e4) = k1k6e3 = Eé eé "
L

k ' (£
= a'bhle! th! th! ' ',
we get that xy a1b1e2+ (alb2+ k6 aabl)e3+ a1b194
L



4
To check associativity, let z = T cjel , {c}} C K.
=1 1=1o213’4
Then
4 4 4
& | 1
(xy)z = [(izlaiei)(jilbseé)](zzlczez)
4
= [ ajblel +(a'b 6 alb! )e +a'b'e4]( Z cfeg el)
k4 =1
= ki (a'b')c 63'

on the other hand,

4 L 4
x(yz) = (T a! e')[( X b&e A\E cgel ﬂ
i=1 7508 S MY SN
4
- (ig aje! )[bicie'+(b'02+ ke bic ')e b'c'eul
Ph k),
= ai(bici)e%.

Since A is an associative algebra, we must have that

k k
6 thitat — 1 1 i\ - 5 3 1
kh alblc1 = alblcl. That is kq = 1. Hence the multiplication

in this case can be written as

(42.1) xy = alblel+ (a'b'+ alb! )e + a'b eh.

A8 ] 2 2 3
Case 43, Let k1¥ 0, sz O,k5£ O,k7# 0 and k3= k)= ke= 0.
Then from (*) we have that
Xoy = klalb1e2+ k2a1b1e3+ (k a, b S+ k7 5 1)eu.
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4
To check associativity, let z = I C ey {CR,} C K.
9,-'—'1 2: =l'2’3”+
We have that
L N ] N
(xoy)oz = [( £ a,e.)o( T be.)o( T ¢ e,)
[i=l IE I N A Y N
4
= lklalb1e2+k2alble3+(k2a1b2+k7a2b1)eh]o(lilczez)
= k7(k1albl)c1e4,
whereas,
4 [ N 4
xo(yoz) = ( T a,e Nol( B b.e.)o( Z c,e )]
1=3A A Py AN =1 * Y
L
e P aiei)o[klblc1e2+k2blc1e3+(k5b1c2+k7b2cl)e4]

i=1

ksal(klblol)euo

Since A is an associative algebra, we must have that:
k1k7a.¢b1c1 = klkEalblcl' Therefore, k7= k5' Hence, the multipli-
cation in this case is

(43.,1) xoy = kK a,be + k2a1b1e3+ (k5a1b2+ k5a2b1)e#'

We claim that this multiplication is isomorphic to the multipli-
cation (42.1) in case 42. To prove this, let f: A =+ A be the

linear map defined by

f(ei) = ey

f(el) = kje,,

f(eé) = k1k564’

flef) = k2e3. k; € K, 1= 1,2,5
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Then f is 1-1 and onto by argument (I) page 24. (42.1) implies
that

f(xy)

]

] 1 1 1  J 1 1 ] l 1
f[a1b1e2+ (alb2+ azbl)e3+ albled]

i

1h¢ 1 'Hi tht th!
klalb1e2+ xlks(alb2+ aabl)e4+ k2a1b1e3‘

whereas, (43.1) implies that

L L
f( £ a}e{)o f( T ble

f(x)of(y) L)
i=1 j=1 33

I

] 1 ]
(ale1+k1a2e2+k2ade3+k1k5aée4)o(b1e1+

"t 1 ]
k102e2+k2b4e3+k1k5b3e4)

1 H ] 1 1 ] 1 (]
k1a1b1e2+k2a1b163+[ksal(k1b2)+k5(k1a2)bl]e4

]

v 1ATE iRt thtaa!
kla1b1e2‘k2a1b1e3+k1k5(aib2+a2bi)eu.

That is f(xy) = f(x)of(y), and consequently these two multipli-

cations are isomorphic

Case 44. Assume that k. # O,sz 0,k4¢ O,k6¥ O,kB# 0 and

k.= k.= O. Then the multiplication (*) is

xoy = k.a.b.e_ +(k

12101€5 2albl+k4a1b2+k6a2bl)e3+k3alb1e,+.
L
To check associativity, let z = £ czez ,{cz} C K.
2=1 2=1,2,3,4
Then
f L L ] L
(xoy)oz = {{ T a,e.)o( Z b.e,)|o( Z ¢ e )
i=1 1.1 j=1 j 3 g A
L

112 211 3 511

1

k6(kla1b1)cle3,

[kla b.e.+(k.a.b +k4a1b2+k6a2b1)e +k_a.b eh]o(zglc

0 )
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whereas,

(

i

xo(yoz)

o &

L
a.e.)ol( £ b.e.)o( T ¢,e,)
1 11 [j=l 33 0 L 2]

(

i

L e B

laiei)o[klblclez+(kzblcl+khb102+k6b2°l)63

+k3b1°1e4]'

khal(klblcl)eB'

Since A is an associative algebra, we must have that
k1k6a1blcl= klkhalblcl' That is k4= k6. Hence, the multiplication
in this case becomes

(44.1) xoy = kla1b1e2+(k2a1b1+k#alb2+k4a2b1)e3+k3alble4.

We claim that this multiplication is isomorphic to the multipli-
cation (42.1) in case 42+ To prove this, let f: A > A be the

linear map defined by

fley) = &g

f(eé) = k1e2+k2e3,

f(eé) = klkheS’

f(ed) = kBeI+ » k;eK, i= 1,2,3,4.

Then by (II) page 24 f is 1-1 and onto. By (42.1) we have that

tht \ 1 ' 1ol
£(xy) t[ajbies+(ajbiralbldesratblef]

] ] ] 1 ' 1 ] 1 ] L
klalb162+(k2a1b1+k1k4a1b2+klk4a2b1)e3+k3a1b1eu,
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whereas, (44,1) implies that

L 4
f(x)of(y) = £( © ale!) o f( T blel)
£l 4 j=1 3

]

[aiei+klaée2+(kzaé+k1k4aé)e3+k3a&eﬁ] 0

| ; |
[biel+k1bée2+(k2b2+k1kub%)e3+k3bAeh]

i

' (Whaic gl s
klaibie2+(kgaibi+klkua1b2+k1khaébi)e

+k3aibieu .

3

Therefore, these two multiplications are isomorphice.

Case 45. If kl% O’kZ# O,k;# O'kS# O’k‘?# O and k‘+= k6= o,

then the multiplication (&) is

X0y = klalble2+k2alble3+(k3a1b1+k5a1b2+k7a2b1)eu.

As in case 43, we can show that

(xoy)oz = k1k7alb1°1e4 and

xo(yoz) = k1k5a1b10164 .

Therefore, k5= k7. Hence the multiplication in this case is

(45.1) xoy = klalb1e2+k2a1ble3+(k3a1b1+ksalb2+k5a2b1)e4.

Claim that this multiplication is isomorphic to the multiplication

(k2.1) in case 42. To prove thisy let f: A+ A be the linear map
defined by



k2

f(e]'-) = el’

f(eé) = kye,+kse, ,

f(eé) = klk5eh’

f(eL) = k2e3, kie K, 1 = 1,2,3,5,

Then f is 1-1 and onto (III) page 19. (42.1) implies that

fxy)

1 ] 1 1 1 ] 1 1 \ 1 1
f[alb1e2+(alb2+aabl)e3+alb1eq]

=5 tht Th!t Tht 1H! Ttht
= klalble2+k2a1ble3+(k3a1b1+k1k5alb2+k1k5a2bl)eu,

and (45,1) implies that

L 4
f( £ afel) o £ I vlel)
i=1% Dl °

f(x)of(y)

]

Iﬁiel+klaée2+k2aae3+(kjaé+klk5a5)eh] o
[bie1+klbée2+k2bie3+(k3bé+klk5b%)euJ

1 1 tHt 1 1 THt
klalb1e2+k2alble3+(k3a1b1+k1k5alb2

: H!
+klk5a2b1) e’+o

Therefore, (42.1) and (45.1) are isomorphic,

Case 46.  Suppose that kl# O,khf O,k6# O,k5£ o,g7£ 0

and k,= kz= O. Then the multiplication (*) is

xoy = k.a_b.e +(k4a b +k,.a_b_le_+(k_a.b_+k_a_b )e#.

N I i S 126213 bk @ 72
i
To check associativity,let z = 3 czel,{ck} C K. Then
=1 2=1,2,3,4
t L i ] L
xoy =(( £ a,e,)o( £ b.e.)]o( £ c,e,)
j=1 * *  3=1JJ g=1 * *
= [klalble.+(kqa1b2+k6a2bl)93+(k5alb2+k7a2bl)e4]o
L
(Zecoe)
=1 22

il

k6(kla1bl)cle3+ k7(kla1bl)cle4,
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whereas,

b 4 i
§§1aiei)o[(j§1bjej)o( Elczezﬂ

xo(yoz)

L

- (iilaiei)o Bk1b101e2+(k4blc2+k6b2cl)e3+

(k5b102+k7b201)e4]

& khal(klblcl)63+k5a1(klblol)e4'

Since A is an associative algebra, we must have that

and k.k.a.b.c.= k_k_a.b.c That is

k) kya,by¢y= k kea, b;of oo kykoayby04.

1 %"

kh= k6 andbk5= k7. Henee the multiplication in this case can be

written as
(46.1) xoy = k1a1b1e2+(kha1b2+k4a2b1)e3+(k5a1b2+k5a2b1)e4.
We claim that (46.1) is isomorphic to (42.1). To prove

this, let f: A + A be the linear map defined by

f(ei) = ey

f(eé) = Kye -ep,

f(eé) = k1k4e3+klk5e4,

flef) = ey, k;e K, i= 1,4,5.

Then f is 1-1 and onto by IV page25. By (42.1) we have that

f(xy)

1 U ] L 1 ] 1 |}
f[alblea+(a1b2+a2bi)eé+aib1e4]
-0 ] - ! ] 1Ht
= kla]'_ble2 albie4+(kIKHaib2+klk4a2bl)83

1 1 1 ] 1 ]
+(k1k5alb2+klk5a2b1)e4+a1b1e4

1 L ] ] ]
kla1b1e2+(klkualb2+k1kha2bi)e3+

] ] ] ]
(k1k5a1b2+klk5a2bl)e4.
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and by (46.1) we have that
4 4

f( T ale!)o f( T ble!)
{21 * 1 j=1 9 J

f(x)of(y)

@iel+klaée2+klk4a%e3+(-aé+k1k3aé+a&)e4]o

s [
[e,+k bhe +k kyble i+ (-birk kbirble,]

1 U 1 ] 1 1
kla1b1e2+(klkha1b2+klk4a2bl)e3+

1 1 1 ]
(klk5a1b2+klk5a2b1)e4.

This proves the claim.

Case 47. Assume that kl% O,kZ# O.kuﬁ O,k6# O,ks# 0,

k7# 0 and k3= O. Then 'from (*) we have that

X0y = k1a1b1e2+(k2a1b1+k4alb2+k6a2bl)e3+(k5alb2+k7a2bl)euu

As in case 46, we can prove that

(xoy)oz = k1k6alblc1e3+ k1k7a1blcleh

xo(yoz)

)

k1k4a1b1c1e3+ klkSalblcleh'

Therefore, k4= k6 and k.= k Hence the multiplication

5 T

in this case can be written as

(47.1) xoy = klalb1e2+(k2a1b1+k4alb2+kqa2bl)e3+(k5a1b2+k5a2bl)eq.

Claim that (47.1) is isomorphic to (42.1). To prove this,

let f: A > A be the linear map defined by
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f(ei) = eqy

f(eé) = kje,,

f(eé) = klk4e3+klk5e4,

f(e&) & k283, kis K, i = 1,2,4,5.

Then f is 1-1 and onto by V page 26. Thus (42.1) implies that

fixy)

1 1 . ¢ L 1 1 1 ] ] 1 1
f[alb1e2+(alb2+a2b1)e3+alble4]

i

1 1
k.al'b ez+(k

1 1 1 1 1] ]
12101 a1b1+k1k4alb2+k1k4a2bl)e3

2

) : '
+(klk5a1bé+k1k5a2bi)e4 .

and from (47.1) we get that
L L

£( /2 /ate!) o f( T blel)
VLS - =1 3

f(x)of(y)

]

[aie1+k1aée2+(klkqaé+k2ai)e3+k1k5aée4]o

[bie1+k1bée2+(k1k4b3+k2bA)63+k1k5b%eq]

= 1 1 ] 1 1 1 1 1
= k1a1b1e2+(k2a1b1+klk4alb2+k1kl+a2b1)e3
1 ]
+(k1k5a1bé+klk5a2bi)e4.

This proves the claim.

Case 48, Assume that k1¢ O,k4# o,ksf o,k3¢ O,kS# 0,

k7# 0 and k2= 0. Then the multiplication (x) is

X0y = k1a1b1e2+(kl+a1b2+k6a2b1)e3+(k3a1b1+k5alb2+k7a2bl)e4°

As in case 46, we have that k) = k. and k5= k7. Therefore,

the multiplication in this case can be written as

(48.1) xoy = kla1b1e2+(k4a1b2+k4a2bl)e3+(k3a1bl+k5a1b2+k5a2b1)eq.
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Claim that this multiplication is isomorphic to the
multiplication (42.1). To prove this, let f: A + A be the linear

map defined by

f(ei) e

11
f(eé) & kleZ'
f(ei) = k1k4e3+klk5eu,
f(ed) - k3e4, k;e K, i= Te3i4:9,

By VI page 26, f is 1-1 and onto. ~Then (42.1) imples that

fxy)

1l

thtat ThH! tht \ thtat
f[alb1e2+(a1b2+a2bl)e3+alble4]

1

klaibiea+(klkhgibé+klk&aébi)e3+

i
(k3albi+klk5aibé+klk5aébi)eu

and (48.1) implies that

4 4
£(c8 aie!) o f( ¥ plet)

f(x)of(y)
== j=1 33

1

[aiel+klaée2+klk4aée3+(klk5a%+k3ad)eh]o

[bie1+k1bée2+klk4bée3+(klksbé+k3b4)eu]

- Ttht ] tht
= klalb1e2+(klkqaib2+k1k4a2bl)e3+
L] ! tht
(k3a1b1+k1k5a1bé+k1k532b1)e#'

Hence (48.1) and (42.1) are isomorphic.
Case 49. 1In the final case, let all ki# Dy 1 = ovuus?s
Then from (*) we have that

X0y = k1a1b1e2+(k2a1b1+kualb2+k6a2b1)e3+(k3albl+k5alb2+k7a2bl)eq.
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As in case 46, we can prove that k= kg and kg= K. Then

the multiplication in this case can be written as

(49.1) xoy = k.a.b.e_ +(k,a

18P 8o+ (kya Dy 4k 8 bovk, 8,b, Jegr(kga by +kga b

2 1" ¥ T3 E 912
+kSa2bl)64'
Claim that (49.1) and (42.1) are isomorphice. To prove this,

let f: A+ A be the linear map defined by

f(ei) = ey

f(eé) = kye ks,

f(e%) > klgue3+klk5e4,

f(e&) = k3eq , kie Ky i = 1,2,3,4,5.

Then f is 1-1 and onto by VITI'page 26. (42.1) implies that

1

thtle! iHht 'h!
£(xy) = f[ajbiesr(atbisatb)elralble] ]

i}

1 ] 1 ] 1 1 1 ]
klalble2+(k2a1b1+klk,+alb2+klk4a2bl)e3

& ] 1 1 1
+(k3a1b1+k1k5a1bé+k1k5aébl)eh

and (49.1) implies that

4 b4
f(-E aiei) o f( = bée')

f(x)of(y) )
1=l J=X

i

[aiel+klaée2+(kaaé+k1k4aé)e3+(klk5aé+k3aa)e4]o

[bie1+klbée2+(kabé+klkhbé)e3+(klk5bé+k3b4)e4]

1

] 1 1 ] L] ] LJ
k1a1b1e2+(k2a1b1+klk4alb2+klk4a2b1)e3

1 1 1 ] ] 1
+(k3a1b1+klk5a1b2+klk5a2b1)eu.

This proves the claim.
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Thus the multiplication in a nilpotent algebra A of
dimension 4 over a field K with dimension A2= 3, dimension A3= 2

and A4= {0} is uniquely determined up to isomorphism.

#

Next, we begin to classify the multiplications in a
L-dimensional nilpotent algebra A over the field K with dimension
A28 3, dimedkibniiie 1abd A% (0).

Let {91’62’93’e4} be a basis in A such that {ez,eB,eh} is

3

a basis of A2 and ey is a basis of A”.

For each x, y in A /‘we can write

i
> il b 858,
il
I
B Jf‘:—l bjej’ {aivbj} C K, 13§ = 1,2,3,k,
and we get that
L. 4

Xy b, z a.b.eiej.

S T NS e

: 2 2 b
Since ea,eleu,ekel,e2e3,e3e2,e3e A'=1{(0},

6

ezeh,euea,eBeq,el{_e3 € A5 = {0} and eie A"= {0}, we have that

2
X = a1b1e1+alb2ele2+a1b3e1e3+a2bleae1+a3ble3el.

. 2 2 : 2 ;
Since e € A~, we ean write eq= k1e2+k2e3+k3e4 for some kl‘ka’kB in K
; 3 _ _
and since elez,ezel,eleB,eBele‘A , We can write elea_ k4e4,e2el_ k5€4’
e1e3= k6e4 and e3e1= k7e4 for some kie K, i = 4,5.6,7. Therefore,

. g 2
by substituting ey elez, ele3, eael, 63e1’ we get
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(**) xy = k1a1b1e2+k2a1b193+(k3albl+k4alb2+k5a2b1+k6alb3+k7a3bl)eu. ,

. : 24 3 B
Since dimension of A~ is 3, the case kl_ 0 and ka_ 0 and k3- kh_ k5

= k6= k,= O can not occur. Now we begin to consider the remaining

7

casesSe

Case 1. 1t klf O, kaf O, ka 0 and k4= k5= k6= k7= 0, then
the multiplication (xx) is

Xy = kla1b1e2+k2albl93+k3alb1e4

= albl(klea+k2e3+k364).

This multiplication holds f£6r all x, y in A and sinece kle2+k2e3+k3e4

2
is a vector in A, we have dimension A2= 1 which contradicts the

hypothesis. Therefore, this case is impossible.

Case 2.  Assume that kl# 0, kaf 0, khﬂ 0 and k,= k.= ke= k

3 5 7

= O. Then from (xx) we have

Xy =3 klglble2+k2alb1e3+k4a1b2e4.

To check whether or not A is associative under this multi-

L
plication, let z = X czeg 20 o} { K then we have that

=1 £=112’3sh

[ 4 4 b
(T a,e,)(Tb,e)](Tce)
PH. 1 4 j= 33 ] 2 =1 2%

il

(xy)z
A 1))
, 4

[k1a1b1e2+k2alb1e3+k4a1b2eh](Rilclez)

gt oy

L4 L b4
(iilaiei)[(jzlbjej)(gilclezﬂ_

L
(iilaiei)[klblcle2+k2b1c1e3+kub102ed

k4a1(klb1c1)e4.

and x(yz)



Therefore, A is not associative under this multiplication.

this case is impossible.

Now we consider the following cases.

Case 3.

from (**) we have

xy

Case 4,

from (**) we have

Xy

Case 5.

from (*x) we have

Xy

Case 6.

then from (%) we

Xy

Case 7.

then from (**) we
Xy

Case 8.

then from (xx) we

xy

If k # O,k # O)kg# O and kp= k= kg= ko= 0

that

s klalble2+k2alb163+k5a2b1e4'

If k # Ok # Oykg# O and ky= k= kg= k= 0

that

= klalble2+k2a1ble3+k6alb3e4.

it g klf O,k2% O,k7# 0 and k3= ku= k5= k6= 0

that

£ klalble2+k2a1ble3+k7a3ble4

i klf O,kaf'o,k3¥ O,k4¥ 0 and k5= k6= k7=

have that

= k1a1b192+k231b193+(k3a1b1+k4a1b2)eh'

If ky# O,k # Oykz# Oykg# O and ky= kg= k=

=
have that

= klalble2+k2alb1e3+(k3a1b1+k532b1)e4.
I k# Oyky# Oykgf O,kg# O and ky= ko= ko=

have that

= k1a1b1e2+k2a1b1e3+(k3a1bl+k6alb3)eh.

50

So

y then

y then
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Case 9. If kl# O.sz O,kB# O,k7# 0 and k)= k5= k6= 0,

then from ( x+) we have that

Xy = k1a1b1e2+k2alble3+(k3a1b1+k7a3b1)eua

As in case 2 we can prove that A is not associative under
the above multiplications therefore, the multiplications in these

cases are impossible.

Case 10, Assume that klf ngzf O,k4¥ O,ks% 0O and k3= ke

= k7= O. Then from (+%) we have that

Xy = k1a1b1e2+k2alb163+(k4a1b2+k5a2b1)e#.

1 t .ot 1 1 | [
Choose a new basis el’SZ'eB'eh of A such that el- el,

§ = %= A AN
es= klez, e3- k2e3 and e klk#eh' Then we get that

thitst l"!"!""ll'll
xy & alblel +a1b2ele2+alb301e3+a2b1e2e1+a3ble3el,
4 4
for x = T ajel, y = Elbéeé, {ai,b&}c: Ky 1,3 = 1,2,3,4.
A j:
Since e'2 = e2 = ke + k,e,+ ke, = k.e_ + ke, = el'+ e!
1 % A DHGENES 34 - 127 2% T o3t ex
Lald i SH - al
ele2 — klele2 = klkke# = el
Ks
a8 iR, s = wuae O
e2el = kleze1 = k1k5e4 = kh els
152  Va - —
ele3 = k2e1e3 = k2k6e4 =0
and e%ei = k2e3el = k2k7eu = 0 , we have that
K5
- 1 thtat 1 e alht)as
Xy = aibleé+ a1b163+(albé+ K, azbl)eu .



5
L
Let z = T ciei ' {ci} C K then we have that
21 L=1,2;3,4
[ 4 i J 4
(xy)z = [( 2 age)( T blet)]( T crer)
i:lil ge1 397 g bR
kg <
o [gibieé+aibieé+(aibé+ 7y aébi)e&](2§lczei)
k5
= EZ (aibi)cie& '
b4 [ L L |
x(yz) = (T atet){( T btet)( £ crer)
e ot & SR
L k5
. ot 1 —— bt
= (iilaiei)[bicieé+bici93+(bicé+ K, bzcl)edj
= ai(bici)e&.
“5
Since A is an associative algebra, we have that EZ = l.

Therefore, the multiplication in this case ocan be written as

- ‘bletsealtble! "hles'bl el
(10.1) xy alble2+a1b1e3+(a1b2+a2b1)eu

Case 11l. Suppose that klf O,kz# O,k6# O,k7# 0 and

k3= k)= k5= O. Then the multiplication (**) is
X0y = klalble2+k2a1ble3+(k6a1b3+k7a3b1)e4.
b

Let z = T AR {cl) C K. Then we get that

2=1 2=142,3,k

[ N 4 N
(xoy)oz = [( T a.e,)o( = b.e.)[o( T c,e,)
fel * * geg d 3 ! pa) »*
4
- [k1a1b1e2+k2alble3+(k6a1b3+k7a3bl)e4]o(gzlcaez)

n

k7(k2a1b1)cleu,
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on the other hand,
4 4

)o[(jilbjej)o(zilcﬁezﬂ

a.e

xo(yoz) ( o

(

L
b
i=l
4
by

aiei)o[k1b1c162+k2b1°163+(k6blc3+k7b3°l)eh]

3=

k6a1(k2blcl)e’+ °

Since A is an associative algebra, we have that k2k7a1b1c1= k2k6alblc1

i.e. k6= k7. Therefore, this multiplication can be written as

(11.1) X0y = k1a1b132+k281b1e3+(k6a1b3+k6a3bl)eh'

We claim that (11.1) /is isomorphic to (10.1l). To prove this,

let f: A > A be the linear map defined by

f(ei) = eqy

f(eé) = kzej,

f(e%) = ke,

f(e&) = k2k6e4’ kl,ka,k6 e K.

Since det [f] # 0, f is 1-1 and onto. (10.1) implies that

- Th! 1 ] tht 1
f(xy) = f[albleé+aibleé+(aib2+a2b1)eu]

I

1 1 1 ] 1 ] ] ]
kaalble3+klalb1e2+(k21«:6alb2+k2k6a2b1)e,+

and (11.1) implies that
b N

(R - aiei)of( T ble')
i=1 j=1 9 J

f(x)of(y)

i ] 1
[aie1+k1aée2+kaaée3+k2k6a4e4]o[blel

1 1 1
+klb3e2+k2b2e3+k2k6b4eh]

1 ] 1] 1 1 1 ] 1
k1a1b1e2+k2a1ble3+(k2k6alb2+k2k6a2b1)eh.
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Hence (11.1) and (10.1) are isomorphic.

Case 12,  If ki# O;k,# Oyky# Oykg# O and ky= kg= ky= 0,
then the multiplication (x) is
Xy = k1a1b1e2+k2alb1e3+(k4a1b2+k6alb3)eu.
4
Let z = £ c e o {cg}cj Ky £= 1,2,3,4. It follows that
2=1
in L b4
= [( £ a,e ) Eb.e z
(xy)z [(1=1a1 1)(j=1 3 j)] (z=1c“e9“)
4
= [klalb1e2+k2alble3+(kua1b2+k6alb3)euj(gilczeﬁ)
= 0,
on the other hand,
L ol L
x(yz) = (T a,e)fC2be)(Tce)
i=1lllj=1jjﬂ,=122]
4
= (iilaiei)[klbl°192+k2b1°163+(k4b1c2+k6b1°3)edj

[kual(k1b1°1)+k631(k2b1°1)]eu'

Hence A is not associative. (If not, then for all x,y,z in A
we have (xy)z = x(yz) = O which implies A= {0}. This contradicts
the hypothesis that dimension A3= 1.) The multiplication in this

case is impossible.

Case 13. Assume that klf O,k2¥ O,k4# O,k7% 0 and k3= k5=

kg= O. Then the multiplication (*x) is

X*y = kla1b1e2+k2a1b1e3+(kualb2+k7a3b1)eu.
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We can choose a new basis eg e2,

" "o -
es= klea,ej_ k2e3,e£— klkheh' Then

¢ '
e",eu such that ei- e

2
= 1npn " MRK{Mattan HRttatiat Hhttattan MKttt
X *y albl(el) +a1b2elea+alb3e1e3+a2b1e2e1+a3b1e3e1,
I L
for x = T ale! , y = T ble" , {aV,b"}C Ky 4¢3 = 1,2,3,4.
j=1 11 =1 J i'"3
Since (e")2 & e2 = k e e +k_e, = +k.e, = e"+e"
1 1 s 3tK30y = kyeytk, 3 3
figtt - _— <
eyes = klele2 = klkhek 2 eﬁ ’
Ngn _ e -
ejey = k1e2el = k1k5e4 =_0 ,
MHan - e, o
ele3 = kzele3 3 k2k6e4 =WN\0
k2k7
nman - = = —
and 6361 = k2e3e1 £ k2k7e4 Nk ku ey » we have that
x-*y = a"b"e"_’_a"b"eﬂ*_(‘a"b|l+ k2k7 a"b")e' »
1"1°2* 1 Pt T K, 25°1) )
L
Let z = T cpel! {c;} (C K. Then we have that
=1 2=112’3sl+
[ gy eIty : 4
(x*y)*z = [(.Z ae")*( T b"eM)] *( 2 cle")
j=1 11 j=1 WA ¢=1 LR
k2k7 i
— npMgn 1! " 1 1
= [alb1e2+a1bie3+(a£b§+ kK, agbi)eh]*( > ciez)
£=1
k2k7 (a"bll cHeL ’
L
whereas,
4 b4 L4
x*(y*xz) = (3% agen) l( N b"e")*( D) c"e")]
i=1 j=1 Y 2=1
I
= (lgla:en) [b"c"e"+bi‘c"e"+(b" 54_ 1_{._2 b"C")eZJ

1

ag(bgcg)eu .
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Since A is an associative algebra, we must have that

kak k2k7
___2 K[~ MKttt 3 ——— = 3 Y -
k1k4 alblc1 = alblcl i.ee k1k4 = l. Therefore, the multipli

cation in this case can be written as

(13.1) x*y = a"b"e"+a"b"eg+(a$b

Palll 1 1
e e s S+azbile] .

2°7°3

Observe that A is not commutative under this multipli-
cation, but A is commutative under the multiplication (10.1l) in
case 10. Therefore, the multiplications (13.1) and (10.1) are
not issomorphic

Case 14. Assum¢ that kl# O,sz O,ksf O,k6# 0 and
k3= k= k7= O. Then the multiplication (xx) is
(14.1) Xy = k1a1b1e2+k2a1ble3+(k5a2b1+k6alb3)e4.

Let 2z =
2

N ™M F

Co€p 1 {cz}g ¢ K.  We have that

1 =112’3s4

=

4 )
[(iglaiei)(jzlbjej)J(zglcnez)

(xy)z

L
[k1a1b1e2+k2alb1e3+(k5a2b1+k6alb3)euj(Qzlczeﬁ)

k5(k1a1bl)clel+ 3

4 4 4

(Tae)[(Zbel(Zce)
i=1 *t [ j=1 39 gm1* t J
&

(iilaiei)[k1b10162+k2blcle3+(k5b2°1+k6b1c3)e4]

1t

x(yz)

k6a1(k2blc1)e4.
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Since A is an associative algebra,; we have that k1k5= k2k6°
We claim that the multiplication (14.1) and (13.1) are isomor-

phic. To prove this, let f: A -+ A be the linear map defined

by
f(ef) = ey
1 -
f(eé) = k2e3,
" -

Then f is 1-1 and onto. (13.1) implies that

f(x*y)

NEMNAN LaTth Al PSPPI '
f[alble2+alb1e3+(a1b2+a3bl)eh]

Ny 'w‘“n " "y (13351
k2a1b163+klalb1e2+(k2k6a1b1+k2k6a3bl)eh

and (14.1) implies that

4 4

f( = a"e'.')f( = bnel_l)
e

f(x)f(y)

1 " " 1 13 "
[aiel+kla3e2+k2a293+k2k6ahe4][ble1+k1b3e2

+k2b593+k2k6bue4]

MmMpun 1nmpn 1"y 1npn
klalb192+k2alb1e3+(k1k5a3bl+k2k6a1b2)e4

"KM 1M} n "npun "
k1a1b1e2+k2alb193+(k2k6a1b2+k2k6a3bl)eh,

This proves the claim.
Case 15. If kl% O,kZ# O,kS# 0,k7¥ 0 and k3= k4= k6= O,

then from (**) we have that

Xy = klalble2+k2a1b1e3+(k5a2b1+k733b1)eh.
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As in case 12, we can prove that A is not associative

under this multiplieation. Therefore, this case is impossible

Case 16.  Suppose that kl# O,kaf O,k3¢ 0,k # O,ksf 0

and kg= k7= 0. Then from (x*) we have that

xoy = k.a b e +k.a.b.e_+(k,a.b +k)a b,y +ka,b )eu.

T 1 2% 2113 3 N | 1’2521
M
Let 2z =1 Slc € .4 {cg} {7/ /Ke We consider (xoy)oz and
=1 % 2=1,2,3,k
xo(yoz).
( g : L I [
xoy)oz = T a.e, ¥ e, b
[ Pt 1)0(j=l 3 3)]°(2=1°262)
) 4
= [k1a1b1e2+k2alb1e3+(k3a1b1+kualb2+k5a2bl)eé]o(zzlckeh)
= k5(k1a1b1)01e4'
N k4 4
xo(yoz) = ( £ a,e;YofC T b.e)ol T c e )
! i=1 * % [j=133 z=1’”]
L} -
= (iflaiei)o[k1b1c1e2+k2b10163+(k3b1c1+k4blc2+k5b2c1)e41
= kl{'al(klblcl)el".

Since A is an associative algebra, we must have that k4= k

5.

Therefore, this multiplication becomes

(16.1) xoy = k,a.b.e_+k. a.b.e_+(k,a. b +k4a1b2+k4a2bl)e4.

1311272133 531)

Claim that this multiplication is isomorphic to the multi-
plication (10.1) in case 10. To prove this, let f: A=+ A be the

linear map defined by



59

f(ei) = ey,

f(eé) = kle2+k3e4,

f(eé) = k2e3,

flef) = kikpeys kyeK, i=1,2,3,k

Then f is 1-1 and onto. (10.1) implies that

1l

ThHt ! \J
f(xy) f[albleé+a1b'eé+(aib'+aébi)eu]

1 2

1 1 ] 1 1 1 1 1 1 U
kla1b1e2+k2a1ble3+(k3albl+klk!a1b2+k1k!a2bl)e4,
where as, (16.1) implies that

L 4
f(_? a'ei)of( N b'e&)

f(x)of(y)
Ly ¥ j=1 o

[aiei+k1aée2+k2aée3+(k3aé+k1k4a&)ed]o

I ' '
Lbie1+klbée2+k2bée3+(k3b2+klk4bu)e41

I

1 3 t 1 2 1 1 | ] ] ] L
k1a1b1e2+k2alb1e3+(k3a1b1+klkualb2+k1k4a2bl)eh.

Therzfore, (16.1) and (10.1) are isomorphic.

Case 17.  Let ky# O,k # Oyky# O,kg# O,k # O and k,=ks=0.

Then from (xx) we have that

X0y = klalblez+k2alb1e3+(k3a1b1+k6a1b3+k7a3b1)e4.

As in case 11 (since A is an associative algebra), we get that

k6= k7. Therefore, we can write xoy as

(17.1) xoy = k1a1b182+k2a1b1e3+(k3a1b1+k6alb3+k6a3b1)eh'

Claim that (17.1) and (10.1) are isomorphic. To prove

this, let f: A+ A be the linear map defined by
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f(ei) = ey

f(eé) = k2e3+k3e4,

f(e%) = kye,,

f(ef) = kkce,, ke K, i = 1,2,3,6.

Since det [f] # 0, £ is 1-1 and onto. (10.1) implies that

£(xy) = f[aibieé+aibieé+(aibé+aébi)e&]
= kaaibie3+k1alb1e2+(k3 1o +k keaibl +k K 6aébi)e4
and (17.1) implies that
i~ L
f(x)of(y) = f( z a’ 197 )of( n.ble )
=1 ‘ 31‘]
= [a e1+k1a3e2+k2 4 3+(k a +k2k6a4)e4]o
[b e +<4b5e2+k ble +(k bl +k ksbq)eil
= k al b e +kzalwl 3+(k Sl k6a b +k k6a )eh.

Therefore, f(xy) = f(x)of(y). This proves the claim.

k. =

“Case 18.UHUe k1¢ o,sz o,k3¢ O,kqﬁ o,k6¢ 0 and k5= -

Then from ( *xx) we have that

Xy = k a b1e2+k2alb1e3+(k a 1+k4alb2+k6alb3)e4.

As in casc 12, we can prove that A is not associative under

this multiplication. Therefore, this case is impossible.

Case 19, Suppose that kl# O,kZ# O,kB# O,k4# O,k7f 0]

and k.= k,= 0. Then the multiplication (*x) is
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%'ei)

(19.1) Xy = klalb1e2+k2alble3+(k3a1b1+k4a1b2+k7a3b1)eu.
L
Let z = X c e {02} i K. We consider (xy)z and
g=1* £=1,2,3,4
x(yz).
4 4 4
(xy)z = [(iilaiei)(jilbjej)](zflcﬁeg)
L
= [k1a1b1e2+k2a1ble3+(k3alb1+k4alb2+k7a3bl)eu](251
= ky(kyabjlcye,
4 A A
= B aley, ; ¥N
x(yz) ( i=1alel) {( ;jilt-’)"’je:‘ ) (2 =lc2e£ )]
4 i ol B
- (iilaiei){klblcle2+k2blcle3+(k3b1c1+k4blca+k7b3cl)e4J

k4a1<k1b1cr)ek'

Since A is an associative algebra, we must have that k. k.= k1k4.

277
We claim that (19.1) is isomorphic to (13.1). To prove this,

let f: A > A be the linear map defined by

f(e{) = ey,

f(eg) = kle2+k3e4,

f(eg) = k2e3,

f(eg) = kikpey  kie K, i= 1,2,3,4.

Then f is 1-1 and onto. By (13.1) we have that

1

MKttt LA IPN npt "npn "
f(x *y) f[alble +a'p e3+(alb2+a3bl)e4

2 Sy

'" n 1np”" nmpn thH" 1"m"Hn
k131b1e2+k2a1b1e3+(k3a1bl+k1k4a1b2+klk#a3bl)eh,
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whereas, (19.1) implies that

4 L
£f( % aveV)f(
fe ¥37 44

f(x)£(y)

L1}

ble
JJ)

[age1+k1a§e2+k2age3+(k3a3+k1k4a£)e4]

[bge1+k1bge2+k2bge3+(k3bg+k1k4bu)eh]

1

1"nun 1K "HK"n iTKHt "
k1a1b1e2+k2alb1e3+(k3a1bl+k1k4alb2+k2k7a3bl)eh.

Since k2k7= kik,, we get that f(xxy) = f(x)f(y). Therefore,

this proves the claims

Case 20. Assume’ that klf O,ka# O,kB# O,k5# O,k6# 0

and k)= k7= O. Then from (*+) we have that

(20.1) Xy = k1a1b162+k281b163+(k331b1+k5a2b1+k6a1b3)eh'

Then klk5 & k2k6 by the associativity of*A (as in case 14).
Claim that (20.1) and (13.1) are isomorphic. To prove this,

let f: A > A be the linear map defined by

f(e{) e

19
f(e'é) = k293+k394'
f(eg) = klez’
£(e)l) = kykgeyr ke K, i =1,2,3,5.

Then f is 1-1 and onto, (13.1) implies that

f(x xy)

MKttt nmpn t 1"mpKt HRHM ]
fEalb1e2+alb1e3+(albé+a3b1)eL]

- "pn Myt 1"Mpn Myt 1"
= k2a1b1e3+k1a1ble2+(k3a1b1+klksalb2+klk5a3bl)eq,
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and (20.1) implies that

4 4
f(.E a?eg)f( p bgeg)

f(x)f(y) §
3=k =1

1" " 1 1 "
[a{el+kla}e2+k2a2e3+(k3aé+k1k5ah)eu][blel

+klbge2+k2bge3+(k3bg+klk5bﬂ)eu]

npKy" nmpn 1" "Hpn 1"H"n
k1a1b1e2+k2alb1e3+(k3alb1+klk5a3bl+k2k6alb2)e4

k,ajbye +b a"b"e3+(k3a"b"+k k.al'b!l+k

MK
1°1% 284 P, b +k kgaiblrk koagbi)e, .

Therefore, (20.1) and (13,1) are isomorphic

Case 21. If klf o,sz o,k3¢ o,k5¢ O,k7£ O and k)= kg= O,

then from (**) we have that

Xy = klalbleafkaalble3+(k3a1b1+k5a2b1+k7a3bl)eu.

As in case 12, we can prove that A is not associative

under this multiplication. Therefore, this case is impossible.

Case 22. Assume that kI# O,kZ# O’k4¥ O,kB# O,k6# 0

and k,= k= O. Then the multiplication (x#) is

3777
(22.1) Xy = klalble2+k2alb1e3+(k4a1b2+k5a2bl+k6a1b3)eu.
4
Let z = T ce , {c} C K. It follows that
=1 2% 25234
[ L b4 b4
(xy)z = |( 2 a,e.)(Zb.e)|(Zce)
=1+t 3= J g=1 %2
i
= [klalb1e2+k2a1b163+(k4a1b2+k5a2b1+k6alb3)eu](2§lcze£)

log(kya,By)0; 04
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4 “ “

KL ALY

x(yz)

L

[ : . 1 7
( ¥ ase;)|k bjoje kb e e +(kybic,tkgbyey+kebycsle, |

R

i=%

[kual(klblcl)+k5al(k2b1015]e4
Since A is an associative algebra, we must have that k1k5= k1k4+k2k6.

We claim that (22.1) is isomorphic to (13.1). To prove this, let

f: A » A be the linear map defined by

f(ei) = eg,
f(e,) = kh e + e3

. A/ AR T N\

179 0

fle;) = I . \

3 T 2
£(e,) = €k J(xfoy CK .

k1k5 i=1,5,4,6

» =K~
Since det [f] = __6 # 0Oy f£is 1-1land onto. (22.1) implies

3
klk5
tha*
fixy) = f[ylalble2+k2alble3+(k4a1b2+k5a2b1+k6a1b3)eh]
ki k, k k¢

] g n " "
= k,ks alb1e2+a1ble3+E;E; a1b1e2+

el
) T o
3’ Tk

en
- " n
= a1b192+alble3+(k4a1b2+k5a2b1+k6alb3) ﬂEk ’

15

(k4a1b2+k5a2bl+k6alb

whereas, (13.1) implies that
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4 4
f(izlaiei)* f(jzlbjej)

f(x)* £(y)

k k a a
4 6 2 4

et a4 =— a ey w—— ey —— e '] *
ks "2t Kk 73702 B U3 Tk L

15

k k b b

L4 6 2 L
fb olli(oem: b4 == b )eli += ¢85 o e']
P11 R 2t Tk 302t By 3F Tk i
k k a
3 L 6 2
& " - = < "
= a1b1e2+alb1eg+ta1(k K b2+ Tk b))+ bi]e
el

T 1%5 7 &
albleg+a1bleg+Ek4a1b2+k5a2b1+k6alb3] Ezks .

l
=
o
[
@
==
+
~
=
x

=3

—

1l

This proves the claim

Case 23.  Suppose that klf O,k2¢ O,kqf O,ksf O,k7# 0

and k3= k6= O. Then from («s) we have that

(23.1) Xy = kla1b1e2+k2a1b1e3+(k4a1b2+k5a2bl+k7a3bl)eu.

L
Let z= Zce ,{c} _ K. We see that
4 % R 2
R=1 2 =11273’l"
L
(xy)z = [k1a1b132+k231b1e3+(khalb2+k5a2b1+k7a3b1)eh](zi clez)

1

[ks(klalbl)c1+k7(k2a1bl)cﬂ €
4

(izlaiei)[klblcle2+k2b1c1e3+(k4b102+k5b2c1+k7b3cl)e4]

x(yz)

kl{»al(klblcl) el+.

Since A is an associative algebra, we get that k1k4= klk5+ k2k7.
We claim that this multiplication is isomorphic to the multipli-
cation (13.1). To prove this, let f: A » A be the linear map

defined by
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]
()

f(el)

1’
f(ea) £ fﬁ g ksen ,
kl k1k4
fle,) = 52°3
> k_k
14
f(e,) = of {k;# 0} < K.
klkh i=1,4,5,7

Since det [f] # 0, f is 1-1 and onto. (23.1) implies that

f(xy) = f[ka bre+k a bie ek a b +ka b, +ka,b e, ]

171 17272/ 1 1\3 27021 E¥2

kel kK el;
YV DhtR Y —
a1by el (") a;byey+(k a borkga,b, +k,azb, )

It

1 2 klku 12 "9.2°L 37751 k1k4
el
_ ' ' i 4
= albleé+albleg+(k“alb2+k5a2bl+k7a3bl)klk# ,

whereas, (13.1) implies that

4 4
. 2 . . .
f(x) + £(y) f(i=lale1): f(jilbjea)
a k k a b
2 v 7 4 2
= [a ell+ ==el4 (== a,+== a,)ell+—— e]' |s[b,elt+—rel!
[ 3 g kl 2 klk4 2 k1k4 373 klk4 L:] [l 1 kl 2
k k b
5 7 4
+(== b_+=L b )el4— e
kK, 2Kk, °3/ 05 K, L]
a.b k

172 5 k? ]
( a_+—=~ a,)b.|eJ
1 k1k4 2 klk4 3771 L

. eK
o 1" 11 c— =
= alble2+alb1e3+Lk4a1b2+k5a2b1+k7a3bl]]lku

s i "
= alble2+alb1e3+ 5

Therefore, (23.1) and (13.1) are isomorphic.
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Case 24k,  Suppose that k1¥ O,kz# O,kqf 0,k6# O,k7# 0

and k3= k5= 0. Then the multiplication () is

(24.1) Xy = k1a1b1e2+k2a1b1e3+(k4a1b2+k6alb3+k7a3b1)eu.

c } _ Ko We have that
2 g=1,2,3,4

b4 4 4
(2 a,e.)(Tbe)](Zce)
: j=1 117 4030 ] =1+ *

N
et z= Zce , {

~
o]

<
~
N
i

4
[klalb1e2+k a.b.e +(k4a1b2+k6a1b +k_a.b )eu](gglckel)

2°1°1°3 3731

= k7(k2a1b1)cle4,

4 4 N

z a, arhle . X
(i=1a1ei)[(j=1b3e3)(z=1cke£)]

whereas, x(yz)

(iilaiei)[k1b1c182+k2b1°1e3+(k4b1°2+k6b1°3+k7b301)O4l

1

Since A is an associative algebra, we must have that k2k7= klk4+k2k6°
Claim that this multiplication is isomorphic to the multiplication

(13.1). Let f: A = A be the linear map defined by

f(el) = e{,
k
L
f(e,) = — e
2 k2k7 2!
) k6 e"
f(e = e el ==
i k2k7 P k2 ’
(ey) %
f = S—" k . 0 C °
4 kok, ey Yioo,b,6,7
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Then f is 1-1 and onto. Using (24.1) we get that

fxy)

f[kla1b1e2+k2alb193+(k4a1b2+k6alb3+k7a3bl)eh]

k. Ky +loke e}

— " 1 m——

= ( k2k7 )alb182+a1b193+(k4a1b2+k6a1b3+k7a3b1)k2k7
el;

P n 1 L.y

= a1b1e2+a1bleé+(k4a1b2+k6alb3+k7a3b1)k2k7 .

on the other hand, (13.1l) implies that

s i
E 3 - E a ° 2 .
£f(x) *£(y) f(i=la1e1)*f(j=1bje3)
k k a a
L 6 3 h =
= [a et/ //a == a )eN4—=e! frm e']*lb el
15300k 22 Tk, %302 K, 3 Tk, A L
Kk k b b
Iy 6 4
+( B2 b )eNi—2elti— el']
Kok, 21Kk, 3 21,03 Kk, L
k k a
4 6 3
= alb195+a1b1°§+[?1(ﬂzk Dotk P3) g oy el
7 277 2
el
= a1b163+albleg+(k4a1b2+k6alb3+k7a3bl)E;k7'

Therefore, (24.1) and (13.1) are isomorphic

Case 25. Assume that kl% O,sz O,k5¥ O,k6# O,k7# 0

and k.= k)= O. Then the multiplication (s+) is

3
(25.1) Xy = klalble2+k2alble3+(k5a2b1+k6a1b3+k?a3bl)eu.
L
Let z = % cge, v ¢y} Z Ko We consider (xy)z and x(yz).
2=1 " £=1,2,3,4
4 N 4

(xy)z = [(izlaiei)( E

j lbjej)](zilczez)
N

[k1a1b1e2+k2a1ble3+(k5a2b1+k6alb3+k7a3bl)e4](zflcgeg)



[ks(klalbl)cl+k7(k2a1bl)cﬂ e,

" : 4 4

(yz) = (T a.e)l(Tb,e)(Bce)

i o1 T4 4=1 33 g b 2 ]
4

(izlaiei)[k1b1c1e2+k2b1cle3+(k5b2c1+k6b1c3+k7b3cl)e4]

= k6al(k2blc1)e4.

Since A is an associative algebra, we must have that k2k6= klk5+k2k7.

We claim that (25.1) is isomorphie to (13.1). To prove this,

let £ ¢+ A > A be the linear map defined by

I
2

f(el)

f(e2)

f(ea)

£(e,) M= (k¥ 03 < K.
P 1 1=2,5,6,7

k
Since det [f] = = —% #£0, f is 1-1 and onto. (25.1) implies
kZk
276
that

f(xy) f[klalblez+k2alb1e3+(k5a2b1+k6a1b3+k7a3bl)eu]

klk5+k2k eﬂ
11" mam—
G—-E;Eg——z)alb1e3+albleg+(k5a2bl+k6alb3+k7a3bl)k2k6

e"
i
ot " .
= alble2+alb1eg+(k5a2b1+k6a1b3+k7a3bl)k2k6 .

1!

whereas, (13.1) implies that
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f('

i

a
[?1e§'k %

2

£(x) = £(y)

1}

aiei)*f( Tb

4 4
e.)
8l j=1 373

k a
L" - e
£+(k2k6a2+zgk6a3)eg+EZk6e£j*Lble{

i

b k k b
s2elts(=2 b_+—L b )e"+‘—l-11 H]

e
k2 2 k2k6 2 k2k6 3773 k2k6

b k k

.5 /.5 ol '

2y (== a a.)b.|e!

1k, k2k6 2 k2k6 3771 7L
el;

a1b163+a1b16g+[k5a2b1+k631b3+k7a3bi]EZkG'

s " "
= a1b1e2+a1b1e3+[a

Hence (25.1) and (13.1) areé isomorphic.

Case 26, Suppose that kl% O,k2¢ O,kB# O,k4# O,kB% 0,

k6¢ 0 and k7= O. Then from {+x) we have that

(26.1) Xy

kla1b192+k2a1ble3+(k3a1bl+k4alb2+k5a2b1+k6a1b3)eua

We can check (the associativity of A as in case 22 and we
get that k1k5= k1k4+k2k6; Claim that (26.1) is isomorphic to (13.1).

To prove this, let f: A+ A be the linear map defined by

k
f(el) = el'+ Rfkseg ’
k e
4 s
fle,) = — e 4
Z klks 2 kl g
k
6
f(e,) = — e
3 k1k5 2
el;
f(el.}) = _k ] {k'l# 0 C K.
15 i=1,3,4,5,6
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Then f is 1-1 and ontos (26:1) implies that

flxy) = f[klalblea+k2a1blej+(k3a1b1+k4a1b2+ksa2b1+k6alb3)ed]

e 1
b,eM+a.b eV+(k_a.b b, +k.a b b —E

k.k;+k Kk
14 2 6)a +k; a 4k, a
171727717173 T A1 21T e L3 k1k5

klkS

= (

e 1
& 1" 1 3
@ alb162+alb1e3+[k3albl+khalb2+k5a2b1+k6alb3] klks

and (13,1) implies that

L4 b
f(x) = f(y) = f(iilaiei) *f(jilbjej)
k k k.a a a
. 6 3 2 L
. [a i (- /a a )eM+(—=2 a Yelt ev]*
06 4T U S A A s R A R L
k k k b b
b4 6 3 2 L
boeMs (= b= b )e"+(== b 4==)el4— e]']
[bye] Fpks 2 Kok 3021 K kg 1Ry *5 R kg L
k k a
b 6 3 2
= a,byel+a.b e"+[a (e b 4=  b,)+( a,+—=)b. el
LB e T k3 T Kk 1R L L
el
= albleg+alb1eg+(k3alb1+k4alb2+k5a2b1+k6alb3)E-l--k5 =

Thus we have that (26.1) and (13.1) are isomorphic.

Case 27. Suppose that klf O,kaf O,kB# O,kqf O,ks# 0,

k7# 0 and k6= O. Then the multiplication (**) is

(27.1) Xy = klalb1e2+k2a1ble3+(k3a1b1+k4alb2+k5a2b1+k7a3b1)eu.

As in case 23 we have that k1k4= k1k5+k2k7. Claim that

this multiplication is isomorphic to (13.1) case 13. To prove this,

let f: A - A be the linear map defined by
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f(e ) @ Gn_,._é e"
1 1 klkh 2!
e k
f(e,) = - Y
2 kl klkh .
k
o
f(03) - klkueg : ]
el
f(eh) s E;kh i {ki; 0}C K, i = 1,3,4,5,7.

Then f is 1-1 and onto. Using (27.1) we get that

f(xy)

f[klalble24k2a1b1e3+(k3albl+khalb2+k5a2bl+k7a3bl)eh]

el
APTET 4a1b2+k582b1+k7a3b1)§1k4 1

il

1 1"
a1b1e2+alb1e3+(k a.b. +k

whereas, from (13.1) we get that

£(x)+£(y) = f(iglaiei): f(jglbjej)
- [ale$+(§§k4al+§f)e5+(;fkua2+§fk4a3)eg+;$kue" ]
*[b1e§+(;fk4bl+;f)e5+(§fkqb2+;fk4b3)e"+§$khe"]
= albleg+albleg+[g1(;fkhbl+§§)+(;§kha2+;§kha3)bi]eL

el
b.+k_a_b.+k_a

n 1" -
a.b_e"+a_b_e +[k3alb1+k4al o*K5a b, +k,) 3b]:]klku.

el 2 71173

Therefore, (27.,1) and (13.1) are isomorphic.

Case 28, Assume that klf O,k2£ O,kaf O,kkﬁ O,k6£ 0,k7# 0

and k5= O. Then from (**) we have that
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(28.1) xy = k,a.b e +k. a. b e +(k

181P185+k,a,b 05 a1b1+k4a1b2+k6a1b3+k7a3bl)eu.

3
As in case 24, we have that k2k7= k1k4+k2k6' This multi-
plication is isomorphic to (13.1) in case 13. To prove this, let

f: A > A be the linear map defined by

ta
f(e ) = ell4—= el!
1 17k, k, 3 !
k
i
f(ea) = -k_a'k’?eg 9,
( ) k6 e"
f(e = = ely—=
3 ko 2 ko
el
Ty AT PO O T 1 = 20304,6,7.

Then f is 1-1 and onto./ #28.1) implies that

fxy) = f[k1a1b192+k2a1b193+(k3a1b1+k4a1b2+k6a1b3+k7a3b1)64]
el

— ", - " d— 5
= albleafalblea*(k3a1b1+k4a1b2+k6alb3+k7a3b1)k2k7 "

whereas, (13.1) implies that
4 oy

£ 2a,e.)*» f(' T b,e.)
j=1 * * j=1 4 J

£(x)*£(y)

[ (k,+ k6 ) k a3 ah ]
a.e"+(+— a_+— a_)e"+( a,+==)e!4=— el'| «
1515k, %2 Tk, 737 02 Tk, M1, O3 Tk I

k k k b b
L 6 2 4
b el Hig—= b )e"+(=2 b +_z)eu.,..._. e']
[byey Ik, 2 Tk, "3 02 Tk, 11K, O Tk, N
k k6

a,b.el+a. b, ell| (—i b b,) (Eé +ié)b‘] .
= a,b,e5+a, byegela, (5 boty Pa)+ k2k7al k, °1 ely
el;

27 27
n 1 —
a1b1e2+a1ble%+[k3a1b1+k4alb2+k6alb3+k7a3bi]k2k7.

Thus (28.1) and (13.1) are isomorphic.
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Case 29. Assume that kl% O,kz# O,kE# O,kB# O,k6¥ 0,

k7¥ O and k,= O. Then the multiplication (*%) is

(29.1) xy = kqa,biej+k a boe,+(ka bo+keab +kga, b

LSRR Dy Oyt kgt Diakea, By azby)ey.

3+KoAs0y

As in cease 25, we get that k2k6= klk5+k2k7. Claim that
this multiplication is isomorphic to (13.1). To prove this, let
f: A » A be the linear map defined by

k

fle,) = el 4,
i 1 k2k6 2
k
fle,) & o N
2 S g3 )
gV k
f(e3) = EE+E§k6eg '
eﬁ
f(eu) = Egks s {kif 0}Z K, i=2,3,546,7.

Then f is 1-1 and onto. (29.1) implies that

f(xy) f[k a.b.e.+k.a-b.e_+(k,a b +k_a_b +ka b,+k,a,b )e#]

T T2 1 3 BEEL 5 2 1 1377371
el
s " 1" —
= a1b1e2+alb1e3+(k3alb1+k5a2b1+k6alb3+k7a3bl)k2k6

and (13.1) implies that

L 4
f( £ a,e.)+«f( £ b.e.)
=1 % g1 9
a k k a

k
| 4
a e"+(—2 a +—2)e"+(_2 a +.—7. a )e"_',_.. el x
[1 1 k2k6 1 k2 2 k2k6 2 k2k6 3% k2k6 Z\‘]

£f(x)+ £(y)

k by k., by,

k
b e"+(-—3 b 4—-)9".,.(__5. +—= Db )eM el
[byey ke "1'E, 02 Kk Tk 3 3 Tk 1]
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k b k k

. 3 3, X5 7
a1b133+a1b195+[81(E;ksbl*ig)+(k2k6az*igk6a3)b1]eﬂ

el‘l
" n

alble2+a1b1e3+[k3a1b1+k5a2b1+k6alb3+k733bi]khk

276

1l

Therefore, (29.1) and (13.1) are isomorphic.

Case 30, Suppose that klf O,k2¢ O,k4# O,ks# O,k6# O,k7# 0
and k= O. Then the multiplication (x+) is

Xy = klalblez+k2alb1e3+(kualb2+k5a2b1+k6alb3+k7a3bl)eu.

1 1 |} 1 ] L™ 1 o
Choose a new basis el,ea,eB,eh of A such that ey= el,e2 = klezr
1 v _ ;
e%= kzg3 and e)= klkheh' Then we get that

2
= alp! 1 1hletal thlaele! thlete! thletle!
Xy albl(el)-+a b2e el+alblelel+alblelel+alblelel

1 =2 MB35 212173717371
L L
for x= T a'e! =/ % ble! a' yb'} < Kei,j = 1,243,4.
$1 $84 J i1 3%3 v A 4% J} 1ly] 1243,
Since (e')2 = e2 = koe +kie_+k-e), = el+el
1 1 T2 5T, 2 5 '
1 1 - e - 1
6162 = kleleé = klkl_"el_‘. = el+ 9
ks
1 Ak el Al
°2°1 = MRIMNRAPRR SRS
ele! = k. e.,e, = k. k. e = EEEQ e)
173 2°1 3 276 4L kqk) 4
k2k7
' L = aw — e memi ]
and e3e1 k2e3e1 = k2k7e4 = k1k4 e 1 we have that
k k. .k k. .k
Xy = a'b'e'+a‘b'e'+(a'b'+—za'b'+—§—§a'b'+—§—za'b')e' .
LE5 20 T -5 L 2 k4 21 klk4 1% k1k4 3°1°°4h
L
Let z = Z cieé ’ {ci} ‘> K. We consider (xy)z and x(yz).
i=1 2=1,2,3,4
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i L i
(xy)z = [( = ajeq )( R b' ')]( T cpe )
3= l =1 L=1
[ k5 k2k6 k2k7 . L
= [ajbyel +a'b'e'+(a'b +=2atbl4—=—albli—=Lalbl)e}]( = cle})
2 ) = k4 21 k1k4 173 k1k4 371 4] 0ol L2
k k. .k
= [2(agb))edmigiagptdei] el
B 14
b i N
x(yz) = ( 8 al e')[K z b' ')( T cle! )]
i=1 g=1 %
L k5 k2k6 k2k7
= (1§131e|)[5v '?é+bic1e3+(b'CZ+EZb£c1+E—EZbiCB+—_EZbéc )eq|
k. k",
9 26 4
= (afbjei YA
Since A is an associative‘algcbra, we must have that
k k k k.k k.k k. .k
T{—5-+-E-2?2=1+k2k6. Letk':i%é,k"z-k—a-}?z. Then k' # O
b 14 1k 14 1k

and k" # O. Since k5¢ Oy we have that 1+k'~k" # O. Therefore,

the multiplication in this case can be written as

e 1 1 ' 1 1 1 1 T \J ] 1 1 Mot 1 1
(30.1) Xy = alble2+a1ble3+[albé+(l+k' k")a2b1+k'a1b3+k a3b1]94

Notice that if 1l+k' = O, then (xy)z = x(yz) = O for all
X,¥,2 in A. This implies that A = {0} which contradicts the hypo-

thesis of dimension A3= l. Therefore 1l+k' # O.

Subcase 1. If k' = k", then we have that

- thipgt Tthtat "' TH! 1ath?t Itath!t 1
(30.2) Xy = alble2+alb1e3+(alb2+a2b1+k a1b3+k a3b1)eh°

We claim that this case is isomorphic to (10.1) in case 10.

Recall that the multiplication in case 10 is
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(10.1) X0y = a"b"e"+a"b"e"+(a"b"+a"b")e"

R e ake el . ikt - i R T
N b
for x = T alffe) ;¥ = - bgeg . ‘bg,bg} C K, i, = 1,243,k
i=1 j=1

To prove this, let f: A > A be the linear map defined by

f(ei) = eg,

e"

2
£(e3) = 1o

k
1) = eeemai Y
f(eB) =55 elyell 7

==

f(e&) T-ET ¢ l+k* #0, k'e Ko

1}

-

Then f is 1-1 and onto./'We/have from (30.2) that

o ] 1 1 1 ] 1 | t 1 1 \
£(xy) = f[ajbjel +a 1pletrlaibiraibirk albi+k'aib ey ]
S eff
=i " | £ 11" thigtt ] 1 1 l | 1 ' : !
= T:ETG +EIEfa Eie +a b e +(a b2+a b1+k 1b3+k 3bl)l+k'
> e"
S thtelt Thteat! THY ™hHt (PSRN UPRA A
= alb1e2+glble3t(a1b2+a2b1+k alb3+k 3b1)1+k'
and, by using (10.1), we get that
L L
f(x)of(y) = £('2 a'e')of( 2 b'e )
1 J
i=k J=1
aé k'a
S " 1 ll tatt
= [a e +("+k'+T:ET)e‘+a e e ]o[byey
bé k! b'
”" Tttt
+(1+k,+T:ET)e +bie +———, L]
B al k'a'
= alblel+alble "+l§ g b')+( 2 —f)b! ] !
11 2 4t} 1\ T4k 14k 1+k' 14k’ L
o
- athltlatliathlal th! th! tatht tath ] e
= alblel +alble3+[alb2+a2b1+k albi+k a3b£]l+k,

That is f(xy) = f(x)of(y). This proves the claim.



Subcase 2.

that (30.1) is isomorphic to (13.1).

be the linear map defined by

Assume that k'# k".

78

In this case we claim

To prove this, let f:A » A

- 1"
f(ei) = e} ,
0 €57 (1+k'-k")
fley) = 1o T+k" €z o f
kte! \
2 k" \
L} S omiadipea . SR "
fled) = o7 & Ty °3
el
f(e&) =gy 2Ok # 0, k"£ 0 in K.
7/ /) 0 0
L0 1k k"
1+k!' / 1+k! KMokt
Then det [f]= det 9 1 = =——, #0.
9 | A T Ikl
1 i
{ 0 (0] 0 T:E'f
So f is 1-1 and ontd. By using (30.1), we get that
e 1 ] 1 1 1 T ke ] 1 1 1 1 Mot 1
f(xy) = f[a b'e2+alb1e +(a b +(1+k k )a bi+k'a 1b3+k a3b eq]
1ht eg (L+k'=k") ot T atb! et alble!
= a]by ASE e P e A P e T 210103
e'
th! 1_k)atht tatp! igtp!] ——
+ [a1bs+(1+k'-k")albl+k'ajbirk'a bl] T

el
- 1 I 1" 1 " l 1 1 " ] 1 1 1 1 Mot 1
= alble 2+alb163+[ 103+(1+k'-k")atb] +k'ajbr+kiazb Nyo
and (13.1) implies that
4 Iy
f(x)*f(y) = £( T aiei)*f( T ble!)
i=1 j=1 9
4 av k " (1+k'-k") . k" ') "
= [aje +(1+k' T+k'? ) o 2Tk #37%3
a en l k'b b
§ (1+k'-k") L
tan 1 e —— 1 "
] [b +(1+k' et (T Pt l+k'b Ye+gTirel |
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b gt

— AR A e ERT e s Vil 1
= a1b1e2+alb1e3+[a1(1+k,+T:k,b3)+

((1+k'—k")a, k" a1)ol] e

e s we LS YL N
e'

_ Meiathtale[ath! 1 )t 5 TR L a B 1T] . o
= aibie2+a1b1e3+[alb2+(l+k k )”2b1+k alb3+k a3b1J T

Thus (30.1) and (13.1) are isomorphic.

Case 3l. In the final case we assume that all the

ko 1= 1,2,...,7 are not zerg. ~Then the multiplication (*x) is

(31.1) xoy = kla1b192+kzalble3+(kBalb1+k4a1b2+k5a2b1+k6alb3+k7a3b1)eh
&
Let z= T ce , {¢c}3ZK,/ =1,2,3,4%. Then we have from (31.1)
N 1 |
that
: k4 4 4
(xoy)oz = [( T a,e)o(- % bue.)]o( Tce)
jo1 AGEAML ] © g A

Ekifnbigatgzglple3+(kaalb1+kha1b2+k5a2b1+k6alb3+
N

k7a3b1)eﬁ]°(2§lczez)

"

[k5(klalb1)c1+k.7(k2alb1)cl]e,_F :

4 4 "
(iilaiei)o[Kizlbjej)o(nzlcgel)]

i

and xo(yoz)

I

(T a.e.)olk,bic e +k b c e +(k
i=1 * °

1P1C18,+K01C1 85 3blcl+kl+b c.+k_b.c

12°521

+k6b1c3+k7b301)e4]

[ic,2, (k by oy ) +kgaq (kybycg )] ey
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Since A is an associative algebra, we get that k1k5+k2k7= k1k4+k2k6“

We claim that this multiplicaticn is isomorphie to (30.1) in case 3C.

To prove this, let f: A + A be the linear map defined by

f(ei) = ey

f(eé) = k1e2+k3e4,

f(eé) = kye; o

flef) = kkey, kyeK i-= 1,2,3,4.

Then f is 1-1 and onto. By using (30:1), we get that

~ 7/ kpkg Koty
£(xy) = f[aibieéf%{bieg+‘aibé+(1*zzku"klk4)aébi
k k K k
26 il 7
+§Zgzaib3+21§zaébi)eg]

U / A5
klalbieé+k2aihxg§+[k3aibi+k1k4aibé+

,V\\, & 1
(klkh+k2k6:gzg?%§ébifk2k6aibé+k2k7a3bi]eh

and (31.1) implies that

L 4
f('E a!ei)of( - btes)

f(x)of(y)
1 ks 32109

11

1

P ' '
[aie1+klaée2+k2a%e3+(k3a2+klk4aﬂ)eu]o[b1e1+

klbée2+k2bée3+(kjbé+k1kub&)e4]

1 1 1 1 1 1 1 1 ] 1
k1a1b1e2+k2alb1e3+(k3a1b1+klk,+alb2+k1k5a2b1

k2k6aib3+k2k7aébi)e4.

1t th! i
klalble2+k2alb1e3+|_k3

1 1 1 1
a1b1+klk4a1b2+

(klk4+k2k6-k2k7)aébi+k2k6aibé+kzk7aébileh.
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That is f(xy) = f(x)of(y). Therefore, (31.1) and (30.1) are

isomorphice.

Hence, we have already proved that the nilpotent algebras
A over the field K with dimension A = L4, dimension A2= %3, dimensicn

A3= 1 and A4= {0} have 2 non-isomorphic multiplications. That is,

4 4
for each x = T aje;s ¥y = E bjej’ {ay ,b Yo K, iy = 1,2,3,4, we
i=l ¥ A
have that
1) xy = a1b1g2+ai§1 +(a b, +a bl)eh'
2) xy = lb1e2+a1b163+(a ajbl)eh'

Next, we begin to/ gomsider.the multiplieations in a 4-dimen-

sional nilpotent algebra A‘over the field K with dimension AZ_ 3,

p—

dimension A3 2y dimen51on Ab 1/and As- {0}.

Let {e g;}\be a basis iniA such that {ea,eB,eu} is

19ez1e

a basis of AZ, {e3,e4} is a basis of A° and ey is a basis of Ah.

For each x,y in A we can write

L
X =4 aiei ’
=1
A
Yy = .}Elbjej; {ai’bj} s K’ i’j = 1,2’3,4.
:]..
Then
L b4
X5 =5 Y a,b.e.e..
=1 =1 + 313
Since €.€) 4€; €., 4€.€,9€,€ eA5= {0}, e.e, e, € eae;A6= {0}
1%42%4°11%2%32%3% RFMA AN !

eBeu,eueBs A7= {0} and eie A8= {0}, we have that
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& 2
= b °
Xy = alb1e1+alb2e1e2+alb3e1e3+a2b1e2e1+a2b2e2+a3 1e3el

.. 8 3 2 k4 .
Since el € A7 €1€51€58 € A” and ele3,e3el,e25 A", we can write
3= k1e2+k2e3+k3eq,

€q€,5 = k463+k534'

(]
o
1

&% 11 k6e3+k7el+q

ele3 = kSeh ’
2 g
e, = k9ek’
e :(3)
elel = klé?ﬂEi?fO& some kie K, i = 1’2,000’100

. ¥/
Therefore, the multipli&aéibng;&_can be written as

7 /AR
(*%x) Xy = klalbleaf(Ké?lbi**4alb2+k6a2bl)63+(k3a1bl+k5a1b2+k7a2bl

+k8alb3+k9a2b2+kloa3b1)eu.

. g . gl 3 xlp _ » _
Since dimension of 5‘ is 33 theAfase kl— O,kz_ kh' k6— 0 and k3_ ks—
k.= ko= k.= k. .= O can'not ococur. We observe that there are many

7- "8 "9 10 W el
cases to consider, since there are 10 constants. However, by using
the associativity of A, we san find relations between the ki's and

reduce the number of cases and give a complete classification.

We have that (elez)el

el(ezel)

(k4e3+k5e4)e1 = k4k10e4 and

I
I

el(k663+k7eh) k6k864 .

Since A is an associative algebra and €165 € A, we get that

(1) Kk, o = kckg o
Similarly, we get the following results.
2 2
If (el)e2 = (k1e2+k2e3+k3e4)e2 = kje, = k1k9e4 and
el(elez) = el(k4e3+k5e4) = kuele3 = k4k864 . then
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we have that

(2) klkg = k. kg

2
b & (el)e1

(kle2+k2e3+k3e,+)e1 = klezel+k2e3e1

= k1k683+(k1k7+k2k10)e4

kle1e2+k2ele3
% klk463+(klk5+k2k8)e4’

2
and el(el) = el(k1e2+k2e3+k3e4)

then we have that /

() Kk Klkgy kst kg
2 /P 2
If ea(el) = e2(k1e2+kae’+k3§§3 = ke = klk9e4 and
(ejeqle; = (k6e3+k7é4)ei & kgegey = kgky ey + then

.

we have that & —

(5) kf%g £ ’k6k1CF'
Notice that since klg 6,"wé-get from (3) that k= kge

First, we consider the multiplication (x+%) when kZ# 0,
k)= k¢= Oo Since k,= 0, from (2) we get that k9= O. Therefore,
the multiplication (***) becomes

Xy = k1a1b1e2+k2a1b1e3+(k331b1+k5alb2+k7a2b1+k8a1b3+k10a3b1)eh'

We see that this multiplication has a similar form to the
multiplication (+*) page 49. So we use the same method of proof

as we use in the multiplication (x#) and we get 2 non-isomorphic
N

multiplications. That is, for each x =T ale!y y = I ble!,
i=l B i=l 33

{ai,b%} C K, i, = 1,2,3,4, we have
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= thteat thte! TtH! tht 1
(1) Xy = a1b1e2+alb1e3+(alb2+a2b1)e#

< ' fatl tht 1 1 1 1 1 \l
(11) XY= alb1e2+a1b1e3+(alb2+§3b1)eu.

Next we eonsider the multiplication ( x#x) when k= O,kuﬁ Q.
By equation (1), we get that k10" kgo This implies from (4) that

k = k.. Then the multiplication (*xx) becomes.

75 %
(0) Xy = kla1b1e2+(k4alb2+k,+a2b1)e3+(k3alb1+k5a1b2+k5a2b1
| +k8a1b3+k9a2b2+k8a3b1)eh.
Notice that equatiom/(2) implies that kg# O iff kg# O.
i /

Therefore, we consider/iﬁe/@ollowing cases.

Case 1l. Assume that klf O,kq# O,kB% 0 and k5= k8= k9 = Q.

Then from (0) we get that.
e 0 X0y = klalb1e2+£k4§1b2+khazbl)e4+k3alble4.

We claim théygflgijwiéAisomorphic to (I). To prove this,
let f: A > A be the linear map defined by

e

f(ei)

17
f(eé) = ko€,
f(eé) = k3e4’
f(eL) = k1k4e3’ kl’kj‘khe K.

Then f is 1-1 and onto. We have from (I) that

f(xy)

1 ] 1 1 1 ] ¥ 1 1 1 \J
f[a1b1e2+a1ble3+(a1b2+a2bl)ehJ

1 1 ] 1 1 1 1
klalble2+k3alblek+(klkhalbé+klk4a2bl)63

and from (l.1l) we have that
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N L
f(.g a!ei)of(Ebéeé)

f(x)of(y) !
i & 8=

25 Py 1 1 1t 1 1
= 1a1e1+k1a282+k4a4e3+k33364!O[blel+k1b262

+k4b463+k3béekj

- ] 1 1 1 1 1 1 1
& k1a1b1e2+(k1k4a1b2+klk4a2bl)e3+k3alble4.

Thus (1.1) and (I) are isomorphic.

Case 2. Suppose that kl# O’kh# O,kB# 0 and k3= kg= k9= Os
Then from (0) we have that
(2.1) X0y = klalbleaffghgibzwkhaabl)e3+(k5alb2+k5a2bl)eh.

We claim that-(2¢1)/is dsomorphic to (I). To prove this,
let f: A > A be the linear map defined by

f(ei) = e

1
f(eé) &= kie2’e5'
f(eé) = e
f(e&)’= Kyl erkykgey ik, ks kg € K.
Since det[f] = kik5 # 0, £ is 1-1 and onto. We have from (I) that
f(xy) = f[aibieé+aibie%+(aibé+aébi)e&]
= klaibiez—aibie3+aibie3+(aibé+aébi)(k1k4e3+klk5eu)
= klaibie2+(klkhaibé+k1k4aébi)93+(k1k5aibé+klk5aébi)eq

and from (2.1) we have that
4 b
f(x)of(y) = f( T a;e!)of( T ble')
j=1 * % j=1 9 J
_ ' ' gl gy
[ale1+k1a2e2+(a3 a2+k1k4aa)e3+k1k5ade4]o[}iel

+k1bée2+(bé-bé-klk4b4)e3+klk5b4e4]
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. 1 1 1] 1 1 1 1 1 1
= klalbie2+(k1k4a1b2+k1k4a2bl)e3+(k1k5a1b2+klk5a2b1)e4.

Therefore, (2.1) is isomorphic to (I).

qigg_é. Assume that kl% O,khﬁ O,kB# O,ksf O and kg= k9= 0.

Then from (0) we have that

(3.1) X0y = k1a1b1e2+(k4alb2+k4a2bl)e3+(k3a1b1+k5a1b2+k5a2bl)eu.
We claim that this multiplication is isomorphic to (I).

To prove this, let f: A »> A be the /linear map defined by

f(ei) =?;f ’

f(eé) =‘kié2—93+k39[+1

f(eé) = ez’.j

2lef) =rkykyesthiboeys ke Kyi=1,3,4,5.

We see that det [f] = kiksf’O so that f is 1-1 and onto. (I) implies
that

f(xy)

1htlet) ;‘ '
f|§1b1e2+%£h1§é+(albé+aébi)eg]

'hble —-alb! tHt th! th!iatbl! e, )
klalble2 alb1e3+k3albleb'+alb193+(a1b2+a2bl)(klk4e3+klk5 by
1KHt 1Ht THt 1Kt tht Th!
klalble2+(klkua1b2+klkha2b1)e3+(k3a1b1+klk5a1b2+klk5a2bl)eq,

whereas, (3.1) implies that

4 b
£f( T ate!)of( = ble!l)
i=2 1 g1 9

f(x)of(y)

@ie1+k1aéea+(aé-aé+klk4a&)e3+(k3aé+k1ksai)e4]o[biel

+klbée2+(b%-bé+klk4b&)e3+(k3bé+k1k5b&)e4]

1 1 1Hh! ] 1
k1a1b1e2+(k1k4alb2+klkha2bl)e3+

] ] 1 1 1 ]
(k3alb1+klk5alb2+k1k5a2bl)eu.
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This proves that (3.1) and (I) are isomorphic.

Case 4. Assume that klf 0,k # o,k8¢ O,k9# 0 and k3= k5= O.

-

Then the multiplication (0) is

Xy = klalble2+(kualb2+kqa2b1)e3+(k8a1b3+k9a2b2+k8a3b1)eu.

We can choose a new basis ei,e',e

| { \J
5 84 of A such that

3

ei= el,eéz klez,e%= klkuej,ed= k1k4k8e4. Then we havg that
2 2
oo 1 1 1 tal 1 1 1 1 1 ] ] ]
Xy = alb]'_e1 +a1b2ele2+alb}e1e3+a ble2e1+a2b eé +a3b'eé 1°
b g |
= tat 2 y - s s o
for x iElaiei, y JE‘Blej. {a{,bg} CKy 19 = 14243,4.
5 2 2
1 - e - 1
Since e; = ey = 2+k2w§+k3e4 =e)
ol - e @ ar
eje) = kieqe, = k Ck433+k eu) = k kue3 = eé .
1! - -
e163 = k kl_‘_el 3 = klktgs(kseu) = eLl. ’
te! = \ = - = - = '
ele; = kje,ey ;§1(k6§3+k7e4) klk,_}e3 el
B %%
2 o 2 - )
] o - —
(ez) = (klea) = k k9 ), = P4k8 ef = ef (by (2))
and e%ei = klkheBel < klkbkloeh = klk4k884 = e&, we have that
- 1 1 1 1 1 t \ 1 1 1 1 1 ]
(bo1) xy = a1b182+(alb2+a2b1)eé+(a1bé+a2b2+a3bl)e4.

This multiplication is not isomorphic to the multiplication

(I) page 84 To see this note that the left center C; of A under

the multiplication (I) is Cr= [63’e4] Hence the dimension of CL
is 2. But the left center Ci of A under the multiplication (4.1)

is generated by ei and therefore the dimension of Ci is 1. These

imply that the left center C. can not be isomorphiec to the left center

L

Ci and hence, these two multiplications are not isomorphic.
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Moreover, A is commutative under the multiplication (4.1)
but A is not commutative under the multiplication (II). Therefore,

these two multiplications are not isomorphice.

Case 5. Assume that k1¢ O,khf O,kB# O,k8% O,kgf 0 and

k5= 0. Then from (0) page 84 we have

(5.1) ‘xoy = kla1b1e2+(k4alb2+kha2bl)e3+(k3a1b1+k8a1b3+k9a2b2+k8a3bl)eq.
We have from the equation (2) that k1k9= k4k8' Claim that this multi-

plication is isomorphic to (4e1) in ease 4. To see this, let f: A » 1

be the linear map defined by

f(ei) ="€5

f(e}) = %1e2+k3eh,

£ley) = kikye s

f(eA) = klkgképh, ko€ K, i= 1,3,4,8.

Then f is 1-1 and onto.ylk.l) implies that

fxy)

t[a1bses+(abirasbyleyr(aibibalolratbl)ef ]

1 1 L ] 1 1 ] ] ’| . ]
klalb1e2+klk4(alb2+a2b1)e3+(k3a1b1+klkl+k8alb3

+klk4k8aébé+klk4k8aébi)eq,

whereas, (5.1) implies that
4 4

£( ¥ alel)of( = ble!)
i=1 j=1 J J

1}

f(x)of(y)

il

[aiel+k1aée2+klk4aée3+(k3aé+k1k4k8a4)eh]o[biel

+k1béez+k1khb§e3+(k3bé+k1k4k8bﬂ)eu]

ébi)e3

1 1 ] 1 1 1 ]
kla1b1e2+(k1k4alb2+klkqa +(k3a1b1+k1khk8aib3
2

1 1 ]
+klk9a2b2+k1k4k8a3bi)e4
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- 1 1 1 1] 1 | 1 1 1
= klalb1e2+k1kl+(a1b2+a2b1)e3+(k3a1b]'_+k1k,+k8alb3
+klkuk8aébé+k1k4k8a%bi)eu.

This proves that (5.1) and (4.1) are isomorphice.

Case 6. Suppose that k1% O,k4¢ O,ks# O,k8# O,kgf 0 and

k.= 0, Then the multiplication (0) is

(6.1) xoy = kla1b1e2+(kqa1b2+k,+a2bl)e3+(k5a1b2+ksaabl+k8alb3
+k9a2b2+k833b1)e4.
We claim that (6<1) 4s isomorphic to (4.1). To prove this,

let f: A + A be the linear/map defined by

f(ei) # /eqi
f(eé) = k162.
f(eé) = klkh’e3+k1k5e’+’

f(el'}) = klqugeq, kiE K, i = 1,4’5’8a

We see that det [f] #'0 so that f is 1-1 and onto. We have from

(4.1) that
% 1H! 1 \l 1] 1HY 1 TH! 1 tyatht ]
f(xy) = f[§1b1e2+(a1b2+a2b1)e3+(a1b3+a2b2+33b1)eq]
- 1 ' 1 | 1 1 1 1
= klalble2+k1k4(a1b2+a2b1)e3+[klk5alb2+
1 ] ' 1 1 1 1
k1k5a2b1+klkuk8(a1b3+aéb2+a3bl)]eu
and from (6.1) we get that
L N
f(x)of(y) = £f( T ale!)of( T ble!)
i=1 ~ j=1 9 9

= [age,+k ate, +k Kk ate +(k koalsk K kgal)e ] o[bie)

+k1bée2+klk4b3e3+(klk5b5+klk4k8b4)eh]
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o 1 1 1 1 1 ] 1 ] 1
= kla1b1e2+(klk4a1b2+klk4a2bl)e3+(klk5a1b2+klk5a2b1

2
1Hh! tht tht
+k1khk8a1b3+k1k932b2+k1k4k8a3b1)eh'
We have from equation (2) that klk9= k4k8' Hence f(xy) = f(x)of(y).

This implies that (6.1),and (4.1) are isomorphic.

Case 7. Suppose that all ki, i=1,4,3,5,8,9 are not zero.

Then we have that

(7.1) xoy = kla1b1e2+(k4alb2+kha2b1)e3+(k3a1b1+k5a1b2+k5a2bl+

k8a1b3+k932b2+k8a3b1)94°
Claim that thié,multiplication is isomorphic to the multi-

plication (4.1). To -se¢’thisly let f: A= A be the linear map defined

74

by
f(ei) = 91
f(eé) = k1e2+k3e4,
f(é%}_. =l eprkokaoyy
f(ef‘,-: klkl{,kgeh’ kie K, i= 1,3,4,5’8.

Since det [ﬂ] # 0, f is 1-1 and onto. Then as in case 6 we can
prove that f(xy) = f(x)of(y). Henece the multiplications (7.1) and

(4.1) are isomorphic.

Now we econsider the multiplication (***) when kZ# 0 and k4# O
Since kuﬁ 0, we get that klo= k8 and k7= k5. Then the multiplication
(***) becomes

B O I O 21l 512

ksa2b1+k8a1b3+k9a2b2+k8a3b1)eu.

(00) xy = k.a.b.e +(k2alb1+k4alb2+kua2b1)e3+(k3a b.+k.a. b+
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We have from (2) that k8# 0 iff k9# 0. Therefore, we

consider the following cases.

Case 8. Assume that klf O,k2¢ O,kuf O,kB# 0 and k5= kg

= k9= 0. Then from (00) we have that

{8.1) ‘imoy = klalb1e2+(k2a1b1+k4alb2+kqaabl)e3+k3a1b1e4.
Then (8.1) is isomorphic to (I). To prove this, let f: A + A be the
linear map defined by

f(ei) e

1}

1’

f(eé27§"§iez+k263'

\
\.

I,

£(eg) = Kiels

NN

Al e Kyvd = 1,2,3,k4.

Then f is 1-1 and onto./ By (I) we ‘have that

f(ei)'

fxy)

1 1 ] 1 1 1 ] L] | ]
f[alble2+a1ble}+(a1b2+a2bi)eu]

] ] ~ - [ & 1 1 ' ] 1ht
klalble2§(§é§1b1+k1k4a1b2+klkha2b1)e3+k3alb1e4.

I

" and by (8.1) we have g%at -

L L
f('E a!ei)of(-z b&eé)

£(x)of(y) ¢
L g=i

]

1T 1E 2 272 1

+klbée2+(k2bé+klk4bi)e3+k3b%e4]

=[§'e +k.ate +(k.at+k kua&)e3+k3aée4]o[biel

= k. alB? TH! tHt th! 'ble, »
k111b1e2+(k2a1b1+klkua1b2+klk4a2b1)63+k381 184

That is flxy) = f(x)of(y),

Case 9. Suppose that klf O,kZ# O,k4# O,k5# 0 and k3=k8

= k9= 0. Then the multiplication (00) is
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{941): Toy = kla1b1e2+(k2a1b1+k4alb2+k4a2bl)e3+(k5a1b2+k5a2b1)eu:
Claim that this multiplication is isomorphic to (I). To

prove this, let f: A > A be the linear map defined by

f(ei) = ey4

f(eé) = kye,,

f(eé) = k2e3,

fe}) = kikyegrkokgey,, ky ek, i = 1,2,4,5.

Then f is 1-1 and onto. (I) implies that

2 s 1 1
fixy) = f[aibieéiéibie3+(aibé+¢ébi)eu]
= 1hte 471 1 1 1 tht)
k alble 4(kaaibl+k1k4albé+klk4aébi)e3+klk5(albé+a2b1)e4
' 4
and (9.1) implies that
4= 5 b
f(x)of(y) = £f( Z a!gt)of(C 2 blel)
1=1 ¥ Sy

Il

ki?%fgléée2+(kzaé+klk4a&)e3+k1k5aﬂe4]o[biel

Lriybie+(k biikiky b ek Kobley]

! 1 ] 1 1 1 { ] ]
klalble2+(k2a1b1+k1khalb2+klk4a2bl)e3+

Thus (9.1) and (I) are isomorphic.

Case 10. Suppose that klf O,k2# O,kh# O,kB# O,k5¥ O and

kg= ko= O. Then from (00) page 90 we have that

9

(10.1) xoy = klalble2+(k2a1b1+k4alb2+k4a2b1)e3+(k3albl+k5alb2

+k532b1) el+ o
We claim that this multiplication is isomorphic to (I).

Let f: A - A be defined by
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f(ei) e

19
f(eé) = kye +kzey,

f(eé) = k,eq,

£lef) = kykye skkeey, kyek, i= 1,253,445,

Since det [f] # O, f is 1-1 and onto. We have from (I) that

P 1 1 ] 1 1 1 1 1 1 | |
f(xy) = f[alb1e2+alble3+(alb +a2b1)eu]

2
A 1 1 1 ] il ] 1 ] 1 1
= k1a1b162+(k2a1b1+klk#a1b2+klkha2b1)63+(k3a1b1+
1 1 ] 1
k1k5a1b2+k1k5a2bl)e4

and from (10.1l) we get that

4 I Co X
£( £ ate)of( /% ble!)
i=1 1”{///fjaﬁ;§nj

f(x)of(y)

[aiel+ki;éé &£%§Q%+klkua4)e3+(k3aé+k1k4a&)e4]

1

O

[b1e, +, bAe sp e bLH K, b e+ (kgb vk kb ey |

1ht 2N th g th
klalblﬁ£;532§}21#k1k4alb2+k1k4a2bl)63+

o ' .
: (k32i9i+klksaibé+klk5aébl)eu

This proves the claim-.

Case 11l. Let klf O,kz% O,k4¥ O,k8¢ O,k9# 0 and k3= k5= 0.

Then from (00) we get that

(11.1) xoy = k1a1b1e2+(k2a1b1+k4a1b2+k4a b. e +(kqa,b+k a b +k8a3b1)e4°

2717377871 3922

We have from (2) that k = qug. Claim that this multipli-

1%9
cation is isomorphic to (4.1) in cese 4. To prove this, let f: A > A
be the linear map defined by

f(ei)

il

e

li
f(eé) = klea+k2e3,
f(eé) = klk4e3+k2k8e4,

4
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f(el;') = klkukgeq” kiE K, V= 1,2,4,8.

We see that det [f] # O so that f is 1-1 and onto. By using (k.1)

we get that
- Ttht!e! Tth! tht 1 TtH! tht the
fixy) = f[?1b1e2+(alb2+a2b1)63+(alb3+a2b2+a3b1)eﬂ
3 1ht Tht Th! 1 1
& k1a1b1e2+(k2a1b1+klk4a1b2+klk4alb2)e3+
1Tht th! THht TtHt tht
[kakg(alb2+a2bl)+klk4k8(alb3+a2b2+a3bl)]eu

and (11.1) implies that

4 4
f(x)of(y) = £( T ateDof( £-blel)
1 g dd

[aigl+klaée2+(kzaé+klk4a%)e3+(k2k8aé+klk4k8a&)e4]
[bigi+klbée2+(kzbé+k1k4bé)e3+(k2k8bé+k1kuk8b4)eq]
klaibiea+(kaaibi+klk4aibé+klk4aébi)93+

' 2
[kSai(kapé+klk4bé)+klk9aébé+k8(kzaé+k1k4a%)bi]eu

o

thl'sa - Tt 1tH!
k¥§l31€2+(k2a1b1+k1k4a1b2+klk4aébi)e3+

[k%§§1§i§é+aébi)+klkkk8(aibé+aébé+aébi)]eh.

Thus (11.1) and (4.1) are isomorphic.

Case 12 ' Assume that ki# O,k # 0k, # 0,kz# O,kg# 0,kg# O

and k5= O. Then from (00) page 90 we have that

(12.1)  xéy & klalble2+(k2a1b1+k4alb2‘+kha2b1)e3+(k3alb1+k8a1b3
+k932b2+k8a3b1) el+ °
We claim that (12.1) is isomorphic to (4.1). We define

f: A » A by
f(ei) -] el’
f(eé) = k1e2+k2e3+k3e4,
f(eé) = klkhej+kzk864’
f(ell) = klqugeu, kiE K’ i= 1:’2’3”.}’8‘
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We have that det [f] # 0 implying that f is 1-1 and onto.
As in the other cases, we have from (k.1) that

f(xy)

1 ' 1htoiath! el ihtantblialbt)e!
f[albie2+(alb2+a2bl)e3+(alb3+32b2+a3bl)e4]

1ht ' 1h At 1!
klalble2+(k2a1b1+klk4alb2+k1k4a2b1)e3+[k3a1b1

th'iath! atph! 1H¢ th!
+k2k8(a1b2+a2b1)+k1k4k8(31b3+a2b2+a3b1)]eu

and (12.1) implies that

I 4

f(.g aiei)of( P b'eé)

f(x)of(y) }
§=1 Jeed.

i

1

[aiel+klaéeg§(kzaé+klk4aé)e3+(k3aé+k2k8aé+k1k4k8ai)eu]

[bielfklbéqé+(kabé+k1k4b%)e3+(k3b5+k2k8bé+klkuk8bd)eq}

o}

/

thte | C 1 1 1Ht tht 1h !
klalb1e2+(k2a1b1+klkualb2+k1kha2bl)63+[k3a1b1

Al iatht thleatblsa! bl .
+k2k8(a1132fa;2p1)+k1k4k8(a1b3+a2b2+a3bl)]e4

Hence (12.1) and (4.1) ar94;§oﬁoiphic.

o —

Case 13. Subpose—that koh 04 A 0,k # Okg# Okgh Orkof O

OFX
and k3= O. Then from Géay\page-Qo we have that

(13.1) =xoy = kla1b1e2+(k2a1b1+k4a1b2+kua2bl)e3+(k5a1b2+k5a2b1
+k8a1b3+k9a2b2+k8a3b1)eh.

Claim that this multiplication is isomorphic to (4.1) in
case 4o To prove this, let f: A > A be the linear map defined by

f(ei) = e

1’
f(eé) = k1e2+k2e3,
f(e%) = klk4e3+(k1k5+k2k8)e4,

f(ei) klkukgeq, kie K, i = 1,2,4,5,8.

We see that det [f] # 0 hence f is 1-1 and onto. We have from (4.1)
that
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f(xy)

] 1 1 ] 1 1] ] 1 1 1 1 1 1 1
f[ﬁib1e2+(a1b2+32bl)e3+(alb3+a2b2+a3bl)eh]

1 1 1 1 1 1 1] 1 1
k1a1b1e2+(k2a1b1+k1k,+a1b2+klkl+aéb1)e3+[(k1k5+k2k8)(alb2

+aibl ik, kykg(aiblratbisalbl)] ey,

whereas, (13.1) implies that

4 4
f(iilaiei)of(jilbses),

"5 1 ' 1 ' 1 1 1
[a1e1+kla2e2+(k2a2+klkha3)e3+{(klk5+k2k8)a3+klk4k8a4}egj

f(x)of(y)

o[bie1+klbée2+(%2§é+klkub%)e3+{(klk5+k2k8)bé+klqu8b&}euj

th! 1'!1 th! tht thteath!)
klalb1e2+(gzglb;tklkualb2+klkua2bl)e3+[klks(a1b2+a2bl,

+k2k8(aibéfé5§{}§k1k4k8(aibé+aébé+aébi)]eu

— th 2o Mo /.: : 1H! 1H!
k1a1b1e2+(kZalylﬂglk4a1b2+klk4a2bl)e3+
'/‘)1_:;: 1 1ht tht thHt
[(k1k5+k2k8)(albg:§2b1)+klkuk8(alb3+a2b2+a3bl)]e4~
Therefore, (13.1) and (helﬁ»age”isggqrphic.
Case 1k, In the final case we assume that all .
ki,i=1,2,4,3,5,8,9 are not zero. Then from (00) page 90 we get that

(14.1) =xoy = klalb1e2+(k2a1b1+k,+a1b2+kl+a2b1)e3+(k3alb1+k5alb2

+k5a2bl+k8a1b3+k9a2b2+k8 aBbl)gu.
We see that this case is isomorphic to (4.1) in case 4.

Let f: A > A be the linear map defined by

f(ei) e

10
f(eé) = kye +kye il e,

f(e%) = k1k4e3+(k1k5+k2k8)e4’

f(e&) = kk kgey k; e K, i=1,2,3,4,5,8.
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Since det [f] # 0, f is 1-1 and onto. Then, as in case 13, we can

prove that f(xy) = f(x)of(y). Hence (14.1) and (4.1) are isomorphic.

Hence there are 3 non-isomorphism classes of nilpotent

algebras A over a field K with dimension A = L, dimension A3= 2,
. ok I
dimension Ahz 1 and A5= {0}« That is for each x = X a.e., ¥ = L b.e.
i1 11 j=1 39
{ai’bj} c K, i,§ = 1,2,3,4 we have that

(1) xy = a.b.e_+a. b e +(a

1P18pta bresH(arbotasb, e,

271

(11) Xy = alb1e2+a1ble3+(alb2+a3bl)eh,

(I1I) =Xy

a1b1e2+(alb2+a2b1)§5+(a1b3+a2b2+a3b1)e4.
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