CHAPTER I
PRELIMINARIES

In this chapter, we will recall, without proof, some
notions and facts from topology and real analysis,

The materials of this chapter we drawn from references

[2).(51[51:[6].[8] ana [11].

1.1 Topological Spaces

1¢1.1 Definition. A topoclogy on a set E is a set T of subsets
of E satisfying the following two conditions :

(i) The union of any family (F:a)AEJk of sets belonging
to | belongs to 1’;

(ii) The set E belongs to 7', and the intersection of

any two sets belonging to ’T belongs to 7 .

1¢1e2 Definition. A set E with a tOpology‘T defined on it is

called a topological space , denoted by (E,’Y) s we shall often

omit T and refer to E as a topological space.

1143 Definition. The subsets of E which belong to Y are called

the open sets of the topological space E.

1.1.4 Example. The set §} of open sets in a metric space E

satisfies the two conditions of (1.7.1). This topolong} is called



the topology of the metric space E (or is said to be defined by

the distance given on E).

1.1.5 Definition. A topological space E is said to be metrigable
if its topology can be defined by a distance on E. (and then

this topology is alsc said to be metrizable ).

1.1.6 Definition. A topological space E is said to be Hausdorff

(or segarated), if it satisfies the following ' Hausdorff axiom ' :
Given any two distinct points x, y in E, there exists a

neighborhood U of x and a neighborhood V of y which do not

intersect.
1.1.7 Example. Every metrizable space is Hausdorff.

1.1.3 Definition. A topological space E is called conmected
when it is not the union of two non=empty disjoint open sets..
This is equivalent to saying that E contains no proper non-empty

sets which are both open and closeds.

1¢1.9 Example. The n-dimensional real Euclidean space Rr" is

connected.

1.1¢10 Definition. A subset F of a topological space E is called
compact if every cover of F by open subsets of E contains a finite
sub=cover.

1¢111 Definition. _A subset F of a topological space E is called

relatively gompact if its closure F is compact.



141412 Examples. A closed bounded subset of R™ is compact.

A bounded set of ®" is relatively compacte.

141613 Definition. A topological space E 1is said to be locally

compact if each point of the space has a compact neighborhoode.

1.1.1% Example. R™ is locally compact but not compacte.

142 Vector Spaces

1.2.1 Definitions. Let K be an arbitrary (commutative) field

with elements (called scalars) « , P oeee s with zero element O

and identity element 1. A vector space over K (or linear space

over K) is a set E with elements (called points or vectors)
Xy Yy Zgeesy which has the following properties :

(i) For every two elements x, y €E a sum x + Yy is
defined in E 3 under this addition, E is an abelian group, i.e.
for all x, y, 2 € E we have

(a) X + 3 = y +x,

() x +(y + 2) (x + y)+ 2,

(¢) There exists O & E with x + O = x for all x€E,
(d) There exists for each x E an x € E with x+x = O,
(ii) TFor every £ € K and every x £ E the product
Kx = x &K of X with x is defined as an element of E, and for

all x,y € E, X, P € K we have



o) x(X+p) = x&+xp,
() (x+y) X = x &+ y&,
(g) x(dp) = (xm)(a,
(h) x « 1 = X

If K is the field R of real numbers or the field C of

complex numbers, then E is called a real or complex vector space

respectivelye.

A subset I of elements of a wvector space E is a vector
space provided that whenever it contains x and y it also contains
XK +y Oy for arbitrary K , P in K¢ F is then called a linear

subspace (or simply subspace) of E.

1.2.2 Examples. (i) The n~-dimensional real Euclidean space R
is the set of all n-tuples x = (x1,..., xn) of real numbers,
where addition and multiplication by a scalar « ¢ R are defined by

(x1gocogxn)+(y1gooo’yn) = (X1+ y,'?ooo’ xn+ yn) 9
(‘ﬂ(x,"olo,xn) = ((Kx1,00.’ ﬂxn)'

The zero vector is (O,..., O)e The properties. of a real vector
space can be easily verified.
(ii) Let L1 be an open subset of R". The set
C(£L) of all continuous real-value functions on fi is a vector
spaces
Q0
(iii) The set C(£1) of all infinitely differentiable

real-value functions on (L is a subspace of C({1).



1.3 Linear Maps

Te3e1 Definition. Let E and F be two vector spaces over the
same field of scalars K. We recall that a map f from E into F

is said to be linear if it satisfies the identity
f(Xxx + py) = & £(x) + p £(y)
for all x, y € E and Xy P €K

1+5.2 Definition. Let E be a vector space over the field K.

A linear form (or linear functional) on E is a map f from E into

K which satisfies the identity
f(Kx + py) = & £f(x) + p £(y)

for all x, y &€ E and K,P&K.

1.4 Topological Vector Spaces

1.4.1 Definitions. Let E be a vector space over K. A topology
on E is said to be compatable with the vector space structure

if the mapping (x,y) —» x +y of E x E into E, and

(£, x) 4> Kx of K x E into E are continuous. -A vector space
endowed with a topology compatible with its vector space structure

is called a topological vector space.




(@)

1ok 2 Example. A normed vector space, equipped with the topology

defined by its norm, is a topological vector space.

1.4.3 Definition. A real-valued function q defined on a vector
space E is called a semi-norm (psurdo=-norm, pre-norm) on E, of the
following conditions are satisfied :

(1) a(x) 2 0 for all x € E,

(44 glh x) = L) (%) for any x € E and any scalar X € K,

(iii) q(x+y) € qg(x)+qly) (subadditivity)for any pair x,y ¢ E.

1el4e4 Example, In the n-dimensional Euclidean space, define

q(x) = max | xj | . 'Then qg(x) is a semi-norm.

1£ j4n

1.4.5 Remark, A semi-norm g on a vector space E is & norm if

for all x &€ E, q(x) =0 implies x = O.
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