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APPENDIX I

This appendix deals with admissible sets in groups. Ve
describe a method which enable us to determine all the admissible
sets in a group. For a given group G and a given positive integer
r » 2, the set of all admissible sets of (r-1)-subsets of G is
partially ordered by set inclusion, By minimal admissible sets
we mean those admissible sets which are minimal with respect to

this partial order.

1 Theorem. Let (G,*) be a group. Then any admissible
set of (r-1)-subsets of G is & union of minimal admissible sets of

(r-1)=-subsets of G.

2 Theorem. Let (G,*) be a group, Then any minimal

admissible set of (r-1)=-subsets of G is of the form

{{5-1!&2!"'! ar_.1 HU {ai X {31132,0-1.51_1erai+1,-oo’ar“1}/i = 132400
....I‘-1},
for some distinct a,, i = 1,250004r=1, in G-{el}.

To prove Theorem 1 and Theorem 2 we need the following

lemmase

1 Lemma. Let (G,*) be a group and i& be a set of (r-1)-
subsets of G-{e}. 1If for each A in #and each a in A, there exists

Ba in f* such that
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£+ {a} = (as+B))-le},
then ?}’is admissiblea

Proof. Let (G,*) be a group and # pe a set of (r=1)=~
subsets of G-{e}. Suppose that for each A in 95rand each a in A,

there exists B_ in A- such that
A=-{a} = (a* Ba)- {e} .

Let A be any set in A’. Let a be any element in A and g

be any element in Gs By supposition, there exists Ba in 751' such

that
A - {al /= (a *B)- {e} s
Therefore
({e}ud)={a} = ({e}u (A={a}) ,
= {ebul(a + B )={e}),
= a * B
Hence

({g}V g+ A)-{g »a} g * ({elire »A)- g * {al,

1}

g+ [({ewa)-{a}]

It

= g=(a *Ba),
= (g*a)*Ba.

Hence ?Q( is admissible. #
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2 Lemma. Let (G,*) be a group and #A be an admissible

set of (r-1)-subsets of G, Then e does not belong to A for all A

in‘¢¥.

Proof, Let (G,*) be a group and ¢;'be an admissible set
of (r=1)=subsets of G. Supposc that there exists A in A such that
e belongs to As. Since d* is admissible, hence there exists B in'#}

such that

({elue*A)- {e*e} (e xe) »B .
Note that

[({e}u e * A)={e * &} | ({e}UA)-{e}]|

= lﬁ-{e}l ’
= I‘-2 .
But [(e+e) «B| = | B8] = r=1. Hence we have a contradiction.
Therefore ¢ does not belong to A for all A in A, =
2 Lemma. Let (G,*) be a group and 84185000098, 4 be

distinct elements in G-{e}. Then any minimal admissible set

containing {a1,a2,...,ar_1} is of the form

“d
{{a,l,aa,...,ar_1 }}tj{ai *{a1,a2,...,ai_1,e,ai+1,...,ar_1}/

i = 1,2,3,...,1‘—1}.

Proof. Let (G,*) be a group and B 185000002 4 be distinct

elements in G-{e}.
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First, we show that the set
-1
%* = {{&1'32'o..'ar—1}}kj{ai *{31,82,...,ai~1,e,ai+1,.--,ar_1}/

i = 1,2’3,..-’r*1}'

is admissible. Let A be any element in ¢¥.
Case 1. If A =‘{a1.a2,...,ar_1}, we see that
-1 .
A-{ai} = (ai *(ai *{81,a2,..o,ai_1,e.ai+1,...,ar_1}))‘{e}1
for all ai' i = 1’2|'¢o,r-1¢

<
Case 2. If A = a; *{a1,a2....,ai_1,e,ai+1..--,ar_1} for

some 1 = 1,2,0..,r—1’ we see that

A-{a;1} = (a;1*{a1,a2,...,ar_1})-{e} '

and for j = 1‘2’--.'1-1’i+1'-o.gr-1‘

o= -1 -1
A-{ai * aj} = ((ai N aj)*(aj * {a1.a2,....aj_,l,e,ajﬂ,...,ar_1

...,ar_q}))-{e}.
Hence for any a in A there exists Ba in f* such that
A-{a} = (a =B )-{e} .
Hence, by Lemma 1 ,% is admissible.

Next, we show that A is the only minimal admissible set of
(r-1)=-subsets of G containing {aﬂ’aZ""'ar-1}' Let P be any minimal

1.

admissible set of (r-1)-subsets of G containing {a18,000008
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Hence for each a,, i = 1,24eeeyr=1, there exists B in ']‘5 such
i
that
{eju e *{3‘1'32""’8’1'-1})-{9 *a;} = (e *ai) *Bai .

By straightforward verifications, it can be shown that

=1
B, = a; *{a,[,aa,...,ai_1,e,ai+1,...,ar_,l} 5

fOr all i = 1,2'000'1"'1. Hence
A& P

Since ™ is admissible and {a1,a2,...,ar_1} is in s , hence

Py CA
.ﬂ . - 3
Therefore A = ¥ . Hence A is the only minimal admissible set of

(r=1)=-subsets of G containing {a,l,aa,...,ar_,l}. #

Proof of Theorem 2. Let (G,*) be a group. Let A-ve any

minimal admissible set of (r-1)-subsets of G. Since ﬁ is non-empty,
hence there exists (r-1)-subset {a1'82""'ar—1 }of G in A . Hence,
by Lemma 2 , A, 185900098 4 are distinct elements in G-{e}. Hence,
by Lemma % ,

el ‘{a1’aa--°-var_1}}t’f&11*{a1'&a'-~-'ai-q'e'ai+1'-°"ar-1}/
i= 1.2,..;,r-1}.

Hence we have Theorem 2.
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4 Proposition. Let (G,*) be a group. Then distinct

minimal admissible sets of (r-1)-subsets of & are disjoint.

Proof, Let (G,*) be a group. Let A ,tB be distinct
minimal admissible sets of (r-1)-subsets of G. Suppose that
ANPB £ P. Hence there exists (r-1)-subset {a1,a2,...,ar_1} of
G in #\rﬁ.b . Hence, by Lemma 2.4 Bpadsgeces g are distinct
elements in G={e}« Thereforesg and ]3 are minimal admissible sets

of (r-1)-subsets of G containing {a1,aa....,ar_1}. Hence, by

Lemma 3 ,

. / _‘1
ﬁ' = {{a1'a2“..'aru1}} u {ai * {a,],.‘12,.-.,«‘-3.1_1‘e'ai+1,--.1ar_1}/
i = 1‘2,3‘0-.,1‘—1},

. B

Therefore we have a contradiction. Hence distinct minimal admissi-

ble sets of (r-1)-subsets of G are disjoint. #

5 Propositions. Let (G.*) be a group. The set of all

minimal admissible sets of (r-1)-subsets of G forms a partition of
Pr_q(G-{e}), the set of all (r-1)-subsets of G-{e}.

Proof. Let (Gy+) be a group. Let {2 be the set of all

minimal admissible sets of (r-1)-subsets of G. Hence
U._.{-\l‘,_ Q- Pr—’l(G“{e}). llclIlOoal-.oooo-lcncn(1)

Let {a1,az,...,ar_1} be any set in Pr_q(G-{e}). Hence a,,8 5040

.+y8,_4 ore distinct elements in G-{ec}. Therefore, by Lemma 3 ,
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. =1
A = {{a“1’a2"°"e‘r..'l}}t'1 {ai *{ai'az,uoo.'ai_,I‘e‘ai_'_a‘gl-l'ar_q}/
i = 1,2,3,-.-.1‘-1}

is a minimal admissible set of (r-=1)-subsets of G. Hence {a1,52,..

..,ar_1} belongs toUSfL. Hence

Pr_q(e"'{e}); U's}- a-ooo.-o-o--.c-co--'o.(a)
From (1) and (2), we have

Uiy = Pr_1(G-{e}).

By Proposition 3 yany elements A \ B in 2, A = @ or ‘?Q-'Q;B = B

Henced 2 is a partition of Pr_1(G4{e}). #

By Theorem 1 and Proposition 5 we can find all minimal

admissible sets of (r-1)-subsets of G,

Proof of Theorem 1, Let (G,*) be a group. Let #& be any

admissible set of (r-1)=-subsets of G. Vor each A in 4\ y there exist

distinct elements 8,48,300048, 4 in G-{e} such that

A = {a1,5.2,...,ar_,i}.

Let

=1
M(A) = {{a1,a2,...,ar_1}}LJ{ai *{a1,ae,...,ai_1,e,ai+1,...,ar_1}/
i = 1,2,3,...,1‘-'”.

Hence M(A) is a minimal admissible set of (r-1)-subsets of G,
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Hence
M(A) € cA
for all A in‘£¥. Therefore

A <= Y, M(A),

Ae

n
p=

Hence

Ae A

Therefore any admissible set of (r-1)-subsets of G is a union of

minimal admissible sets of (r-1)-subsets of G, %



APPENDIX II

This appendix is a supplement of Example 4.,2.1. 1In this
appendix we prove the followings;

(1) There does not exist a compatible full family of T-
—— . i k 1 &
injections of type 1: (01,¢xg, u3, O 9 us);

(2) There does not exist a compatible full family of TI-
: : i j k 1 1
injections of type 7: (“1. ng RS 65);

(3) Agg = (BL;. 02. DL;| a;, ag) is the unique compatible

full family of I'-injections of type 10 (ai, or.j, ak, aq’ uz);
PRGN RGNS
2 1 1 : -
(%) A‘H = (Ol1, Py ag, aq_,ag) is the unique compatible

i ; i j k 1
full family of I'-injections of type 11: (u1, :%, a3, g ag);

(5) A12 = (a?,cxg, a;, ui,:xg) is the unique compatible

. -l ) i i 2 1
full family of I'-injections of type 12: (31. 0%, Gz @)y u5);

3

(6) Az = (311 Ggg a3 cﬁ, u;) is the unigue compatible

: e : . i j k 2 3
full family of I'-injections of type 13: (u1, cé, a3, a#’(l5);

(7) Aﬂ# = (a?, u;, a;, ui, a;) is the unique compatible

. i . o B j k 1
full family of TI-injections of type 1h: (a,l,ag. Gz ai, 05);

(8) Mg = (31. ag, u;, ai,txg) is the unique compatible

full family of I =injections of type 15: (a:) ag, ak, ai,(xg);



(9) A16 = (ul, u;, a;, ut,(xg) is the unique compatible

| i k4 4
full family of T-injections of type 16 (aig agg¢:3ga L a5).

Proof of (1). Observe that

%?(01!5)

"

#

and

{{4,5}},

éo(a;,‘ﬂ

b .
hence u; and a5 are not compatible. Hence there does not exist

any compatible full family of I =injections of type 1: (ai, c%. agg
o .
al‘.! as)o

Proof of (2). Observe that

@ = 1}

and
bo(al,h) 1 é?(af,u) ( é‘f)(a?,ﬁ) SITY
h 1 3 5 . 1
ence 61, a3 and oy are not compatible to LI Observe that

baca;m) - {{1,51

and

bo(ai,B) = EL‘:P(U.:!B) = ﬁ 1
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hence u? and @ , are not compatible to a;. Observe that

1

@S5 = sy = Felin

and

Sy = s = Yol

n

Hence ai is the only (I'y1)=injection which is compatible to both 311
1 : i j k 1 1 ; : ¥
and age Therefore, if (u1, ag, 03, %) a5) is compatible, then oy

must be “i. Observe that

J6s2)

I
=

and

i

J@ln = Yud, Y@l = 1,21,

hence 0;, ug and Gg are not compatible to ai. Observe that

Fais) = 12,4

and
faha) = g

hence ug is not compatible to ua. Observe that
y(a;,z) = #

and

IEPp(ag:s) = %P(ngﬁ) - {{215}}1
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hence ag and cxg are not compatible to u;. Hence there does not

exist any Gg which is compatible to a?, a;, a; « Therefore there
does not exist a compatible full family of I'-injections of type 7:

- 1
(a.:,'l', ag, 031{, ) c;).

Proof of (3), First, we find all the (T,3)-injections

which are compatible to Gl and ag. Observe that
L (
CJ&(“;,B) = ﬁ = L'F(G;gl")

and
Pl =g = g,

hence u; is compatible tot:l and ag. Observe that

-'}"30(31113) @

)

and

£ (a2) Yeags) = Y = e,

hence ag, u; and ag are not compatible to a;- Observe that

Fg,3)

?

and

P25 = Pegos) = 103,50,

hence “; and og are not compatible to ag. Hence a; is the only

(ry3)=injection which is compatible tocxg and a;.
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Next, we find all the (I',2)-injections which are compatible

to a;, aﬂ and ag « Observe that

éc'(agga)

I

{{2,5}}

and

Fals) = Fads = Yals = g,

hence ag, ag and ag are not compatible to ug. Observe that

felia) = tz,mm

and

g

F@2 = Yab»

11
hence ag and ag are not compatible toa3.0bserve that

P33 = uwzon = Pele

Fdm g = Flaph2)
and

L@ = sy = Fed2),

5 1 T .1 2 D s
hence e; is compatible to aze ay and a5¢ Hence a5 is the only

(IFy2)=injection which is compatible to a;,<1; and a;.

Finally, we find all the (T',1)-injections which are compa-

. 1 1 2
tible to ag, a3, o, and a5 « Qbserve that
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ﬁp(a1.1)

L {1,441

and

Sl = F = ¥adm = g,

hence Gq, a% and u? are not compatible to a;. Observe that

S’(ai,a) = (1,2}

and
L@ < o,

hence ai is not compatible to ag. Observe that

f@Ss) = 11,5

I

and

y(“;,‘l) ﬁ L |

1

hence Gg is not compatible to ag. Observe that

Fechianien gluscfead, v

Fais = s = Padn,

Paim = wm = P,
and

Has) = g = Pein,

hence 02 is compatihle to ag, a;, a; and:x;. Hence aﬁ is the only

(T y1)=injection which iS_compatible to ug, a;oc:; and a;- Hence
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5 1 1 2

A = (aﬁ,cxa, a3, Oy a5) is the unique compatible full family

10

o, o : > j k 1 2
of I"=injections of type 10: (a1, ag,a 3 GH'{15)'

Proof of (4). TFirst, we determine all the (I',2)-injections

which are compatible to Gl and(ig. It turns out that 0; is the only

(I'y2)-injection which is compatible to a; and u;- Next, we determine

all the (I'y3)=injections which arc compatible to c%, a; and agf We

find thatt!g is the only (T,3)-injection which is compatible to a;.

aa and a;. Finally, we determine all the (I',1)=injections which are

9 == 5

compatible to tg, azl, Gh and o tif is the only (TI'y1)-injection

3 N
. ! 4 1 5 1 3 . 78 Tl 5
which is compatible to @4 03,€14 and o5 Hence A, , = (aq,:xa,a 30
“;s “;) is the unique compatible full family of T -injection of type

11: (ai-g agg 0-1;' 0-;‘[_, Q;).

Proof of (5). To prove (5), we do similarly as we prove (3)

It can be shown that a1

3
is compatible to af and a;. “g is the only (I',2)-injection which is

is the only (I y3)=injection which

compatible to 0;. Oi and a;, mi is the only (Ir',1)-injection which

: : U 1 2 1 5 l 1 2

is compatible to a,y a5y o and o. Hence A, = (a1, G Ogr Oy

G;) is the unique compatible full family of I'=injections of type 12:
I gl gk 42 1

(aali 21 3! a}+Q as)b

Proof of (6). First, we determine all the (T',1)-injections

which are compatible to af snd 625 - Tt $urns oub Ehat a} is the only

50
(Ty1)=injection which is compatible to aZ and a'a. Next, we determine
J L4 5 s

3

all the (I'y2)-injections which are compatible to q:. uE andczs. We



91

find that ag is the only (I',2)=-injection which is compatible to

al' GE and G;. Finally, we determine all the (I'y3)-injections

which are compatible to a:, 02, ai and u;. a; is the only (r,3)-

S . : : g 1 2 2 3 1
injection which is compatible to Cae Gy O and G5e Hence A13 £

(“:, “S; ﬁgs “f; a%) is the unique compatible full family of

o Lo VR - I -
P-injections of type 13: (ajy a3, Gg9 Oy 35)-

Proof of (7). To prove (7), we do similarly as we prove

(4)e It can be shown that, Gg is the only (I',2)-injection which
is compatible to aﬁ and a;, a; is the only (I',3)-injection which
1 .3

is compatible to 02, ctI+ and cg, a? is the only (T',1)=-injection
ich i : A | TS 4« N 1 4
which is compatible to ) a3"‘4 and Uge Hence A14 = ( TRLPTEET

02, G;) is the unique compatible full family of |'-injections of

type 14 (a?{' C’-g' (113(' {XEQ U;)o

Proof of (8). To prove (8), we do similarly as we prove

(6)s . It can be shown that, aq is the only (I 41)=injection which

is compatible to az and ug, ag is the only (I'y2)=-injection which

is compatible to a:, aﬁ and aé, ag is the only (I',3)=injection which

2

2 5 Hence A15 = (al, Gg;(};, GE' a5)

is compatible to G:, Gagtlh and u;.
is the unique compatible full family of I'-injections of type 15:

i i k 2
(uail ag'l 03, ’ us)-
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Proof of (9). To prove (9), we do similarly as we prove

(4). It can be shown that, u; is the only (I',3)=-injection which is

compatible to aﬁ and u;, a; is the only (I',2)-injection which is

compatible to a;, ai and ag, az is the only (I'y1)-injection which

1 1

is compatible to C%, a;, aﬁ and 0; . Hence A16 = (“1g O d;: aﬁn

G;) is the unique compatible full family of I'-injections of type 16:

i r k.4 4
(“?{1 “gt “3! S0 “5)-
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