CHAPTER V

A QUASI-GROUP HYPERGRAPH

WITH PRECRIDLD NEIGHBOURHOOD STRUCTURES
In this chapter we define quasi-group hypergraphs and
discuss thc problem on realizability of the given family of hyper-

graphs by a quasi-group hypergrapt .

5.1 Quasi-group Hypergraphs.

A quasi-group is an ordered pair (Q,+), where Q is a non-

empty set and * is a binary operation on Q such that for any p,q

in Q, there exist unique clements x and ¥y such that

and
¥y *d4d=D .

In what follows we shall consider only finite quasi-groups, i.e,
8 quasi-group (Q,+) such that Q is a finite set. The number of
elements of Q will be called the order of quasi-group (Q,+*). A
group is a quasi-group (G,#) which satisfies the associative law,

for every a,b,c in G, (asb)sc = a*(bsc),
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For any subset A of @ and any q in Q, the set {q*a/aeA}
will be denoted by g+A. Here, and in the sequal, r will be denoted
a positive integer greafer thant1 . For any set %&of (r-1)-subsets
of Q, 9'51(1.1.'i11 be said to be aduissible if for each A in ‘A y each a

in A and each q in Q, there exists Ba " in A such that
]

({q}u q*A)-{q*a} = (qaa)*Ba‘q .

Note that the empty set is an admissible set. In the sequal, any
admissible set ’A we mean 2 non-empty admissible set. For each

admissible set A of (r-1)-subsets of 9, we define gﬁby

gA - {{q]- U qv; / qEQ and A EAF}.

It can be verified that
I{q} (&) q*fal . I

for all q in Q and A in‘A'. lence 1A_:i.s a set of r-subsets of Q

and U%L: Qs Therefore (Q, EAJ is an r-uniform hypergraph, The

hypergraph H:(Q,EA) will be called the hypergraph induced by the

quasi-group (Q,*) and the admissible set ‘A’. In the remaining of

this chapter, any hypergraph we mean an r-uniform hypergraph, and
when we write H = (Q, EA)' we mean that Q has a binary operation *
such that (Q,*) is a quasi-group and A is an admissible set of
(r-1)-subsets of Q. A hypergraph H = (V,2) will be said to be a

quasi-group hypergraph if there exists a binary operation * on V

such that (V,*) is a quasi=-grouvp and there exists an admissible set
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#% of (r-=1)-subsets of V such that g = gak. If a binary operation

* can be choosen such that (V,#) is a group, H will be called a

group hypergraph.

The concept of quasi-group hypergraphs was introduced in
rh]. Our notations differ Ifrom those in [4] . vV, vgi and vH are
denoted in [ 4] by Vi Ei and H respectively. Proofs of the

following propositions can be found in [4} .

5¢7.7 Proposition, Let H = (V,%) be a quasi-group hypergraph.

If a hypergraph H' isomorphic to H, then H' is a quasi-group hyper-

graph,

[}
5.1.2 Proposition, Let H = (V, EA) be a hypergraph induced
by a quasi-group (V,*) and an admissible set ¢ of (r-1)=-subsets ‘of

V. Then the followings hold:

(1) For each E in Ei\ and each v in E, there exists A in44-

such that E-{v} = wvsA,
(2) TFor each v in Vy, vV = {v*a/aELJ¥l}.

(3) For each v in V, the function by © VV'+L)?% defined

by

wv(v*a) = a

for all v+a in vV is a one=to-one correspondence,

5e¢1¢3 Proposition, Let H = (V,g) be a quasi-group hypergraph,

Th t i £ i iso-
en there exists a system (lbuv)u‘vev such that each Y,y 18 an iso
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morphism from uH to vH and for every u,vyv' in V if v £ v' then

by (8) £ ¥,p1 (@) for all a in uv,

In our work we shall also need the following:

5¢1e4 Proposition. ILet H = (V'E%QJ be a hypergraph induced

by a quasi-group (V,*) and an admissible set:ﬂkof (r-1)-subsets of V,.
Then

vl v (UALA)

for all v in V.

Proof. Let v be any clement in V. From Proposition 5.1,2 ,

we know that

W = {v*a / a eUA}
and the function y_: vV > U A , definedby
Y _(vxa) = &
v

for all v+a in vV, is a one-to-one coresspondence,

We shall show that the function ¢v is an isomorphism from

vH to (lJ?4,14); Let S be any subset of V. Suppose that S belongs

to vg » Hence
A
b = E-—{V}
for some E in EE

A such that v belongs to E and E-{v} { B. By

Proposition 5.1.2 , we have
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B-{v} v*A

"

for some A in.’a « Hence

v, [5] v, [E-1v1]

n

B [V*A] '

1

{lt:v(v*a)/a €A},
= A .

The last equality follows from the definition of v, . Hence #IV[S]

belongs to 'A'. Therefore

sgvg;4 = 0] e A b i (1)

Let S C V be such that wv[s] belongs to A, Hence

v, 8] -t @
for some A :i.nA'. By the definition of lpv' we have

A,

n

lpv[v*!{]

Hence

It

QJV[SJ ﬂ:v [v*ﬁ} .

Since y  is ome-to-one, hence S = viA. Since {v}u veA belongs to

p » hence v*A belongs to vg » Hence S belongs to vg .

. A A
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Therefore

t}lv[S] € A =X Se vl‘?_ : BRI . 1712

A

From (1) and (2), we sec that b, is an isomorphism from vH to

(UA,A). Therefore vi o ( LJ?Q:,A). #

5¢1.5 Corollarye Let H = (V,£) be a quasi-group hyper-
graph. Then

uH vH

lle

for all vy, v in V,

Proof, Let H = (v,%) be a quasi-group hypergraph, Hence
there exists a binary operation # such that (V,*) is a quasi-group
and there exists an admissible sect ¥% of (r-=1)=-subsets of V such

i '.’
that é: =3 « Hence
A

— (V,S_?'-A)
is a hypergraph induced by the quasi-group (V,*) and an admissible

set A of (r-1)-subsetsof V., Hence, by Proposition 5.1.4, for any

u,v in V, we have

o w o € OA, A

vH . #

i

5.2 (Q,%)-realizable,
: 4

In this chapter we are interested in the followings problem:

Given a family r = (Kv)v T of hypergraphs. TFind a quasi-group
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hypergraph H = (V,£) which is a realization of I,

First, we observe that for H = (V,EJ to be a quasi-group

hypergraph, it is necessary that
uh 2 vH

for all u,v in V, Hence it is necessary that we have

for all u, v in I, i.e. all the hypergraphs in T are isomorphic.
The above problem can be reformulated as follows: Given a hyper-
graph K and a non-empty set I, find a quasi-group hypergraph
H = (1,%) such that

vH K
for all v in I. A variant of this is the followings problem:
Given an(r-1)-uniform hypergraph X and a quasi-group (I,*), find

a hypergraph H = (I’E%Q) induced by (I,+) and an admissible set &

of (r-1)-subsets of I such that

vii ¥ K
for all v in I, 1In this section we shall be concerned with this

problem,.

Let X be an(r-1)-un;form hypergraph and (Q,+) be a quasi-

group. %e say that K is (J,#)-realizable if there oxists an

@

admissible set 4k of (r-1)-subsets of Q such that H = (Q, &) has

the property that
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qi

fie
=

for all g in Q.

5e¢2¢1 Theorem Let ¥ be an (r-1)-uniform hypergraph and
(Q,*) be a quasi-group., Then K is (Q,*)-realizable if and only if
there exists an admissible set of (r-1)-subsets of Q such that

K (U4, A).

Proof. ILet K be an (r-1)-uniform hypergraph and (Q,*) be
a quasi-group. Assume that K is (g,*)-realizable, Hence there
exists an admissible set #lof (r-1)-subsets of Q such that H =

(Q, %aq) has the property that

K

s

qH

for all q in Q. By Proposition 5.1.4., we have
A
Qi (Ur’-»t,A)
for all q in Q. Henzz Ka (UA, A

Now, assume that there exists an admissible set 4& of
(r-1)-subsets of Q such that ¥ & (UA,R). Let H = (Q,L’%‘*) be a
quasi-group hypergraph induced by the quasi-group (Q,*) and an

admissible set A « By Proposition 5.1.4,, we have

(U4, %)

qH

fle

for all q in Q. Hence

qH

fte
=
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for all q in Q. Hence K is (9,%)-realizable. #

The following examples illustrate how Theorem 5.2.1 can be

applied.

5.2.2 Example. Let @ = {0,1,2,3,4}. Let * be defined on
Q by
x*y = the least non-negative residue modulo 5 of X+Y,

iees (Q,*) is the cyclic group of order 5. Let
K = ({1,2,3,83:881,20%402,31 ,{3,4}}).

We shall determine whether K is (Q,«)-realizable. First, we deter-
mine all the admissible sets of 2-subsets of Q. By the method
described in Appendix1 , we Find that all the admissible sets of

2-subsets of Q are

>

ta2k,01,8 (3,41,

:
AR 11,3}, 02,8412 3 1)
and
#QB = {{1,2};{1;3},{1,4},{2,3},{2,4},{3,4}} .
We have
(UA;, &) = ({w;,3;3,;4};{{1,z},m,a},{z,#}}) ,
(u42,942) = ({1,2,3;&},{{1,5},{2,4},{2,3}})
and

(Ui 'As’ = ({1,2,3,43,{11,2},{1,3},01,4 , 2,3} ,{2,43,{3,40}).
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Let ¢ : {1,2,3,4} > {1,2,3,4} be defined by ¢ (1) = 3,
W2) = b, W3) =1 and ¥(4) = 2. It can be verified that ¥ is an
isomorphism from K to (U}::1 y Aq). Hence K & (U 41,9{\'1). Hence, by

Theorem 5.2.1 , K is (Q,«)-rcalizable,

el a Examp}g: Let (Q,*) be asgiven in Example 5.2.2.

Let
K o= (41,2,3,4},{{1,2} 01,4 ,02,3} ,{3,4}}).

To determine whether K is (Q,+)-realizable, we look for 4Qi,
i=1,2,3, (as given in ixample 5.2.2.) such that KV (UAi'Ai)'

It turns out that K is not isomorphic to any of “Jf&i,fii)| 1 = 4525
This can be scen by observing that the number of edges of K differs
from those of 0J74i‘J4i)’ i’=1,2,5. Hence, by Theorem 5.2.1 , K is

not (Q,*)-realizable.

5.3 Quasi-group Realizations.

Let K be a hypergraph and I be a finite non-empty set., We

say that K is I-quasi-group (I-group) realizable if there exists a

binary operation * on I such that (I,*) is a quasi-group (group) and

K is (I,+)-realizable.,

In this section, we are interested in the following problem:
Given a hypergraph K and a finite non-empty set I, determine whether

K is I-quasi-group (I-group) realizable,
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The problem concerning T-quasi-group realizability c=n be
answered by our results in Chapter 3 and Proposition 5.1.3. Ve

illustrate this by an example:
Se5e1 Example, Let I .= {1,2,3,4,5,6} and

K = ({1,2,3,4,5},{{‘E,3},{2,3},{3,4},{1+,5},{1,5}}).

We shall show that K is no% T-quasi~-group realizsble. ILet H be
A

B of example 3.4.2 , i.c,

i = (11,2,3,4,5,61,10742,33,{1,3,4},{1,4,5},{1,5,6},{1,2,6},
12,3,51,(2,4,5},{2,4,6} 403,463 4{3,5,6 }1).

It is shown there that H is the unique, up to isomorphism, hyper-
graph such that vH a XK for all v in I. Hence to show that K is

not I-quasi-group realizable it suffices to show that H is not a
quasi-group hypergraph., To show, by Proposition 5.1.3 s that H is
not a quasi-group hypergraph we must show that there does not exist

| - Yo ¢ i . .
any system (Vuv)u,vs p suc% that each ¥ .y 1S an isomorphism from

(a)

ul to vH and for every u,v,v' in I if v £ v' then wuv(a) £ ¢uv'
for all a in vI. It suffices to show that there does not exist

any system {$1v)vs - such that each qu is an isomorphism from 1H

to vH and for every v,v' in I if v Z v' then ¢1v(a) 4 \b,w,(a) for

all a in 17, ©Note that
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"= ({2,3,4,5,6},{{2,3},{3,4} ,{4,5},{5,6},{2,6}}),

2H

I

({1,3,4,5,63,{{1,3},{1,6},{3,5} { 4,5} ,{4,61}),

3H = (11,2,4,5,6},{{1,2} ,{1,4},{2,5}, {4,6},{5,6}}),

M= ({14,2,3,5,6),{{1,3},{1,5},{2,5},{2,6} ,£3,6}}),
5H = ({1,2,3.4,6};{{ﬁ,h},{1,6},{2,3},{2,@},{3,6}})
and
6E = ({1,2,3,4,5),{{1,5),17,2},{2,4},{3,5} ,{3,4}}).
Suppose that there oeuists a system S = (¥ ) such that

vve I
each Vav is an isomorphism from 1H to vH and for every v, v' 4n I

if v = v!' then qu(a) # Yyya(8) for all a in 1I, 11 = {2,3,4,5,61.

There are 10 isomorphisms from 1H to vH, v = 11253 7%4556,
-
They are designated by Vipr = 925004,10, v = 1,2,3,4,5,6, and

are given in the followings tables:

Table 14.

x)

x | 900 45,00 100 4,60 43,0 0 e f (0 v, 49
2 2 2 3 3 4 4 5 5 6
3 3 6 4 2 5 3 6 4 2
! Kol 5 . & 8 g “g,. B.oes
gl-8 ¢ 4 6 3 20 58 L TE Ly A
6 6 5 2 L 5 5 b 6 5

on

Al KRR




Table 15,

1
x w,la(x) ’*”12(}‘) qu(x) t,.-,],,( z) ‘\"19(") y,lz(x) q;,l;_,(x) w,lz(x)w,la(x) ”’12 x)
5 1 1 3 3 L L 5 5 6 6

L 6 5 1 5 6 3 L 1 i

L | 5 L b4 6 3 1 1 6 3 23

51 4 5 6 b 1 3 6 1 5 3

6 | 6 3 1 5 6 5 b 3 L 1
Table 16.

X 13(x) b17(X)1b13(X) ¢qu 2) u13(x) ¢13(x) &13(x)1p17(x) ¢13(x) qﬁs

a2l 1 1 2 2 4 L 5 5 6 6

T4 2 b 1 5 1 6 2 6 [ 5

L | 5 6 L 6 2 5 1 L 1 2

51 6 5 6 b 5 2 It 1 2 1

6| &4 2 5 1 6 1 6 2 5 L
Table 17.

2 In
X w:q(x) ﬂqq(x) w?h(X) ¢4Q(K)QJ?Q(X) ¢fh(x) w?h(X) w?h(X) 1ﬁq(x) %k (x)

=t 1 2 2 3 3 5 5 6 3
Dk 2 ) 5 6 1 6 1 2 2 3
L] 6 2 1 3 5 2 3 6 5 1
3 O 6 3 1 2 5 6 3 1 5




Table 1 8 .

7 2 3 s o2 6 7 S o
" 4,15(;;) ¢15(x) q,,ls(x) ‘*’15(") ¢n15(x) 11J,15(x) wIB(x) ¢15(x) vt?s(x) ¢15(x)
2 | 1 1 2 2 3 3 4 4 6 6
g L 3 L 6 2 1 2 1 3
o [ > 6 1 1 L 6 3 4 2
2 6 L 3 2 6 2 1 3 1
Table 19.

1 L 6 8 10
x [0 Helx) ¥7(x) G B 0 (0 w500 elx) ¢
— o 1 2 2 5. 3 b 4 5 5
3 5 2 L 1 L 5 2 3 1 3
Rl L 3 5 2 1 1 5 2 b
5 | & 2 5 5 1 2 B 1 b 2
6 12 5 1 . 5 - 3 2 3 1

The isomorphism Vaq in 5 must be one of the 1111,?1, k= 1,2,5004100

. i 1 : N s
Assume that "’11 = -@‘M y le€e d”}‘l is in S. Observe that

T o 1
¥14(3) = ¢12(3) ;
1 2
b () = i),
1 3
w11(43 = wqg(h) ;
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1 5
§. . (63 = ¢12(6) '

” 7

a
V14080 = #L18).
[ =4
Hence wla, wfa, q%g‘ wia, 332 and w?a are not in S, Hence we can

conclude the following

(2) ¥,, can be one of the following:

(2-1) 4.,
(2-2) wfg 4
(2-3) '\Ufz ’

.10
(2=4) W,.lz .

Similarly for v = 3,4,5,56, it turns out that the following holds:

(3) ¥,z can be one of the following:

1
(3-1) ¢13 ’
6
(3-2) wﬁ .
9
(3-3) V’F5 ’

(3-4)  ¢9
2



(&) ¥

4y can be one of the following:

2
(4-1) 65,
(4=2) v/

1
0

(8]
(i*'B) w,“_l_ [ ]

9
(=) w7,

-

(5) ¥q5 can be one of the following:

»]

(5-1) Vi5 s
(5-2) W,
(5-3) Ve 3
(5-4) s

(6) Y4 ©an be one of the following:

LGet) W s
(6-2) ¥, ,
(6-3) wfﬁ :
(6-4) v

16 ¢
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From (2), note that if Vo = w:z then u#a(a) £ ¢16(a) for all a in

{2,3,4,5,5}s Since

Vo) = (s,
wfl*a(:_} = '1'?6(2) y
a2 = $a
V53 L A5y

4?
hence qs can not be one of ‘%6’ w%s, ‘£6 and w?6 +« Therefore we

L

have a contradiction. Henoceo ¢H9 can not be ¢¢2.

If y,5 = qfa, then ¢§2(a) ¥ 'HB(a) for all a in {2,3,4,5,6},

Since

I

5 133

1
‘3112 ‘1*15(3) ?

W20 = L)

2

6
¥3(5) = ¥I.(5) ,
6 (. 8
¢12(:) = w15(2) i

| 5 8
hence qﬁS can not be one of 1%5, w15, w:E and ﬁHS. Therefore we

6

have a contradiction., Hence V1, can not be (2P0

¢ U, = B, then Up(8) £ 4, (a) for all a in {2,3,4,5,6).

Since



=g
ey

86y = 8,
¢?2(2) o W20,
@ - W,
62,50 = ¥,
hence wﬂh can_nct be one of wfh‘ ¢:“, 434 and ‘zh' Therefore we

have a contradiction,

If gy, = Yo v thex $)2(a) £ ¥5(a) for all a in {2,3,4,5,6).
Since
o) = ) |
otk = Be)
WoEN =, Vi) |
ha@) = W),

hence ¢13 can not be one of

a contradiction.

1
ql‘!].}! ‘D?B! '\b

9

13

Hence ¢12 can not be ¢§2.

and dqg. Therefore we have

can not be &:g .

Iy 6 8 10
¢12, qu, ¢12 and ¢12. Therefore we have

Hence QHE
Hence ¢12 can not be one of
a contradiction.

1
Hence ¢11 czn not be ¢17.
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By the same manner, we can show that :%1 can not be one of

wﬁq, k = 24340053104 Therefore ¢11 can not be one of ¢¥1, k = 1324

34000410, Hence we have a contradiction to the existence of a system

S, Thercfore the system 5 does not exist,

It is much easier to determine whether a given hypergraph K
is I-group realizable than to determine whether it is I-quasi-group
realizable, This is because for each I there are fewer group struc-
tures that can be defined on I,  Besides, it is not difficult to

determine all the admissible sets of a given group.

Suppose that a hypergraph K = (V,%£) and a finite non-empty
set I are given. To determine whether K is I-group realizable, we
do the following:

(1) Determine all non-isomorphic group structures on I,

(2) For each group structure on I, we dﬁtermine 2ll the

admissible setsﬁ& such that |f@] = |§|.

(3) For dach A InG(2) We determine whether K n (UA,-A—)_

1f A in (3) can be found, we know that K is I-group realizable,

otherwise it is not.

fie illustrate these by showing that K in the above example

(Example 5.3.1) is not I=-group realizable.

It is well-know that any group of order 6 must be of the

form:
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(1) G, = ({1,a,32,a3;aq,a5},*), where a6 = 1 and
aty ad ¢ &2t per am 14 =1,2:F:4,5 3 or

(2) G, = ([1,a,b,b2;ib,abz},-), where a° = 1 = b and
a—qba = ba.

Hence, if (I,#) is a groun, then (I,+) must be isomorphic to exactly
J : P fo
one of G,1 and Gy

it suffices to show that I is neither G1-realizable nor Gz-realizable.

Hence to show that K is not I-group realizsble,

First, we shall show that K is not G,-realizable., By the
method described in Appendix I, we find that the followings are all

the minimal admissible sets of 2-subsets of Gﬂ;

{{a, 22} /a0 1},

%

{{asaa}u{aza&%s{FEsas}}v

S

{{a,ah} d a:":,aﬁl it £F 0713

and

A, = (a,a'h,

1

is a union of minimal admissible sets of 2-subsets of G1. Hence,

if‘fajs any admissible set of 2-subsets of Gq, then 14‘must have

By Theorem 1 in Appendix I, any admissible set of 2-subsets of G

cardinality 1,3,4,6,7,9,10, “herefore it is not possible to find

T - A 1
an admissible set A of 2-subsets of G, such that K (WA, A).
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Hence, by Theorem 5.2.1 , K is not G1-realizable.

Mext, we shall show that K is not Gz—realizable. Vie find

that all the minimal admissible sets of 2 subsets of G2 are

{{a,b} ,{2,ab} ,{b,ab}],

p =

= {{&,be} .'{ 3,313.'2},{13’31)2 }},

+

{{ab,ab%} ,{ab, b}, (ab° b3

>

and

{{b, v°1}.

=
n

By the same arguments, it can be seen that there does not exist any
admissible set74'of 2~subsets of G1 such that K g:(L)Jh A Hence,

by Theorem 5.2.1 ., K is not 62—realizable.
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