CHAPTER IV

SOME NECESSARY COIDITIONS

In this chapter we prove some necessary conditions for a
given family of hypergraphs to be realizable, These conditions
provide easy way of proving non-existence of realizations.

Sections 4.,1. and 4,2 give necessary conditions concerning neigh-
bourhood hypergraphs and edges sizes of hypergraphs in the given
family., Section 4.3 gives a necessary condition for a full family
of I'-injections to be compatible, This condition can be used in
proving non-exisStence of any compatible full family of ["-injections,
which is equivalent to non-existence of any realization.

Illustrations are given in section .k,

4.1 Necessary Condition Involving lieighbourhood Hypergraphs.

e o _ Ci;
bo1.1 .Proposltlon. Let T = (Kv)ve 1 Where K = (quk%)
for all v in I, be a family of hypergraphs. Let H = (V,E) be a
realization of ', For each v in I, let o be any isomorphism from

Kv to vH. Then for every v in I, we have

G—ﬁ
av(w

1) )(v) > wav(w)

and

I

_'I v
(2) WKV aav(w)(V)f\uv(w) ’
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for all w in wv.

a-
Proof. Let T = (Kv)ve p» Where K = (wv,+;) for all v

in I, be a family of hypergraphs. Let H = (V;gJ be a realization

of ' « For each v in I, 1let a, be any isomorphism from Kv to vH.

Let v be any element in I, Let w be any element in wv.
Since Qe is an isomorphism from Kv to vH, hence av(w) is a vertex
in vH and, by Proposition 3.1.2 ,
"
wk o & ﬂv(w)vH.
Hence, by Proposition 3.1.1 4 v is a vertex in av(w)H and
@ (w)vH = vuv(w)H.
Since aav(w) is an isomorphism from Kuv(w) to uv(w)H, hence
-1

- - s -1
a
@ (w) is an isomorphism from a_(w)H to Kuv(w)° Hence:ﬂxv(w)(V)

is a vertex in Kuv(w) stideS
-1
a (v) e W P
av(w) a_(w)
Hence, by Proposition 3.1.2 .,

-1
VGV(W)H N Cla V(W)(V)Ku’v(w) °

Hence

wK

e

uv(w)vH,

i vuv(w)H,
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-1
= Ctmv,(w)("')Kmv(w) 3

-1
-y - £
Therefore wK_ & aav(w)(v)Kav(w) ?é‘/—-
2k
: = = e
ke1.2 Theorem. LetT = (Kv)ve 1 + where K_ (wv. v)

for all v in I, be a family of hypergraphs. For each v in I and
any non-empty subset T of wv, let

€ (v,T) ={ u/ue I-{v} and wK_ L tk, for some w in W_ and
some t in T}«

If T is realizable, then [B(v,T)| 5 |T| for all v in I and all

non-empty subsetsT of wv.

11

Proof., Let I' = (K.) s where K_

R (wqui) for all v

in I, be a family of hypergraphs. For each v in I and any non-

empty subset T of wv, let

C(v,T) = {u/ue I-{v} and WK, v tk, for some w in W and
some t in T}l.

Suppose that I' is realizable. Let H = (I,&) be a realiza-

tion of ' such that vH ¥ K, for all v in I. For each v in I,

let & be an isomorphism from Kv to vH,

Let v be any element in I and T be any non-empty subset
of W,. Note that vI C I-{v}. Since o, is an isomorphism from K?

to vH, hence av[wv] = vI. Therefore av[wv] € 1-{v}.
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Let t be any element in T. Hence o (t) belongs to I-{v}.

Since TS Wy t is in W, e Hence, by Proposition 4.1.1 ,

-1
o
av(t

L& M s

and
o~ (v)X .i: tK_ .
a (6) "% (¢) v

Hence uv(t) belongs to B(v,T). Therefore av[T] c B(V,T).

Hence
le, [T} < /186 T .
Since @ is one-to-one, hence ]T, = IQVW?]].
Therefore [T| < [G(v,T)|. He

4.2 Necessary Condition Involving Edges Sizes.

Lk.2.1 Proposition, Let H = (V,€) be a hypergraphe.

Then z b 2} VEI is diViSible by r+1' Ir = 1,2,3,-.. .
veV vEev

[VE|=r

Proof. Let H = (V,£) be a hypergraph. Let r be any
positive integer. For each v in V and each vE in v& such that

[VE | = r, let
o%(V,VE) = {(uyv,vE)/uevE} .

For each E in £ such that |E] = r+1, 1let



bO(E) = {(uyvyE={v})/ve E and ue E={v}} .
Observe that
(1) v #£v 3 Lv,vE)N L(v',v'E) = g,
(2) VvE # vBE'> ¥.(v,vE) N X(v,vE') = g,
(3) E£E'3 FE®N AB) = g,

(4) U U KivyvE) = U Hm)
veV vVEe vg, Ee %E
|vE]=r | E] =r+1

(5) | &(v,vE)| = | vE |

and
(6) | F®)| = r(rs1).
Hence
T z _|vE| = b g |X(v,vE)],
veV vEe vc veV vEe vE
| vE|=r [vE|=r
= ‘ U U ée(v,vE)‘,
veV VE gvz
]vEI:r

'Egg é%:)‘ >

|E|=r+1
Ee
|E| =r+1

It
[ne}
3]
P
H
+
SN
S
-

I
L)
H
+
=
—
™M
H
L]

L2
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Hence B £ _|vE| is divisible by r+1. 4
veV vE ev
fvE|=r

bo,2.2 Theorem, Let T = where Kv = (wv,a%) for

(Kv)ve I’
all v in I, be a family of hypergraphs. IfT is realizable, then
b | FVI is divisible by r+1, T = 1,2,350c0 o
v EI* F EQF
v v
IFV|=r

Proofe. Let T = (Kv)ve 1 where Kv = (wv,Qi) for all

v in I, be a family of hypergraphs.

Suppose that T' is realizable. Let H = (I,£) be a reali-
zation of ' such that vH = KV for all v in I. Let r be any

positive integer. For any v in I, vH and Kv are isomorphic,

hence
z |F, | U= a— 7 T
F €= vEe vE
v v
IFv|= r lvEI =r
Hence
b E |FV’ = z blg IVEI.
vel Fve*q% velI vEev
IF |_ |vE|=r
= P
v
.By Proposition 4.2.1 , E T [ VE| is divisible by r+1.
ve I vEs:vE.
|VE|=I‘
Hence Z z | F | is divisible by r+1.
veIFvaﬂﬁ i e

IFV|= r



A

4.3 Necessary Condition for a Full Family of ['-injection to be

Compatible.

Let H = (V,&) be a hypergraph. Another useful concept
about hypergraph associating to each vertex of a hypergraph is the

followings. For each vertex v in V, let

e ={Ec&/v{ E}
and
Vv = Ug_v >

The hypergraph (v“,!ﬁ) will be denoted by H~v. In this section,
for any hypergraph H = (V,£) we denote |&| , the number of edges

in B, by q(H),

4,3.1 Propositione Let H = (V,E) be a hypergraph. Let v

be any vertex in H. Then q(H~v)

q(H) - dH(v).

Proof. Let H = (V,£) be a hypergraph. Let v be any

Jertex in Ho Observe that

RMP

a(H~v)

1l

[{Ec &/v £ E },

1

[E-{E e&/ve E},

i}

IE'-—]{E e /v ¢ E}|y
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—; q(H)— dH(V)O

Hence q(Hwv) = q(H)- dH(v). #

4,3,2 Proposition, Let H = (V,&) and H' = (V',¢') be
hypergraphs. Let o be an isomorphism from H to H'. Let v be any

vertex in H. Then Hxv 2 H'~a(v).

Proof. Let o be an isomorphism from H = (V,E) to
H' = (V',%'). Let v be any vertex in H, Lect p be the restriction
of ato V', A straightforward verification shows that p is an

isomorphism from Hxv to H'~a(v)., Hence H~v ¥ H'sa(v). #

L.3.3 Proposition, Let H = (V,€) ve a hypergraph. Let v

be any vertex in H, Then Pv = ((uH) ~v) is realizable,

ue I={v}

Proof. Let H = (V,EJ be & hypergraph and v be any vertex in
in H, Let

Elv) = 2 U {ul/ uevaivl} .

Hence U &(v) = V-{v}. Therefore H(v) = (V-{v}, g(v)) is a hyper-

graph,

Let u be any element in V-{v}., Observe that, if u is in

U Ev, then

(u'€)

{uE / uEe u%i and v ¢ uk},

1

' E-{u}/ Eeg, u€ b, O-{u} #ZF and v§ E-{u}} '

1]
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= {E~{u}/ Ec&, ue E‘.; E-{u} £ P and v¢ E},
= {g-{u}/ Ecg’, ue B and E-{u} £ 4},
= {5-{u}/ BEe&v), uek and E-{u} # B} ,
= u(€(v)).

If u is not inU €', then u(E(v)) = # = (uEJV. Hence

(UEDV = u(g(v)). By the above observation, we have

(uH) s v (Vu®”, (8",

"

(Uul&(v)), ulEv)))

u(H(v)).

Hence (uH)~v = u(H(v)) for all u in V-{v}, Hence the hypergraph

H(v) is a realization of the family T = ((uH)\v) .
v ue I-{v}

Therefore 'Pv is realizable. #

be3.4 Theorem, LetTl = (Kv)v be a family of hyper-

el

graphs. If A = (av)v is a compatible full family of T'-injections,

el

* -1
then for any v in I the family T = (Ku““u (v)) is

ue I-{v}
realizable.

Proofs Let I = (Kv)ve 1 be a family of hypergraphs.

Suppose that A = (av)v'EI is a compatible full family of I -injections.

i}
By Proposition 3.3.3., H = (I,Ef) is a rcalization of I' and each a_

is an isomorphism from Kv to vHA.
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Let v be any element in I, Let u be any element in I-{v},
A
If u is in av[wv], then u is a vertex in vl , Hence, by Proposition
-1
31417 , v is a vertex in uHA. Note that o« is an isomorphism from

uH to K o Hence, by Proposition b,3,2 4 (uH)~v ¥ Ku\~a;1(V).

If u is not in av[wv], then u is not a vertex in vHA.

Hence, by Proposition %.,1.1 , v is not a vertex in uHA. Therefore

(uEM) ~v = uHA. Since u£1 is an isomorphism from ui? to K, » hence
a"q(v) is not a vertex in K . Therefore K \\a"1(v) = K » Since K
u u usu u u

=1
and un’ are isomorphic, hence (uH)\v & Ku\‘au (v),

Hence, we have
Ku\a- (v) %  (uH)N\vV

for all u in I-{v}., By Proposition 4.3.3 , r_= ((uH)‘V)u.eI-{v}
has & realization. This realization is also a realization of r: %

- | *
(K N @ (v))ueI-{v} 5 iece T is realizable, #

k4 Examples.

In this section we apply our necessary conditions obtained
in Theorems 4.1.2 , 4.2,2 and 4.3.4  to prove the non-existence
of realizations of given families of hypergraphs, Examples 4,4,
and 4.4,3 show that the necessary conditions in Theorems 4,1,2
and 4,2,2. are independent. However, they are not sufficient,

This is shown by Example 4.4.5,
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b.k.1 Example, Let I = {1,2,3,0+.48}. For each v in I,

let K = (Wv,':’ﬁ;), where

w‘1 = {1,2y3,4}),
= 101,2,31,01,2,51,(1,3,4,{2,3,4)} ;
W, = w3 = W, = w5 = {1,2,3,41},
T, =Ry LR =C¥1-5 = 101,2,3},{1,3,41}
We = W, = Wg = {1,2},
%6 s =74 11,20
Let T = (Kv)v e © We shall show thatT is not realizable.

Observe that for each u in I={1} there does not exist any w in ‘du

such that wKu ¥ 1K Hence

1.

81, 011)

I

{u/ue I-{1} and wK Y 1K, for some w in wu} '
w g

Therefore ll@(‘h{'l})l = O. Hence |&§(‘1,{1})| < |41} .

Hence, by Theorem 4.1.2 ; T is not realizable.

hob.2 Note. In the above example, we have

2 Br-—-'Fl = 26 when f:},
vel Fvs "4;— x :
IFVI= P 6 when r =2 M
0 otherwise.

Hence, for each r, this sum is divisible by r+1. Therefore, this

example shows that the necessary condition of Theorem 4.1.2 is
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independent from Theorem 4.2.2,

boh.3 Example, Let I = {1,2,3,4}. For each v in I,

let K, = (wv,qF;), where

(1,2} (£ 7& l)

W,l = WE = w3 = w}_'_ =
o ! 1 "/
%, =% :0413 =% = 2. N4

Let T = (K) We shall show that I' is not realizable,

vivelI®
Observe that

T E%IF
vel Fve 2

IF |=2

vl

is not divisible by 3. Hence, by Theorem 4.2.2 , T is not reali-

zable.

bolok Note. For the given family T in the above example,

it can be verified that

|'€(V1T) |

, £U. X: \
[{u/u € I-{v} and wK = tK  for some w in W

and some t in T}|,

|-t v}]
= 3,

and || < 2. |

Hence [@(v,T)| 2 |T| for all v in I and all non-empty subsets

T of wv. Therefore, this example shows that the necessary condition

of Theorem 4.2.2 is independent from that of Theorem 4¢1.2.
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4.4.5 Examplet Let I =I {1‘2‘3'!{"5} ° FOI‘ each v in I'

let K, = (Wv,q%J, where

Wy o= Wy o= Wgo= W o= g = {1,2,3},
B o= FK - G#% =W e GFB = {{1,2¥{ 243},{1,3}}.

Let T = (Kv)v We shall show that T is not realizable.

eI
Hence, by Theorem 331t y it suffices to show that there does not

exist a compatible full family of T-injections,

Suppose that there exists a compatible full family of
F-injections A = (av)ve I ° Hence, by Theorem 3.3.3 , HA = (I,E})

is a realization of I' and each,av is an isomorphism from I{v to vH.
Fix v = 1. Let u be any element in I-{1}. Note that

In case u is in a1[ﬁ1]. Hence u is a vertex in 1HA.

Therefore, by Proposition 3.1.1 , 1 is a vertex in uHA. Note that

- is an isomorphism from uHA to Ku' Hence, by Proposition 4.3.2 ,

A v -1 .
(uH®) N1 = K ~9, (1)e Hence
AWK ~aT (1)) = qlQuEP)N)e  cevcircreersessasaesea()
By Proposition 4.3.1 , we have

LTS VR O o B R ) N S 1
uH

Since uHA and K, are isomorphic, hence



51
q(UHA) = q(Ku)ﬂ oc.n-..-o.-e-o..a--neooouo.(3)
Since 1 is a vertex in uHA, hence by Proposition 3.1.1 ,

d (1) = d (u)u a.c.oenooelv.eooeo.!o.u-.(h)

uHA '1HA

Since G;1 is an isomorphism from 1HA to K1, hence by Proposition

-1 R

-1 -
d (u) = d (u (u))o uoooo-nauon.aoovoo-.¢(5)
1HA K1 1

Hence, by (1)=(5), we have

-1
K (a,.l (u))o

-1
q(Kﬁ\au (1)) ;

a(K,) - 4

In case u is not in a1EW{]e Hence u is not a vertex in

1HA0 Therefore, by Proposition 3.1.1 , 1 is not a vertex in uHA.
-1 ; 5 -1 »
Hence o (1) is not a vertex in K,» Hence K ~a. (1) = L
Therefore
-1
a(knez (1)) = a(K)).

*

. -1
By Theorem 4.3.4 , the family r, = (Kﬁ\au ('1))ue I-{ 1}
is realizable. Let H, = (1-{1}, %%) be a realization of Fq such

that u(H1) = Kuxc€1(1) for all u in I-{1}. Hence for each u in

a, [w]1,

q(u(H1)),

(uw)
dH1

-1
q(Kﬁ\au (1)),
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-1
€, @7 @),

I

q(Ku) - d

3 = 2,

It

= 1.
For u is not in a1[w1], hence

dg (W) = ),

= alkpall()),
= Q(Ku)j
= =

Since (qu(u))uE 1-{1} 1is the degree sequence of H, and

|u1[w1J] = 3, hence (3,1,1,1) is a degree sequence of Hye Since

*
each hypergraph in r1 is a 2-uniform hypergraph, hence H1 is a

3-uniform hypergraph. Hence, by Proposition 2.3%.2 , |EH] = 2.
Hence, H1 has a vertex of degree 3 but it has only 2 edges.

Therefore we heve a contradictione.

L.4.6 Note, For the family T given in the above example

we have the followings:

(1) b z |F,| = 30 when r = 2,
Tel e
|F |=r

¥ 0 otherwise.
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Hence, for each r, the sum is divisible by r+1. Therefore T

satisfies the necessary condition of Theorem 4.2.2.

(2) For every v in I and for any non-empty subset T of

|%(v,T)|

[{ uw/ueI-{v} and wK ¥ tK_ for some w in W,

and some t in T}],

]

II"‘{V}l 3

= b

Hence [B(v,T)| > | T| for all v in I and all non-empty subsetsT

of W . Therefore, the necessary condition in Theorem 4.1.2 holds.

This 2xample shows that the necessary conditions in

Theorem 4.1.2 and Theorem 4.2.2 arc not sufficient,
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