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CHAPTER TII i

HYPERGRAPHS WITH PRESCRIDLD

NEIGHROURHOOD STRUCTURIIS
In this chapter we define neighbourhood hypergraphs and
discuss the problem on realizability of a given family of hyper-

graphs as neighbourhocd hypergraphs.

3.1 Neighbourhood Hypergraphs.

Let H = (V,® be a hypergraph., TFor cach vertex v in H,

we associate a hypergraph vH = (vU,vg), where

vE

{(B-{v}/Ec&, veE and E=-{v} £ g}

]

and

vV = UVE .

The hypergraph vH will be called the neighbourhood hypergraph of

H t V.

Let u, v be vertices in H, If u is a vertex in vH, then
u(vH), the neighbourhood hypergraph of vi at u, will be denoted

by uvH,
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3.1.1 Proposition Let H = (V,E) be a hypergraph. Let u,

v be distinct vertices in H. Then u is a vertex in vH, if and only
if, v is a vertex in uH. Furthermore, when this is the case we

have uvH = vuH and duH(v) = de(u).

Proof. Let H = (V,8) be a hypersraph. Let u, v be distinct
vertices in H. Assume that u is a vertex in vH. Hence u belongs
to vV. Therefore u belongs to vE for sone edge vE in vf&. Hence
vEU {v} is in € and u belongs to vEU{v}, Therefore u, v belongs
to vEU{v}. Hence (vE{v})={u} is in u€ and v belongs to
(vEU{v})={u} . Therefore v belongs to Ju¥, i.e. v belongs to uv.

Hence v is a vertex in uH,

Similarly we can show that if v is a vertex in uH then u is

a vertex in vH.

Suppose that u is a vertex in vE, Observe that

wEe u(vE) & wEU{ul e vE,
& (wwiufu}l)u vl e 2 '
(wEU) U} e &,

uvE U{v} ¢ ug .

1 T 1

uvE € v(ug).

Hence u(vz) = v(ue_'), it follows that u(vV) = v(uV), Therefore uvH =

n

vuH. Next, we observe that
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a_g(v) = |{u1=:'eu§/ve uE}|
= @ eE/uek, B-{u} £ # and veB-{u}}| ,
= | €¢&/uek and v ez} ,
= |{neB/veE, B-{v} # % 2nd ueE-{v}}] ,
= [HvievE/uevel}| ,
= de(u).
Therefore d ,(v) = d .(u), #

’ T I 4
3.1.2 Proposition /Let H = (V,) ana H = (V',8) be
hypergraphs. Let a be an isomorphism from I to H . Let v be any

E s
vertex in H., Then vH 2~ a(v)H ,

Proof. Let a be an isomorphism from H = (V,£) to
/ ;o
H = (V',&8)., Let v be any vertex in H, Let p be the restriction
of afo. vv. A straightforward verification shows that p is an

’ : /
isomorphism from vH to a(v)H . Hence vi % al(v)H . #

3.2 Realizations.

Let T = (Kv)ve p Pe a finite family of hypergraphs.

A hypergraph H = (V,ED will be said to be a realization of ' if

there exists a bijection ¢ from I to V such that K a o(v)H for
all v in I, When a realization of the family T exists, we say

that I' is realizable.
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In the case T is the cmpty family, i.e« when I = @, it can
be verified that the empty hypergraph (#,7) is a realization of T,

Hence in the sequal we shall be interested in non-empty families

of hypergraphs only.

In general, a family of hypergraphs T = (Kv)vs ; may or
may not have a realization. If T is realizable, its realization

may or may not be unique. These will be illustrated by examples.

3.2.1 Proposition, Let I' = (Kv)va - be a family of hyper-

graphs., Let
J = {ve I/Kv £2A(D,B)} .

/
If the family T = (Kv)ve is realizable, then T is also reali=-

J

zable.

Proof. Let T = (Kv)ve be a family of hypergraphs. Let

I

J = '{vs]t/l(V LR )

/
Suppose that the family T = (Kv)v e is realizable, Let H = (V,E)
be a realization of r'. Hence there exists a bijection o from J to

V such that K o(v)E for all v in J. Let

#

Vv VU (I=J)

and

& LU {{v}/v e I-}.

* * * * *
It can be seen that U&E = v « Hence H = (V ,% ) is a hypergraph .
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*
Define of 1 I >V by

v if v ¢ J,
o*(v) =

gl -Af & €& T

A straightforward verification shows that o* is a bijection from
* *
I to V' such that K. % o*(v)H for 211 v in I, Hence H is a

realization of T , i.e. I' is realizable. #

From Proposition 3%.2.7., we see that it suffices to consider
only families of non-empty hypergraphs. Ience in the sequal we
shall assume that all hypergraphs of any family are non-empty hyper-

graphs .

Let T = (Kv)vs:I be a family of Lypergraphs. A hypergraph

H = (V,%) will be said to be a proper rcalization of ' if H is a

realization of T and |G| » 2 for all edges E in E.

34242 Proposition, Let T = (Kv) be a family of hyper-

vel

graphs. Then T is realizable if and only if it has a proper reali-

zation.

Proof, Let TI-= (Kv) be a family of hypergraphs. IfT

vel

has a proper realization, it is clear that T is realizable.

Suppose that I' is realizable, Iet ii = (V,E) be a realiza-

tion of ', Let

€ - (&/cc¥ and [E] » 2},
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Let u be any element in V. Since uH = (uv,u¥) is isomorphic to
some Kv' which is non-empty, hence u?ﬂ Z P« Choose an element ukE
in u2 . Hence u is not in uE and uEu{u}l is in £ ., Therefore
. 5 i *
[uEu{u}| » 2. Hence wiwi{u} is in £ . Therefore u is in D
L * "
Hence v;ug. Clearly, from definition of 8 , We have Ug QUé:
%
V. Therefore V ={Jé§ . Hence ) G (V,%f) is a hypergraph. Observe

that

{E~{u}/E QE} ue E and B-{v} # P9},

=]
(ve
1

{E-{u}/E s?, uek and |E] > 21,

n

{E<{u}/Ee¥” and uek},

{E-{u}/Ee &, ue E and o-{u} #£ g2},

u€

n

% i T : *
Hence Uu = Uu& , Therefore uH = ull', Hence uH = ulH" for all
w in V. Therefore H = (V,¥") is a realization of T, Since |E| » 2

*
for all edges E in ég*, hence H is a prower realization of T, #

let T = (Kv)v be a family of hypergraphs, To determine

el
that T is realizable, by Proposition 3.2.2 , it suffices to find
only a proper realization of '+ Hence in the sequal any realization

of a given family of hypergraphs I we mean a proper realization,

be a family of hyper-

3.2+3 Proposition, Let T = (Kv)veI

graphs, If T is realizable, then there exists a realization H = (I,E)

such that Kv ; vH for all v in I.
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Proof. Assume that T = (Kv)ve I be a realizable family
* * .
of hypergraphs. Let ' = (V ,E_) be a realization of I''. Hence
* *
there exists a bijection o from I to V  such that K v o (v)H

for all v in I. Clearly, ¢! 1s a bijection from V' to I. Let

E = -{G-T[E]/ Eeg*} .

] . »
Hence, by Proposition 2.2.17 , 0 is an isomorphism from H to

*
H=(I,2), i.es H ~ H, By Proposition 3.1.,2 , we see that for

all ¥ in I,
*
K.~ o(v)H
-1
ag (U(V))H 9

vH 003757

fle

Hence H = (I,8) is a realization of I such that K. g vH for all v

in T, #

From Proposition 3%.2.3 , we have

3.2.4. Proposition, Let T = (Kv)ve I be a family of hyper-

* o*
graphs, If H = (V*,t.) is a realization of I' , then there exists
*

a realization H = (I,8) isomorphic to Il such that K_x vH for all

i T

3e3 Tﬂ—injections.

In this section we introduce the concept of I'-injection and
relate realizability of a given family of hypergraphs with the

existence of what is called '"compatible full family of T'-injections',
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- = (5 : 3
Let T = (Kv)v e where Kv = (av, v) for all v in I, be a
family of hypergraphs. For each v in I, a one-to-one function a,

from W _ into I-{v} will be called @n (T',v)~injection or simply

r-injection., Two (T,v)-injectionsa and d§ will be said to be

equivalent if there exists an automorphism Ov in Kv such that d; =
e et
a_ o Gv. It can be verified that being eyuivalent is an equivalence

relation. For each (I',v)-injection a  and each u in I, we let
Yea_u) = {{v}uav[FV]/FVSG& and uea [F ]},
" Two I'-injections a and o are said to be compatible if

g(m'\f’u) = éf)(au’V) .

By a family of T-injections we mean any family AJ = (av)v-eJ‘ where

JCSTIandoa is an (r,v)-injection for all v in J. In the case

J = I, the family A is said to be a full family of I'-injections.

J

A family of T =injections A (a_) is said to be compatible if

J———rre.J

s, and ﬂu are compatible for a2ll u, v in J, Two families of TI'=

!
injections A_ = (a_) and A_ = (a )

J ULALG T viey are said to be equiva-

lent if o and a; are equivalent for all v in J., For each family

T=inij i =
of T-injections A (uv)vezJ’ we let
g | Wvivae [F]/ved ana 7 ek}
= av v € an lv E v .
A A A
Clearly, J = UEJ, hence H 4 s (J,gJ) is a hypergraph, The hyper-

A
graph H © will be called the hypergraph induced by the family of

I -injections AJ.
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- - ¢
3¢3¢1 Throrem, Let T = (K) .y where hv Wv,~§) for all v in I,

v ved?
be a® ye¢.lizable family of hyperpgraphs., Let I = (I,i) be a reali-
zation ef 'y, For each v in I, let L be any isomorphism from Kv
to vH, Then A = (uv)vE T is a compatible Ffull family of P-~injec-

tions end H {g the hyocrgraph induced by the family A,

i

. Cie
. v y Y = 1 L = Xy L
aof, Let T = {nv) e T where b (dv, %) for all v.in I, be &

.

realizabler family of hypergray . Let H = (I,%) be o realization of [\
For each v in I, let a, be an’ somorphism from Kv to v, For any

v in I, it can be seen.thatv!| = F={¥Hsthen a, is a one-to-one

e

function from WV into T fv¥{/A.e. & is an (I',v)~injecc.ion. Then

A= (a ) e 7 18 & full femily oF T-injections.
vl _

Let u, v be distinct elements in I, Let E be any set in

é?(au,v). Tence

2 = O e | v
B ul a LIuJ

for some Fu in(qi such that v belongs to a [P

1'% Since ¢ 1is an
y RIS HIh » b u

iscmorphicm from X to 'uH, hence QLEF;! belongs to né. Hence, it
can he scen that {:]L’aufFu] belongs to Ei, f.e. I belongs to Ef.
Since u, v belong to ™ and u, v are distinct, we obtain E-{v} £ @4,
Hence T={v} belongs to vE and u belongs to E-{v}. Since a, is

an isomorphism from WV te vH,

E-{v} = Q‘.V[II

for some Fv incqi. Hence
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A{viw o [Fv]

{V} Ll (E-{V} } 1 | 3 ' I" 'I .I r)

Since u is in E-{v}, hence u belongs to av[Fv]._ Hence {vlUa_ [Fv]

belongs to éo(otv,u), i.es E belongs to éo(av,u). Hence
Fe v € P 0 .
Similarly we can show that
éo(av,u) o %?(au,v) s
Hence \(f(av,u) = b"(au.v), ie€e ¢, and U-u are compatible. Hence
A= (o) is a compatible full family of [-injections.,

Next, we show that H is the hypergraph induced by the family

A, Observe that

A : y . Ok
Eel” @ E = {v}uav [Fv] for some v in I and Fv in f“;,

& E-{v} = a [Fv] for some v in I and F_ in %,
v v v

© E-{v}e v& for some v in I,

6 re&,
Hence g’" =& . Therefore
H = (1,9,
= (I’g)’
A

= H,
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Hence H is the hypergraph induced by the family A, #

3e342 Corollary Let T = (Kv)ve I bé a family of hyper-
*
graphs, If H* is & realization of ', then H is isomorphic to some

hypergraph induced by a compatible full family of I'-injections.

I"'_' i L]
Proof. Let (Kv)ve 7 be a family of hypergraphs
Suppose that " is a realization of I', Dy Proposition 3.2.l4.,

*
there exists a realization H = (I,g) isomorphic to H such that

vH

=
e -

for all v in I, For each v in I, let o be an isomorphism from Kv
to vH. By Theorem 3.3,7., A = (c:v)VE 7 is & compatible full
family of T'=injections and H is the hypergraph induced by the
family A. Hence H* is isomorphic to the hypergraph induced by the

compatible full family of T' =injections A, #

3e3+3. Theorem Let T = (Kv)v y Where K = (WV,QE) for

el
all v in I, be a family of hypergraphs, If there exists a compa=-
tible full family A = (av)v €T of T-injections, then I' is reali-
zable and HA1 the hypergraph induced by the family A, is a reali-

zation of 'y Furthermore each o, is an isomorphism from Kv to VHA.

Proof, LetT = (Kv)v eI’ where K = (WV,GE) for all v in
I, be a family of hypergraphs. Suppose that there exists a compa=
tible full family A = (av)VE p ©f T-injections. Then the hypergraph

induced by the family A is H* = (I,¥), where
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ghA wtua [F] /ueT and E'ue@’;}.

Let v be any element in I, We shall show that

aV[OE] = VEA- toloiloa.'c0000000-00-.-o¢0(1)

Let F_ be an edge in GJV. Then {v}Uav[;ﬁ-‘v] belongs to EA.

It follows that av[Fv] belongs to v&ﬁ. lience, we have
h.‘qk
av[%v] g; v‘__‘. ‘l.l..ll..Ol..l..t'...l....(a)
Let vE be an edge in VEA. Then {v}U vE belongs to EA. Hence
{V}UVE = {u}Uau[Fu]c oo-00..00;000.0!0|...-0l0(3)

for some u in I and some Fu inO:Fu.
Case 1, If v = u, then vE = av[Fv] . Hence vE belongs to av["ﬁ] i

Case 2. If v # u, then v belongs to au[l?u] . From the definition
of g)(&u,v), we see that‘{u}uau[Fu] belongs to 'EP(Gu,v). Since

the family A is compatible, hence o, and @ are compatible. Hence
bc(uu,v) = 50(0-v,u).
Hence {u}Uau[Fu] belongs to S’(Gv,u). lience
{u}Uau[Fu] = {V}Uav[Fv] & eaepEsenspesssaslt)

- .
for some F_ :L1'1O-Er such that u belongs to av[Fv] + From (3) and (4),

we have

{v}UvE = '{v}uav[Fv] .
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Therefore vE = o;v [Fv] +« lence VE belongs to _av[GF—v] .

Hence, in any case, we have

VEA g uv[oEf]. oo.aa--c-.oa.a--o-oool--(5)

Hence, from (2) and (5), we have (1), Observe that

qv-[wv] O.v ['Uoﬁv] ]

! U av IU-FIV] 9

= UV&A 9

= VI -

Hence o is a function from ‘;-.Tv onto vI, Since a, is an (T,v)=-
injection, a is & one-to-one function from W, into I-{v}, Since
vi & I-{v}, hence o is a one-to-one function from W onto vI,

From GV[GE‘] = vg‘&, we have
o o A
F_ belongs toOE if and only if av[Fv] belongs to v&",

Hence o, is an isomorphism from K, to VHA, i.e. K,v g vHA.
Hence

K X VHA
v

for all v in I. Therefore HJqL is a realization of T and each av is

an isomorphism from Kv to vHA.

#

From Theorem 3.%,1 and Theorem 3433 we have
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3¢3s4 Theorem, Let T = (Kv)v el be a family of hypergraphs.
Then | is realizable if and only if there exists a compatible full

family A = (av)vs ; of I'-injections,

3¢3.5 Theorem, LetT = (Kv)vsl' where K = (WV,GE) for
’
all v in I, be a family of hypergraphs. Let A = (cr.v)v€ 7 and A=

7’

av be equivalent families of I'-injections. If A is compatible,

(o)

then A is also compatible.

vel

= 64 - O
Proof. Let T = (*(v)ve 1 Where K = (Wv, 4;) for all v in

4 g < 4 e 7/
I, be a family of hypergraphs, Let A = (uv)ve 7 8nd A = _(uv)ve 1 be

equivalent families of I'~injections. Suppose that A is compatible,
Let u, v be any elements in I. We shall show that
Fla v) = %‘,P(a’u;v), S Srewninre i a e Seierd e R
Let E be any set in éf’(au;v). Hence
E = {uva [F]

; ’
for some F_ in GFU such that v belongs to au[Fu] . Sinee A and A are
equivalent, @ and c{u are equivalent. Hence there exists Qu an auto=-

. . '
morphism in Ku such that a, = a,° Ou . Since Qu is an automorphism
L / r
L] - T F - - -
inK, F, =6, [Fu] for some I in q:i'l. Therefore Ou[Fu] is in OE'I.

Observe that

% [F . o [gu [F;” '

(aua Qu>[F1’1] !
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7 /
= (]u [I‘u] .
/
Therefore E = {u}U a;[Fu] e Since v is in uu[F‘LJ s hence v belongs
/ / . PR é? ’
to o [F]. Hence {ulUco [] belongs to < (a ,v). Therefore E
= ut w u

belongs to éf(d;,v). Hence
s
S)(au,v) c bo(au,wr) i
Similarly we can show that
/
gj(uu,v) c ba(uu,v) ~
Therefore we have (1). Similarly we can show that
/
g(uv'u) - Ig(ﬂ-v’u) > .lllllloocolllaocollll.(2)
Since A is compatible, hence . and @ are compatible. Therefore
ba(uu,v) = %F(o:v,u) -
Hence, by (1) and (2), we have
4 /
bo(uﬁ,V) = ‘-‘Lf(uv,u) .

S
Therefore u.’u and a’v are compatible., Hence A is compatible. #

= = B ¥ CL
3.3.6 Theorem, Let T = (Kv)ve 11 Where Kv = (Wv, “t:) for
all v in I, be a family of hypergraphs. Let A = (uv)ve 7 and
’
A = (u,v)erI be compatible full families of I'-injections. Then

4

’
A and A' are equivalent if and only if HA = H‘aL .
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Proof, Let T = (Kv)ve 1» Where K = (wv,ﬁﬁ) for all v in I,

. ’ ’
be a family of hypergraphs. Let A = (Gv)vE  2nd A = (av)ve 1 be

compatible full families of I'-injections.

/
Assume that A and A are equivalent. Hence for each v in I,
4
there exists an automorphism Gv in Kv such that aé =i, Ov.

Observe that

gﬁ

{{vivu av[i-“v]/ ve I and Fveoﬁ},

= {{viu uv[QVEFJ]/ ve I and Fvec.{';} 5
= {{viu (cevo gv)[Fv]/ ve I and FVEGE:},

iz '{{v}Uu’v [’Fv]/ veT and F_ eoﬁ} i

ﬁg'

Hence, we have HA & HA .
1‘/
Assume that HA = H' ¢ Let v be any element in I, By
'd
Theorem 3.3%.3 , a, and q; are isomorphisms from Kv to VHA and vHA
I ¢ A 5
respectively, Since H = H , hence vH = vHA « A straightforward

e i -1 s’ s
verification shows that 80 a 1s an automorphism in Kv. Since

/ -1 s -1 /
e =qa_ o (a_ aa and o i n a i i
i +° (o . o, e @ 1is an automorphism in K , hence a_

7 /!
and av are equivalent, Hence A and A are equivalent. #
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Se 4 Exanr[':] CS.

In this section we¢ illustrate ! #e can apply our results

to outuin all non-isomorphic realizations oif a given family of

L]

hypergranhs. For a giver family T= (KV)V'EI o Where Kv = (WV'QE) and

v
'N,)<T! for all v in I we do the followings:

(1) For each v in I, we determine all the (I',v)-injections,
then pick out exactly one representative from ecach equivalence class
of these (r,v)-injentions, These representativesform a set of (T ,v)-
injections with the property that any (T ,v)-injection is equivalent
to exactly one in the scts Such a set wrll he refered to as a

complete set of inecuivilent//(Pyv)=-injections.,

(2) From the cemplete set of inequivalent (I',v)-injections
obtains in (1), we form inequivalent full families ol I ~injections,
in all possible ways. The: dztermine whether cach is compativle,
In doing so, we obtain alY inequivalent gompetible full families of

F-injections.

o~

(3) For cach inequivalent coupatible full ‘amily of -injec~
tions A obtained in 22), we obtain, by Theorem 3.3%.3 , the hypergraph
which is a reslization of T'. These HA's include, up to isomor=-
phise ., all realication of 'y Tt may happen that some or all of the

A . .
H obtains re isororphic,

3.4.1 Exasple, Let I = {1,2,3,4,5}. For each v in I, let

= (wv,ct}, where
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w, = w2 = =.';3 = - {152¥s
E - 2T -
Wy, = Wy = {1},
F, =% = U
Let T = (Kv)ve 1+ We shall determine all the realization of P , 1f

any existse.

First, we determine all (T',1)-injections. Since W, = {1,2}
and 1-{1} = {2,3,4,5}, hence there are exactly 12 such (I ,1)-injec-
tions. We shall denote these 12 (I',1)-injections by a%, i = 1298 res

ee 312+ ' Their values are given in the following table:

Table e

x el @0 ol whx) @x) S ol a5 o) al%) a0 o]0

It can be verified that these 12 (I'y1)=-injections are partitioned

into 6 equivalent classes:

( ai, ai+6}

1 1 9 i = 1,2’3’}""5|69

The following tablesgive a complete set of inequivalent (r',1)-injections;



27

Table 2.

—

x a}(x) a%(x) a?(x) a:(x) a%(x) ai(x)

1 2 2 2 3 3 L

2 3 b 5 b 5 5

We do in the same manner as above obtains Table 3,4,5 and 6
give complete set of inequivalent (I'y2)-injections, (I'y3)-injections,

(I',4)=injections and (T',5)=injections respectively.

Table 3.

x a;(x) ug(x) a;(x) G;(x) ag(x) Gg(X)

Table 4.

Table 5.

X a;(x) ai(x) az(x) ai(x)

1 1 2 > 5
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Table 6.,

x| ol aZx) ad(x) a;(x)

1 1 2 3 -

It can be verified that there does not exist any compatible

full family of ['-injections of the followings types:

i L
Type 1 (a#, ug, a;, a:, u5) g
. (A AE 2N
Jp 137" 2V /]38 4t "5’ 9
i i k L
Type 3 (afi', ag, Az az, a5) '
i i NN Y
Type L (an ﬁgi 33! Gy Of-;) ’
T . Y. -
Type 5 (a1. G5y gy Oy a5) ,
L
Type 6 (a:, agg agr ay ag) ’
Type 7 (C‘:! Ggs Ctlzfs 0-}11 Ct;) 3

i § k2 2
Type 8 (a3) a3s agr @) a3)

i k
Type 9 (a:s ags a 39 azs a;) °
Verifications that there does not exist any compatible full

family of I'-injections of type 1 and type 7 are given in Appendic 2.

Verifications that there does not exist any compatible full family
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of I'-injections of types 2-6 and 8-9 are similar to those of type

1 and 7 respectively.

There remains the following types of full family of I'-injec-

tions to be considered:
i J k 1 2
Type 10 (01, a5y uj, % 1 as)

Type 11

Type 12 (‘11g 51 G139 Cpr 5

i i k
Type 13 (ﬁis “g! “3i GE' ug) '
Type 14 (af’l, dg, ﬁ};, Ceis 0'-;) 1

i j k
Type 15 (G:} LY 33s L a5) ’
Type 16 (a:| 321 U'I;I ai:l 35). 1
where i,j,k = ‘1s213141516¢

By inspection (see Appendix 2) it turns out that for each
of these types we can find a vaique compatible full family of [~

injections. They arc the followings:

L
A10 = (aq, ag, a;, a;, ug) ’
2 1 i
A11 = (a1, e 59 ag, 04, ag) i

L
12 (G?sfﬁas “;n ait a;) 1

=
1
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My = (3005 95 a5 a3)

SIS

!115 A (cq, ag, or.;, az, G;)
and

A16 = (al, a;, a;,txt, a;) "

Hence A10, A11, A12, A13, A14, A15 and A16 are the only inequivalent
compatible full families of I'=injections. Hence, by Theorem 3.3.3 ,

the family T is realizablec.

Next, we shall determine all distinct, up to isomorphism,

realizations of I'se Observe that

10
5311

1

{{1:3}:{ 144} ,4{2,3},{2,5}},

n

{f1,2},{ 1,4} ,{2,3} 4{345}},

5%12
5513

T3 s 1159 o 25 3) 01253} 4

]

]

101,24 {1,3} ,{2,4) ,{3,5}},

A
£ T 11,23 401,5} 5 {2,3}4{ 3,43}

A
E19 2 14,21 s 11,35 02:5Y0 3,400
and
8 = {{1|2},{1|3}l{2!3}l{415}}‘
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Hence, by Theorem 3.3e3¢,

A, s
Hl = (I|€-1)Q

i = 10,11,ye00416, are realizations of T'. Observe that

R e A
g gi
A Asg

0
for all 1, § = 10y11geessi5y and B C £ E s

e

Let H be any Tealigation of '« By Corollary 3e3%.2., H must
isomorphic to HA, a hypergraph induced by a compatible full family
of T'=injections, for some compatible full family of l-injections A.
Hence, A must be equivalent to exactly one of Ai' i & 10,115++45768

Hence, by Theorem 3.3.6.,

HA : i = 5 \

for some i = 10,11y+.416s Hence,H must be isomorphic to exactly one

A A A A
of H 10 and H 16. Therefore, up to isomorphism, H 19 and H 16 are

the only two distinct realizations of e
34,2 Example. Let I = {1,2,3,4,5,6} and
K = ({1,2,3,4,5},{{1,2},{2,3} ,{3,4,{4,5} 4,{1,5}} )

Let T = (Kv)ve I where Kv = (wv,QE) are equal to K for all v in I.

We shall determine all the realizations of T', if any existse.
We do this in the same manner as in Example 3.4.1. We have the

following results:



inequivalent (I',i)-injections.

32

(1) For i = 1,2,3,4,5,6, Table i+6 gives a complete set of

)

Table 7. ;
x o.i(x) uf(x) a:‘;'(x) u!;(x) a%(x) a?(x) a’:(x) u?(x) a?l(x) oqo(x) J,:(x) a112(::)
1 2 2 2 2 2 2 2 P 2 2 2 2
2 3 3 3 3 3 5 b b b 4 5 5
3 b b 5 5 6 6 3 3 5 6 3 b
L 5 6 b 6 4 5 5 6 3 3 L 3
5 | 6 5 6 4 E Tk 6 5 6 5 6 6
Table 8.

10, 1 12
x [0l 02(x) 300 oy) B(x) aS0) o 200 aS(0) &0 ap (%) 6} x)e 50x)
1 1 1 1 1 1 1 1 1 1 1 1 1
213 3 3 3 3 3 4 Lk 4 5 5
3| 4 4 5 5 6 6 3 3 5 6 3 I
L ) 6 4 6 b 5 g & 5 3 4 3
o S 5 6 i 7 L4 6 5 6 5 6 £
Table 9.

X

a;(x) ag(x)-a;(x) a;(x) ag(x) ag(x) ag(x) ag(x)ag(x) &;{x) Q;kxj a;2(x) |

\n + W n

1 1 1 1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 L L 4 4 5 5
b b 5 5 6 6 2 2 5 6 2 4
5 6 L 6 L 5 5 6 2 2 L 2
6 5 6 & 3 & €€ 5 & 5 6 6
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Table 10.
x fo () a2(x) o (x) af(x) @ 2 (x) af (x) af(x) 232 0§00 e (e
4
1] 1 4 - A 1 1 1 1 1 1 1 4 1
iz ‘p & B~ B B 03 F B OF P
“he & % -6 3 55 & 2@ ¥ FIE
ele® B & 3 5 % & 5B 8 5 600
"
Table 11.
x a;(x) ag(x) u;(x) a,;(x) ug(x) ag(X)a;(x) ag(x) ag(x) u150(x) (;151(3) r;l52(x)
af #0004 o2 /RNy 1 1 -t 3 Ed
-2 .3 2 2 7 B ARR 3 S B AR 00
33 3 k. k. Crpeest 2 2 k- 6 AN
Ll 4 6 3 6 3 e L 6 2 2 B e
. sl 86 4 6 MI——pe—l 4+ 6 & & O
Table 12
12
xadG0) £ a2(x) af(x) Glx) «g(r) () wgle) ad(x) og () ag(x) o (x)
A 4 1 1 1 1 1 1 T, 4 4 1 i
2| 2 2 2 2 2 2 3 3 3 3 4 b
v 5| 3 3 k 4 5 5 2 2 4% .5 2 3
b| b 5 3 5 3 4 4 5 2 2 3 2
gl & 5 -3 & 3 §F -k B 'K F D
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(2) From the six complete setsof inequivalent I' -injections
we found that the following families ﬂi, i = 1,240e0412y comprise
inequivalent compatible full families of I'-injections such that any
compatible full family of T-injections must be equivalent to one of

these., They are given below:

L
A1 = (Gqs 321 031 G;O' “;1! 06)a
A2 = ((ﬁ‘ 0-2’ Qg’ (141 0‘.;, 36 )1

2 1 2 11 10 )
19

3 1* %0 03’ Uh 3 05 ' Og
A1+ = (ai, ag, ag. ags ag, ag ),
2 1 10

A6 = (a?, u;, u;, U-El %21 ag)i
A, = (a7 ol 10 s 1)
9| = 40 %o 0-3 ] 04!35! Gg/e

AS = (a?, go,ag, ag,a51 az),

Ag = (U’-?, GZ, 0;1, ai, Ug, ag)|

10 8 12 6
A10 = (a1 1 059 GB ’ uaj Uss 06)!

( 19 12 .8 7 b

11 = 0.1 9 aZ ? c:}g GL‘.! &51 a6)g

( 12 11 7 8 2 4
12 = 01 ] “2 ] ﬂ}i CYR] age q6)e
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(3) From the above 12 compatible full families of T-injec-

tiOnS Ai' i = 1’2‘000,12. We Obtain' by theOrem 3.303 [} the 12

Ay 'E'i
realizations H = (I,%; )y 1 = 1525044412, where

A
£ {{1,2,3},{1,3,43,{1,4,5},{1,5,6},{1,2,6},{2,3,5},
{2,4,5} ,{2,’4',6} 1{ 3;“‘16} 1{ 3!5!6}} 1

A _
€ 2 L ({1,243}, {12344}y 112,65 {1,5,6) 41 1,2,5} ,{ 243,61,

{2,4,5},{2,4,6},{3,4,5},{3,5,6}},

A
£ D o {{142,33, {19351 2112 4,5},{ 1,4,6} ,{1,2,6} ,{2,3,4},

{2,445} ,{2,5,6} 3,{3,4,6},{3,5,61},

A
L (01,2,312 {12355} oL 15416} 1 1,516} 4{ 102,43 {2,3,6} 4

3(2,4,5},{2,5,6 1, {34435} {35446} 5

g5 = {{1,2,3}:01:3,6) 50 1,4,5}, {1,436} ,{ 1,2,5}4{2,3, 41,

{2g1+16} g{2|516}9{3‘|"+95} !{ 3! 5!6 }]'!

J’l
8 6 = {‘[1 g2,3}|{1’3§6}g{1,}+g5}"{1g516} ,{ 152g1+} |{ 2!3!5} 9

{2,4,6) 4{2,5,6} 4{ 3,445} 4{ 3,4,61},

{ ﬁr? i d =
E 1 = [{1,2,43 ,11,3,43101,3,5F,{ 1,5,6} 4,{ 1,2,6} 4{2,3,5},

{2s3g6} 1{23L"35}-g{3$!+!6} s{l"|5s6}) ]

1485 b0 b
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A
g 8 = {{1’2'4} '{1g3’4} '{ 1’316} 1{ 11516}|{1!2’5}l{2!3!5}!

{2,3,6} 4{2,4,6},{3,4,5},{4,5,611,

A
29 1{1,2,8) 4 {10551 4L 143,5) 1{ 1,3,6},{1,2,6},{2,3,4},

{2s3$5} 1{2!5!_6}!{3‘:""16}!{!{"5,6}}!

.l’\
B 10 L 01,2, s 112 5¢6F oL 14546 31113451 91152,5) 10 2, 3,51 s

{2,3,6},{2,5,6} ,{3,4,5},{%,5,61},

i A
%% W {{1'2‘5}1{113§5}!{1!3$4};{1|4|6}!{1i216}!{2|3!4}1

{2,3,6},{2,4,5},{3,5,6},{4,5,6}},

‘8“"2 = {41,2,51 10154451 30153, 43,01,3,6} o 1,2,6},{2,3,4},

{2]3i5} ,{ 2‘“’,6} ,{3,5,6},{“’55,6}} L

A,
(4) All the realizations H -y i = 1,2,e..412, Obtained above,

are isomorphic. This can be seen by establishing an isomorphism wi

A A,
from H L to H 1, i = 24340004912 Table 13 gives such isomorphismse.
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Table 13.

x [ ¥y(x) %(x) ¥, (x) us(x) Vg (x) IJh;,(x) U (x) wg(x) Ya0(x) Yyq(x) o5 (x)
- [ 1 1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2 2 2 2 2
31 3 3 % 3 3 4 4 4 b 5 5
ol ST S TS, B € R IR St SR S - 3 4
54 6 b 6 4 5 5 6 3 3 b 3
6| s 6 b 5 4 6 5 6 5 6 6

A
Hence, up to isomorphism, H 1 is the only realization of T,
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