CHAPTER II
PRELIMINARIES \.

2.1 Hypergraphs

A hypergraph H is an ordered pair (v, f.), where V is a
finite set and éi is a set of non~-empty subsets of V such that
U€ = V. Any element v in V is called a vertex and any element E
in ¥ is called an edges We allow the set V to be empty. When
this is this case, such a hypergraph H will be called the empty

hypergraph. The other hypergraphs will be called a non-empty

hypergraph. For any positive integer r, an r-uniform hypergraph
we mean a hypergraph in which every edge has cardinality r. A 2-

uniform hypergraph is calledagraph.

2.2 Isomorphisms

Let H = (V,£) and H, = (ngg%) be hypergraphs. A one-to-

1
one mapping ¥ from V onto V1 is called an isomorphism from H to H1

if for each subset E of V,

E belongs to § if and only if :};[E] belongs to g"‘.l'

Here, and in the sequal, [E] denotesthe set {y(v)/ve E}, the
image of E under y . If there is an isomorphism from H to H1. then

we say that H is isomorphic to H1 and we write HY Hq‘ When this
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is the case, we have |V| = |V | and |E| = lqu. Here, and in the
sequal, the notation ISI will be used to denote the cardinality
of the set S. If ¥ is an isomorphism from H into itself, then y

is called an automorphism of H.

2.2.1 Proposition Let H = (V,E_) be a hypergraph, V,l be

a set, £ be a bijection from V to V,, and g, = {£f[g]/5e&)}. Then

f is an isomorphism from H to H,], where H,1 = (V,] ,21).

Proof. “his is clear from the definition ofa. #

2.3 Degree and Degree Sequences

Let H = (V,g) be ‘a 'hypergraph. For each vertex v in V the
degree of a vertex v, written dH(v), is the cardinality of the set

{E e‘g,/v e B}, i.e.

a,(v) = HEe€/ve BM .,

2.3.7 Proposition, Let ¥ be 2an isomorphism from H = (V,%)

to H, = (V'I’E'I)' Let v be any .vertex in H, Then d_(v) = 4. (W (v)).
H H,I

Proof. Let ¥ be an isomorphism from H = (V,‘E) to H,.! =

(V,',E,l). Let v be any vertex in H. Observe that

d(v) = [{ Le&/v e B},

[ v[z]/ Eefand ve E} ,

[{ o[ 1]/ & L ana v(v) e ¥ [E]}],
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|1 51/31 ggq and y(v) e Eq}] )

]

d, (P(v))e
1y

Therefore dH(v) = dy (p(v)). dalils
i 1 f-

2.3.2 Propositione Let H = (V,EJ be an r-uniform hypergraph.

Then % d.(v) = r-|€l 5
ey B

Proof, 1Iet H = (V,£) be an r-uniform hypergraph., For
each v in V, let

A ) [

A (v) = {(v,B)/E ¢ > and v e E }.
For each E in Ei, let

(Walr :

F(E): = {(v,B)/y e BN
Observe that

(1) If v # vy then;i:(v)r75€(vt) =g,
(2) If = £ E', then F (BE)N EY) = B,
(3) U i) az onbg s B

v eV Ees

) a ) = Ew|

and
(5)| &) = r.
Hence
z (v) = ¢ |Ev)
g 4 vevl »
&1 U éﬁ(v)l ,

vel
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= I‘-lE

Therefore I  d,(v) = re[%] , #
vevT

Let I be a hypergraph with wvertices vj,vz....,vp. If
dH(vi) = d,y 3= 1,2,3,000,Py Wwe say that I = (dﬂ,da,...,dp) is a

degree sequence of H, A finite sequence of non-negative integers

I = (d1,d2,...,dp) is said to be an r-degree sequence if there

exists an r-uniform hypergraph H such that @I is a degree sequence

of H.

2.3.3 Proposition. If T = (d1,d2,...,dp) is anr-degree

D
sequence, then z di is divisible by r.

i=1
Proof. ILet W = (d1,d2,...,dp) be anr-degree sequence.,
Hence there exists an r-uniform hypergraph H = (V,g) such that I
is anr-degree scquence of H, By Proposition 2.3.2 , we have
P
Z 4, = ) dq(v) i

i=1 *

p
Hence § d, is divisible by r, #
i=1 i ’
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