CHAPTER VI

CONCLUSION

" In the ease of heavily doped semiconductors, the main

effects are = . (i) the shift of band edge, and (ii) the
10

band tailing. Stern successfully determined the shift of band

11
edge and Woff showed that this effect arose from the exchange

energy of carrier.

The’ band tailing effecf arises frbm the random
arrangement of impurity. For the tail states, the effect of
randomness is to make the wave function locélize. For describing
the effect, the problem of electrical phenomena in disordered
structures should be studied , The problem is a statistical one
depending on configuration averaging. As shown in (chapter I,the

disorder effect is treated as a perturbation of ordered system.

In perturbation technique the potential fluctuations
produced by impurities above some average values are treated as
a perturbation to the periodic potential of the lattice .
Therefore the statistical fluctuations of the impurity distribution
is neglected. The density of states which is calculated with

this technique shows a sharp cut -off in the tail statés.

In Kane's method e the electron is required to
respond to these fluctuations and the problem is reduced to

finding a function describing these fluctuations which is Gaussian.
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The tail found by Kane is also Gaussian. As a result Kane's
theory overestimates the tail states. This can be traced back

to the use of the semiclassical approximation which neglects

the kinetic energy of localization. This theory is reasonable

for high energy states but not for deep states. However this
method is the simplest description of the band shape in disordered
semiconductor which gives the roughly approximate value of p(E)

throughout the band. /
1 1/ /
Y2

In quantum model_dEscr#bed:¥44ear11er Halperin and Lax

&5 7 =
include the kinetic Qnef///gf 1ocallzat10n in their method.

/

Their theory is more p

4
minimum counting metho

/ﬁg,faan Kane!'s theory. They use the

fér kﬂ%&hIAtlng the density of states in

,.LA ey

the low - energy tail.” Fbr th\soreened Coulomb impurity case and

? <~
L“:':." =
in the Gaussian approx1maf:¢n, Ftﬁé oalculatlon leads to density

1/
of states ((E) em?t::BfiﬁJZIﬁisn;BCE) vary form (E) 2 to E 2.

W 3/,

Over reasonable energy range  p(E) ~ exp(- E ) . They

concluded that if one is deep enough in the tail, where excited
states to be unimportant, the method should be valid. They tested
their theory on an exacty solvable one - dimensional Gaussian

model and found that the results yield the correct form. However
they did not obtain the analytic expression of o(E). Thus it is
inconvenient to study analytically limiting values; of their
expression . Because of the restriction of assumptions, P(E)
cannot be extended to the intermediate states.

In path integral method, the calculation can be performed
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anniytically because of the introduction of a non-local harmonic
trial action (-Chapter IV). Thus one can obtain numerical results
of p(E) less difficult than Halperin and Lax results. In this

approdach the solution involves the determination of the appropriate
value of z and‘a (defined - in chapter %4). Since the result is
written as an anslytical expressions, scveral limiting values of
the dimensionless functions can be easily obtained as shown in
section 4,7. Furthermore the result of o(E) can be extended
to intermediate energy. By using Halperin and Lax's limit Sayakanit
g obtained the same results as Halperin and lLax's results.

However Halperin and Lax;s limit does not satisfy the variational

principle. Sayakanit suggested that onc should use the

Lloyd and Best variational principlec.

In chapter V we used the Lloyd and Best variational principle
(which states that z should be determinecd by maximizing P(¥,2z))in
determining the value of z which is finite and depend on £ .,
Comparing the present result with the result obtzined by using
Halperin and Lax's limit, we find that Halperin ana Lax give the
increasing value of z as y decressing and does not depend on &,
Considering further, in very deep tail region (v>>1) where the
exponential term in the expression of p(E) dominate s we have

o(E) ~ e~B(E). Thus minimizing the tern e-D(E) is valid because

e is convex function obeying the convexity theory. 1In deep
region, the Lloyd and Best variational orinciple and the variational

method of Halperin and Lax in maximizing p(v,z) give the same
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asymptotic results. However for the region v<<1, the term o~B(E)

is not dominate, and the term p(E) becomes more complicate. Thus
the variational method of Halperin and Lax is not valid (showing
the unphysical region (v<<1)). Thus the Lloyd and Best variational
principle appears to be most appropriate for determining the value

of z of all regions.

The density of states can be improved further.We have
seen in chapter IV, for example that the ground state (t— =)
contribution to p(E) can be obtained, by keeping only the first term
of the series of (4,7.1). The resulting expression is the same as
that of Halperin and Lax. We can obtain a better expression by
considering the other terms of the series of (4.7.1). 1In appendix

A, we consider ‘the expansion to second order correction.

Similarly the improvement of the density of states at
high ecnergy (t<# O) can be obtained (appendix B). TFor further
study, it would be interesting to evaluate the result presented

in the thesis by the numerical calculation on & computer.



éppendix A

From (4.7.1), we have

1
3 P 3/ -3
= =1 9 ; 2 g k_-T(2k+3)
o(E) = o ﬁ EEQ (-1?'{ AaT(T) < 8 kio () (=1)"e 2 }
-3 ©
1
} i
exp [g T{Z fo( ;)e 2Tk(-1{k_1}-1 f—z \)TJ.exp[Z/n Eg T /dx
- _ )
i V 2 S/ Ha |
A dyye V(y + 2 J(T4x)) J A1
_ 2l g

This expression can be expressedina closed form by noting that the
¥y - integration can be expressed-in terms of a parabolic - cylinder

function as

]

2 -3/ / 2 -
dyye'y(y ¥ g J(Tyx)) - 2\/2 exp{:ﬁ J(T,x) D_3 z/&(T,x)!
|
o
Considering the. term "
0 "'3/
“dyye ¥ [ Tt J(T,x)] = K

(o}

2 -3/
Expanding ( y + 2 j(T,X)) \ by Taylor expansion, we get
2
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/ 2, 52 - bt

2 '3 - ¥ -z- -

(y + 2ot 2 . {(y +3) + 3 {Ze-zT- S, SRR ﬂ} + J<T,x>f
2 | )

n

. vs/
2 =3/ 4
= (3.4 ; e +3/4 za{ae-aw_ o~2TX__-2T(1-X) (y+z)?

=5/, _
i fza(y+z) 2 J(TyX) coe

where J(T,x) = 1 + (Ze-arr-..'e."ZTX g-?T(1-X)), + J(Tyx)

Thus when we integrate terﬁ;6§ term, we obtain

/
/

- y v -
K = ) dye. y.e (y/+ g ) 2 “/KAy ve “(y + 5 ) -7 z,
, ° ' / A Q
4 i!;“ e -‘::
, EN NN > _5/
-2T gesse—=apt=) +,[ ~¥ z 2 -
x (2e7°" == Y dyye T (y+5 ) 22°3(T x
' N S —— ’ o

. gzzﬁ(T,x) Wik arna
One can evaluate K by hoting that

- N

E 2 =3/ 3/ 1/ 52
/{gyy.e-y(y+g 3 15 % AT & 42 D-B(Z)
p )
v 8. _5/2 5/2 ~ - > -5/2
and ’{—dyye y(y + z) = 2 eV, dy y(2y + z7)
o )
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Using the recursion. formula, the above expression becomes
(-]
=5/ 5/, 1/,2°
ﬂZKAyye Yy + 2) 2. 4 g F, 4 <D 4(z)

So we get

3/, 1/422 | 1/,2° -2T =-2Tx -2T7(1=x)
K = 2 o€ (z) + SJE e z D_h(z)(ze -e -e )

1/422 ',-‘ -
+ 3/ 2e ZD_‘*(yz)fﬁ(T,~x) + e

Going further, we evaluate 1

1 1,2
3 1/, 2 . N
2 2- e ! (z) + BJ% e zD q(z)_g;Ze-aT-e'ZTx-e'aT(1’x)

4 , : 2
dx.K | e
(o]

(o]
¥ 3\/4 zﬁ L’(z)_/J(T X) A% + eceeo

3/ /2% 1/, 2
2 2 e 4 D-3(Z) + 3(é e 4 zD-h(z)(2e-2T- %) + ses

u

By using the above expression, (A.1) can be written as

i

T Yar o -3 L =T(2k+3) |

P(E) = 9 (-i)/{‘ dT.T J 8 & ( ) (=1)7e i'. exp
162V 3 E, {2 o ¥
-] -
2
3 -1 -2Tk | Lo 3/, /42
§(T L2 2 () e (= 1) -1 [-1)-2 VI .exp[ £z T .(2 e D_3(z)
2V&
12 -27

+ 3/% e zD_u(z)(Ze - %) A e o )]
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iw
3 3/ "3/ ]
) = 2, 3% (o) [amr2e 283 "3y (=1¥.exp
16 1/ z E J k=0 i
Q
-1

3 kg T s -2Tk k 2
) -T(2k+3) + 2T ¢2 2 e (=1) =1 -z VT ]
[ 2 %k:o(k) : % X

2
¥ 35 . A
E.ZAZ 2 e e e &

exp[‘1 D _( )T2
X 2\/11: -3 4 il

TR 74X =2T
+ -—-2- £y 2 e y z5D_4(z)e Tz]x

2 g £ 1/,2° ‘ 25 1/42‘2"
N~ = |- Ez e Y. {z)—and R== z°e D ,(z).£ (A.2)
Jn q;w\\\\ {2&& =k
I —
3 3/ "'3/ ) -3 '
p(E) = B s 19 (-i)f arn 2 e 2Vgl s )(-'l)k.exp[:(—(2k+3)
161°Vn z E k=o k
Q = 1
TR
+ 5{2 Z ( ) e (-1)k-1} —zzv- R)T
k=0 k

+ (N2+ 2Re-2T)T2+ ...]

o]
Since (2 B ( i )e-sz(-'l)k-‘l ) is equal to
k=0 k

(o]
’1-1-22(‘l

- k
1y &2
k=1
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- p(E) can be written as
i y -
3 3/, =3/ ®
o(E) = 2 ;'Q (-i)/dTT Fe. 1“8 F ( k ) (=1)%exp [(-(2k+3) + g
16n°\Yn ° E k=0
Q St
2 2.2 o =1 ome,  x
-2V~ R)T + T°N ]- exp[éz (k)e_ (=177
k=1
1 /" |
] -2‘1‘ 2 \\ /.'J /////
+ 2Re | ece N7 .
3 S
/ |“ B\ \\\r
By using the formula / ﬁ?.{/kl. ,“We can write
exp[})? ( 1) o
k=1
o~ oo © _1
= 2 [3 gPEe 3
=0 k=1 k
By defing
3
¢ = 8 A 18
16n°/n = EQ
We can write
» i
3/, =3/ .
§E) = C(-i)j ar T o T L [(g- 2%y -R)T + NETZ] .
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3/ =3/
p'E) = ¢C (-il//;T pheyTis exp [(g- zzv-R)T + NaTa:]x
-1 =
k=0 k k:o k:o k :

1K
+ 2Re”2T 7° % e j / K

T YT

ic:- 1 X 99
. 5 - 2.2
= C(-i) [ dr.T e : T + N°T
S %
« @ =3 3.5 (1) e 2Tk(_qyKp, ope=2Tq2
b'e L z( k =1 k
k=0 k’:o $
» ZRe_zTT2+ ...J /k!
Since
“(2k+3)T @ -2Tk =27 ;
co 2 - | < 3 — ]
£ E(72) (1% % 2 (1) e (=14 2ge T2+...J /K1
k=0 k=0 1 A =1
- -ST . -5T © ) - -
= e kL + 12Te . 2T2Re PR . '2( é (-1)ke (2k+3)T
k=2 k=1 X
K
w =1 =2k =27
[3 E ( k) € ("1) T + ZRe i + ocooe /
k=2

the expression of p(E) can be written as
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e ~ - PRELY |
3 2 5 2 2. 2
' o(E) = C(-1)){;T.T e exp [(2 - 2z V-R)T+ N T
' -ic :
-3T -5T 5 =5T )
e + 12Te + 2T Re + O(k,k,T) |
x ]
where
ohiach & *//k’e—(2k+3)T
. $I1/7
y »A
= X

S N _ ] |
e 2Tk(—1)kT + 2RT2e 2T+ STate J / k!

A

We now write

o _, |
3/ S S .

PE) = o) ﬁTT %.‘prf;/a/é/}\(i}/zx.ﬂf,zzv-R)T + ner? J
P S 4 ?\67?.—“:4:: e = g

T ey

b i fg 5/
R | 2 2,2
+ c(=i) 12deT exp[‘B/e & et hg B v BIT £ H°L ]

w1l

Ao ul
+ c(-i)2RIJ/deT7/2 exp[-}/2 + (-7/2- 2%v= R)T + NZTZ'
..100
ie 3/, ‘ .
+ ¢c(=~1i) aTT  o(k,k,T) exp [-3/.2 + (3/2- 2% - R)T + N° 2! A3
T T :

To consider the ground state contribution to the density of states

we let t-» o
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. 3. 2
p(E) n 01(E) = c(-iy;lTT exp|.N T°- (3/,+ z"v+ R)T
-io:; -
Neglecting the term e and using the formula
2 -p/,, =P~
/dt(it)pexp(—Bata- iqt) = 2 Z\I'n: B exp(q2/852)Dp(q/B 2) Ak
we obtains /
N \ ,,//
ORI, (R ﬂ%/ 12/8 ] ((3/ R)/
p (E) = | g v+ R N 3/ -+ Z v+
1 2 33 72 J2 ¥
7.7 k“‘\/ Aos
// ,/ 9 ‘f._-: . L,;f/
can

Since z is vary as E, when EbTL?~' 9mautomat1c goes tosw 4 We
‘B‘;‘:;;Z mf# ’j

using the gsymptotic re}gtianlbf parabolic cylinder function,kie,

A‘(\ — oS —mTs T =
D) v expl -1/4x‘?_) . T
p
X —— ©
We can write
3/2
2 1on2
: e - -(q1+R) /8N : q,+R ) .
D q + e "r"lo
3/ 7 o n J2 N
Substituting (A.6) into (A.5), we obtain
2 Jn N 2 2
p (B) = S exp [f (q1+ R) /4N2 -} (q1+ R)

1 3y ¥
RS

)
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-3/ 3/
p(E) = C‘gu a JnA(q1+R) e exp(- (q1+ R)2/4N2)) As7
1
where q, & g + 2V

The term R arises from the second order expansion of the series

solution of p(E). For the first order expansion, one neglects R

and obtains Sayakanit .. ' 's result
=372 3¥L = &
_ X T /2"/ = ’
.01(3) = €2 —N,;— 1y "/p(( q1/lm) A9
/.//
4 .

Substituting the value of y,/ q1 pﬁd C in 4.9, we get

\).4,‘

4 AN

2
o (B) = (QE )%/ ¢ a(\{,ﬁ) “exb (UES b(v,2)/2 ¢ ) o
e 5/
/N 2
B (o)
where  a(w,z) ="
8n N2 z9 exp(zz/a)(D_B(z))2
and
Jn af
b(v,z) = A.11
ZJE zl'+ exp (za/h)D (z)
-3
The improvement of the tail states
By considering the limit t — o« and keeping only the

second order expansion of (A.3), we obtain
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3/
p(E) = C(-iy-dTT . exp [-(q1+ R)T + NZTB]
2
-1

i

54,

+12c(-i)f dTT  exp [—(q2+ R)T + NZTZJ

-j®

i 7/2 -
+ 2RC(-i)/ dTT exp[-(q2+ R)T +N2T2J A.12

=l

where a5 = qqt . The abqve €Xpression can be evéluate to give.g
Sf/ / ' 2 2-
Z(E) = C.2 Jn N = l/§?p [ (q1+ R)"/8N _J D3/2((q1+ R)éé N)
‘5/# 7 /5 / E==2
+ C.2 \/n .12 /éxp -(q+R) /8N] 5/ ((q +R)/ 2N)
/ ff

-7/4 7

+ Ce2R.2 \/n N Qﬁ@p{-qu R) /8Nal D7/ ((q2+ R)/2 N) A.13

we “have asymptotlc relation

-<q1+n> /8N° 3
Dy, ((4.+ R)/ 2 NRDWOAS « ((q,+R)/V/2 N) Aok
3/, : 1

Similarly , as with (A. 65
i

and

~(a,+R)%/8N° 7/,
D7/2((q2+ R/ 2N) ~ e -((ay+RIN2 W)

When  Eq(A.14) and (A.15) are substituted into (A4.13), we obtain
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3/
o (E) €

]

/ =k
2.\/n N  exp [-(q1+ R)Z/#N2 ] - (q,+ R)

-5/
+ Ca12.2 5& Nf6 exp[:-(q1+ R + 2)2/4N2} e (qq+R + 2)

Bl :
+ Cu2R.2 aJn N-8 exp [-(q1+ R + 2)2/4N2J . (q1+ R + 2)

3/
= Cd2 J& Nm[+ exp [}(q1+R)Z/4N2.] (q1+ R) &,
$R+2 +R+2
(qm; q1~ ) )
1 + = exp [ figzi; { 3/2 +
< i/{}Vf (q1+R)
V4 ‘J ? D ( 2)7/2
1R (RRAS) | RGq+R) 2 2483
8 ok exp["—‘r) Nz | T %
N [ TBN 4y 2
RA L (q,+R)
Rearraging the above expressidn, we get
-3/ fi ~R7£L
DZ(E) = Q;E;E_EE exp (= ﬁg—:i X (q1+ IR)B/2 1 + éz exp
N bn N
(q1+1+R) q,+R+2
(- 5 )o( oy +R) (q1+R+2) + = 4 . exp
N
3/,
(q,+1+R) (q,+R+2)
1 1 2
(= ";F?" ) = ( -Ezzﬁ——) . (q1+R+2) 1] A6

If we define

3/2
(q1+R) A7

i
(q,+R)
0o(®) | G2 % [ Bl
i

5/,

i

2
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snd 3/2
. 6 —(q1+1+R ( o N ) o(q1+R+2)
B(v,2z) = & exp( 5 ) Qq+R
N N _
3/,
R _(q1+1+R) q,+R+2 >
+ - ’+ ° exp( -2— ) o( '—q—+ﬁ-—) (q1+R+2) Ao18
2N N 1

(A.16) can be written as

> /" |
: N\
/)} OZ(E) = po(E) (s B(\WZEE A /Z/
S R N SS——
/ / \ N \\\\r
Since when 2z -» = B()&Zf///;@bﬁ_,we Cén\approximate the above
/ A
equation as 4 ) -
py(vyz) = po(v,z)eB("’z.\‘r"*'w Y':‘:“f* - A.19
%\;l 7\—:'/,,-_:’;\/' WA S )\}rl
. if we write & AY
- — T
=D( v %)
0o(wmz) = A(yz) e 5 A.20
325 1/42 2
| (g +R)° HagrEve = oge T D (2)
0
where D( v,z) = 5 =
by 1/),2
| 4\/-12-5 r zL‘e D-B(Z)
!
2
3 /)2
= Ji 1/[*22 2 5+ V4 L] g e ’ D_q(z%]
1 4/2 g e D_B(z) .2z 2 n
Ae.21
c.,2-3/2 3/2
A(y,2) = -z . J% (qﬂ+R)
N
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-3/
_ 8 Q2 o b B il 1
" 2
16rgn =z Ey 2.2 2801/2z2D2 (o
-3
T
2
3 1/,2 3/
. a2t v E ke Yp 2
" am A.22
: 1/222 2 6
SEQ £ Jame D_3(z).z
we get
“D( vy2) # Bf vy2)
pa(\)’z) = A(V’Z)e 3 /, : A-23

The parameter w intrddiced in'the trial action 8, has not

yet been determined. Following;gg;perin and Lax one may.choose. 2z

so0 as to maximize Dz(E)sq—When:-E;——ao the exponential factor

will become very sensitivﬁﬁfS\the~choice ofllz .

Upon maximizing the eéexponential term of (A.23),

q-D(v,z) + B(v,z)

3 = 0
9z
we obtain
aD( vy2) N AB( vy2)
22

and

Ae25
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3B(vz) _ 3 e _(q1+2+1)). (q1+R+2

0z 9z N Q.+ R

T (q1+R+2)( §2 .- 4(q1+R+2))
N 2N
For convenience let us write

—(q1+R+1) q,+R+2
I = Sxpd- (i) o i) e (q1+R+2)

then
. 52 £.26
9z
By using (A.2), we get
B.27
where
A.28

So wWe obtain

3B 3 1 [ 3 1
L DR S AR TS T +R+2)] v o 3 o1
9z 1z N L 1 N° [6 + Eza(q1+R+2)] 5
1 1 ) 1
- ig %Z(gza(q1+R+2)) + 3I(2 + qza(q1+R+2)) y &2
. 22 (2 + 1za(q1+R+2)) L 28 Ae29
N 4 3z
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For convenience, let us consider term by term
5/,
5T (q1+R+1 q4+R+2
— = = exp( = ———m—) . ) «( q,+R+2) A.30
9z 3z N° 94+ R : ,
d 1 3 22 46
-— - = == NT( = - 33)
dz N2 Nh
1,4
= ==,(= - 3a) A.31
N2 z
8 Zead - Za + g8ta o én\¥y2§22
dz 2 L =2 "
5 77
= 58 (1 + z_37/4/ Fagd) A.32
A5/ //ﬂj:jf
where one us 8 3 ( )//~"4/Yh§? ) = D .(z)
®  Hgu\e i /5PELusz), - D (2
[
and azD_B(?) ‘>.f§?E;§TZ) - 3D_4(z)
"x;zf;,u,i;;f“
a L2
az(q1+R+2) = gzq1 + ggi\\\
2
L 1,2
d 2 d L
=, TP IAL 3Z(:§% RN D_,(2))
= 200 RER ) A.33
i a
. | dR d 2
31 N o N (azq1 + HE) - (q1+R+1) 3z N )
az ) 2,2
( N%)
dq dg, -
1 dR 1 dR
9.+ R q1+R)(3-z— + d—z—) - (q1+R+2)( y. i a‘z)
« 5 5 ) A.34
2 q,+R + 2 :

(q+ R)Z
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Substituting (A.31) = (A.33) into (A.34) then we obtain

q1+R‘3

i
il

I[(2zv+R(g+z-;)) :
(q1+R)(q1+R+2)

-g a(1+ z(z -g + 3a)) -52( (q1+1)(3a -;)+2z\)) :l Ae35

and

di %
i ¢ 1 > 33349/ §
22 (leatapmiz)) + 3K gata i) 21

- '/,'//"
3 [ 4 "/%§?443*ﬁ: 2 1 2 aidd
= 1;2 2(3a °E)_/j//»/,/€,/&?»??,R(E .2 -a)+(q1+R+2)(6a-§+z-a))]
74P /fV ﬂym

3 4 ‘;///"E;,fj,l 1
= 2 [2(3a -E)+ %.(@¥¢3f;(€,i+2)(6a'2+ z -2)

oo

1

Lzl

5 NS 1y ]
+ R(§~¢ ?—ft:+ 6&7 “+73 —‘a) )'

\ - ==

"IN
~~
} r ~ —

I
2 1w

5 [2(3a -;) + E%(22\;+ (q1+ 2)(6a -g + 2z -;)

+ 2R(g + 7% + 3a -;)) ] A.36

Substituting (A.35) and (A.36) into (A.29), we get

-:lg- a -;é [Z(Ba -‘-zf) + 25 (22y+ (q42)(6a - 2 + 2 - Di 2R(J + 2 + 30 -2

(q1+ R - 3)

1 5 1
+ (2 + pza(q, +R+2))((2z2v + R(Z + 2z ~=))
§ ) " “ (q,+ R)(q,+R+2)

- a(1 + z(z -; + 3a)) -§Z(q1+ 1)(3a -Lz-t)+ 2z V) J A.37

2
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5
B 102 (q,+ R)
oF b 3z Nz

13

& ((q1+ R)2 gz(lz) + 32 (q1+ R) & (q1+ R))
N N 0z

= g_[-(q1+ R)a(g - 3a) + 22(q1+ R) (2zv + R(g + 2z -g)) 1

N
" ,}(q1+ R)> 12 [ 5k (Bgv + R(g .z -;)) - ; + 3a }
N (q1+ R
2 N\ 1 N
= D [ q1+R ° (2‘2_‘/_"\1;" R(§/Z +Z —a)) - E + Ba] ‘/\‘38

Substituting (A.37) and (A.Bg)‘ﬁnfo (A.25)  we obtain

D ( '&'i":ﬁ ° (22 V4 R(S/Z + /2 —g))'u g + 3& ) -~
-5% %2(% - g) +»‘§%§;€;zz\;; (q,+ 2)(6a -g +z _;)

A -

1 1
+ ZR(E Wawi3a 'E))

+ (2 + %za (q1+ R+ 2)) ((2zv + R (g s _;))(q1+R_3)
(q1+R)(q1+R+2)

'ga(1 + z(z - ; + 3a)) -32(q1 + 1)(3a —g)A¥u2z ) ] (Ae39)

\
For each value of y we obtain the value of z by solving (A.39)

Next we replace the value of v and z into (A.23) and obtain p(v)



In stead of minimizing the exponential

improve the calculation by maximizing the full

EX

Thus by differentiating (A.23), . . ~ Jo-
3 -D(vyz) + B(V,2)
R ( A( \),Z) e ) ) )
3% 1))
NN/
D) 5 B wh)-
A( \),Z) - e _ ,%// { ‘\+

9z

//,‘

|

5 /, / "/ L ‘( J
A(v,2) é% (-D(wy2z) /+ B(%y2)) + %zA(v,z) =0
[ [PREELERY

e
AN

7 Y (e
e, demme, )

Considering first the expressién1 w;A€v§2)

= <Dv,z) + B(v,2) 9
e

where A(v,2)
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term, we can further

expression. That is
ABO

obtain

= [0

A (\),Z) = O
9z

A4

is defined

s
by (A.22) , we have b‘Y“\\\m_____ —
3/
-2 2
? Ty ] Q} a ( g Z  + v+ R)
, o T ARy
9z E.&
Q 8ny2 a exp(;za),DfB(z)
1
Q3 3 ( gz-z'f' VvV o+ R)2 d 3 - dR
= (5. (32 7) + &
% ég 2 6 5 > dz "2 dz
Q 8nJ2 z  exp(z /2)D_3(z)
3/ I
Ce T e . ~2073(2)D_5(2)
i j Ep—m— =
z D-B(Z) z6

8\l expl(a /2 )
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9 dR 6
= =A(v,z) ( =2 -2 == + =+ 2z
) 3 =2 dz Z
223(52-2+ v+ R) 2(§z + V +R) )
(-z/2 D ,(z) - 3D ,(z))
+ 2 12 = )
D-3(Z)
1/4Z2
where %B = R( 5 + ; + 1(25 - 1)), and R = 20 Dy (%)
z o
. . Aj'/
£ Ratwie) ¢ N A a6
: 223(5%2 - 0’;"39 «(265”2 + y#R) dz T Z éa )

m‘/;/

Eq(A.42) can be substitutéd 4

p(;AJQ1) to obtain

i ‘,/‘, f\f\': ,; f
Rk 4 /'/;;?;ag 3
3: ( = D(vy2z) + B(vy2z)) = #D(i°= ( sz;+R(-+ z —-)) -4 3a)
¢§§;;;nii

W za

%vrﬂ

+ 2R(E + 32 -y 4LE2

3

(2(3a -E) +:<;\\‘Ezv " (q4+ R)(éa -2+ z --)

o & Za(q1+R+2))((2Zv + R(g + 2 -;))

(q,+R-3 :
e ~3a(1 + alz-3 + 3a))-

,(q1

-ia(q1+1)(3a -;) + 2z

where 2 ( =D(yyz) + B(y,2z))
92

(A.38)

+R)(q1+R+2)

v))

is obtsined by using (A.37) and
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Similarly for each value of v , we obtain the value of 2z

by solving (A.41). Next we replace the value of v and 2z into (A.23)

and obtain o(V).

If we use Lloyd and Best variational principle, we must

solve. . the following equation

%_Z_(\)'Z) -
SN 44
where : —_ 42222;
. “"w—‘/
dP(v,z)7/E%j‘( o (vy2)d v
/»Js
‘,/
and dpz(\),Z)

az

+ A(\hz)[.—D( XY ( 2zv+R(—+z--))--+ 3a )
1

I
2 (20m 5 (22 v+(q,+R) (6a-2+2-3)

+ 2R(; % =3a -g)) + (2 = %za(q1+R+2))

((2Zv+R(- + 2z= ))(qﬂ+R“3) - %a(1+z(z-% + 3a))
(q1+R)(q1+R+2)
_ia(q1+1)(3a -;)+2zv)) ] .
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Appendix B

The improvement of high energy states

The method presented above can be used to obtain the density

of states at high and intermediate energies.

For states of high
energies one lets t—o0 .

For convenience one replaces © into
(4.5.10) where o = za, and obtains

3 A 4
am) = Lot 18 Eomie o )3exp[§(t cot t=1) - iavt
161" n \Jo Eyf sint 2
Q %7
o 4 /,
— 4 /
/ / N -
/'/ / // ‘/‘;2 2 £ 1 -y -3/3
A fEa bzﬂjrax dyye Y(y+ia sin tx sint(1-x)) ]
4 “/2)\“"'5\,- % IO
:; : Bo1
To consider ©(E) in tﬁséiiéiivwhen t goito zero, we change the
following terms in series representation
t 3 i . 1 t 3 922
(g3¢)” = (¢ cosect)” = (t(; g+ eee))” =1 4 5tT4 ea B.2
2
i t t
t cott = t(E"'S'f' oe e ) = 1 -6+ eoo B°3
sint x sin t (1-x) _ (tx - £3x3
sin t

3
: + ...)(t(1—x)-£(Thx)3+...)(% + g % owiitd

t3
0 + tx (1-x) - g xX(1=X) + ooe

Bolt
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whem t—po , we keep the gseries upto second-order expansion. ,

and then substitute into (B.1) to get

o

3 -3/ 2 2
p(B) = 22 18 df‘dt(it) 2(1 + % )exp [-E - iavt
16m V& vﬁ EQ e

-3/2‘|

D S ’{éﬁé§ dy ye Y (y+iatx(1-x))
ZJn. ’//

rg_AA‘-/:A-‘- e )
)
1 . -3/ A
( dy ye O y g = LW &
.ag
and ™
( -y =5/,
L dy ye ¥ = w(-3/,) = - 2\n
%
we get
3 o
1 1 Q -3/2 £2 3 3
p(E) = - e - /f;t(it) (1 + =) exp(-ia”gt7)e~
16m7°\n N By £ 2 S A

!

exp [-iavt 3 ;(2ga2 - 1)t2]

B.7

B.8

B.9
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£/ 2
When t — o

we can approximate (1 + ;_) x e

- 1.8 .3
and the term exp (=i g EPA 1e = 47t so (B.9) becomes
s aca B,

4 e, -
f dt(it) 2(1 - i ajgtB)

- D

' %
olE) = ] g

: 1g1t2 J:r \/:1 Ii}Q

exp(=iovt - 5(250;2- 1)t2) B.10

/

/7
Since t—0, ga2>> 1 (B_ﬁ’) b)ec&mﬁs

. 2
1 : sa 2
= /(i,t) exp(-mvt -~ t )
16n2,]1t o T //

3 =3/, . . 3.
- .1_ N A 2 -]G-CP Q't3 exp [—iavt-(ZEaa-ﬂE J
e
3 -3/ 2
= 1 18 L st Fammg At - & t2)
167 it o B, 2

o 2

J:dt(it) e : g exp(-iovt - (2;&2-1)5 ) Bo11

By using the formula

-~
( at(it)? exp(-pt°- iqt) = 2

S -

p/ ~p=-1
2\/n B exp(-q;8B2)Dp(q/B\/2)

we obtain
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8300 % &R 2
P(E) = : Q (£) exp( -Y )D 37 (&)
167° EQ 2 e \‘r—é
"3/4 -5/ 2 2
- L : 2 4
+ X8 R BiTas .(EEP) exp (—— \2) )
6l nz EQ 2(2&a"=1)
B.12
g p(v)
Bsd3
For convenience we dl‘ff”eferm:ta{ES(B ’H) ~ < and obtain
S b
&P m 5/ 2
v fdt(lt) Cag S 02 exp(riavt ~(2E0%-1)F )
o . 16m \/n\]a §88d 4 ¥
B/
: g : ; 2.5
= - = t(it) .- a o exp(-iavt - (2 &g -1);;)
16n2\/1t aE l+

5/ 2
Jdt(lt) va e exp(-iavt - (22,‘a2—'1)£ )

2 "y 7 2
+)(dt(it) ¢ a 2gexp(—iavt - (Z't;aa—‘!)g )
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3
J . / 3 6/4 -5. 5 3/2 27/L}Jn B 5/ 2 2 \/2 a\)
16n2Jn Ja EQ ¥ 2B 3/2 Jﬁ
5/, 9/ =7/
X 2 5 4Jn 5 4 P )D (Jé av
25 05/,
7/ 1/ -9/ o2y2
* ta 2- 2 uV% B uexp(- gJ—')D7/ (Jzav B. 14
\/ﬁ
where B = 2m2£- 1].
At the extremum, when we;§n§6tﬁ§ﬁ¥e (Bad%4) into (B.13), we
obtain G
3/, 7/ -5/, 7/, 11/ ~9/ et
Pa 22 Wsa e 22 Nup texp(zey
2 2p
D .J%gx_ g ) D JB av
/5 Jp 5/2
7/2 11/4 "9/4
Then by rearranging and dividing by ta 2 B s We obtain:
-2
S5 g 1 2 av JZ av v 1 = JZ oV
- -. B DE,y (5o NN Ra Pl o Y2 Vy o B D, ( )
28 2 3y p 73 s 2 a /2" \p
¢ 2 E 3/ ,( —“")+ 2, 1ds p (Jg ¥y - b (/2“") B.15
L g cx Ve & a 5/2 \/5 7/2 VB

For each value of y we obtain, the value of a which satisfies. (B.15).

Next we replace the value of v and g into (B.14) and obtain p(E)
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