CHAPTER IV

PATH . INTEGRAL APPROACH

*
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L.,1 Introduction .
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As was shown by Stern and Hwang, the theory of Halperin
24 ‘
and Lax gives resonable agreement  with experiments ,

We note however that this theory has three shortcomings. Firstly to

obtain the values shown in Tgp}g'B;ﬁ;;;one must perform a very

complicate calulation usiﬁé//.)puéer which consumes too much time,
> 5 / .
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since they were not able».g/qgﬁqxngqnalytlcal expresstion-for the
7/ ’ {{
1/
density of states. /
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Secondly, since Halﬁeffh and 'Tax theory makes certain

/ .’) - ~
assumptions which. restrict ifs_applicability to the deep tail

states. , L it cannotjbg:gx?ggdg@ifp inteérmediate states as
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shown in Fig L4e.1.
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Fig 4,1 Density of states in the tail (schematically)

Ec is the edge of conduction band.
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Thirdly to determine p (E), Halverin and Lax maximized the
exponential term. This procedure is not 'valid sihcgiit does not

base on the variational principle,

as i
Edwards. * suggested that Path Integral might be used

in determining the density of states. Recently Sayakanit

applied Path Integral Formalism for calculating the density of

states and the effective mass of an electron in Gaussian random
system. He proposed that for the ‘threce dimensional Gaussian impurity

B(E)

potential, the deep tail states goes approximately as e where

B(E) is proportional to n with n vary from % 2. Sayakanit
showed also that the method gave the density of states deep in the

tail in the form given by Halperdin and Lax,however,in analytical forms.

. 27.y 30% 32
4.2 Path Integral Representation of \Green's Function 13043

Many properties-of electrons can. 'be expressed in tcrms of
the Green's function. (For the disordered systém, the Green's
function to be studied must be the average value of the Green's

functione.

First we consider the one electron Green's function for an

electron in. the presence of N scatterers at the fixed positions

{ Rii i = 15 8% ,:N }. It should be noted that Green's function
must depend on the positions of the scatterers. For the model of
N scatterers, the Hamiltonian for the electron is

2 2
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Since theimpuritie&anerandomly diqtributed the probability

distribution for the scattering centers must be

N
SRR T SN e ) bo2.1
3 N i=q %
Q
where Q ig the volume of the system. For a given configuration

of scatterers, we can write the Schrgdinger equation for the one

electron Green's function as

ey

[ B {R}5,

(,fﬁ

¢ R} ) = iR §(r,=r,)8(t) 4.2,3
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Thus the properties of such /‘the system are obtained from the average

8 -J-l. ’ l.‘l
Green's function G(r2r1,t))x§“ the average of € (r2r1, 1R ! )

over the random Scatterer positions )
V4

The average over all possible configuration {_Ri% is then

. N \ e
G(r 7,5 )= Q-N( (n ®RQ (R 6, 1RE ) 4oy

| o . 4 CH{Rpe/m
The (4.2.3) has the solution %(rér1; t; (Ri} ) =<ré e ]r1>

b,2.5

The time t can be broken up into very short timee(n.e_t)

| -H{R.} .e/h -H{R } .¢/R ..=H{RY. /R
4)=\;5e = e op $C ,r1>

- (:)

4.206
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g:c.[\‘j(rayrn-,’, € Ri )oo. ) (P2r1, E{Ri} ) dr oocdrn 4.2.7

1 .t

g (D (r (g)) der (2)) “ h.2.8
where D r(5) = nl_imm dF o dF 000 A7 | 4.2.9
QFe) = MU O@EF 5 elfyf )e.. SEES R 4,2.10

At very short time ¢ , (4.2;}%;can be solved to give
7 //

@7, ¢ {RF ) o [L"—;{ eaépil‘% (F,-7,)%-2 sv<1(92+;1)-ﬁi>}
1 2nib¢l/ L0 L 2he R 2
b.2.11
This can be substituted dnto (4:2.10) 'and then substituted into
(4.2.7). The resultant Sp?utjyp‘is the Fefnman path-integral
representation of the one eletron Green's function.
, 3 3o t
- \ ) = A4 bt
e (et {200 = | D (F(0)) explZ. T [ ac 215
2 . a2
7(0)=1 °
1
il 5
- (dcz Wr() - R,) Z h.2.12
K & i=1 _ 3
o)

5

where D(T( ) is the Feynman measure in configuration space and

every path r(g) going from -?(O) = ;1 to r(t) = ;2 . One notes
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that the step function is omitted for convenience. The (4.2.12) is

now substituted into (4.2.4) and becomes

T

i & 8. d 3 P N
G(r2r1;t) =[’ D(‘r( ;)') expL;1 5 dgé- r(;)]ﬁ“(i;(mi
o]

T2

p.
[~ 2

N N _ )
agz v(r(;)-Riﬂ

v I e"p[w//”
' —

where we define

t
e | W dﬁi exp[;i dz & v (r(g) - ﬁiﬂ
, i=1 h i=1
g O
Q N
S * N & -
= <exp[--: ( dg © v(r(g) -Ry ﬂ> ) 0
h ] i=1 -R.‘(
, if
o
29 i
Kubo 4 pointed out that the above average <

-

can be rewritten as a cumulant series that is
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exp(AX) = I

where mn is the nth moment and Kn is the nth cumulant. The relation

between K and m_ is
n n

1 VT B3
Kn £ 0% 5
=1 =42 (-1 xzn-w ’“fn!{lzh
‘\nj_} h
Some terms are
£y, =
_<XYi% = etc.
where ¢ den?$es f§@~cﬁﬁula§% seg;es expansior. Using the
cumulant series expan§ﬁ§“k\fS_EiZi,////
(i
i it N A 19t} 4 oy .
,<exp§-: \az g vw(r(Q - Ri)§>' = @xp <exp{y(r(c) - R.)}— 1>
{ & i=1 DRN i cyiR:
. & {R,
where we define £ v(r(o) - ﬁi) as v(r(z) - ;ﬁié ) and the symbol
i T
- > = denotes the cumulant average. Since the random
c, {RY
variables 3 ﬁ g are statistically independent, so we can write
8 ) N - -
<exp{-: dz 2 v(\r(c) - Ri); %9
n gaqi IR R|
4 I
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1 52 18 ( - —_
= gexp -= | agv(r(z) -R, )} - <exp§-— agvy (r( Q) =R, )¢ >, oecoe
. h R R £ ") R
1 o} 2 \
o]
b2 1k

As before we can rewrite the average as the cumulant series expansion, }

we have

I

b.2.15
:ﬂ*' =
i | R - n i\ + -oo]
+ < exp{-ﬁ fdf.v(r( g)-R‘Z% ~10>’R2 i
j o}
( \I
Since ; t is a set of independent random variables, we can write
i % N e t _ |
< exp |-= dC 2 v (r(;) R ) = exp N<exp’ -= de(r(C)-R)§-1 > 4] il
h JR} L h cyR
> Y &

h.2.16

Using the cumulant series expansion the right side of (4.2.16) can be ]

‘expanded as
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; i £k e, AT RN O S
exp iN <== dgv(r(z)-R > + N <-(—: \dc1d92v1v2 > Eieed
h 2 2 h } c

o}

Lk.2.17

b

The first term of cumulant series of ¢ (4.2.17) can be evaluated as

t t t )
g ‘ <'ud f dgv > = -*n (dc (dR v L.2.18
) c R . A

O, 5 a4y o) /
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N — W, o
Eogd;jjgowﬁqre Eo = n (dR v = constant .
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I%%:! \ 4b.2.19
The seccnd term of cumulantjsefies/of v . (4.2.17) can be written as
N <1 (—%) g(dC,‘ d;a V{??ts'”“""'zr-(-%)z
2 & ) L b
0 Vel A
F Rl e R——
a : .
°Y-‘—‘3(g‘ch)2— ((dR(dC )2! L.2.20
/ 191 24y g T )
/ J
o)
As @ — o the second term on the right hand side can be neglected
and we get :
t r t
. 7 . 2 ;
N o<l (12 (\dc,'dczv,]vz R ‘9?7(( az v)e 4.2.21
2 g ) c 2 &
o o
Using the same argument, we can show that when f —» © s One

should keep the first term of each cumulant. Then (4e2.20) becomes
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2 . v
( ) 1/5(8—50) 1/hSO o
L ' D(1(g))e e - G (T, Toit)
G(r2 r1;t) = &
1 r i
( ar /Eso
| D(r(g)e
T4
(v, T,3t) Is -~ 5) 6 (7, 7, ;t) 4,2.27
Thus G r, r1, = < exp ﬁ S, .>SO olrs r1, 0227
Then <exp é(S - SO) > is expanded in cumulant series
h So
1/5(8 "So) N4, _—
< e > = exp{=$S -8> 4+ =(=)
S ) > o -
: S 2
0
N Rees ) 4,2.28
n —SO - —
-8 ) e “Dr(g)
where
: A AN NN G %
gj4;;:_::;'4”§—e ©°D ()
ok \ A',_/’
m— — T
For solving Go(;é ?1;t) and <§ ~"8_ >, "a trial action

must be a non - local harmonic action So(w)

Ll 0]
4,3 The evaluation of G, (r2?1;t)3

Sayakanit (1974) has introduced the following trial action

t t

( o _ _ 2
| ag 3 § T(E) - 4w Sdo[r(c) - F(o)i

0 g 8 ©

4,3.1

N
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i
t
e i 2 ( 3
exp (1 + n(-2) |drR| v dg + -(--) drR [ v dg +
h it ) _
o t
; 4 ( m
o0 + r_l (—é ) dR ( ' dC V) + ocee "1))
m! h y
o
: t
- exP{-.B (dﬁl(exp (-é g v.dt) -1) } h,2.22
a o
o xk "
where % - = e
k:c ki

e
+ n S&ﬁ-(exp (-gh‘
h
o]
Since we consider in the limit (n— <, v — 0 p nv2 finite),

and so we keep only the first two terms in the series expansions of

the interaétion term are required.
(4L.2.23) becomes

(;(t)=;2
| D (¥(z))
-
»

(3,7, , t)

O et

We use (4.2.20) and (4.2.21) ,

L2 .
880 3 a4
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‘where W (%) =

R L i e e R R sl R
-
%5
= ( D (r(%)) cxpg_é 2
'S R 2
™

3¢ . 2
(’E—E exp(ik.r) v}
£

(2m)>

< JJ4J /
and v, is the Fourier trag§£orm oféi/
S (_ ijf\\/

G can be considefiE:;g;?l

particle, and_;(c) descy : %he’éverage electron s path with

- v \ 1
the self energy W(r(g) ( )f“" T ,

,:f:, ’f\\(
’\f\/\ A

To. solve |, G(r2 1,t) wg/&g::the~Vnr1atlonal method.

e

o

6 (T,F, 1t) LS D(r(C)) 3

where 8 (r(z)) is the trial action chosen, so that G,

worked out, and

-, -

.

D(r(g)) e

L

1

Then G(f2 ?1; t) can be approximately solved by using the

h

; |

{ aEro(E) -~ & &
| = 0
J

(0]

o
Lian (4 g do W(F(g) - ;‘(c))}
(o)

“1/-‘ﬁ ! (r(T))

& /5 8 (7(2))

74

We introduce

Lh.2.25

-can be

k.2.26

variational principle for path integration with which the trial

action SO containing some parametized form for the potential

varying the parameter.

and



76

where @ is an adjustable parameter, Then GO can be written as
-

T
g L i 2 2
g (F,7,58) = 1D EB()) exP[(l [ a3 (72 L | a¢ 1z(g)-F (o) ))]
o ; / h 0 2t (o)
v 8
b
b.3.2
Since
: 2
: l/ﬁR )4
dee - Q(/BYA)
Q73 * R -
2 ’/_,/’ l/ER
e
> N / t
Then a &k , ., 2 iw {2m - !
R £ /B = i/=R*+ = _ ljd;r(c).R
i o dzdo /rg)ex(o) N h = t 4%
i3t [ [ el [ago " 8 0F
e % 4 - =
” ( i/ERz
j dR e
where
© { !
( ax2+bx i _biha
1€ dx :\‘—_E e
) -a
-0
Therefore B K . t e 2 2 2 =
AEAE ol = '.Idc(gr (D-3u F(D+0 ()5
[af e J D(r(T)) &"
G (¥, T.3t) = / " be3e3
o2& 2 2
o I/ER
dR e .
&= <G0(r2 r, it }Rz ) > 2
¥ b .2 |
r : m= m 2= Doy ,
g B ® i/ JaeGEr (D-3u(E)suf2m ) 7
where Go(r2 rq;tng ) = D(r(z)) e
r

1
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The solution of GOG?:2 ?1;t Rig),f' is compared to the well known solution

of forced harmonic 0scill,tor and has the form

: . 1/ ;
< i 3 w r -
Go(rZ r1;t gRg ¥y =il “_'. ) e exp % ]—L (r2+?1)acos wt
" 2nih sin wt h L 2sin wt :

t
4 2; ; % g ra.R (de l_Z_m sinwg
m ) t
o

% w
N
2r ﬁ\ ( :
. P emo
o - o ATw e [~ sinw (t-D
o
t ;
& /0 .
2_ 7./ 2am . ,\"é i nWo
- >3 R ) dzw ¥ sin w(t- 10 (-ddw T sin J
m W
o o

L.3.4

Substituting (4.3.4) into {4.3.3) and performing integration with respect

to R ,. we get

6y Reh et W B (2L ) 7 exp)

i & I
] Z:L mw cot ut l2( 4.3.5
2niht 2 sinﬂ h o

T 3o ITTy

4,4 The Evaluation of <S - S_ >¢ 30,32
’ (e}

If <s - So> s is small, we need to keep the first cumulant of
o

(4,2.28). Thus we have
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t
: ] 2
<$ -8 3 =<=n ( (dcddw(?(c)—?(O)) - Tf’j’ (azas] 2(0)-F(0)1 2 5
i - B bt d ) 8,
s}

t

in % > - mw2 ( ( - - 2
B d zdo <W(r(zg) - r(o))>+ he | | dgdo <IT(g)-r(a)l >
2h : i 4 So
o
hob.a

To solve (4.4.1), W(T(Z) - ¥(0)) must be considered. In case of

heavily doped semiconductors j, the impurity potential is in the form

el /112 = =
v(2(8) = R/ 77L i R E) kI ) bok.2
/ e ' |r(g).- R

/ .

L PSR G
The Fourier transform of W(r(r) =% (7)) is
V) i

w<?<:)-?<o>i,g:t(u§v1§<c>-§)v<;<o>;§>

~ik.(7(z)-R)
(vke '
J

T (dﬁ

5 iEo(I““(G)‘ﬁ) =
d3k ('vae d3J

where Vi and vJ is the Fourier transform of the potential.

Partially evaluating the above equation , We have

-

W(F(Z)-F(a))= (2n)~7 (vkae-i(k°r(C)+J'r(c{>d3id35)‘(dﬁei(k+J)°§
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=3 =i(k.r(7) +3.7(0)) el s S
by = (2n) J,vkae d“kd”J (2n)” 6 (k+J)

o iK(F(2)-T(9) .
f-lvf e d-k ) boh, 3 it

Taking the Fourier transform of (4.4.2), we get

-Ze_ 1

e % (En)3/4§§§§¥é§%2 ‘\%?) | ;

Substituting the above result into (4.4.3), and taking the average

i 3 2 ko (¥(g)-7(0))
we obtain <W(T(Z)-r(0))> = £ % - 3( b 2) < e >
et (2n)” k4Q
bbb 1
where & = QEZEgﬁE bolio5 |
Qe '
- ‘
ik.(r(g)-r(0))
<e > can be expanded in cumulant series, and keep
By
o)

only the first two terms, the other terms are zero since SO is




quadratic, we obtain .<exp (ik.(F(g) - ¥(0) )>s
(]
el Em AR 22 )
= exp | ik, <F(8)-F(0) > + 2 (1<(3(D)-7(0)2>
s -
o]
1, = - 2 4 |
- J<i0E© ) | o

One notes that k.r = % Kkr

From (4.4,.6) one notes thatﬂgéfc)-must be evaluated.

The characteristic functional is defined as

R (PN ¥a sy o1 f -
g |SEMERE et 2 3 (dCf(C).r(C)
<e o > = DArlL))y e . e
(o]
o ) A
o
o 1 s_
fb (r(c)). ob L. b4,7
I‘1 ¢
¥ ( -
Let S = SO + : dCf( C).r( C) 40"”-8._

(o)

Let us define ;c<;) + 9(2) = 7(g) where ?;(c) is the classical

path corresponding to the extremum of the action 8 . If the sc is

S
c

the extremum of the action 8 then the factor e can be

- -~

oy I B ]

extracted as a factor of the path integral of (4.4.7)(one lets

r(g) = ;c(;) + 5(8) ). The reméining.factor is a path integral
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o v" V4
VNG 7

g

over the path y(Z) which runs from (0 €6 0) and the integral over

the path y(Z) does not depend upon the function f£(Z).

~

Substituting ; ;C(C) + ;(C) = (L) in (4.4.7) one gets
- ¥(t)=0 % ,
i ) -
. L =S (v(t)) ex {i/ﬁ‘( dCy(C).f(C)
3rdl;f(!2).r(t) B 2 POY) cxpady f
<eﬁ o ! > - y(O) =0 o =i B =z
L 7 y(t)=0
: D(F(D) ewp{i/h
Eso,c o P ° 3
@ ¥(0)=0
) I\ )
= /exp {ﬁ (uc e )S 4f4.9
where So o is the extremum of action SO. The functional
, .
derivatives can be obtained as follows
i  £ \ £ 1
= | £(g).r(%) =(s -8 )
c 04C
&f S 6f
_ o) §
o g L
-}f f(p.r(z) E(Sc So,c)
< ?(C) eh o > = 8 sce
By igag. o £20 4.4,10

Eq.(4.4.9) can be differentiated with respect to f(3)and f(&)respectively,

to become
/ / 7%
Y s :
<r(p) r(0)> = ji‘_fc ke | % % & i
s 1 8£(g)sf(o) #£(1) 8£(0) £=0

o}
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If one lets g =0 , (4.4.51) becomes ' iy

/ #
y L0 88 §s S
<03, = :{}—16—2—50 PR } ; bl 42
.50 1¢f(g)éf(0)|zg=0 8f(z) &f(o) 'g=¢ :
v [£=0
7/ *.
To solve the classical action Sc, we begin with
£t 5 t
/" m ( =2 mu?( - = 2 -
S =5 ] atr-(zg) - Gz 19zldair(Z)-r(o)l "+ {f(C).r(C) azg b.b,13
; /
o -~ o
: e
The extremum of S is S; which can be found by the prescription
3 A
/ & i Aoy 2mw2 & - - -
68 = m| T()8(r(xdaz- S\ | (F(2)-F(0) 8(F(5)-7(0)) atao
o o’

t
* }( £(z)sr(5)de

0

Then one make the integration by part of . the first term and rearrange

the second term

A t t
65" = mr(z) (7(2)) | -m( P(2) 67(g)a +med ( 2(0)s(R(8))ae
o 0 o
4t . t
m 2 - - -
-.—t“" (( dzdo r(Qel(r(g))dr + (f(C)G(r(C))dC
: 0 'o }o
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One obtains the classical equation

t
2 .
dZ; () + wz; (g) = £L8) + & f’dﬁ; (o) A bbb
¢ c m t ¢
o
This can be solved by introducing
&4 e
(= + w). 8lgyo) = 8(g-0) 4.k, 15
dCa
where SU5.) 1k g hiﬁgiﬁw(t-o)sinum H(o- 1)
A wsin wt
# 8in 0 sin w(t-L)H(E - D) oty qC
1 ¥ 0
and H(X) = ~ ‘
e ==

"\
| 2

Multiplying (4.4.15) by rc(c) and (4.4.14) by g(Z,0) then

subtracting and integrating from O to t, one obtains

- t t .
2
rc(o) B f—E [’ dcdcg(C,o);c(;) + (;(C.g)é(g) e ;c(c) 32, 0)
(o] fo) 5 .
t > t t
& ( %’ S g(c,c)?c(o)qu; + ( g(2,0) r%(c) a
(e} [o) /O

, J ; (0) sinw(t-g)
+E(P (¢Y S8 4 % )
sin wt sin ot




;c( a)

where

Then

t

);c(c)do - 4

2 ¥ 5 i
:’ ( rc(c)dafﬁf
A i),

(o]

t
(

t

1 2
- ., L W -
et (r251nwo + r,sine (t-0)) + : (- rc(c)dc
% 0
%
1
0 (S(Coc)f(c)dc
b .
- - - -
b o = rc(O) ) I‘2 = rc(t)
t t
f ;C':(d)dc adie ((Fzsinwo & F,lsinw (t-=0))do
A sinwt.
0

S;c(c)do

(@)

t t
i (P,sinwo + v, sinw (t-0))do + p! f(g(c o)f(g)dgdo
sinuwt 2 1 m )

3.
sinuwt

i
.0

t , _ t ¢
£ <
+ ( T rc(o)do (}(@( g,0)dodg

7 "::t

vy s .

* %Ifs( Byo)£(2)dtdo
7] o

t t .
(T, ")dodt

! ogll|| o

"
' f’(FzsintM7+ ?1sin(ﬂ(t-0»dc
(o]
£t

g(z,0)f(g)agdo,

(o]

=

.t—
of: (i
1-5)'

,g(c,o)dcdc
)O;

bo4,18
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o t

J g(t,0)dzT + f g(gy0)dg
[0} 4]

1]

t
KS( C’O')dt;
(o]

= -&2 singxﬁsin ¥ (t-0)sin “; / sinut
w 2
{_t
, IO B P
}-J g(g,0)dzdo = - -2(Btan = & 2)
A W
t
/
! sin wodo = 1 (1=coswt ) = ésinagt
o w o/

sintg(tso%éd

i
S
ot

Substituting the above into’ (4:4.18) one obtains

2

t
r | A ’ y‘i, < ft/ =
{?;(o)do. B (r2¥}1)§ er%%“1 62?(E)sinSGSing(t-G)cos wt
(;{ 4§ Y ;' sinwt

—
holi.19

Eq. 4.4.19 can be substituted into (4 4:17) rand (4.4.17) becomes

1 ! s 1 S
rc(c) = per (ope [r251num + r1sinm(t-c)-451n 2u(t-c)81n§wc
t
< L R 1 2 - .1
sin = §3r2+r1)2 - mwsfgat‘[—dof(o)51n5w051néw(t»0)
(o

t
Id 0 £(0)g(2,0)  h.k.20

Sl

cos JE-} ] -
2 - -



?c(c) = -;_in i L;Zsinmc + ;1sin (t-g) = & sig;w(t- t)sin (2“;
T
‘(% +r1)sin-‘% & ‘;w ﬁlof(o)smjz-wcsm k) w(t- G)g}
t ' i
+ 2 ( dof(c) g(z,o)
0

86

bt 21

Then multiplying ;C(C) by £(Z) .and integrating from O to t , we get

t

t(r (Ddg = —

sinowt
o o] ) (o)
t

¥} .
42 (dcf(;).Z.sin“’(t- r)sin® Lsin -u%
- 2 2

t

{
[

oy

o

t
- ?1 Fl;f( ;);2.sing(t-;)sin§’ csin—%—
‘o

t

2 2
(o}

P
.sin}émd.},, 1/m S Sd;dd £(8)£(8)glss)

o o

- sinw(t-g)sinwg
wsin ot

Considering the case of £ > ¢ where g(g,0) =

and where there is a symmetry of ¢ and o, one can replace
Etr

. 4 t
((d;da F(z y0) by Zg g dgdg F(Z,0) 4, to get
) o }

0 i<, :
o 0

5 ff( z) sinwrdg + ?1ﬁ‘( C)sinw (t-g)dc

it
* -—-( dzdof(z).f(o) sin —w(t z) sin 2gsin®(t-0),
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t £
= 1 =4 ¢ . : ). . t
f'f(s).rc(c)dg - 'EIHZRI[E2 (f(c)deSIHwC - 2sin g(t-c)sin %‘s 3%3

.. ) . W (.Ut
rqjyf(g)dc §s1nm(t-c)-251n§(t-c)51n§f31n§

\
g S—

t o0&
+ 8 g deUf(C)of(c)sin%w(t—;)singwsing(t~C)sinlwc
m e sinwt 2.
© o
; 1
- mm51nwt Jr'{.d cf(c) f(a) sinw(t-g)sinwc
0. .19 S
i s 5;,
g . r _f,(/()dc//islnwt, -2sin -(t c)s:Ln g sm—w—ﬂ
i 2 ZJ
sinut /]

& //,
. ///

+-;1Aj;(C) dz i?!&(?* z) - ZSln“(t-c)51nm581n—§—-]

i\,

o f- ng%%??f?ﬁ f(o) gsinw(t-llsinwc
mw51nwt

lo—o—— -
o
i T Y. !
- hein_w(t=d)singr. wltso)sin o L.4,22
z ph)

From (4.4.13) the classical action can be written as
t t
it 2 W 2 t
o “2 ; e - ) ey
8, = T (C)d;- 4t id:;Jodcyrc(c)-rc(u)i + (ff(c).rc(c)dc

o -0

s

one integrates by part the first term of the right to get
. .

L | Va 2 Sk 2.
—C(C)r (z) t - //’ ?;(c)rc(c)dc- gt {-(acdo{rc(c)—rc(ﬁ)i j ?
(e} (o) . |

t (o} )

/

S
c

s

AN_..q

+ d;f(c),;;(c)



88
e t ot
m .-?.1__.\ _g_a_..A o.c_,; 2
= §§ BT, Srar, e Jrc(c)r (z)dg- & L ‘dcdolr (C)-r (o)} }
F 0 0 .0 h
t
+ (’dz;fm.‘;‘c(c)
.

Multiplying (4.4.14) by ‘Irc(c)dq s one obtains

t

KLY e 2
w
( rc(c)rc(c)dc “I

t ¥
gdcdc (r (c)—r (0))r (%) + £ dg f(—mdo ?‘C(c)

= -0

o]
j
t ! ‘f‘" i ¥ - |

fﬁ( DT (Dag g ﬁg;a/(@/m-r (&), (0)-u Hdcdc<Fc<a>-Fc(z;))?;<;)

. & 2t
/ /Al A
o o //(’ /(= \ 00

1

1
POK
ot

° y ‘
P / /] ]
F {/ d?;’f‘:“\f:---l s, (%)
7 ] 7 So
o 7 s

This can be substituted into the former equation to get

/" O\ 5 ° t
sC = 5 (r2r2 - r1r1) + z,f_ d & f(8) . rc(C) L 4,23
o

Differentiate (4.4.21) with respect to r , we get
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o
;1(C) s : [w(;zcoswc - r cosut-2))-
. 1
sinwt
| 4 £ LW
_(2w61n-w(t-c)cos-w;-chos—w(t-C)51n§ )
=
U 1 gddas - 9 |
: é(r2+r1)51n.§wt gl 1% J’dof(c)81n -m051n§w(t-04f]
' £ 2 it
t
1 dg
+ 2 5' aot(0) & (z,0)
0 7, 1] P
T = W a5 = 7/ &
rc(C) sinwt {r_coswf - pscosl t-C)-Zsinw(t-c)%( 3——1)sin1 wt -
2 PV L 2 b2 2
1 o NN - VP * 1( dg
- e ( dof(o)sin .é.wgrs}l‘:r;‘__.m_\(:c,’-u)“ + r-ﬁJ dof(o)dc(;,o) L.h. 2k
0 (RAA ' )

Replacing ¢ =

t in (4.4.24i:‘ we ﬁave

b} = = “Fa4T .
- wt {( R 1) sin(_»g _

;Z(t) = 9. {?écosuk o + 2sin —3 5
sinwt b »
y o
X . WO " W -
mu)f.dof(o)51n—§ sin 2(t )} ]
)
t
+ 1 dg
3 (dof(c) 98z 0)
0 G =t

Replacing ¢t =0 in (4.4.24), we get



T R R T R T R e S T Ry ———y - Shiam oo sl iR b s 4

T (0) = @ {'f aill onpikl s SRR ubt K To1T ) ainut
c - R - e
sinuwt ) 2 2 2

t
-1 g dof(o)siqggsiqg(t-0)§]
mw 2 2
(0]
t .
+ i jdof(o)_d_ g(z,0)|
e ac ‘
¢ =0
Pl el

~
ct

~
i

~ Re—— 2 \ =~ 2
W ,[r coswt-r, + wt(rs+r,) -
4 sinwt L & 7 %%’\

-2 sinut
mw 2 )
t
gl ( dof(o)
m
o)

L]

-y pes. 4 — -, ->
r (0) = r,-r coswt - sinwt (rs+r.)
c - 2 15k AN €

sinwt

it
+ 2 sin wt [ dof(0)sin wg sinw(t-o)
mw 2 2 2
‘0
t 1
+ 1 ( dof( o) gg(c,o)l
m 'o. azg =0

To differentiate (4.4.16) with respect tof , we get

]

90

b 4,25

401".26

o

e |
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_g(;,o) L . =% ﬁusinw(t-o)coswcH(o— D -wsinws cos w (t=2)H(g=-0)
dazt 7 wsingt

-sinw(t-0)sinwgs (0-7)+ sinwo sinw (t-17) 8 (C-Gﬂi

—

Since

d

Eﬂ (z, 0)| sin wo

¢ ro=t sinwt _
dg (g0 )\ _ -sing(t-g) 7N
ac F Tsingk //j’/ |
§ =§ / HO
/I /o
we get J,,ﬂ(‘
B / A 3/ 2(“;" el s
rc(t) = W (r coswt v @n:fgi(r2+r1h
sin (t %::AL P
-2,
m
+ 1| dof(o) sinwg
m sinwt
o

= 2 = .
r (t) = w Rocabub of 4 ®in wt(r +r )+ 1 ( dof(o)((sinwo

(e -y 2 1 2 1 : !

sinwt i B m sinwt |

o)

-2sin wo sin w (t-¢)sin wt )
2 2

One can change the variable ¢ to gz , to get
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t
24 2 A
r(t) = o [rzcoswt = T 4T+, )sin 93] + 1 ( ace(z) JSlan
sinwt s mwsinw t e
o
- 2sin wo sin gy (t-10 singi]'
S 5 = bob,27
Similarly one obtains
t
A ; 2 : X
r (0) = w [r -r, cosyt- (r +r )sin"wt | - 1 dof(z) sinw(t-g)
c - e @i 28 9 —— -
8inet = 2 m sinwt
o
-2sin l_wtsin_lw(ggﬁiéin 1WE 44,28
E 2 2 T2 -
Th oA/
en F //

m((rT (t)-r,r_(0))
5 .

P-4 C / ?2 .‘/ i 2 2 2
m w/ /[PIeeswt-r ro+(r-+r.r.)sin"wt r.r_+r.coswt
= 5=/ / |¥2S i R - gl L L
2sinwt /L T - 2
IETRA

.

+ (r2r1+rf)s%§?g£»~>f?
S
tagg\ Ca T
£9 [rz( f(;;?(sinmc—Zsin wg sin w (t-Z¥)sin wt))
2msinwt - s : 2 2 2

t
#r, ( dcf(;) (sinw(t=-%)-2sin 1 wtsin 1w(t—§)siq@€)1

= mWcot Wt

+ 1
2m sinwt

(o)

o
2 2 5 -
(¢}

2
|r2°r1t

t
[?2/( d;f(;)t(sinwc -2sin %gsin‘%(t-c)siqgg )

(o)
t

y

+T, ( dzf(z)(sinw(t-2)-2sin 1wtsin 10(t-8)sinW¢ )J
J 2. 2l e .

X | 44,29
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Substituting (4.4.29) and (4.4.22) into (4.4.23), one obtains
/ : KL 2
Sc = %uscot& wt |r2-rd
i | EEé
_Elnwt['-1;° ( dgf(z ) (sinwg- 2siniwtsiniw(t-Z)sinlwg)
: 2 2 2
)
g § s
2r1 . ; B
T dCf(C)(81nw(tb§£725in %wtsin%@(t-Qsin%wC )
A 0 %
t
-2 .
2 2 f '
) ]
S O o q{
- L" sin lw (t C) } L“p“‘ezo
2
Setting f = 0, one obt%gis"' A RN ¢ ! |
* & A9 |
’ - (m
SO,c = % cotéﬁ grz-r1“ b k.31
The Evaluation of <r(c) - I‘(g)> and < (;; -:‘I“O')2> proceeds as
So So
follows :
From (4.4.10) we have {
‘ ‘ / '
5 < ; > = 6Sc ;
z So 3T | 3
; f:o



Thus by differentiating eq

setting f = 0, we get

(4.4.10) with respect to f(Z) and

<?( g)> g = 22{%th f_I:Z (sinwg-2sinut sinW® (t-¥)si
o) m 2 2
+ 2r
1 (sinw(t-g)- 2sinw tsin w(t-thsi
mw 2 2
Similarly <-;;>s = m w E:g/ inwo-2sinwtsinw(t-0)sinwo)
o) 251nmt\v\m@/’/j 2 2 2 2

Nl (Sinw(t-/@/z/ \(:{té\?n_‘g(}-fo)sinf_c)§
. 1 R,

9,

2

Uﬁ\\\‘“————~——’”//7
+ 2c1n2t51qg(t—o)singp )
& 2 2

Ti£1 ;(sinw(t-o)—sinw(t-g)-Zsimgtsiqi(t-G)singy
mw - 2 2 2
+ ZSingtsiqg(t-C)sing%
2 2 .
% ?2 gsinmc-sinwc p (ESingtsing(t-C)sing
[ sinwt sinwt 2 2 2
- 2sinwtsinw(t-0)sinwo )(+‘; '§51nw(t L) +sinw(t=0)
— - ey . 1 .....
2 2 2 - [ sin t
il (2sinwt sinw(t-0)sinws -2sinwtsinw(t- f)sinwg )%
sinwt e 2 2 2 2 2 ¢

oL

nwt
2

an)§
2
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By using the identity

sinwt-sinwg _  sin w (L-0)cos w (t- (Z+0))/sinwt

sinwt ! 2 2 2
and sinw(t-o)-sinw(t-g) _ -simw(%-0)cos® (t-(g+0))/sin @&, we get

sinwt 3 2 2
ST -Tpg = lsim (c-o)cosy(t-(t+ 9)/ sinut |. (F,-F,)  h.b.33
4 g So ] > 1-2- 5 | a1

+

2

\.
5 )
mw ‘1E:Z,(sinw;-Esiqgtsiqg(t-c)sinwc) + 3:1(sinw(t—c)

2sinwt & (mw 2 2 2 m w

- 2sinwt siqg(t-@)siqgg {g 1312 (sian-Esiniit

4 2 mw 2

sing (t-0)sinwg) + g (sinw(t~0)-2sinwtsinw(t~-0)sinwo)
2 ma 2 2 -

Since in three dimensions, V.f = 3, and ; arises from symmetry of Sc

we get

L b, zh

-
-,

¥
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, /
F /

< 35 _\h &% | , 5%, %o 1 »

C s Eo ¢ 6 ’ e . ""“' i: ° 035

o (1 i‘ctSfU Lonie £, f-:c o= Cg If =0
! 4
fr / / /

<rT > - i,ﬁ _,ZS t 5250 GSC : 7; "

g S &'i-i. P i ! - ° j { | L{‘o c36

0 [ 88, 5 ft=0 3 5 ‘C=0§lf=0

<(r =71 )2> = <r2> - 2<r. 1> + <r2> b b, 37

C o C SO C ag SO 0] SO

By using (ko4a34) to (4.4.37) one géts’

< (;.;;.)2 > = =3h mAJX(/////‘ | | (sinw(t-g)sinwl -2sinw(t-Z)sin wo

C g 51 —" 2.4

i 2sinwt / g&p] N
B O

igﬁﬁi{;?(sing (t-C)sing;—siqg(t-o)singﬁ)zg
S 2 2 2 -

. : Cwely
- (sinw - 51n§(t-o)51n§ )J

sinpt
o cosw t

\2

-

'

1 [(sinW(t -%) - sinw(t-Z)sinwg)

2 2

sinwt cosWt
2

2

2 2 L4, 38

(sinw(t-¢) - sinw(t-o0)sinwo) ]§

sinwt
cosw t

2

And using the identity

BRSPS N————
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(sinw(t=-r)sinwg - 2sinw(t-)sinwo+ sinw(t=0)sinwo) -
- 4(5in£Kt-0siqg£ - sinw(t=-o)sinuwg )2
2 2 2 2
= 4éiq9(;-0)siqg(t—(c-G»cosgt
e iy 2
(4.4,.38) vecomes
<(r -7 )2> = 3 ih . 4 sinw (g-0)sinw(t-(g-0))
% 2 mo N2
//t: e
sn/w(/;mem(t- (g+)) (fz-‘f1>2
i1 2 b la39

: 7//' BN
7 SN .

Substituting (4.4.38) and (Q&&;§9) into/(k.k4.6), one has

TICrrETT

P2 WA ZAN

< exp(iE-(}r-?c)) %ﬁ:f—'iai:p—:{‘i«frsmw(g~o)cosw(t (c+0))) (r,-T4) +

o1 L i S
ol
sinwt
2
.2 2 { T . .
o AR 03 dh ) dsing (o) sine (t-(2-9))
2 f 3° 2 mw 2 2
‘ sinwt
2
+1 sinw(g-o)cosw(t-(z+a)) 2 -1(sinw (g~ Pcosw(t- (c+0))(r —r ) }
3( 2 2 ) (rz_r ) 3 2 2 ‘
sin_t sinwt
2 2
" - 2 o o 2 2 - 5 . \
= expglk.(51qg(;-g)co§g(t-(;+o))(r2-r1)+1 k™ 21h51q9(g-o)51q£(t—(c—c)J
L 2 : 2 2 m w 2 2 J
sinwt sinwt

@ Wt ! L
S 5 b4 40
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A~ Going further, we get
utt ttdd (F - )° 4 t aras v ik. (v -7 )
0 <(r_=-r > = mw s < ik -r >
b g %A e gdo Vp<exp S "
% o o ‘o
= i3 lﬁ( w tecotwt - 1)
2 2 2

2
L&t cot wt _(1sinwt)] 404"41
2 2 2 =4

< 3-8 > thr 2 .
- )(\ 2
o :
\2)
- L -
r2-r1)
sinwt
2
22 8 el d .-
+ i“k" (ih sinw (g-0)sinw(t-(z-9)) -3 ih (wt cotut-1)
mw 2 2 2 2 2
sinuwt
2 holi b2
Since G(Fé,?1;t) = exp%§< S-5 > s% GO(?Z{?1;t) hob b3
<+ h ' o]

we get after (4.4.3) and (L.4.42) are substituted into (k. L4.43)
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3/ .
G(rz,r st) = (gﬁiﬁt) 2( wi ) exp { 1

L
-£9 (d7k P
n ZRS (21)> (QE ) (

@)

wtcotwt -1
(7 - W= Byt

(8
( dgdoexp(ik. (r -7 )ulﬁ@(c-d)
o

ct

2

h  sinw (c-o)sing(t—(c-g)))
mw -3 2

sinwt

. 2
\'\'s;‘,"‘ ‘(’// o
- im (%t Ctht-+;?(%é§§éS§qgt)2) (rz-r1) Z AN
&K wffl 2t

|

(k24Q%) 2

into the second term o?\rlghtgh&nd\mﬁmbers of (4.4.44); it becomes

% = "
(4rw) ( (-dcdo ( dyy . 64%( (k +Q )y

(2n)3

- ik“h sinu(Z-o)sinw(t-(z-0))
my 2 2

sinw’
2

+ iﬁ.(;z-?1) sinw(z-0)cosw(t-(g+))

2 2 )
sinwt
2
If we write
y + ih  sinw(5-0)sine(t-(¢=-0))
mauw 2 2 - A(C- ,y)
sinwt

2
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and
(;2";1)Sinﬂ(c-c)cosQ(t—(c+o))
2
2 = B(Z,0)
sinwt
2
t & 4
2 ‘A . 2 _-.A
o o ()’ o
where s
k.2 ._\ e 1 .kZ . 5
fdﬁe-lk hrlEe g me 1° dx y gue~lE A + thn
o
-1
we get
t & L

i

| 43/ 2 2
dagr ( g " (dyyA 2(ey maSy-BR ) A ay) s

o o0 o

After substituting (4.4.45) into (4.4.44) and we get
G(r, 7, 3t) = m 3/2 WDt 3—exp '3( wtcotyt
27 1 € : ) oy ———— ) '3 >
2niht 2sin%t
j g dzdo deyA(C—o,y)

0 O 0

o exp(~ sz - BZ(C,O‘)/brA(c-o,y))}

°h 2 2 2 2

Because of the property of translational invariance

function, one has

- i B
1y .o 1EBpt

2
- im wt cotwt +( 1 tcosecgt) )If}JF I /2t b ol L
e —— 2 1 e .o .

‘of average Green's



101

- -— ’ 4 .':\ -.‘— 3 LL
G(rz,rq,t) = G(A.2 r1,t) b b4 by
Setting ?1= ?é (4,4,46) becomes
oy - @B TE 5 ok |
G(0,03t = = wt exp { 3 wt cot wt _ -1
2niht ( ZSiq_t) j 5 (5 3 1) - L.t
] 2
L 2. i ,
-1%88 . X g dzdo (dyyA(c-c,y)exp (3% bob 48
2 } J
5 B 2n P 47
e . J l+ - _V
4,5 The Density of Stategi%agégf3zt
P 7 7/8- A\
The density of sféﬁéﬁﬁégﬁ*be obtained as follows
by taking the Fourier‘traggform'af&G(r2r1;t)
: / /A : ,.1‘ a4
s C AR
G(r2r1;E) - s
and then taking the tracey i.6e5
® iEt/h .
P(E) = AHUL# e G(F v st)dt 45,4
2nh Q b

where Tr denotes the trace ,[dr

Because of the translational invariance of the system, there is

no preferred origin or direction and G has the property

G(r2r1;t) = G(rz-r1;t) L.5.2
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Thus (4.5.1) can be written as
lEt/E
p(E) = _1 ar e G(rr;t)dt koS53
27EEQ -
After substituting (4.2.2.4) into (4.5.3), we obtain.
o \ t 32
p(E) = _1 j’ (§ D(r(z)) 928 | im g dzr (g) =i(p @)t
2nh ' B & A R ©

., E é/@ék 0 - 7o) b5k

where ;5 represents O)/é/;/;{ ¢ N
B\
Thus p(E) = ; RG]

X Et) 4.5,.5

After one subst%tuteS'€h1&4&8§<1ht0 ;4 5.5). One obtains

@\2——/@

p(E) dt(

tcotwt -1y=1
onift’ (agalyy O¥Pg (U )"2(E, -E)+
Znh “% ;2 R ~
Ak o =3/, -t |
-1 g9 dtdo | dyyA “(&-ogyle j Ho3 06
52 n 2n
(o] (o]

o

Now noting that

t ot
4 _3/2
gdc dt M=o ¥) by letting ;-g = X

(¢}

O "
t t %

-3 -3/
gﬁdc f dxA(x,y) /2 = t gdxA(x,y) ¥

o}
e} (o)
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and
T t & g t t
§,d;g’ ix fix) & Jd; (axf(x) + ij g dxf(x)
0 0 o o) g
we get t z -

-3/,

1l

tj dxA(x,y)

/

t t
‘jdc [&xA(x,y) + (—dC gldx A(t-x,¥)
)
o o o o 0

Since A(x,y) is translational invardsai/in period t, we have
' N

Y
A(t=x,y)
Therefore
t o, § 38 -3/,
t g dx A(x,y) + ‘{dC‘(dx Alx,y)
0 o 0
-3/
2 4.5,7
(4.5.7) is substituted into (4.5.6). Thus
& 3/.
p (E} = _1_ g-dt(zﬂ_ﬁt ) ? ( gﬁ. t) expé;é (ggcotgﬁ- 1)—}(E “E)t
2nh i 51“%- (2 % 2 - o
t % -Q y -3/2?
e Bk 8 y dx gdyye ilx,y) r
=2 n2n ° 2
h
0 0
where
J(x,y) = ¥ + ik ( Bimwx sinw (t-x)/sinut, bo5a.2
* i 2 2

m w

P L S ——



0

For convenience cne transforms the quantity p(E) into” dimensionlesz

quantity
m .
' » %
p(E) = 1 (dt( m )3/2_ oty exp%_}_(g_t cotwt -1y+i(B-E )t
2nh 2niht 2sinyt - ) 2 -
- 0O -2" .lf
y t 2. 2 -3./2 )
‘ =81 aqt ‘( <ix‘§é.yye-Q y jlx,y) s 4.5.9
- B
2h™ \m o
where j(x,y) = (y + ih simwx sine(t-x)/simt)
muw 2 2 2
Sincee ' E = hw
)
=2.2
and EQ = hQ
2m
we have
P F Aty
e mhu
and so
-3/,
£(y,xst) = i y+ 2i Q sinw xsim(t-x)/sinwt
2 8 2 2 2
o e
Letting 12 2 y ‘EHen iy =_Q§
¥ Q
we have -sz/
wQE Qa Y
e ¥ Iz e = e

Letting

X = tx’ then dx = t dxl



we get
4 ’
flye %, X)) 4w
Letting t =2 t
w
we get

$ 4
I( 7% o §%)

Noticing that

dt

|
>
=
1
=

o

2
o
"

We find that

10%
/ E / /
¢ o 2i Q sinwtx sinw(t-xt)/siqgg)
2 E 2 2 2
Q Q
which gives dx =t dx,
=Tk
7 / / / 4 /3/2
=(Y, 2@ sin (& 2t xy sin 2t (1-x )/sin EE))
il 2" 2 EX Y > &
7
Q7( ?/<7/47ﬁ§g sin.tt1-x)/sin t)
NI @\
/, 3/ 3
- Ly A I\
$ (%11{_2:1_:_’ Cymige)
= N :
w
/ / 3
/ - 3; /
¥ (281nt) A (sin t)
& /
1) = %(t cett =1)
2i(E - E )t = 2i(E-E )t = 2i (B-E)t. °Q
B :, % oy
1.9 2t° 1.9 t 1.9 ¢
w2 "% T Efc: T ORSE
2h |mn h = hox h dﬁ w
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® / ; /
3/ 3 ¢ . 9
= % - "E to
P (E) Ziiff- TEE TP E 0 exp | 3t cottln) 2(E, YTy
brniht ' Q E
S i
*‘— J 1 / ’ / -y S
-1 ¢ J_a_ t ax |y dy e. f(y.x,t)z
= = B Jw 2 .2 }
U I
3/ © )
o 2 ’ 3/ 3 ¢
p(E) = l.._. % ne 1) Jdt( %,) 2°(s§n t . eXp g—(t cot t 1)
2nh hmih {
- O
-2i(E_-E)tE
0 =
Q w
» ) s
-1- 4 f(yyx,t ) {
}-1 J
or
p(EY = " 1 ) e 130t cott-1)- 2i(E “B)t. g
el 2 , E E
nh w 5 Q w
o
WS ’2.\“ Y 7 7’./2)
-1 _C_% b ax| ydy e~ rfi:‘i__g sin t x sin t('l-x)) «l
hn - 5 o sin t
Making the transformation
(2 )/2—12 IM g .2 [@Q2~ém
nhw Lrh B n £ 12 81;2{7; g 2 h2Q2
B '_m_gQa._’l_ - 2 B .mw
16n”n h EQ 161':2\‘[' JE
g g A 'S q ‘h o1
B [T 5 EQ ‘ ’\‘ana G
E
Y 9’ B,
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For convenience the prime can be droped and (4.5.9) becomes
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and
E2 - 2
» L O [ 2,1 2 & Q_ 1 & hE
B L0 T R a2 e B
w T W T Q " T Q E
w
letting
1
16n%ﬁ . 8
b
- Lz
2
i\)z2
»
3
(3/ /
~in +) expf-g(;;,. cot t-1)
: - ivz 't
/421/ Ay =Y . - rr ;
-1 &zt (dx (dyye (y+ iz sin _tx sint (1-x))
=2 ) sin t
T
o )
Y

il S R
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1 -3/
p(E) = A 23 1| atuit) & (t_ )3 exp gé(t cot t=1) —ivz®t
16RR EQ par sin t )

W2 2 . . =3/5)
- Ez t fﬂx‘§ dyye (y + iz sin tx sin t(1-x)) {
sin t
o 0

4.5.10

Since one is interested in studying the asymptotic behavior of the
density of states, one make the transformatlon it =T or t = -iT
//// )
sin(:f?i:;& 51nhT’ > /cos( iT) = cosh T

7// i

/ Ny

5in(i?) = -si

1z251ntx51nt(1-x)//f -
sin t a

to get &, ,f/
.§: =
(E) = 1 a dar g” exp3 3(TcothT-1)-z 2v)
16n%ﬁ'z‘ 9 3/ 51nhT (2
-im
1 = o
b 2 =~ 2 7
+1 €T dyye (Y +z sinhTxsinhT(1-x)
5 f / sinhT /o
¢ ° 4.5.11
31
Sayakanit has shown that the above general expression of

p(E)can be used to obtain the density of states at high energies

by letting t— O and the deep tail states by letting t—o< .
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4.6 The Density of States at High Energy31

The path integral method presented previously can be used
to obtain the density of states at high and intermediate energies.
For states of high energies one may consider the excited state
contribution to the density of states by letting t -po . For

convenience let us write a for z2 in (4.5.10), then

3/ 3 ,
p (B) 4= 4 1 3 dt[lt) (t) exp ig(tcot t-1) ~davt ..
16n%_ 5y %— (51n £) 2
73 -y =3/,
-ga t} dxf dy ye (y + joasintx sint(1-x)) Z
2}@ ‘ sin t ‘
R HL A b.6.1
Eqge (4.6.1) can be changed ihtbjSQEiéé representation by expansion
3 AR 3
(szn t) e ;'igt’QOﬁQQ ) = (t(% + % + e0e)) = 1 4 lt2+..
o 5 2
t Cot t = t(l a t ) = 1 - £2+ °oe o
r ‘3’ + o0 3
sintxsint(1-x) = (tx-t 3x3+...)(t(1-x)-t3(1-x)3+..)(’l b
sint G g7 Tt
= tx(1-x) - 2 x(1-x)
6
Thus (4.7.1) may be written as
‘ | # -3/ .
p(E) = 1 1 g? f-dt(it) 2(1 +‘1t2+ eco) €XP %é (1-t2+ cee 1)
16T52\ﬁ[ o EQ . ) {2 k.1

4 i -y _3/ s
- diavt - ¢ a2t2 g- dng dyye (y + ia(tx(1-x)—t3x(1-x)+...)) 42
2Jh _ [ )

0 ) bo6.2
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When t-—v0 , (4.6.2) becémes
3 3 '3/2
o(B) = 1 1 Q ( at(it) .exp (=iuvt
16n%i " EQ e
1 5
- Ea §2 S’ dx Séy e-féﬁ ) h,6.3
2
0 0

(]

g dy1§:1 eV

(o)

eq. (4.6.3) becomes

p(E) = 1

Eqe (4.6.4) can be expressedin terms of a parabolic-cylinder function

by using the formular22
% . i s B> | dpa
dt(it)” exp(-B“tT-iqt) = 2 = B exp(- g )D (q/BJz
8p°

Then one has

P (E) = 1

Mkiaiih e et . sl gl ol
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- - () exp( = )D_,, (v ) b.6.5
1627 g € b "=3/,
3
=2,.2
_ E -E E. = M N /
where v o= OE 4 Q BT agmd £ = __% _
E
& Q
/
g = 2nz2e4n
&
Q
Let us rewrite (4.6,5) as
*
p(E) = 2
16m
If we define
p(E)
-
We can study the asymtotic behavior of (446:7) by considering the
asymptotic expansion of the parabolic cylinder function in (4.6.7)
as shown in the following22
&
o BT
D(z) , -Bm e A o
Z b w r(-pr)
a .

where Z is a complex argument. For convenience let us

irn
xe and so

define i 3

Eabh o e
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12

2
2/ lpoq

DP (-x) N {gi. e X 4,6,8

e r(-p)

For z = x where p is real, the asymptotic behavior of a parabolic

cylinder function is 2
x

DP(X) - B8 & xP 4.,6,9

\\J/////

Thus for IEO-El —D ® \;Zifﬁ the gg&%éxotic limit where

5/\7 T S—=
2 N
E-E >> 1, we use (ui,;/)/// re x gm\{E(E-EO) and

0

X — @

n

This expression is the well known free electron density of states.

Similarly in the asymptotic limit when E-EO<< - 1, when we can

n
use (4.6.9) where x = {E- (EO-E) and substitute into (4.6.7).
n
Eq.(4.6.7) becomes
3/ "3/ I
2, 2 i 2
p(E) = _@2- ‘ nya (E_O__:E)) exp 5- [EO-EI i
8n"h 2
n n

This expression is the Gaussian band tail familiar to the work of

Kane discussed in chapter II.

b.6.10

TR T
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1
4,7 The Tail States (low energy)

We now consider the density of states deep in the tail, ie,
in the limit t->« . Since the density of states is the Gaussian
form, one can take the limit t —be  the integrated of (4.5.11).

We have to look the following terms in series representation

T .3 27, 3 K// ~37,  -2T.-3
(SinhT) = ((1-f5§§§? /// (1-e )

e

By Binomial series expansion

[

where (-i) = =3(=3-1 }5[;:\7—__—(:3/;:jy

and
CothT | = @ mer T _27
Sl Tl = —-— = (1 + 1+e
1 27 — ) =1
e - e 1 = ¢ = -2T
1 = @ -
& 2 (';) P (_1)k -1
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Thus
sinh T¥ sinhT(1-x) i 1(1_9-2Tx)(1_9-2T(1-x))(1_e-2T)-1
sinhT Fl
= %(1_6-2T(1-x)_e-2TX+ e-ZT). 5 ( 1> —2Tk(_1)k
k=0
=3} B ORI PE- B (e k1)K
b k:o : \ / d k...
Sl Sam(kex) © =1y -2T(k+1) )
SN ) (- 1) L (7)e ki
/K-—.«{// o k=0 k (-1) j
& LA ”
= 3] B/ By, 5 (e D Ly |
LS WL <@ k=0
7 IOSINGN S,
li 2 (" ) '2T(k+(1-X))< 1) + ; (-1)6—2T(k+X) \k{
gaiu;k.c k ewr (-1
- a3ty =Y
2
Thus the series solution of p(E) is
p(E) = 1 1 93( 1)( aT 817 B ,-3 -T(2k+3)
~ 5 g7 | 3/ ° 18 ( )( 1)
161 \m Q 7
-1 o
oexpi 3(r 2 SR o~2Tk _an
5 (ool ) © (=104 B
=) -3/
1 2 23
~z%vT 4 3 624T2 g’dx S’dyye-y(y + ; J(T,x)) § be7.1

2 n
0 o)
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Sayakanit considered  the:ground - ‘state contribution to the
density of states by letting t—pw.The first term of the series

dominates and so the density of state ¢ (E) becomes

3 e i ,
p(E) = 1 1 (-i) dT 3 -3T 3
. 1622V E—% g = .. 8T7e “".exp ié(T-’l)—Z%’T
Q p 2
-] &
5. r -3/
+ 1 gzl“'l‘2 ﬁix fdye-y.y(w{z) Zf b.7,2
26 F
(o) (o)

This expression can be expressed in a closed form by noting that

the y-integration can be expressed in terms of a parabolic cylinder

.2;3
function, 1.,

-3/ 2
Y he A 2 9 aal/,2
J#EYe 4 y(y+%.) LN/NRBE 4 D-3(z)
0 !
Eq. (4.7.2) can be written as
3 2 87 2 ~ oy V2 2
o AB) ele 4 % (-i)f dT T GXP%-(Q +2V)T +[28z'e D laT
anﬁ z EQ £ 2 \‘n
© 3/ 1,2 5
. 133 ( at(it)  Zexp -(3 + 2%y)it- 2; 2t P 3(z)t3
21{2\[‘1" Z EQ )-m ] T
where T = it ' b.7.3

Eq. (4.7.3) can be performed the t integration by using the

formula22
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. -P/ :
(Zt(it)P exp(-pt7-igt) = 2 2\n BF71 exp(-q288%)D,(a/B @)

- O

and so the density of states is

-3/ -5/ 2
p(vy2) = 2, 4 _1_0?& B . exp(-(3/2 + zz\))a)D; (M) b7k
2n \[1_1: Z EQ 852 2 \l‘é ﬂ
17802
where 52 = 2 Ezhe bz D ,(z)
% T

The above expression can be expressed: in closed form

‘ 3/ .
a(Vv,z) = (3/2,z24v) 2/'8nJ§ z6exp(z2/2)DfB(z) k.79

and

b(v,2) (3/22 +v) Jn / 2{? exp (z /2)D (z) R A

Eq. (4.7.4) can then be rewritten as

3 =b(wv,z)

P (‘) ,Z) = 9 a(V,Z) E-E | r
1 s e D,, ( [b(v,z)) < be7.7
N AT LA 2 “{;

In the limit of large b(v,2z) /¢ the asymptotic expression for the
parabolic cylinder function is
2
=X7/k 4P p(E
Dp(X) i i X (1- ( -1) l 4+ ocee ) l"‘7°8
2 2
X

If we neglect the term in gl T (4.7.8),we obtain

_ : - _.b(v,2)
p (vy2) = 93 - a(v,z) e g 4L,7.9
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Sayakanit .~ ., followed the procedure of Halperin and Lax to

obtain, the best choice of z. As pointed out by Halperin and Lax,

‘one can reach the low energy tail in two equivalent ways by letting

E —= -« or keeping E constant and reducing the magnitude of the
potential fluctuation by letting £—» O. In Halperin and Lax's
limit (§ —p o) the exponential factor of (4.7.9) will dominate
and become very sensitive to the choice of z while other factor

are much more slowly varying. Hence one can following the procedure

/

of Halperin and Lax (chapter\i) tha ~is we maximize the exponential
e \J —
term of (4.7.9) by consié;?%é%;,/f‘\,
%/ | N
J

z») %4

where

Y n_,(2) )
tﬁ)\ﬁb@,z,\zm/a T BN

f 2(3/2+Z\)) D-B(Z) 5
To obtain the above result we have used the relation

4 1D (%) = -3D-4(z) - 12D

(z)
Az 9 2 -3

Setting the left side of (4.7.11) to zero, we obtain

D ,(z) = 53(2
= ¥

L ot WID_y (2) bh.7.12
2z

The best choice of z is that which satisfies (4.7.12).The value of z

4.7010

NP S e ey
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that is obtained for each values of vwill bersubstituted into
(4.7.9) and the value of p (E) for each v can be obtained.
Sayakanit .7, has shown in his numerical results that they
correspond to Halperin and Lax 's result. Since Sayakanit
has obtained the analytic expression of p(E) , one can study

analytically the limiting values of a(v), b(v), n(v), and T(v)

We shall study in two cases.

are

be7.13

and =

=75
q(z)‘ﬂ\——e——/g’tﬁj ho7.1b

z —D

Substituting (4.7.13) ‘and (4.7.9k4) into (4.7.12), we get for limiting

value of 2z

J% : 4.7.15
v

Substituting (4.7.13) and (4.7.14) into (4.7.6), one gets the

limiting values of

1/2
B(vyz) = (2v) & (3 +v)°
2\[3 2 2v

= sl V2 447,16
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Substituting (4.7.13) and (4.7.14) into (4.7.5), one obtains the

limiting values of

| 5/,
a(v, z) =hE v /2 = bk,7.17

The kinetic energy of localization T(V), can be obtained from the

term b(v,z), i.e,

T(Vv) = P

5 447445
2z ///
QAN
_— 4222;
The limitting value of Tfti:;an ﬁb.gﬁ§%§gfd by substituting the
limiting value of z in fﬁ;jzjj*,awe geff\v
%(V) . A | 4.7.19

Besides the dimensionless funct: 2(v), b(v), and T(v) other
- o~ 57 7N

ic-derivative of the exponent

b(v,z), ie., \ dﬁ\\\‘-—————”//ﬁm

n(v)

d log(byz)/d log v

= N . 3b(v,z) I ,7,20
b(\)’Z) v

For obtaining n(v), (4.7.6) can be differentiate . and

substituted into (4.7.20) we have

1/422
2(v) B v . 2N2 e
— 2 e e
ln (22;24'\)) 2{2 exP(‘[ZFB)EB(Z)

3
D_B(Z)ozﬁ(gzz +'\’)
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= avf (2 5 V) I.7.21
2z

To obtain, the limiting value of n(Vv) for this case, the limiting

value of z will be substituted into (4.7.21)

n(v) < 2 /(3w V)

N ii— 4
The weak screening —::::;;/,(,-\\=:ij’
// TAANY
In the limit whi > A;fﬁg —> Q. or z->0), where the

asymptotic

h.7.22
he7.23
Using (4.7.12) one obtains for the limiting value of z
1 [T a3
2 N2 TR 2
1
3 Ty /3 V3 o
Z = olo
\2

! : -2
where one used the approximation z = <<v

Similarly the limitting values a(v), b(v), B(v), n(v) for this case

can be obtained by substituting (4.7.22) and (4.7.23) into (4.7.5),
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* (4.7.18) and (4.7.21) respectively. Thus we obtain the
_ following.
\ ; utrabe! £ B
i alviz) = (24w 2
: 8mfz (ga)‘w-z. %?

2 w2 exp (z )2 (z)_,
IWINNTUFN1INY1a 8

CHuLALONGKORN UNIVERSITY
2 L E




n(v) = 2V
v
= 2
and

R

>
P

For comparison,

integral method and the méth@d‘of§g§lperin; and Lax give the

2L5: ) 72

-1/3
0

(v>> 1)

identical limiting valueslfo}/n(V3;and' T(V) but slightly

Y

different values for a(V) and b(V) as shown in Table 4.1
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it*iéfihtdwesting to note that the path

it

V<< 1 s - v>>1
35 & L i
« 78
a(v) | = 'y = 0,23 2( 0.lv 2) =i° \7/2~o 2,72 (g2 2
=0, P =0,5 x 10 °V (=10 “v
{é—n / (911:)3 .

1 Vg 3%
b(v) | = 2¥nv 2=3.5Lw 2(=3v 2) = \,2 (2v2)
nv) | =2 (=) . 2 (=2)
IO | . 5 (=3) « 0 (=0)
v
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Table 4.1 Comparison between the limiting values of a(v), b(V),

n(v) and T(v) calculated from the path integral method
v
and the method of Halperin and Lax for the case of

screened coulomb potential. The values within the
parentheses are those of Halperin and Lax (Table 3.1)
Sayakanit = ‘- obtained the analytic form of P (E) and
showed also that Halperin and Lax's density of states and Kane's
density of states were the limiting cases (t—»0, t—>®) of his
general expression P(E). . He . . pointed out that his result
could be extended to intermediate energies. _He 'also  pointed
out _that Halperin and Lax's limit °~ did& not- satisfy
to the variation principle« To understand the failure of Halperin
and Lax's limit let us consider Fig 3.2. We can see that there is
an unphysical region (v<<1). To remove this region Sa-yakanit suggested

that one might use the = Lloyd and Best .. variational principle.



	Chapter IV Path Intergral Approach
	4.1 Introduction
	4.2 Path Integral Representation of Green's Function
	4.3 The Evaluation of Go (R2,R1; T)
	4.4 The Evaluation of <S-S0> S0
	4.5 The Density of States
	4.6 The Density of States At High Energy
	4.7 The Tail States


