CHAPTER IV
GROUP DIGRAPHS

This chapter deals with a characterization of group digraphs.

4.1 Point - Symmetric Digraphs

A digraph (V, E) is said to be a point - symmetric digraph

if for every two vertices u, v of (V, E) there exists at

least one digraph automorphism & of (V, E) such that ud = ve.

As an example, consider the digraph (V, E) in Fig. 4.1.1.

Fige. l"o1 o

Let ‘i : V—>V, i=0,1, 2 be the following permutations

.(‘0 =f{o0o 1 2
O 4 2
0(1 =fo 1 2
1 2 -0
JZ = (0] 1 2 a
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Observe that oci are digraph automorphisms of (V, E).

To check that for any vertices u, v of (V, E) there is a digraph
automorphism &€ such that uk = v, we must find a digraph

automorphism @K whose permutation representation is of the form

&

Observe that each of the columns (O s ] O\, 0 3 1 .
0 \ 1 } 23 0
1 ’ 1 . 2 Y 2 ’ 2 is a column in &i for
1, 2 0 1 2

some i =0, 1, 2. Hence for any u, v in V, there exists a

digraph automorphism o such that(u) is the column in & .

v

That is, for any u, v in V there exists a digraph automorphism«

such that uk = v. Hence (V, E) is a point - symmetric digraph.
4411 Theorem Every group digraph is a point - symmetric
digraph.

Proof. Let (V,E) be a group digraph. Hence there exists a

group G and a subset A of G such that (V, E) = (G, EA) .

Let le

(G, EA)

.

V—>» G be a digraph isomorphism from (V, E) onto

Let u, w be any two vertices of V.



[
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Let X = (w\{)(utf )-16 G .
Define a mapping ix : V—V as follows.
For each v &€ V, we put
-1
vncx = [x (v\f)]\? "

For every Vi V5 € V  such that v an = v uQx, we have

1 2
[x (v1lf )] \f-1 = [x(va\f)] \t-1 . Since \f-1 is one - to- one,
hence x(v,l\f ) = x(va\f )e Therefore A \,? = v, \f « Since \f
is one - to- one, Hence Ve o= Ve Therefore &x is one - to - once.

Let v be any element of V, Hence V\f = y for some y€ G . Let

v/ = (x-1y)?-1. Then v/e V, and we have

vt - o] s [ 4] ¢ (e !
= Yy \f-1 =V .

Hence a:x is onto .
Next we shall show that | is a digraph automorphism of (V, E).
For every v, v'€ V we have

(vi V) EE & (vip, v@)€ E
= (v~f)"1 v'kf&A
&= )T (V) € a
= xtv g 5], {xv¢r} € a
& (x(v \p : x(v'tf)) €E, .
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since Y~' is a digraph isomorphism from (G, E,) onto (V, B),
hence
(x(vip ), x(v' ) € B (I[x (v @)l ™, (x(v' Iy " Ve,
Therefore,

(v, MeE &= ([xtvg)1 ¥, [xtv' @1 ¥") ¢ =

gﬁv(vtx ? VI‘X)EE.
Hence o('x is ‘a digraph automorphism of (V, E) .

[x )l 97 = [o e 9 )y

Also u "

W o

]

-1
= (w\) Y
Hence qu is a digraph automorphism of (V, E) such that un(x =W e

Therefore (V, E) is a point - symmetric digraphe.

QeEsDe

4,2 G - Group Digraphs

Let (V, ) be a digraph and G be a group. Then (V, E)

is said to be a G - group digraph if there is a subset A of

the group G such that (V, E) = (G, EA)° By definition of a
group digraph in section 3.4, we see that (V, E) is a group

digraph if it is a G - group digraph for some group G.
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L.3 Characterization of a G - Group Digraph

To prove our theorem which give a characterization of a

G - group digraph, we need the following lemmas.

L.,3.,1 Lemma Let (V, E) be a digraph of n vertices. Let A -
be a subgroup of the digraph automorphism group p (v, E)

such that for each pair v, v/ gV, there exists 4 € A such

that vé= v'. If ug V and Au={ueA{ul=u},

then Au is a subgroup of /N and the index of Au in A

ig N 47 1e0e [A Au] = ne
Proof Let u € V ~and Au = {XeA/uU = u}.
$ 7.

Note that 1& Au s  hence Au

Let ‘61 » ¥, € Au, hence u‘(,l:u and u ¥, = u.
=2 -t -1 "
Therefore u (Y . . Y= (u 31)12 =u"2=(u‘62)‘62 = U.

Thus 31 3515 Au . Hence Au is a subgroup of O\ .
Let A = Au o(‘lUAu o(ZU... UAu o(r be a decomposition
of A into cosets relative to Au y i.e. for i ¢4 j we have
A, « 04 £, = 8.

-1
Suppose that u o(i = uon for i § § « Then u(oCi 'Cj }= u,

PR e 5.4 008
which implies that i o j € o % op equivalently LW - MR
Hence Au Ocin Au °Cj = Au °Ci $# @ , which is a contradiction.
Hence u . # u ocj when i * jo Therefore the vertices

$

uo(,', u 0(2’ i d uo(‘r are distinct.
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Let v be any element of V. Hence there exists B € A such that

up = v . Since B €A, hence B & Au o(i for some i, 1.1 L
ie€e B = ocoti for some £ € Au o Therefore uP = u o(oci =
Hence v = u 5 for some i, 1 < i < r . Hence ud i include

all ve;‘tices of Vo Thus r = n, je€o [ A s Au] = n .

QeEeDos

4,3,2 Lemma Let (V, E) be a digraph of n vertices. Let A be
a subgroup of \'! (V, E) of order n such that for each pair
v, v'€ V, there exists & € [\ such that v = v'. if
50€ A is such that u ‘60 £\ for some ue€V, then

X°= 1, the identity of A.

Proof:Let ¥o€ /A, u € V be such that u ¥, =

Let i‘g / uy = u} . Hence Y€ [\

By lemma 4.3.1 , A is a subgroup of D ana [A A 1-
since |A| = n., therefore lAu| 1. Hence A = {1 }

Therefore K°= i

TABA 5023 -
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4,3,3 Theorem, Let G be a group., A digraph (V, E) of n

vertices is a G - group digraph if and only if (1) G is of qrder
n and (2) the digraph autcmorphism group Y((V, E) of (V, E)
contains a subgroup A Z ¢ such that for each pair Vi v & Vv

there exists © € A such that v & = v

Proof : Let (V, E) be a G - group digraph of n vertices. Hence
there exists a subset A of the group G such that (V, E) = (G, EA).
By remark 2.4,1, we have |G| S IV' =¥ 1 Therefore G dis a

group of order n, i.e., we have (1) .

Let LF : V-G be a digraph isomorphism from (V, E) onto (G, EA)°

For each x € G, define a mapping & W V— V as follows.

For each veE V, we put
4 &x if {x (v‘f )—l "? .

By the same argument as given in the proof of theorem Lk,1,1,

we see that ﬁx is a digraph automorphism of (V, E).

Let A:{_;ﬁxl x € G}.

Clearly A, is not emptye.

Let £x1 v & xze A and v € V., Hence
-1 =1 1

&1 5
e R T L (LTI RA }ixa.



k 4

-1 -1
Let [(x,'(v\.?))\.f ] o(x = we Hence
2

-1 -1
(X1 (V \? )) \'e = W £ xz = (XZ(W LY)) L( > Hence
-1

x,l(v LP ) = x2( w\f). Therefore X, x,‘(vtf) - w\.{) L

-1 : -1
Hence {xa X, (vtf )] k‘? = w e Therefore

-1 - -1
V(&x,, &xa ) = [xa X, (vk?)}Lg = vocxa-'lx1 =
Hence ok x1ufx i ocx - ‘Ix & A « Therefore A is a

2 ' 2 1

subgroup of P (Vo B

IR

Claim that A Gle

Define a mapping Q : G —"A as follows.

For each X € G, we put x0 = oﬁx-‘l :
Let Xqa xze G be such that x,‘O = xZO e Hence ocx1-1 = °(x£1 .
Therefore vk =1 = v & =1 for all v € V., Thus
X, X,
-1 -1 -1 -1
(= oo} =[x ol .
-1 -1
Hence x, (v \?) = X, (v \.? )e Tt follows that X, = X, Hence ©

is one - to - one,

-1
Note that for each on € A , Wwe have x © = °Cx . Hence @

is onto.
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Let ve€ V and x X. € G « Then we have

115
v((x1x2)0) = v £(x1x2)-1
=1 -1
SR NCE BN CAVIRL R
= [x'; x;1(vL‘>)]\.e-1
=1y =1 -1 -1
- [ 56 e Tl
-1 -1
= B ]y
= (V&x;’l) &x;'l
= V( ‘x:l-‘l &x;’l )
= V(x1° x20).
Therefore (x,‘xz) e = x,]O x20 « Hence © is an isomorphism
from G onto A y 1eee = G o

Let v, v! be any two elements of V., Let x = (v'\{)(v L?)-q.

Hence X € G and we have
vdy = (v 19T T ep]E T = g = ¢
Hence there exists g(xé A such that votx o et g

Therefore Y\(V, E) has a subgroup A such that A':"—_ G and

for each pair v, v/ € V there exists ¢ € A such that v§ = v .

Hence we have (2).
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Conversely, 1let (V, E) be a digraph of n vertices. Let G be
a group such that (1) G is of order n and (2) the digraph
automorphism group "[ (v, E) of (V,E) contains a subgroup

/A 2 G such that for each pair v, v/€ V there exists & & /\

such that v & = v%
Case 1 Suppose E = @

Let V = {V,\l’ va, eo oy Vn} and G ={x1, Xa' eeco gy Xn‘SO

Let A =g . Hence
E, = {(x, y)GGXG/ Xy ¥ € G, x’}e A]S =g .

s . 3 = Lz 3 &
Define k.f? V—> G by putting vit{ = X for 1% 8n,

Clearly (f ~ is a digraph isomorphism from (V, E) onto (G, EA)’
Therefore (V, E) = (G, EA). Hence (V, E) is a G - group
digraphe.

Case 2 Suppose E ¢ @ . Hence there exists at least one arc in

E. Let (w, u) be an are in R .

*
Let A ={éeA{(ub,u)€ Ek'
Since w, u € V, hence there exists | € /\ such that

u bo = w o Therefore (u bo s u) = (w ,u) € E . Hence A** Z.

et (A, E ,*.) be the digraph induced by the group D ana

%
the subset A .
We shall show that ( A % EA*) ad (Ve E) &

s
Define a mapping "-f : A —> v as follows.
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Tor each 6€A s Wwe put ék?* = ub” ~

Let 61,62 be any element of A such that 61 ‘\’P* = 62 L{’*.
L - :
Then u L1 = u 62
-1
hence L,] 42 £ A which fixes an element u. Hence by lemma
. s 5 L
L,3,2, we have é.1 62 = 1. Therefore Qq 2 62. Hence Lf

-1
. Hence ué,l 42 =u . Since 61, 626 s,

is one - to - one,

/
Let v be any element of V., Hence therc exists some b < A such
1 < ! % %
that vé = u . That is v = u(i,‘) 1: b *f « Hence ‘f is

ontoe.

Finally we shall show that \{’* is a digraph isomorphism

fronm (A ' EA*) onto (V4 E) .
Let é1, éa be any element of A .

%
By definitions of EA* and A we see that

-1 A
(én" éa)é EA*b-_-? ‘1 6261\
-1
ey (uf L 0 EER
1 2

1

Since b > € ‘( (v, B), hence

- - -1
(ud b »WEE &> (ub ,u}p )EE
1 2 1 2

== (L,lk?*, éz\“?*) € E.

Therefore (61. ba)éEA*w(é,]‘{’ . GZLP ) € E.
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*

Hence Y  is a digraph isomorphism from ( A . EA*) onto (V, E).

Therefore (V, E) = (A, EA*) .

By (2) we have O % G. Hence there exists an isomorphism ©

from A onto G.
% %* %
et A= AQ where A © ={¢o/éeA}.

By theorem 3.3.,3, we have (A, EA*) = (a, EA)' Hence

by remark 2.4.2, we have (V, E) = (G, EA)'

Therefore (V, E) is a G - group digraph.
Q.ECD.

4.3.4 Corollary A digraph (V, E) with n vertices is a group
digraph if and only if its digraph automorphism group Y\ (V yE)
contains a subgroup A of order n such for each pair v, viev

" there exists & € A such that v§ = v’.

Proof. Let (v, E) be a group digraph of n vertices., Hence
(v, E) is a G~ group digraph for some group G. Hence by

theorem 4,3.3, the digraph automorphism group I“\(V, E) of
—(V,E) contains a subgroup A of order n such that for each

pair v, v/€ V there exists bLe A such that v = v'.
2

Conversely, let (V, E) be a digraph of n vertices and the
digraph automorphism group "1 (v, E) of (V, E) contains a
subgroup A of order n such that for each v, v'e V there
exists be A such that vL = v. Then by theorem 4.3.3,

(Vy, E) is a . group digraph. Ilence (V, E) is a group digraph

QeEeDe
e
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4,3,5 Corollary Let (V, E) be a digraph of p vertices, p a
prime, Then (V, E) is a cyclic group digraph if and only if

(V, E) is a point- symmetric digraph.

Proof : TLet (V, E) be a cyclic group digraph of p vertices.

Hence, by theorem 4,1.,1, (V, E) is point - symmetric,

Conversely, let (V, E) be a point - symmetric digraph of p

verticese.

Let \'\ (V, E) be the goup of all digraph automorphisms of (V,BE).
Hence for every v, v €V, there exists § ¢ "\ (v, E) such that

Vé: V,.

Let u€& vV and Au={‘65‘1(v,E){uK=uk. By lemma

4,31, we have [F(V, B A 1 = p « Hence p is a divisor
L ;

of the order of Yl (v, E). By the first Sylow theorem, ‘1 (v, E)

contains a subgroup of order p which is cyclice. Let

A = {1,5 p- LZ g seey Lp-1 } be this subgroup. Since

‘) < "’( (v, E) we may regard it as a permutation of the vertices
of (V, E), Hence é has a unique representation as a product of
disjoint cycles. Since & has order p, hence p is the least
common multiple of the orders of its component cycles. Iience
each component cycle must have order 1 or p, i.e. each
component cycle must have length 1 or p . If some component
cycles have length 1, then all cycles must have length 1. In
such a case & must be the identity. Hence the decomposition of

& into cycles must give exactly one cycle of length pe. Relabel
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the vertices so that b may be represented as the cycle

(v, v1...vp_1). Then for any i, j = O, 1, «ee, p-1 we have

where i + j is reduced modulo p.

Let Vi Yy be any pair of vertices of (V, E). Since

lp = {0, T 50y p-'lk forms group under gddition, we can find

Jje lp such that i + j = k + Tor this choice of j we have
i D
6 € A and vi.é = vk N

Hence “1 (Vv E) has a subgroup A of order p such that for
every vi, vk eV there exists I;J (= A such that vi 63 = vk.

Hence by theorem 4.3.3, (V, B) = (/A , E,*). Since A is

A)°

cyclic. Hence (V, E) is a cyclic group digraph.

QeEeD.
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