CHAPTER II
DIGRAPHS

In this chapter we collect various definitions and theorems on digraphs .

2.1 Directed Graphs or Digraphs

Let V be a finite noncmpty set and E be a subset of V X V , Then

an ordered pair (V, E) is called a directed graph or digraph,

Elements of V and E are called vertices and args of (v, E) respectively.

To represent a digraph (V, E) by a diagram, we represent each vertex ;
vV by a point v and each arc (u, v) by an arrow from the point u to

the point v.
For example, let V = iu, Ve W k 5

and E = {Fu, v)y C(uy W)y (vy v)y (wy u), (w, v)}. Then (V, E) is
a digraph, This digraph can be represented by the following

diagran .
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Fige 24141



2.2 In - degree, Out - degree and Degree

Let (V, E) be a digraph For any vertex v of (V, E), 1let

b = {uev| wes]
and P = {weV}(w,v)EE}-
We shall call ‘é(v)l and '.P(VJI, where 'S' denotes

the cardinal number of S, respectively the out - degree and

the in - degree of v. If | L(v)‘ = l f(v)l s then we call
‘ 6(v)| the degree of v.

2+3 Regular Digraphs, Normal Regular Digraphs and Degree of Digraphs

A digraph (V, E) is called a regular digraph if and only

if for every two vertices u, v of (V, E)
b = [} = | pw] - | po |-

By the degree of any regular digraph (V, E) we mean

the degree of any of its vertices,

A regular digraph (V, E) is called a normal regular digraph

if and only if either (v, v) ¢ E for each v € V, or (v, v) % E

for each v € V.
For example, consider the digraphs (V1, E1) and (%’ Ea)

represented by Fige 2.3.1 and Fige 2.3.2 respectivelye.



(V1. E1)
V|
\N Vb
Fig. 2.3.1 Fige 2.3.2

It is clear that (V‘I' E1) and (VZ' Ea)' are regular digraphs of
degree 1 and 2 respectively., Since (v, v)¢ E, for any vertex v
in (V,], E,,) e« Hence it is normal regular. 1In Fig. 2.3.2, Wwe sce
that (u5.1u5) ¢ E2 which (u, u) € E2 for all other vertices u .

Hence (VZ’ E2) is not a normal regular digraph.

24341 Theorem Let (V, E) be a digraph of n vertices. If

E= VXV, then (V, E) is a regular digraph of degree n.

Proof : Let (V, E) be a digraph of n vertices and E = V X V .

Let V

iv,‘, Vo v3, seey Vo i « I'or each vié V, we have

l) (vi) = lue \) , (vi’ U.) GE}' = {V," Va,'VB’-ooo? Vn}.

and f(vi) = {w €V / (w, vi) € ES’ = iv,]' v2, v3, seey vn} .
Thus ll, (vi)l = lf (vi)' = n .

Hence (V, V X V) is a regular digraph of degree n .

QaED
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2e342 Theorem Let (v, E‘I) and (V, EZ) be regular digraphs of

degree m and degree k respectively, If EZS E, and E3 = E) - E, ,

then (V, E3) is a regular digraph of degree m = k .

Proof : Let ¥ be an arbitrary element of V, TFor each i = 14243,

let

b, (v &ue v | (v, u) € Ei}

iwéV[ (wy, v) & Ei}

Since (V, E‘I) and (V, E2) are regular digraphs of degree m and k

and ?i (v)

respectively., Hence

\L.](V)‘ = ‘f,] (v) = m and l‘Z (v)‘ = lfa(v)‘ P g

= m-k -

Claim that IL 3(v)' & I f3 (v)

Let u €$2(V) s hence (v, u) € E, s« Since E,€ E hence

2 1

(vy u) € E,' » That'is u'€ é,](v). Therefore éa(v) < &,1(v) a
P 7Y

Similarly we can prove that Pa(v) 2 f,](v).

Let w be any element of 63(v) « Since E3 = E1- E2, hence

w e&B(v) — (v,w) € Ey = E- E,

e (vy WEET, and (v, w) £ E,
& web(v) and wé & ,(v)
=

w 661(") g &)Z(V) .



Hence LB(V) = b,l(v) - bz(v) .

Similarly we can prove that _93(v) = P,(v) = f’z(v) ¢
Hence l 53(v)| = me-k and ’533(v)} = m-k .
Therefore (V, E3) is a regular digraph of degree m - k ,

QoEoDo

2.4 Digraph Isomorphisms, Digraph Automorphisms and Isomorphic

Digraphs

Let (V1, E1) and (V2, EZ) be digraphs. A one - to- one mapping

q) from Vv, onto ¥, is called a digraph isomorphism from (V1, E1)

onto (VZ' E2) if” for each u, v € v,
(uyv)€ E, & (uy,vQ )€ E, o

If there is a digraph isomorphism from (V1, E1) onto (V2, E2),
then we say (V1, Eq) and (VZ' Ez) are isomorphic or (V1, Eq) is

1somorphlc to (V2, EZ) and write (V1, E1) = (V2, E2) 9

For an example, consider the Qigraphs(v1, E1) and (VZ’ E2)

in Fig. 2elte1. and Fig. 2elte2 respectively.
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Fige 2.401 , Fige 2.4.2

Let Q : V,]——-i V2 be a mapping such that u,]\‘) = Vi uzq) = V5
u3l{) = v, and uu\f = v3. It can be verified that k(’ is a
digraph isomorphism from (V1, E,]) onto (V2, E2) . Hence

(V42 B)) = (V,, E,) ,

2.4,1 Remark If (Vo E1)§ (V,y B,) , then it is clear that
gl = 17yl ant e =[5,

2.4e2 Remarks Observe that for any digraph (V, E), the
identity mapping 1 : ¥V is a digraph isomorphism from

(V4 E) onto (V,E).

If k? is a digraph isomerphism from (V'l’ E,]) onto (Va, Ea),
then it can be verified that kf’ " is a digraph isomorphism
from (V2, EZ) onto (V,], E,').

12 '\?1 : v1—>v2 is a digraph isomorphism from (v1, E.!) onto

(V2, Ea) and kpa : VZ—-——) V., is a digrapl.1 isomorphism from

3



’

(V2, E2) onto (V3, E3) « Then it can be verified that k€10 Lf 5 1

the composition of k?1 with k?z is a digraph isomorphism from

(V1, E1) onto (V3, E3).

From the above observation we see that

(1) (v, E) = (V, B) ;

(2) if (v, E,) = (v2, E2), then (vz. E2)= (Vs E1) H

(3) if (v, E) -":’-(vz, E2) and (V,, Ea) = (v3, EB) then
~
(Vqs E,]):*_: (v3, EB).

If ¢ is a digraph isomorphism from (V, E) onto itself, then

\{ is called a digraph automorphism of (V, T).

- 244443 Remark. The above remarks show that the set of all
digraph automorphisms of a digraph(V, E) forms a group under
composition., This group is known as the digraph automorphism

group of (V,E). It will be denoted by rI(V, E).
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