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CHAPTER I

INTRODUCTION

Let (Xi)i∈N be a sequence of random variables in a probability space (Ω,F , P )

and for each n ∈ N,

Sn = X1 +X2 + · · ·+Xn.

We say that (Xi)i∈N satisfies the strong law of large numbers (SLLN) if there

exist sequences of real numbers (an)n∈N and (bn)n∈N such that

Sn − an
bn

a.s.−−→ 0 as n → ∞,

the abbreviation a.s. stands for almost sure convergence.

Now, to study the strong law of large numbers, a simple question comes in

mind. When does the sequence (Xi)i∈N satisfy the SLLN? Many conditions of the

sequence (Xi)i∈N have been found under this question.

In 1983, Etemadi[5] found a sufficient condition of the sequence of nonnegative

random variables with finite variances to obtain the SLLN.

Theorem 1.1. [5] Let (Xi)i∈N be a sequence of nonnegative random variables with

finite variances such that

(i) sup
i∈N

E(Xi) < ∞,

(ii) E(XiXj) 6 E(Xi)E(Xj) for any i < j, and

(iii)
∞∑

i=1

V ar(Xi)

i2
< ∞.

Then

Sn − E(Sn)

n

a.s.−−→ 0 as n → ∞.
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In the same year, he found another conditions for nonnegative random vari-

ables possessing SLLN.

Theorem 1.2. [6] Let (an)n∈N be a sequence of positive real numbers and bn =
n∑

i=1

ai

such that

an
bn

→ 0 and bn → ∞ as n → ∞.

Let (Xi)i∈N be a sequence of nonnegative random variables with finite variances

such that

(i) sup
i∈N

E(Xi) < ∞, and

(ii)
∞∑

j=1

j∑

i=1

aiajCov+(Xi, Xj)

b2j
< ∞

where Cov+(Xi, Xj) = max{Cov(Xi, Xj), 0}. Then

Wn − E(Wn)

bn

a.s.−−→ 0 as n → ∞

where Wn =
n∑

i=1

aiXi.

In 1992, Tapas, Chandra and Goswami[16] also proved the SLLN of the se-

quence of nonnegative random variables with finite variances.

Theorem 1.3. [16] Let (an)n∈N be an increasing sequence of positive real numbers

such that

an → ∞ as n → ∞.

Let (Xi)i∈N be a sequence of nonnegative random variables with finite variances.

Assume that

(i) sup
n∈N

n∑

i=1

E(Xi)

an
< ∞,

(ii) there exists a double sequence (ρi,j)i,j∈N of nonnegative real numbers such

that for each n ∈ N,
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V ar(Sn) 6
n∑

i=1

n∑

j=1

ρi,j , and

(iii)
∞∑

i=1

∞∑

j=1

ρi,j
a2(i∨j)

< ∞ where i ∨ j = max{i, j}.

Then

Sn − E(Sn)

an

a.s.−−→ 0 as n → ∞.

The random variables in Theorem 1.1-1.3 are nonnegative. The followings are

SLLN’s for random variables which nonnegative condition is replaced by depen-

dence properties.

A sequence (Xi)i∈N of random variables is said to be pairwise positively

dependent (pairwise PD) if for any a, b ∈ R,

P (Xi > a,Xj > b) > P (Xi > a)P (Xj > b) for i 6= j

and it is said to be pairwise negatively dependent (pairwise ND) if for any

a, b ∈ R,

P (Xi > a,Xj > b) 6 P (Xi > a)P (Xj > b) for i 6= j.

In 1989, Birkel[2] derived a SLLN for a sequence of PD random variables as follow.

Theorem 1.4. [2] Let (Xi)i∈N be a sequence of pairwise PD random variables

with finite variances. Assume that

(i) sup
i∈N

E|Xi − E(Xi)| < ∞, and

(ii)
∞∑

i=1

Cov(Xi, Si)

i2
< ∞.

Then

Sn − E(Sn)

n

a.s.−−→ 0 as n → ∞.

On the other hand, Matula[12] derived a SLLN for pairwise ND in the year

1992.
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Theorem 1.5. [12] Let (Xi)i∈N be a sequence of identically distributed and pair-

wise ND random variables. Then

Sn

n

a.s.−−→ a as n → ∞ for some constant a ∈ R

if and only if

E(|X1|) < ∞

and if E(|X1|) < ∞, then a = E(X1).

The followings are SLLN’s for pairwise ND random variables which were ob-

tained between 2003-2011.

Theorem 1.6. (Azarnoosh[1], 2003)

Let (Xi)i∈N be a sequence of pairwise ND random variables with finite vari-

ances. Assume that

(i) sup
i∈N

E|Xi| < ∞, and

(ii)
∞∑

i=1

V ar(Xi)

i2
< ∞.

Then

Sn − E(Sn)

n

a.s.−−→ 0 as n → ∞.

Theorem 1.7. (Azarnoosh[1], 2003)

Let (Xi)i∈N be a sequence of pairwise ND random variables such that

(i) sup
i∈N

E|Xi| < ∞,

(ii)
∞∑

i=1

P{|Xi| > i} < ∞,

(iii)
n∑

i=1

E(|Xi|I{|Xi|>i})

n

a.s.−−→ 0 as n → ∞, and

(iv)
∞∑

i=1

E(|X2
i |I{|Xi|6i})

i2
< ∞.

Then

Sn − E(Sn)

n

a.s.−−→ 0 as n → ∞.
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Theorem 1.8. (Nili Sani, Azarnoosh and Bozorgnia[15], 2004)

Let (an)n∈N be a positive and increasing sequence such that

an → ∞ as n → ∞.

Let (Xi)i∈N be a sequence of pairwise ND random variables with finite variances

such that

(i) sup
n∈N

(
n∑

i=1

E(|Xi − E(Xi)|)
an

)
< ∞, and

(ii)
∞∑

i=1

V ar(Xi)

a2i
< ∞.

Then

Sn − E(Sn)

an

a.s.−−→ 0 as n → ∞.

In case of 2-dimensional array of random variables, we let (Xi,j)i,j∈N be a

double sequence of random variables and

Sm,n =
m∑

i=1

n∑

j=1

Xi,j for m,n ∈ N.

We say that (Xi,j)i,j∈N satisfies the strong law of large numbers(SLLN) if

there exist double sequences of real numbers (am,n)m,n∈N and (bm,n)m,n∈N such

that
Sm,n − am,n

bm,n

a.s.−−→ 0 as m,n → ∞.

Note that for a ∈ R, the notation am,n → a as m,n → ∞ means

∀ε > 0∃Nε ∈ N∀m,n ∈ N [m,n > Nε → |am,n − a| < ε] . (1.1)

A double sequence (Xi,j)i,j∈N is said to be pairwise positively dependent

(pairwise PD) if for any a, b ∈ R,

P (Xi,j > a,Xk,l > b) > P (Xi,j > a)P (Xk,l > b) for (i, j) 6= (k, l),

and it is said to be pairwise negatively dependent (pairwise ND) if for any

real numbers a, b ∈ R,
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P (Xi,j > a,Xk,l > b) 6 P (Xi,j > a)P (Xk,l > b) for (i, j) 6= (k, l).

In 1998, a SLLN for a 2-dimensional array of pairwise PD random variables

was proved by Kim, Beak and Seo[10] which extended the works of Etemadi[6]

and Birkel[2].

Theorem 1.9. [10] Let (Xi,j)i,j∈N be a 2-dimensional array of pairwise PD ran-

dom variables with finite variances. Assume that

(i) sup
i,j∈N

E|Xi,j − E(Xi,j)| < ∞, and

(ii)
∑

i, j
i×j>1



∑

k, l
k×l6i×j

Cov(Xi,j , Xk,l)

(i× j)2


 < ∞.

Then

Sm,n − E(Sm,n)

m× n

a.s.−−→ 0 as m× n → ∞.

For a ∈ R, the notation am,n → a as m× n → ∞ means

∀ε > 0∃Nε ∈ N∀m,n ∈ N [m× n > Nε → |am,n − a| < ε] . (1.2)

Note that the convergence of (am,n)m,n∈N as m × n → ∞ implies the conver-

gence of (am,n)m,n∈N as m,n → ∞. In other words, if am,n → a as m × n → ∞,

we have am,n → a as m,n → ∞, to see this, we assume (1.2) holds. Let ε > 0.

Then there exists Nε ∈ N such that for m,n ∈ N, we have m × n > Nε implies

|am,n − a| < ε. Let m,n ∈ N such that m,n > Nε then we have

m× n > Nε ×Nε > Nε implies |am,n − a| < ε.

This proves (1.1). By the way, the following example show that the converse is

not true in general.

Example 1.1. am,n =
(−1)m+n(m+ n)

m× n
for m,n ∈ N.
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We first show that am,n → 0 as m,n → ∞. Let ε > 0. By Archimedean

principle, choose N ∈ N with N >
2

ε
. Then for m,n > N , we have

|am,n − 0| = |(−1)m+n(m+ n)

m× n
| 6 1

n
+

1

m
<

1

N
+

1

N
<

ε

2
+

ε

2
= ε.

Next, we will show that am,n 9 0 as m× n → ∞. Suppose on the contrary that

am,n → 0 as m × n → ∞. Pick ε0 = 1. Then there exists N0 ∈ N such that for

m,n ∈ N,

m× n > N0 =⇒ |am,n − 0| < ε0.

But for m = 1, n = N0 we have m× n > N0 but

|am,n − 0| =
∣∣∣∣
(−1)1+N0(1 +N0)

N0

∣∣∣∣ =
1 +N0

N0

≮ 1.

This is a contradiction. Therefore am,n 9 0 as m× n → ∞.

One year later, in 1999, Kim, Baek and Han[9] generalized Theorem 1.9 to a

weighted sum of 2-dimensional array of pairwise PD random variables.

Theorem 1.10. [9] Let (ai,j)i,j∈N be a 2-dimensional array of positive numbers

and bm,n =
m∑

i=1

n∑

j=1

ai,j such that

am,n

bm,n

→ 0 and bm,n → ∞ as m,n → ∞.

Let (Xi,j)i,j∈N be a 2-dimensional array of pairwise PD random variables with

finite variances such that

(i) sup
i,j∈N

E|Xi,j − E(Xi,j)| < ∞, and

(ii)
∑

i,j
i×j>1



∑

k,l
k×l6i×j

ai,jak,lCov(Xi,j , Xk,l)

b2i,j


 < ∞.

Then

Wm,n − E(Wm,n)

bm,n

a.s.−−→ 0 as m× n → ∞.

where Wm,n =
m∑

i=1

n∑

j=1

ai,jXi,j.
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The purpose of our work is to obtain SLLN for a 2-dimensional array of random

variables. The followings are our results.

Theorem 1.11. Let (am)m∈N and (bn)n∈N be increasing sequences of positive num-

bers such that am, bn > e and

am → ∞ as m → ∞ and bn → ∞ as n → ∞.

Let (Xi,j)i,j∈N be a 2-dimensional array of random variables with finite variances.

Assume that

(i) there exists a double sequence (ρi,j)i,j∈N of nonnegative real numbers such that

for each m,n ∈ N,

V ar(Sm,n) 6
m∑

i=1

n∑

j=1

ρi,j , and

(ii) there exist positive real numbers p, q such that

∞∑

i=1

∞∑

j=1

ρi,j

a
p

2

i × b
q

2

j

< ∞.

Then for any double sequence (cm,n)m,n∈N such that cm,n > a
p

2
m × b

q

2
n for every

m,n ∈ N,

Sm,n − E(Sm,n)

cm,n

a.s.−−→ 0 as m× n → ∞.

Theorem 1.12. Let (am)m∈N and (bn)n∈N be increasing sequences of positive num-

bers such that am, bn > e and

am → ∞ as m → ∞ and bn → ∞ as n → ∞.

Let (Xi,j)i,j∈N be a 2-dimensional array of pairwise ND random variables with

finite variances. If there exist positive real numbers p, q such that

∞∑

i=1

∞∑

j=1

V ar(Xi,j)

a
p

2

i × b
q

2

j

< ∞,

then for any double sequence (cm,n)m,n∈N such that cm,n > a
p

2
m × b

q

2
n for every

m,n ∈ N,
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Sm,n − E(Sm,n)

cm,n

a.s.−−→ 0 as m× n → ∞.

Corollary 1.13. Let (am)m∈N and (bn)n∈N be increasing sequences of positive

numbers such that am, bn > e and

am → ∞ as m → ∞ and bn → ∞ as n → ∞.

Let (Xi,j)i,j∈N be a 2-dimensional array of pairwise ND random variables with

finite variances. If there exist p, q ∈ N such that

∞∑

i=1

∞∑

j=1

V ar(Xi,j)

a
p

2

i × b
q

2

j

< ∞, (1.3)

then for any natural number k > p+ q,

Sm,n − E(Sm,n)

(am + bn)k
a.s.−−→ 0 as m× n → ∞.

Corollary 1.14. Let (Xi,j)i,j∈N be a 2-dimensional array of pairwise ND random

variables with finite variances. If

∞∑

i=1

∞∑

j=1

V ar(Xi,j)

(i× j)2
< ∞,

then

Sm,n − E(Sm,n)

81(m× n)2
a.s.−−→ 0 as m× n → ∞.

Theorem 1.15. Let (Xi,j)i,j∈N and (Yi,j)i,j∈N be 2-dimensional arrays of random

variables on a probability space (Ω,F , P ). If

∞∑

i=1

∞∑

j=1

P{Xi,j 6= Yi,j} < ∞,

then

1

m× n

m∑

i=1

n∑

j=1

(Xi,j − Yi,j)
a.s.−−→ 0 as m× n → ∞.



CHAPTER II

PRELIMINARIES

In this chapter, we review some basic knowledge in probability which will be

used in our work.

2.1 Basic Knowledge in Probability

Definition 2.1. Let Ω be a set and F be a σ-algebra. Let P : F → [0, 1] be a

measure such that P (Ω) = 1. Then (Ω,F , P ) is called a probability space and

P , a probability measure. The set Ω is the sure event and the elements of F
are called events.

A random variable is a function X : Ω → R with the property that for every

Borel set B in R,

X−1(B) := { ω ∈ Ω | X(ω) ∈ B } ∈ F .

Note that the events { ω ∈ Ω | X(ω) > a } are always abbreviated by (X > a).

Let E be an event on Ω. A function IE : Ω → R defined by

IE(ω) =





1, if ω ∈ E,

0, if ω /∈ E

is a random variable which is called an indicator random variable.

Proposition 2.1. Let X, Y be random variables on a probability space (Ω,F , P ).

Then X + Y,XY and cX are random variables on (Ω,F , P ) for any c ∈ R.

Theorem 2.1. Let (Xn)n>1 be a sequence of random variables on (Ω,F , P ). Then

lim inf
n→∞

Xn, lim sup
n→∞

Xn and lim
n→∞

Xn(if it exists) are random variables.
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Note that the abbreviation

“Xn
a.s.−−→ µ as n → ∞”

means there exists a set M ⊂ Ω such that P (M) = 0 and for every ω ∈ Ω−M ,

Xn(ω) → µ as n → ∞.

Let A1, A2, A3, ... be a sequence of events. We define

lim sup
n→∞

An =
∞⋂

m=1

∞⋃

n=m

An

and we often write “An i.o.” to be a representative of lim sup
n→∞

An where i.o. is

the abbreviation for “infinitely often”.

Theorem 2.2. [3] Let (Xn)n>1 be a sequence of random variables on a probability

space (Ω,F , P ). Then

Xn
a.s.−−→ 0 as n → ∞

if and only if for any ε > 0,

P{ |Xn| > ε i.o. } = 0

Theorem 2.3. [3](Borel-Cantelli Lemma).

Suppose that A1, A2, A3, ... is a sequence of events such that
∞∑

n=1

P (An) < ∞. Then

P (lim sup
n→∞

An) = 0.

2.2 Expectation Variance and Covariance

Definition 2.2. Let X be a random variable on a probability space (Ω,F , P ).

Denote

E(X) :=

∫

Ω

XdP

and we say that a random variable X has a finite expectation if E(|X|) < ∞.

Otherwise we say that the expectation of X does not exist and we call E(X) an

expected value of X.
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Theorem 2.4. Let A be an event and IA be an indicator random variable on a

probability space (Ω,F , P ). Then

1. E(IA) = P (A) and

2. if E(|X|) < ∞, then

2.1 |E(X)| 6 E(|X|) and
2.2 E(|X|IA) = 0 if and only if P (A) = 0 or X = 0 almost surely on A.

Proposition 2.2. Let X and Y be random variables and a, b ∈ R. Then the

followings are true.

1. If E(X), E(Y ) < ∞ then E(aX + bY ) = aE(X) + bE(Y ).

2. If X 6 Y , then E(X) 6 E(Y ).

3. |E(X)| 6 E(|X|).

Definition 2.3. Let X be a random variable such that E(|X|) < ∞. Denote

V ar(X) := E[X − E(X)]2

and we say that a random variable X has a finite variance if V ar(X) < ∞.

Otherwise we say that the variance of X does not exist and we call V ar(X) the

variance of X. For any random variables X, Y , we denote

Cov(X, Y ) := E[(X − E(X))(Y − E(Y ))]

and we call Cov(X, Y ) the covariance of X and Y . Note that

0 6 Cov(X,X) = V ar(X).

Proposition 2.3. Let X be a random variable such that E(X2) < ∞. Then

V ar(X) = E(X2)− E2(X).

Theorem 2.5. (Chebyshev’s inequality).

Let X be any random variable. For any c ∈ R, b > 0 and m > 0, we have

P (|X − c| > b) 6
E|X − c|m

bm
.

In particular,

P (|X − E(X)| > b) 6
V ar(X)

b2
.



CHAPTER III

STRONG LAW OF LARGE NUMBERS

FOR 2-DIMENSIONAL ARRAY OF PAIRWISE

NEGATIVELY DEPENDENT RANDOM VARIABLES

In this chapter, we prove a SLLN for a 2-dimensional array of pairwise ND

random variables.

Let (Xi,j)i,j∈N be a 2-dimensional array of random variables. We denote

Sm,n =
m∑

i=1

n∑

j=1

Xi,j for m,n ∈ N.

A double sequence (Xi,j)i,j∈N is said to be pairwise negatively dependent

(pairwise ND) if for any a, b ∈ R and i, j, k, l ∈ N such that (i, j) 6= (k, l),

P (Xi,j > a,Xk,l > b) 6 P (Xi,j > a)P (Xk,l > b).

Throughout this work, C stands for a constant which may be different in each

appearance.

3.1 Auxiliary Results

Proposition 3.1. ([7] pp.313) Let (Xi,j)i,j∈N be a double sequence of pairwise ND

random variables. Then

Cov(Xi,j, Xk,l) 6 0 for (i, j) 6= (k, l).

Proposition 3.2. ([14] pp.42) Let (λi,j)i,j∈N be a double sequence of positive num-

bers such that for all i, j ∈ N,

λi+1,j − λi,j > 0, λi,j+1 − λi,j > 0, λi+1,j+1 − λi+1,j − λi,j+1 + λi,j > 0 (3.1)
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and

λi,j → ∞ as max {i, j} → ∞. (3.2)

Let (ai,j)i,j∈N be a double sequence of real numbers. Assume that

(i)
∞∑

i=1

∞∑

j=1

ai,j
λi,j

< ∞ and

(ii)
∞∑

k=1

ai,k
λi,k

< ∞ for every i ∈ N and
∞∑

k=1

ak,j
λk,j

< ∞ for every j ∈ N.

Then

1

λm,n

m∑

i=1

n∑

j=1

ai,j → 0 as max {m,n} → ∞.

We here note that for a double indexed sequence of real number (am,n)m,n∈N

and a ∈ R, the notation am,n → a as max{m,n} → ∞ means

∀ε > 0∃Nε ∈ N∀m,n ∈ N [max{m,n} > Nε → |am,n − a| < ε] .

The following proposition is a Borel-Cantelli lemma for a sequence of double

indexed events .

Proposition 3.3. Let (Ei,j)i,j∈N be a double sequence of events on a probability

space (Ω,F , P ). Then

∞∑

i=1

∞∑

j=1

P (Ei,j) < ∞ implies P{Ei,j i.o.} = 0

where {Ei,j i.o.} =
∞⋂

k=1



⋃

i,j
i×j>k

Ei,j


.

Proof. Let L ∈ R be such that L =
∞∑

i=1

∞∑

j=1

P (Ei,j). First note that

lim
k→∞

k∑

i=1

k∑

j=1

P (Ei,j) = lim
k→∞

b
√
kc∑

i=1

b
√
kc∑

j=1

P (Ei,j) = L,
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where b
√
kc denote the greatest integer smaller than or equal

√
k. Since

P (Ei,j) > 0 for all i, j ∈ N, we have for any k ∈ N,

b
√
kc∑

i=1

b
√
kc∑

j=1

P (Ei,j) 6
∑

i,j
i×j6k

P (Eij) 6
k∑

i=1

k∑

j=1

P (Ei,j)

which implies that

L = lim
k→∞

b
√
kc∑

i=1

b
√
kc∑

j=1

P (Ei,j) 6 lim
k→∞

∑

i,j
i×j6k

P (Eij) 6 lim
k→∞

k∑

i=1

k∑

j=1

P (Ei,j) = L.

Hence lim
k→∞

∑

i,j
i×j6k

P (Eij) = L. Therefore

P{Ei,j i.o.} = lim
k→∞

P
( ⋃

i,j
i×j>k

Ei,j

)

6 lim
k→∞

∑

i,j
i×j>k

P (Ei,j)

= lim
k→∞




∞∑

i=1

∞∑

j=1

P (Ei,j)−
∑

i,j
i×j6k−1

P (Ei,j)




= L− lim
k→∞




∑

i,j
i×j6k−1

P (Ei,j)




= L− L

= 0.

This completes the proof.

Proposition 3.4. Let (Xi,j)i,j∈N be a 2-dimensional array of random variables on

a probability space (Ω,F , P ). Then

Xi,j
a.s.−−→ 0 as i× j → ∞

if and only if

∀ε > 0, P{|Xi,j| > ε i.o.} = 0. (3.3)
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Proof. For ε > 0 and k ∈ N, we denote

Ak(ε) =
⋂

i,j
i×j>k

{|Xi,j| 6 ε} and A(ε) =
∞⋃

k=1

Ak(ε).

We have

{|Xi,j| > ε i.o.} =
∞⋂

k=1



⋃

i,j
i×j>k

{|Xi,j| > ε}


 =

∞⋂

k=1

Ac
k(ε). (3.4)

(⇒) Assume that Xi,j
a.s.−−→ 0 as i × j → ∞. Then there exists Ω0 ⊆ Ω such that

P (Ωc
0) = 0 and

∀ω ∈ Ω0, Xij(ω) → 0 as i× j → ∞.

Let ε > 0 be given. For each ω ∈ Ω0, the convergence of {Xi,j(ω)} to 0 as

i× j → ∞ implies that, there exists Kε ∈ N such that

i× j > Kε =⇒ |Xi,j(ω)| 6 ε.

This shows that ω ∈ AKε
(ε) and so Ω0 ⊆

∞⋃

k=1

Ak(ε). From this facts and (3.4) we

have that

P ({|Xi,j| > ε i.o.}) = P (
∞⋂

k=1

Ac
k(ε)) 6 P (Ωc

0) = 0.

(⇐) Assume that (3.3) holds. Let Ω0 =
∞⋂

n=1

A(
1

n
). It follows from (3.4) that

P (A(
1

n
)) = P (

∞⋃

k=1

Ak(
1

n
))

= 1− P (
∞⋂

k=1

Ac
k(
1

n
))

= 1− P ({|Xi,j| >
1

n
i.o.})

= 1. (3.5)

Since for each n ∈ N, {|Xi,j| <
1

n+ 1
} ⊆ {|Xi,j| <

1

n
}, we have

A(
1

n+ 1
) ⊆ A(

1

n
) for all n ∈ N.
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It follows from monotone property of probability measure and (3.5) that

P (Ω0) = P (
∞⋂

n=1

A(
1

n
)) = lim

n→∞
P (A(

1

n
)) = 1. (3.6)

Let ω ∈ Ω0. Then ω ∈ A( 1
n
) for all n ∈ N. In other word, for each n ∈ N, there

exists Kn ∈ N such that,

i× j > Kn =⇒ |Xi,j(ω)| 6
1

n
. (3.7)

For arbitrary ε > 0, by Archimedean property, there exists nε ∈ N such that

1
nε

< ε. Then (3.7) holds for nε, that is, there exists Knε
∈ N such that

i× j > Knε
=⇒ |Xi,j(ω)| 6

1

nε

< ε.

This means {Xi,j(ω)} converges to 0 for all ω in a set of probability 1 and this

complete the proof.

Theorem 3.1. Let (Xi,j)i,j∈N be a 2-dimensional array of random variables on a

probability space (Ω,F , P ). If

∞∑

i=1

∞∑

j=1

P (|Xi,j| > ε) < ∞ for all ε > 0

then

Xi,j
a.s.−−→ 0 as i× j → ∞.

Proof. Follow directly from Proposition 3.3 and Proposition 3.4 with

Ei,j(ε) = { ω | |Xi,j(ω)| > ε }

for ε > 0 and i, j ∈ N.

3.2 Main Results and Proofs

Theorem 3.2. Let (am)m∈N and (bn)n∈N be increasing sequences of real numbers

such that am, bn > e and

am → ∞ as m → ∞ and bn → ∞ as n → ∞.
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Let (Xi,j)i,j∈N be a 2-dimensional array of random variables with finite variances.

Assume that

(i) there exist a double sequence (ρi,j)i,j∈N of nonnegative real numbers such that

for each m,n ∈ N,

V ar(Sm,n) 6
m∑

i=1

n∑

j=1

ρi,j, and

(ii) there exist positive real numbers p, q such that

∞∑

i=1

∞∑

j=1

ρi,j

a
p

2

i × b
q

2

j

< ∞.

Then for any double sequence (cm,n)m,n∈N such that cm,n > a
p

2
m × b

q

2
n for every

m,n ∈ N,

Sm,n − E(Sm,n)

cm,n

a.s.−−→ 0 as m× n → ∞.

Proof. Assume (i) and (ii) hold. Let m,n ∈ N and define

f(m) = bln amc and g(n) = bln bnc.

Clearly, f and g are increasing and also

f(m) 6 ln am < f(m) + 1 and g(n) 6 ln bn < g(n) + 1

which imply that

ef(m) 6 am < ef(m)+1 and eg(n) 6 bn < eg(n)+1.
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Let ε > 0 be given. Then by Chebyshev’s inequality,

∞∑

m=1

∞∑

n=1

P

{ |Sm,n − E(Sm,n)|
cm,n

> ε

}

6 C
∞∑

m=1

∞∑

n=1

V ar(Sm,n)

c2m,n

6 C
∞∑

m=1

∞∑

n=1

1

c2m,n

m∑

i=1

n∑

j=1

ρi,j

= C
∞∑

i=1

∞∑

j=1

ρi,j

∞∑

m=i

∞∑

n=j

1

c2m,n

6 C

∞∑

i=1

∞∑

j=1

ρi,j

∞∑

m=i

∞∑

n=j

1

apm × bqn

6 C

∞∑

i=1

∞∑

j=1

ρi,j

∞∑

m=i

∞∑

n=j

1

e(pf(m)+qg(n))
. (3.8)

We need the following facts to obtain the next inequality. For each i, j ∈ N, let

Ai = { s ∈ N : ef(s)+1 > ai } and Bj = { t ∈ N : ef(t)+1 > bj }

and

ĩ = minAi and j̃ = minBj.

Since i ∈ Ai and j ∈ Bj, we have ĩ 6 i and j̃ 6 j. From this facts and (3.8), we

have

∞∑

m=1

∞∑

n=1

P

{ |Sm,n − E(Sm,n)|
cm,n

> ε

}

6 C

∞∑

i=1

∞∑

j=1

ρi,j

∞∑

m=ĩ

∞∑

n=j̃

1

e(pf(m)+qg(n))

= C
∞∑

i=1

∞∑

j=1

ρi,j

∞∑

m=ĩ

1

epf(m)

∞∑

n=j̃

1

eqg(n)

To obtain the next inequality, we have to prove that for each m ∈ N,

am > e =⇒ 2bln(am+1)c > bln(am)c+ 1. (3.9)

Let m ∈ N. Assume that

2bln(am+1)c < bln(am)c+ 1.
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By increasing property of logarithm function,

2bln(am+1)c < bln(am)c+ 1 6 bln(am+1)c+ 1

which implies that bln(am+1)c < 1. So ln(am+1) < 1 and hence am < am+1 < e.

Similarly, we have (3.9) holds for (bn)n∈N. Therefore

ebln(am+1)c > e
1

2
(bln(am)c+1) and ebln(bn+1)c > e

1

2
(bln(bn)c+1).

i.e. for every m ∈ N,

ef(m+1) > e
1

2
(f(m)+1) and eg(m+1) > e

1

2
(g(m)+1).

Now, the inequality becomes

∞∑

m=1

∞∑

n=1

P

{ |Sm,n − E(Sm,n)|
cm,n

> ε

}

6 C

∞∑

i=1

∞∑

j=1

ρi,j

∞∑

m=ĩ

1

epf(m)

∞∑

n=j̃

1

eqg(n)

6 C
∞∑

i=1

∞∑

j=1

ρi,j

∞∑

m=f (̃i)

1

e
1

2
pm

∞∑

n=g(j̃)

1

e
1

2
qn

where
∞∑

m=f (̃i)

1

e
1

2
pm

and
∞∑

n=g(j̃)

1

e
1

2
qn

are geometric series whose common ratio
(
1
e

) p

2

and
(
1
e

) q

2 respectively which are both less than 1 for all p, q > 0. This guarantees

the convergences of series. Hence

∞∑

m=1

∞∑

n=1

P

{ |Sm,n − E(Sm,n)|
cm,n

> ε

}
6 C

∞∑

i=1

∞∑

j=1

ρi,j

(
1

e
1

2
pf (̃i)

)(
1

e
1

2
qg(j̃)

)
. (3.10)

Since ĩ ∈ Ai and j̃ ∈ Bj, we have

1

ef (̃i)
< e · 1

ai
and

1

eg(j̃)
< e · 1

bj
.

From this facts and (3.10) together with our assumption (ii), we have

∞∑

m=1

∞∑

n=1

P

{ |Sm,n − E(Sm,n)|
cm,n

> ε

}
6 C

∞∑

i=1

∞∑

j=1

ρi,j

a
p

2

i × b
q

2

j

< ∞.

By Theorem 3.1, we have

Sm,n − E(Sm,n)

cm,n

a.s.−−→ 0 as m× n → ∞
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as desired.

Theorem 3.3. Let (am)m∈N and (bn)n∈N be increasing sequences of positive num-

bers such that am, bn > e and

am → ∞ as m → ∞ and bn → ∞ as n → ∞.

Let (Xi,j)i,j∈N be a 2-dimensional array of pairwise ND random variables with

finite variances. If there exist positive real numbers p, q such that

∞∑

i=1

∞∑

j=1

V ar(Xi,j)

a
p

2

i × b
q

2

j

< ∞,

then for any double sequence (cm,n)m,n∈N such that cm,n > a
p

2
m × b

q

2
n for every

m,n ∈ N,

Sm,n − E(Sm,n)

cm,n

a.s.−−→ 0 as m× n → ∞.

Proof. By the virtue of ND property, it follows from Proposition 3.1 that

V ar(
m∑

i=1

n∑

j=1

Xi,j) =
m∑

i=1

n∑

j=1

V ar(Xi,j) +
∑

i,j,k,l
(i,j) 6=(k,l)

Cov(Xi,j, Xk,l)

6

m∑

i=1

n∑

j=1

V ar(Xij).

Then substituting V arXij for ρij for all i, j ∈ N in Theorem 3.2 verifies the

proof.

Corollary 3.4. Let (am)m∈N and (bn)n∈N be increasing sequences of positive num-

bers such that am, bn > e and

am → ∞ as m → ∞ and bn → ∞ as n → ∞.

Let (Xi,j)i,j∈N be a 2-dimensional array of pairwise ND random variables with

finite variances. If there exist p, q ∈ N such that

∞∑

i=1

∞∑

j=1

V ar(Xi,j)

a
p

2

i × b
q

2

j

< ∞, (3.11)

then for any natural number k > p+ q,
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Sm,n − E(Sm,n)

(am + bn)k
a.s.−−→ 0 as m× n → ∞.

Proof. Let p, q ∈ N satisfying (3.11) and k ∈ N such that k > p + q. Choose

cm,n = (am + bn)
k, then

cm,n > (am + bn)
p+q > apm × bqn > a

p

2
m × b

q

2
n .

It follows from Theorem 3.3 that

Sm,n − E(Sm,n)

(am + bn)k
a.s.−−→ 0 as m× n → ∞.

Corollary 3.5. Let (Xi,j)i,j∈N be a 2-dimensional array of pairwise ND random

variables with finite variances. If

∞∑

i=1

∞∑

j=1

V ar(Xi,j)

(i× j)2
< ∞,

then

Sm,n − E(Sm,n)

81(m× n)2
a.s.−−→ 0 as m× n → ∞.

Proof. For each m,n ∈ N, put am = 3m, bn = 3n and let cm,n = a2m × b2n. Then

by choosing p = q = 4, we have cm,n > a
p

2
m × b

q

2
n . The result follows from Theorem

3.3.

Theorem 3.6. Let (Xi,j)i,j∈N and (Yi,j)i,j∈N be 2-dimensional arrays of random

variables on a probability space (Ω,F , P ). If

∞∑

i=1

∞∑

j=1

P{Xi,j 6= Yi,j} < ∞ (3.12)

then

1

m× n

m∑

i=1

n∑

j=1

(Xi,j − Yi,j)
a.s.−−→ 0 as m× n → ∞.
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Proof. Assume (3.12) holds. Let Ω0 =
∞⋂

k=1

⋃

i,j
i×j>k

{Xi,j 6= Yi,j}.

By Proposition 3.3, we have

P (Ω0) = P




∞⋂

k=1

⋃

i,j
i×j>k

{Xi,j 6= Yi,j}


 = P ({Xi,j 6= Yi,j} i.o.) = 0

For every ω ∈ Ωc
0, we will first show that

∞∑

i=1

∞∑

j=1

1

i× j
(Xi,j(ω)− Yi,j(ω)) < ∞, (3.13)

∞∑

j=1

1

i× j
(Xi,j(ω)− Yi,j(ω)) < ∞ for every i ∈ N (3.14)

and
∞∑

i=1

1

i× j
(Xi,j(ω)− Yi,j(ω)) < ∞ for every j ∈ N. (3.15)

Then from (3.13), (3.14) and (3.15), we can apply Proposition 3.2 with λi,j = i×j

that

1

m× n

m∑

i=1

n∑

j=1

(Xi,j(ω)− Yi,j(ω)) → 0 as max{m,n} → ∞.

We here note that for a double sequence (am,n)m,n∈N and a ∈ R,

am,n → a as max{m,n} → ∞ =⇒ am,n → a as m× n → ∞.

So for every ω ∈ Ωc
0,

1

m× n

m∑

i=1

n∑

j=1

(Xi,j(ω)− Yi,j(ω)) → 0 as m× n → ∞.

By the fact that P (Ωc
0) = 1, we have

1

m× n

m∑

i=1

n∑

j=1

(Xi,j − Yi,j)
a.s.−−→ 0 as m× n → ∞

as desired.

To prove (3.13), (3.14) and (3.15), let ω ∈ Ωc
0. Then there exists kω ∈ N such

that for i, j ∈ N,

i× j > kω =⇒ Xi,j(ω) = Yi,j(ω). (3.16)
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Thus for each ω ∈ Ωc
0, (Xi,j(ω))i,j∈N and (Yi,j(ω))i,j∈N are different only finitely

many terms. This implies that (3.13) holds.

For fixed i ∈ N, we can find a large j0 ∈ N such that (3.16) holds for all j > j0

which means that there are only finitely many different terms of (Xi,j(ω))i,j∈N and

(Yi,j(ω))i,j∈N. So for fixed i ∈ N,

∞∑

j=1

1

i× j
(Xi,j(ω)− Yi,j(ω)) < ∞.

Similarly, for fixed j ∈ N,

∞∑

i=1

1

i× j
(Xi,j(ω)− Yi,j(ω)) < ∞.

Now (3.14) and (3.15) are proved and this completes the proof.

3.3 Examples

Example 3.1. A box contains pq balls of p different colors and q different sizes

in each color. Pick 2 balls randomly.

Let X̃i,j , i = 1, 2, . . . , p and j = 1, 2, . . . , q be a random variable indicating the

presence of a ball of the ith color and the jth size such that

X̃i,j =





1, if the ith color and jth size of ball is picked,

0, otherwise.

For i, j ∈ N, let Xi,j be a random variable defined by

Xi,j =





X̃i,j , if 1 6 i 6 p and 1 6 j 6 q,

0, otherwise.

Then for any double sequence (cm,n)m,n∈N such that cm,n > 81(m × n)2 for every

m,n ∈ N, we have

Sm,n − E(Sm,n)

cm,n

a.s.−−→ 0 as m× n → ∞.

In particular,
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Sm,n − E(Sm,n)

81(m× n)2
a.s.−−→ 0 as m× n → ∞.

Proof. We first show that Xi,j ’s are pairwise ND random variables, i.e. for

i, j, k, l ∈ N such that (i, j) 6= (k, l) and a, b ∈ R such that

P (Xi,j > a,Xk,l > b) 6 P (Xi,j > a)P (Xk,l > b). (3.17)

Let i, j, k, l ∈ N and a, b ∈ R such that (i, j) 6= (k, l).

If i > p or j > q, we have

P (Xi,j > a) =





1, if a < 0,

0, if a > 0

which implies that (3.17) holds for all k, l ∈ N and b ∈ R. Similarly, if k > p or

l > q, we have (3.17) holds for all i, j ∈ N and a ∈ R. WLOG, we will show that

(3.17) holds for all 1 6 i, k 6 p and 1 6 j, l 6 q.

Assume that 1 6 i, k 6 p and 1 6 j, l 6 q.

case 1 a < 0. We have P (Xi,j > a) = 1. So (3.17) holds.

case 2 0 6 a < 1. We have

P (Xi,j > a) = P (Xi,j = 1) =
pq − 1
pq

2




=
2

pq
.

case 2.1 b < 0. We have P (Xk,l > b) = 1 and hence (3.17) holds.

case 2.2 0 6 b < 1. We have

P (Xk,l > b) = P (Xk,l = 1) =
pq − 1
pq

2




=
2

pq

and

P (Xi,j > a,Xk,l > b) = P (Xi,j = 1, Xk,l = 1) =
1

pq

2




=
2

pq(pq − 1)
.

Since pq > 2, we have 2pq − 2 > pq and then
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2

pq
>

1

pq − 1
.

Therefore

P (Xi,j > a,Xk,l > b) =
2

pq(pq − 1)
6

(
2

pq

)2

= P (Xi,j > a)P (Xk,l > b).

case 2.3 b > 1. We have P (Xk,l > b) = 0. So P (Xi,j > a,Xk,l > b) = 0 and

then (3.17) holds.

case 3 a > 1. We have P (Xi,j > a) = 0. So P (Xi,j > a,Xk,l > b) = 0 and then

(3.17) holds.

By any cases, we have Xi,j ’s are pairwise ND.

Next, we will find E(Xi,j) and V ar(Xi,j).

E(Xi,j) =
1∑

x=0

xP (Xi,j = x) = P (Xi,j = 1) =
pq − 1
pq

2




=
2

pq

and

V ar(Xi,j) = E(X2
i,j)− E2(Xi,j)

=
1∑

x=0

x2P (Xi,j = x)−
(

2

pq

)2

=
2

pq
− 4

(pq)2
.

Since
m∑

i=1

n∑

j=1

V ar(Xi,j)

(i× j)2
=

(
2

pq
− 4

(pq)2

) m∑

i=1

n∑

j=1

1

(i× j)2
,

we have
∞∑

i=1

∞∑

j=1

V ar(Xi,j)

(i× j)2
= lim

m,n→∞

(
m∑

i=1

n∑

j=1

V ar(Xi,j)

(i× j)2

)

= lim
m,n→∞

((
2

pq
− 4

(pq)2

) m∑

i=1

n∑

j=1

1

(i× j)2

)

=

(
2

pq
− 4

(pq)2

)
lim

m,n→∞

(
m∑

i=1

n∑

j=1

1

(i× j)2

)

=

(
2

pq
− 4

(pq)2

) ∞∑

i=1

∞∑

j=1

1

(i× j)2

< ∞
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because
∞∑

i=1

∞∑

j=1

1

(i× j)2
< ∞. By applying Corollary 3.5, for any double sequence

(cm,n)m,n∈N such that cm,n > 81(m× n)2 for every m,n ∈ N, we have

Sm,n − E(Sm,n)

cm,n

a.s.−−→ 0 as m× n → ∞.

In particular,

Sm,n − E(Sm,n)

81(m× n)2
a.s.−−→ 0 as m× n → ∞.

Example 3.2. An urn contains pq candies of p different brands and each brand

having q distinct flavours. Pick 2 candies randomly.

Let X̃i,j , i = 1, 2, . . . , p and j = 1, 2, . . . , q be a random variable indicating the

presence of a candy of the ith brand and the jth flavour such that

X̃i,j =





2ij, if the ith brand and jth flavour of candy is chosen,

0, otherwise.

For i, j ∈ N, a random variable Xi,j be defined such that

Xi,j =





X̃i,j , if 1 6 i 6 p and 1 6 j 6 q,

0, otherwise.

Then for any double sequence (cm,n)m,n∈N such that cm,n > (3m)
p0
2 × (3n)

q0
2 for

any p0, q0 > 3, we have

Sm,n − E(Sm,n)

cm,n

a.s.−−→ 0 as m× n → ∞.

In particular,

Sm,n − E(Sm,n)

81(m× n)2
a.s.−−→ 0 as m× n → ∞.

Proof. We first show that Xi,j ’s are pairwise ND random variables. Let i, j, k, l ∈
N and a, b ∈ R such that (i, j) 6= (k, l).

If i > p or j > q, we have
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P (Xi,j > a) =





1, if a < 0,

0, if a > 0

which implies that (3.17) holds for all k, l ∈ N and b ∈ R. Similarly, if k > p or

l > q we have (3.17) holds for all i, j ∈ N and a ∈ R. WLOG, we will show that

(3.17) holds for all 1 6 i, k 6 p and 1 6 j, l 6 q.

Assume that 1 6 i, k 6 p and 1 6 j, l 6 q.

case 1 a < 0. We have P (Xi,j > a) = 1. So (3.17) holds.

case 2 0 6 a < 2ij. We have

P (Xi,j > a) = P (Xi,j = 2ij) =
pq − 1
pq

2




=
2

pq
.

case 2.1 b < 0. We have P (Xk,l > b) = 1 and hence (3.17) holds.

case 2.2 0 6 b < 2kl. We have

P (Xk,l > b) = P (Xk,l = 2kl) =
pq − 1
pq

2




=
2

pq

and

P (Xi,j > a,Xk,l > b) = P (Xi,j = 2ij,Xk,l = 2kl) =
1

pq

2




=
2

pq(pq − 1)
.

Since pq > 2, we have 2pq − 2 > pq and then

2

pq
>

1

pq − 1
.

Therefore

P (Xi,j > a,Xk,l > b) =
2

pq(pq − 1)
6

(
2

pq

)2

= P (Xi,j > a)P (Xk,l > b).

case 2.3 b > 2kl. We have P (Xk,l > b) = 0. So P (Xi,j > a,Xk,l > b) = 0 and

then (3.17) holds.

case 3 a > 2ij. We have P (Xi,j > a) = 0. So P (Xi,j > a,Xk,l > b) = 0 and then
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(3.17) holds.

By any cases, we have Xi,j ’s are pairwise ND.

Next, we will find E(Xi,j) and V ar(Xi,j).

E(Xi,j) = 2ijP (Xi,j = 2ij) = 2ij · pq − 1
pq

2




=
4ij

pq

and

V ar(Xi,j) = E(X2
i,j)− E2(Xi,j)

= 4i2j2P (Xi,j = 2ij)−
(
4ij

pq

)2

=
8i2j2

pq
− 16i2j2

p2q2
.

Let p0, q0 > 3. Then

m∑

i=1

n∑

j=1

V ar(Xi,j)

ip0 × jq0
=

m∑

i=1

n∑

j=1

1

ip0 × jq0

(
8i2j2

pq
− 16i2j2

p2q2

)

=

(
8

pq
− 16

p2q2

) m∑

i=1

n∑

j=1

1

ip0−2 × jq0−2

and we have

∞∑

i=1

∞∑

j=1

V ar(Xi,j)

ip0 × jq0
= lim

m,n→∞

(
m∑

i=1

n∑

j=1

V ar(Xi,j)

ip0 × jq0

)

= lim
m,n→∞

((
8

pq
− 16

p2q2

) m∑

i=1

n∑

j=1

1

ip0−2 × jq0−2

)

=

(
8

pq
− 16

p2q2

)
lim

m,n→∞

(
m∑

i=1

n∑

j=1

1

ip0−2 × jq0−2

)

=

(
8

pq
− 16

p2q2

) ∞∑

i=1

∞∑

j=1

1

ip0−2 × jq0−2

< ∞

because
∞∑

i=1

∞∑

j=1

1

ip0−2 × jq0−2
< ∞. By applying Corollary 3.5, for any double

sequence (cm,n)m,n∈N such that cm,n > (3m)
p0
2 × (3n)

q0
2 for every m,n ∈ N, we

have
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Sm,n − E(Sm,n)

cm,n

a.s.−−→ 0 as m× n → ∞.

In particular,

Sm,n − E(Sm,n)

81(m× n)2
a.s.−−→ 0 as m× n → ∞.
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[14] Móricz, F. The Kronecker lemmas for multiple series and some applications.
Acta Mathematica Academiae Scientiarum Hungaricae. 37(1981): 39-50.



32

[15] Nili Sani, H.R.; Azarnoosh, H.A.; and Bozorgnia, A. The strong law of large
numbers for pairwise negatively dependent random variables. Iranian Journal

of Science & Technology. 28(2004): 211-217.

[16] Tapas, K.; Chandra; Goswami, A. Cesáro uniform integrability and strong
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