CHAPTZR VI

FIXED POINT THEOREM OF THE ALTERNATIV: FOR CONTRACTION

ON A GENERALIZED SEMI-METRIC SP.CT

The materials of this chapter are drawn from reference [5].

6.1.1 Theorem. Let (7, d) be a generalized scmi-metric space
o \

with the canonical decomposition I = U'{Ei/¢.€ W’f .

Let T : T -——> & be a contraction. If there exists an

X € E such that d(xo, T(-Xo)) < #@ . Then for some o, € %,

the restriction T/ s /which will be denoted by Ti s 1s a
__Jdb o)

contraction.

Proof. [fissume that there exists x, & I such that

d (xo, T(xo)) < + o . Therefore X s T(xo) helong to the same

By  for some o, € %, s Since’'T is contraction, hence therc exisis
¢

q € [0, 1) such thag)for any y € =l
)

d (TGe)y T(y)) & q alx_, ¥).

Since x_, ¥ € Iy , hence d(x_ , y) < +w . So that
o o 0

d(T(xo), T(y)) <+ 00 , i.c. T(y) € T, « Thercfore the
[e]

restriction T* is contraction. The proof is complete,
o]

6.1.2. Corollary. Let (B, d) be a complete gencralized semi-
metric space with the canonical decomposition & = U {E& [ & 69‘\*} N

Let T : % —> I be a contiruous map such that



Lo

(1) T[i; : E&~—~M>E&‘ for each d € *‘,

.

(ii) qu is contraction for some positive integer p.
Then either
(1) for every x € I, a(x, T°(x)) = + o
or (B) there is an x € T such that alx, T™(x)) = oO.
Proof. If (i) does not hold then there is an X ¢ I such that
d(xo, Tp(xo)) < +®® , By theorem 6.1.1, there exists d € K

such that the restriction qf ¥g' contraction. By Banach's

e)
contraction theorem, there cxistsan x ¢ E& C I such that
0
d(T(x), x) = 0. The proéf is complcte.

6.1.3 Remark. Without doadition!(i), our proof of corollary 6.1.2
is not valid. To justify thisy we give the following counter
examplce.

Let E = BpU-E S wherc £, =-[0, 1] and T, =[2, 3]
with a generalized metric d, given by
JWX = Fd A Xy e € El or x, y € E,,
a(x, y) =¢

{ £ otherwise:

Then E = El U E, is the canonical decomposition of E. Let
o

T ¢ E-———> % be defined by
{ I

- ™
- X + 2 X & By
T(x) =
}(x-z) x €L
2 2
Then Ta(x) is a contraction, but T/ﬁ : D > I,

1
PL : E,— E. and neither (i) nor (B) hold.
E2 2 1



Proof, For any x, vy € &

1
[ = x x € I,
2 n 1

T (x) = <1
L r(x=-2)+ 2 x € B.e
L e

and
’1 ™
, , E 7 lx - v | Xy ¥ € Ly or x, y € E2 '
d(T7(x), T°(y)) = ¢

L + 0 otherwise

)
Hence d(Ta(x), T (y)) < d(x,/zz/ for all xz, y € E. Therefore
///

LZ is a contraction map;_fo xheidii;nlflon of Ty we sce that

o W o n e d he 1
T/'E1 N y %; ) —> Li and hence d(x, T(x))
for all x. Thereford ,gsgrvé that a(x, T(x)) < + © for all

x and d(x, T(x)) ¢ O /fcv 1ny«&' The prOOL ic complete,

/  fu~Ah4»/
/| )
6ol Corollary. Lot (i vidde leamn T/- for ecach 4 ¢ & be
T R &

as in corollary 6. 1¢g. For any x 5iE'JJV,let

x, o= f?;:Il\__iﬁx;a&i/&¢ sitive integers n.

Then cither

(5) d(xn+1, xn) ENE S for/allpositive integers n
or (B) an} d-converges to some point x € E and
d (r(x), x) = 0. Furthermore, if therec exists y € T such
that a(T(y), y) = 0, then d(x, y) = oO.

Proof. If (i) does not hold, then there exists n_ such that

d(xno+l’ xno) & d(Tp(an, xno) <+ @ . By theorem 6.1.1, there

cxists Ac)e A such that Xn 410 %, € E&' and the restriction

Ti is contraction. So that therc exis tﬁ q ¢ [0y, 1 ) such that

o

= 4+



s Gl 2
© e

L2

b -
21 +1)’ e (Xn )< q J(xn +1%n )
o 0 o 0 o)

< 4+ 00

and hence % , € B, . Therefore x_€ &, for alln > n_ . By
n_+ n A )

o 0

corollary 3.l.6, {ixd} d=-converges to a point x € ?&C: L and

(@)

d(T(x), x) = 0. By Banach's contraction theorem, if there exists

y € Ed.C. E such that a(T(y), y) = 0, then da(x, y) = 0. Our
o)

precof is complete.

6+1.5 Corollary. ;6ﬁﬁlct3 generalized metric

space with the canonicﬁl décomposition'E = D‘{Ed /o € ?¥§.

4
N |

Let T : E——F bé,a/continubus mapssuch that
(i) T/q, H d-—~—% T& for each d € #V,
FU y

s b
(ii) T is contraction for sonc positive integer p.

y

)

Thzn either
‘/‘
(A) for everwX_ € E, d(x, g xl) = + 0 |,
) (m
or (B) T has a fixed point.

FProof. The proof is sdmilar to the proof of corollary 6.1.2,

except we use the result of (2) instecad of (1) of Banach's con-

traction theoren,

6.1.6 Corollary. Let (B, d), T and T/ for cach d € & be as
.

in corollary 6.1.5. For any x, € E, let

x = TP(X

- n-l) for all positive integers n.

Then either



(a) d(xn+l’ xn) = + o0 for all positive integers n K
or (8) {xn} d-converges to the unique fixed point of T. H
E Proof.  The proof is similar to the proof of corollary 6.1.k4.

But we use the result of (2) instead of (1) of Banach's contraction J

; theorem. 4

AWIAINTAUUNIINY 1A
CHuLALoNGKORN UNIVERSITY




ol

T T T

APPENDIX

Partition of sets

le1l Definition. A relation R in X is an cquivalence relation
Zetinition Ll ve 1

if it satisfies the following conditiong :
(1) (xy, x) € R for all x € X, i.ee R is reflexive ;
(2) (yy x) € R whenever (xy ¥) € R, i.c. R is symmetric;
(3) (x, y) € R and (y, z) € R implies (%, z) € R, ie.c.

R is transitivc.

1.2 Definition. Let R be.and equivalence-relation in X, the set
Ry = {¥//¢/9 %R |
X L / :

is called the equivalente/ dlass dn /X containing . |

le3 Definition. Let X bé a.sct. S partition of X is a class

of non-empty disjointhubsét Ci of -X-—such that U Ci = X 1

1.4 Theorem. Let R be an equivalence relation in X #+ Z, then
the set of all cquivalence class forms a partition of X, called
the partitiggungggailzxja.

Proof. Since R is an equivalence relation, hence (%, x) € R for
all x € X. So that x ¢ Rx and therefore R, # #. Let z belong

to both R_ and Ry, so that (x, z) € R and (y, z) € R. By the
symmetry and transitivity of Ry we have

(yy, x) € R.



If now a ¢ Ry» then by transitivity of R, (y, a) € R.
Hence a € Ry’ ilece Rxc Ry' The same arpument show that a € Ry
implies a € Rx' | . Ryc. Rx' Hence R:‘c = Ry, Therefore distinct
members of a set of all equivalence classes arc disjoint. Since ‘

for any x € X, x € Rxci X, hence X =10 \Ex“}CU R.C X. . f
. 1 - xeX ¢ xex ¥
Thercfore X = U R .,  The proaf is complete.

: xEX ¥, .

‘4‘.
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