CHAPTER V
FIXED POINT THEOREM FOR LOCALLY CONTRACTIVE MLPS

The materials of this chapter are drawn from reference | 1],
We have scen in Banach's contraction tlcorem that if (Z,d)
is a complete metric space and T : E ——5 3 is a contraction

map, then T has the unique fixed;fQint.

It is natural to:iék whether-this theorem could be modified

so as to be valid when/centraction map T is nssumed to hold for

j

sufficiently closed p6int onlys ; To be.more spocific we introducc
y ) Ye i

the following definitiongl o

WA

5eleleDefinition. Let (Ey-@)-be-# gencralizcl seni-metric space.
Let T : E-—>E Ye¢a—maps % |

-

- ' ,f\\\‘*~\~ / fY > .
T is called }9991IY*contr56%ivéj map if for each x €& I,

there exist real numbers Ex 0 Ay with FX"> 0 and q_€{0, 1) such

<

that

Yy z € 8(x, gx) inplies a(T(y), T(z)) < 1, 4y, 2)

T is called an (€, q) - uqiggpmlxh}gggggggrcontqggiixpﬁggi{

if it is locally contractive and both £ and A do not depend on x.
X

5.1.2 Remark. (a) If T is q-contraction for some q € £ 0,1), then T
is (€, q) - uniformly locally contractive for every € > 0.
(b) There arc examples of unifornmly locally contrac-

tive map that are not contraction.
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(¢) Any locally contraction map T is continuous.
First, we prove (a). Let T be a g-contractive map for some
q € [0, 1), then for any x, y € T
A(T(x)y T(y)) € q d(x, y).
Given any € >0, for each x € T and y, z € 8(x, £ )
a(r(y), ™(z)) ¢ q dly, z)
and since ¢ and'q do not depend on x. Thercfore T is (£ , q)=-

uniformly locally contractives.

To prove (b)y we need %o~ construet _a counter cxample.
Consider metric (X, d)y/whére X = {0, 1 } ana
VPN = =0 NN ¢
d(x, y) = A
].1 FEo. Y

for any x, y € Y. Let/{T X >X, defincd by T(0) = 1

and T(1) = O. Them T is (€ gq)Y-unifornly locally contractive,
but T is not g-contraction.

i
s cthére arc only O € S(O, é)

[CR N ol

Proof. Given €. = % and-a =
and 1 € s(1, %) sucﬁ that

a(r(o), m(0)) ¢ % d(0, 0) and a(T(1), T(1)) ;-L a(1,1)
and since € and g do not depend on any element of X. Therefore
T is (€, q)-unifornly locally contractive, 2ut T is not

q-contraction. For O, 1 € X, we have

a(T(o), ™1)) = 1 > q = q a(o, 1)
for all q ¢ [0, 1).
We prove (c)e Let x be any point in E and € > 0 be arbitrary.

Since T is a locally contractive map, therc exist Ex> 0 and

T\okA052:



q, € [0, 1) such that y, z € S(x, EX) implies

a(T(y), T(z)) qxd(y, z). Choose éx = mir.{ € s ¥-§~~} .

Observe that for any y € T if d(x, y) < éx then x, v € S(x, EX).

It follows that d(7(x), T(y)) < Ay d(x, y) < q

»

~

!
o]

»

+
=]
~

Therefore T is a continuous map.

5¢1.3 Definition. Let (3, d) be a semi-metric space and € > 0
a real number. If , for any ¥;)y & T there cxists a finite sot

of point 1 Xy Xq 3000y Xn:} such~that x = X1 ¥ = X, and

d(xi, X;,1) < € for i, d.yn=1. (B, d) is called a

semi-metric &

. / v L
- &l <
.~ Chainablc space and the set | X1 XpreeeX }

will be called an € -/chdin,

P St

5.1.4 Theorem. Let (i, @) be asemi-metric £ -chainable space

such that for any x, y €3#, there exists an € -chain { xn,xl,o.,,xn}
n=1 o -
such that d(x, y) U= igl d(xi’xi+l

( £, q)-uniformly locally contractive map, then T is g-contraction.

JAYIf T ¢+ E—>E is an

Proof. Let y, z. be points in E. Since T is ( €, q)-uniformly
locally contractive, we have

d(i(xi), T(xi+ )) < q d(xi, Xe o)

1

for i = 0,1,0eey n - 1, s0 that

n=1
a(T(y), ™z)) < T d(T(xi), T(xi+l))
i=0
n-1
= / .
Saf  dles % )
1=0

= q d(y, z).
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Therefore T is g~contraction. Our proof is conmplete.

5.1.5 Theorem. (Edelstien) Let (B, d) be a complete semi-

metric £ -chainable spaces T : = >3 is o map which is

( €, q)-uniformly locally contractive. For any x € E,

N x* ¥
{ Tn(x)} d-converges to a point x € I ond a(T(x )y x ) = O,

Moreover, if (E, d) is a complete metric ¢ -chainable spaceg
* - i . - -
then x is the unique fixed point of T.

Proof. Let x be any peint in T Fet { X 21,.°°,xn¥ be an

?’
€ -chain such that x = X 4 T(x) = x o Since
n-1
T - \
d(x, T(x)) /<& ?—o d(xi, X517

and T is a ( £, q)-uniformly Tecally contractive

d(T(Xi), T<Xi+1)) g q d(xi’ }:i.;_l)

< g & o
By induction
m m
a(T (xi), g (xi+

1)) KINEIQE

It follows that

n-1
ar(x), ™)) ¢ A%, ™%, )
i=0 i i+1
< - q m E

50 that for any positive integer ¥ sy mand £ >m

p . .
d(Tm(x), T (x)) ¢ d(Tl(x), Tl+l(x))
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-
= n £ (q" + qm+1 + eoey + q * )
~(1en) J -

< n Eqm(l + q + eee g ‘L*p>+ q "y oos
= n & qm

l-q

. The quantity on the right is equal to 0O when 1 = 0 and

d-converges to O when 0 < 9 < 1, hence the sequence {Tm(x)}

is d-Cauchy. Since (E, a) is a %/,plcte metric space, hence
r 1 o
iTm(x)h} d-converges- t@*ﬂ point X44?‘E. Since T is continuous,

///

un' (x/)( %/d._convarp-e to di (k). But fr‘1+l(1{)} b

.
the sequence 1T

3 ;
subsequence of {T (x)“ qndzhem:e also d-convcvpes to x « Since
(

S e/

0 < a(T(x"), Y < ,d@mgx.), ™) - ar™, <)
7 : PAAN Ls

and the quantities on the;pighﬁhggpvergos to 0, so that we have

ST

AT (YRS,

2
R ———— V) x x :
Morecover, if 4 is acmetric, it follo ifhat *x = T(x ) and if
Sy T
* e

. x .
there exists y € I such that ¥.5=,T(y5)., “hon there exists an

x
£ -chain { X ,Al,...,xn,} such that x = Xy T = X, and

*

o
J(x ¥y ) o= a(r(x®) 5 T(y*))

= a4 (™x"), ™))

n-1 m n
< B d (T (x.), T (x. .))
i=0 1 1+1

/ n . '
= n q & °

Since q € [0, 1), the quantity on the right converges to 0,

» . x
hence d(x; Y ) = 0. Therefore x = ¥e The proof is complete.
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