CHAPTER IV

LXISTENCE .IND UNIGUENTSS THEOREM FOR SOLUTIONS OF DIFFERENTIAL

AND INYEGRAL TQUATIONS

In this chapter we show some applications of Banach's
contraction theorem. By using this theorem we prove the exis-
tence and uniqueness for Aiffcréatiil and integral cquations.

The materials of this chapfer-are drawn from refcronce [ &7 .

1. Existence and mnigitness thearem for solutions of

differential equations

4.1.1 Theorem. Given a funetion f(x, ‘y) defined and continuous
on a plane domain G contn$uing-the point (XO, yo)° Suppose f
satisfies a Lipschitz eondition;—ives ‘there exists a real
number M such that

!f(x, ¥) 1=E (e, ?l)! 4 M ! v - F

for all x, y, ¥  such that (x, y) €G and (x, §) € G. Then

there is [xo -5, X, +6 ] in which the differential equation

dy
dx

fx, y) seaens sR@GLY

as the unique solution

y = ( (x)

satisfying the initial condition

(P(XO) = yO .oooou:o-.(2)
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Proof., The differential equation (1) and the initial condition

[

(2) arc cquivalent to the integral equation

PGy =y e s G At el (3)
%o
Let € > 0 be given. By continuity of f, therc exists é%> 0

such that for any (x, y) € a. i(x, y) - (xo, yo) | < é%
implies I £(xy ¥) = £x_, ¥,) | < & . Dut [f(x,y)l - lf(xo,yo)l
& If(x, y) - f(xo, ) ‘ ¢ thcrefore lf(‘x,y)| < |f(xoyyo)l+ €,

- so that we can find a-real number K such that |f(x,y)' £ K

s/
b for any (x, y) € G = S((xﬂ,yo), C& RE G.
Choose O = min { -éEL~— \ X ‘% > O
| 21 $6%D M\ 1.
We claim that -
/
1) (x, y) € G Af , X = Xo' <6 and! ¥ - yo‘41{5
) md < 1.
it lx - x, 14 S analy - yo‘$l(é , then
O I R s x | 1y - v, |
€ 31 +r)
€ 5
2
. <8
’ . 1
and hence (x, y) € G. Since © £ wa1 M < 1.

o
Let C be the space of continuous function (P defined

on the closed interval [Xe -5 3 x0-+é ] such that

<

i(P (x) - yol £ Ké__ for all x E[ X, =0 , X, +c§] with a metric
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acy ,) = sup | U (%) - Al(x) |
) = e 160§
We claim that the space C 1is complete.
Let Yo be defined by Yo(x) a2 for all x el_xo—é ,Xo+<§J =

€
then ¥ C[xo-o) X+ 1. Tt follows that

C*‘ _ {(f)'“ (f(x) —yoi < Ké for allxé[xo-é,xo+e§]}
= {LP / sup iLP(x) - Yo(x) | ¢ kK6 }
- d
= {9/ ayswy sl

iece C is a closed'béll'and heénce is a closed subspace of the

complete space C[xo~$ ;xo+é] « By thecorem 2.2.12, C* is complete.
We now defincd /& /mapping & as follows :

For (4 ¢ C"F define A.(.P = W , where

V(x) = ¥, + &xf(t, (,f(t))dt ( Ix-xol \<<§).
- :
O *
We claim that 4 ig'a _contraction mapping carry C into itsclf.

* ‘
Since, if y € C [@nd = e‘[xo- S ’ Xo+c§] then

NS £ (£, §'(t)) atl

[t}
~O0 T

VAN
-~
ke
1
"

N
=
e
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x>
so that QIE C. A is a mmgﬂlnr carry C into ltselfi Moreover,

- Wl = ié (20, ¢ (£)) = £¢t, Geen ] at |
x
< [ f(t,kp(t)) - £, (&) | Jatl
X

< AHLP(’C)—(?(t)Hdtl
X

"sp (x) - U G| (fa
< w g - gl

X,
< Mo alAp q:) | x - x,, |
< §ol 5 L}.(q ,(F)

for all x € [xo- ) v X ¥ é} e |\ It follows that

sup'ky(x)— \;\;(x)! <M(‘S d(q},q)).
x

*

Since M & <« 1, henceh iga contraction mapping carry C into

itself. By Banach's contraction theoren, therc exists a

. ¥*
unique function § €.C suchthuat = ﬂ({ . Obscrve that (F
such that § = A(f gatisfies (3) ,

Hence ? is the unique solution of (1) satisfying (2

2)
This thcorem can be generalized bonthevcase of system

of differential equations. This is done in the following

theorenm,

hoi.2 Theorem. Given n functions fi(x, Tyreees yl) defined

ancd continuous on (n + 1) dimensional domain G containing the

point (x

0t Yolseees ¥, ) Suppose that cach f; satisfics a

Lipschitz condition, i.c.



~—

‘ fi (x, PAREERE Yn) - fi(X, 3;1""’, yn) I <M mx ‘yi- yil

for all Xy ¥yyee., Yy Fireees ¥, such that (%, yyseca, v,) € G

and (x, ;i,.,., ;n) € G. Then therc is an interval[ xo—é ,xo+é)]

in which the system of differential equations.

dy. 3
_yl = fi(}:, yl’...’ yn) @0 0000 uooo("i')
dx
for i =1, 2, 4u., n, <has the fnique solution
yl = LPi(X) 9y ooey yn .= \-Ph(x)

-satisfying the system of AAi¥iAl conditions

(a(xo) - yol"'°’ (_Ph(xc) = y o oovno~<,"/“>

on
Proof. The system of differcatial, equations(4) and initial

conditions (5) are equivaZont o the system of integral equations

X
P(x) = 5 .+ Xf oty T M., @ (£)dt ...(6)
0
for i =1, 24000y ne Lct £ 50 be given., Since f: are

kA

continuous for 1 =1, 2,..., n, hence there exists é% such

that for any (x, iveees ¥y ) € G !(x,yl,.oo,yn) - (Xo’yol’°°°’yon>*< é%

implies lfi(x, Yyseeey yn) - fi(xo,yol,...,y ) l <€ . 3But

on
ifi(x,yl,...,yn)l - lfi(xo'ycl"°°’yon)l
\< lfi(}:, y]_,..o, yn) — fi(xog yol,eco,yon)l °

Therefore there exists a renl number K such that



/
| 2,66, yyrener 30 |€ K tor (XyFq10eer ¥,) € G

S((::()’ yol,oaoy yon), 60 )0

Choose O = min % ~_J§E___ 1 l

\2(nK + 1) ' M+1 i
We claim that

.

(1) (x, Tireaos yn) €C if|x - x| ¢ é, ‘
fOI‘ izl’ 2’ooa’ n ;
(2) ¥& < 1.
Since, 'if|x - X l < S

o 1 ‘yi R 3’,_.;i| g K é
then

|<I»yl,...,yn) - (xo,yol,...,yon)lé ,x - XOI + {yl- 7

N 1 In yonl
<. O 4+ nkd
e é (l + nK)
< éo
2
< &l
/ 1
so that (x, y1’°°"yn) € ¢ nnd since & <

N

<
MG
M+ 1"

>
Let C, Dbe the space of n-tuples (f = (qﬁ , qi.’coo’ g

Z 17
Vi~ Yoil€ K

B,
i

LY (ll

<
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Ly oomglly

1.

) )
n
of continuous function qH ' qh 36805 (?n defined con the
closed interval [ X - 3, x“+<§] such thatl(fi(x) - Yoi |< K& 5
with the metric

Wy @) = sw |y -Gl .

Ay
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) *
We claim that the space Cn is complete.

Let Y . be defined by Yoi(x) = ¥,4 for all x €[xo~é ,xo+5]. Then

n

s = (XOI'YOE"..’ Yon) € CLXO-S X+

o 5]- It follows that

* ) .
C = 4Kf/|ipi(x) = yo; < KOS for 2ll x € [xo~<ﬁ,xo+53 gid i =1,2}s0e

n L
q
. ,n I
= { W/ sup | P.(x) =¥ . (x)| ¢ Ko !
! . 1 ol = N
Xqd
[ 7S
S [LF/ d(({?, Yo) < Ac%} ,
* *
i.e. Cn is a closed ball and hence Cr is a closcd subspace of

n *
the complete space C[XO-é ’Xo+é] o Therefore by theorem 2.2.12, Cn
is complete.

*.

For any { ¢ C 1-define Y , = (A(PI,AKPZ,...,A(fn) where
Ay.(x) = Yoi % : fcfi(t,‘{l(t),..., tfn(t))dt

for i = 1,250y n and x .€ [xo-é i xo+c5 | I

>
We claim that A is a contraction mapping carry Cn into itself.

- o * K C'
If ¢ = ( Pis Yoneens #'n) € C.and x € [xo~ S X+ 0]
then, for i = 1’2,0.0, n
X
' (%) - - 1 i )
LAy, (x) o l&fi(t,pl(t),..,, g (£))at |
(0]
£ fifi(t,gﬂl(t),.”, G (N lat]
(o]
< K f[\dtl
> X
(o]
£ Kix - x|
o!
< KO
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* ¥
so that AL ¢ Cn' Therefore A is a mapping carry CP into

itself. Moreover,

x
i e T (r [ (7
AP, () = g ()1 = !y) Gy (B) ey (8D £,(ty ¢ 08,
° G(6)at |
°ocey =4 [
x . ‘
..O ~
ceer (o)) fat]
X
< ML () =Ty (0)] | at
%5 1 <ikn kPl e
x
< M/ /max sup (p i(x) - ?i(x)é j lat]
1$isn x X
</ AR A, 0)
</ 1S d(&p,ff)
for all x 6{ X, = S VX +<§1 BHd = 1, 240ee9ne Therefore

iug | A4, Go)o- A.qi(x)l < M0 d((f,{}),

i.2e we have

(8 ¢ L HUPADON KORN SJGCERG T,

x-
Since M O < 1, hence £ is a contraction mapping earry -C_ into
n

itself. It follows from Banach's contraction theorem that there

X =
exists the unique Gy € Cn such that y = 4w . Therefore the system of
integral equations(4) has the unique solution satisfying (5).

2. Existence and unique theorem for sclution of integral

equations
By a Frecholm's equation (of the seccond kind) is meant an

integral equation of the form



1
5 3

f(x) = Y ) K(x, y) £(y) ay + Yy (x) e.o(1)
a
where K is thc kernel of the equation and 1 is an arbitrary
parameter (i.e. ™ is a real number). K and w are known

function, f is unknown.

ho2.1 Theorem. If X(x, y) is continuous function on the gquare
[a, b]x[a, b, ¢ (x) continuous onf[a, b] and T is a real
number such that | ™| is sufficidntly smalle. Then the equation
(1) has a unique sclutiomon'] a, 222
Froof.  Since K(x, ¥) i85/ 46ntinucus, there cxists a real number
M such that|K(x, y)| ¢ f//foriall (xyy) € [o, blx[a, b] .

If we let A bo/a/mapping of the complcte metric space
C[a,b] into itself given by

Af(x)

1

b
}I-K(x, Y £(y)dy + ¢ (x)
a

and let f, P € Then

C[val ’ b N
T RGe,y) [£) - F ()] ay |

|A £f(x) - 4 F (%)

N

b ~ -
rrlglK(x,y)i lf(y) - f (y)[ dy
a

F(x)! (b - a)

< | TiMsup | £(x)
a¢xgb

FH
3

I TIM (b - a) d(f,
for all x ¢ [n, bl. Take supremum over x on the left, we have
a(hf, AT ) ¢ MM (b - ) als, 7).

It follows that A is a contraction mapping if

L . - .(2)
M(b=-a)

™ <
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By Banach's contraction theorem, there cxists the unique solution

f such that f Af. Therefore the Fredholm's cquation
b
» (KGx, y) £2(y) ay + (%)

a
has the unique =olution for any valuc of T satisfying (2).

f(x)

Next consider the Volterra's equation
p'a

f(x) = jK(x, yf(y) ay + k?(x) 5= e me s (3)

a

which differs from Fredholm's ogquation (1) by having the real
variable x instecad of *he fixed-real number h as the upper
limit of integrations” Woltérra's equation can be regarded as a
special case of Fredhplnt ¢ /6guation by:setting K(x,y) = 0 if

¥ > X. DBut arbitrary”/ Y ¢an'be'used for Volterra's equation,
not just for sufficiently small M kjas in case of Fredholm's

equation.

he2.2 Theorem. Lot By ~y) be a ectififiious function on the
square [a, blX [ayib]aand Y(x)!a ¢ontinuous function on

[2, b] o Then the equation (3) has 'tho unique solution for

every T .

Proof. Let A be a mapping of C into itself defined by

S 4 [a4Db]

A E(x) = T\QJ K(x, y) £(y) ay + ( (x)

and let f, f € C[a,b] « Then

b'd
820 -2 T« 1M [k, 1125 - F ()] a

a

< ITMIMx = a) sup | £(x) - F (x)]
agxgh

so that
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x e
| A%8(x) - 2°F ()] < 'VTlaf KGe,y) L agty) - 2 F (p) | ay
X
< IMu fiasty) 2 F ) | gy
a ) rx
3 ITFME sup | £(x) = F (x) 1) (y - a) ay
asxghb a
2 2
= v - a7y
2
- 2 N
< | ™ M2 G - a) a (£, £ ).

2

By induction we can shrw that

we can

into itself for

o m _ .\ N
A" o) = & T ) I =2 e Ty
m 1!
/ m
4/
Since 1lim |7'FHm (O é) £% 0, Given any ¥ ,
M- oo !
always choose m large enough to make
m11‘(m
| 1 S TEPEVET
ot
so that A" is a contraction map carry C[W 57
(5L

some m. Therefore, by Banach's contraction theorem, (3) has the

unique solution.
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