CHLPTER IIT

BLNACH'S CONTRACTION THEOREI!

The purpose of this chapter is to prove Danach's
contraction thecorcnm.

The materials of this chapter are dravm from reference la].

3e¢1.1 Definition, Let (£, d¥Ybe’a peneralized semi-metric space
and q € [0, 1). A-map
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is said to be g-cofitractioniif
A(T{x),/POEIENG g, d(x, ¥)
for any x, vy € E,.
A map
T =2 e B
is said to be a.contraction.,4if ther¢-exists ¢ € [0, 1) such

that T is g-contractions

2¢le2 Lemma. Tet (7, d) be a reneralized semi-metric space.

Any contraction map T is continuous.

Proof. Assumc {ﬂxn} d-converges to x '€ T. Given any £ > O,
there exists a positive integer N such that d(xn, x) < €

for all n > N. Sincc T is contraction, therc exists q € [0, 1)
such that
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Therefore d(T(xn), T(x)) < € for alln 3 ¥, i.c. {T(xn)}

d=-converges to T(x). DIy proposition 2.1.9, T is continuous.

The proof is complete.

3e1.3 Definition. Let T be a map of a set I into itself, then

a point x € E is called a fixed point of T if

T™(x) = x

3.1k Definition. Let T be a map of a set I into itself. For
each non-negative integer p we define a map Tp by

7°(x) = x for all.x € T

and Tp+1(x) = )Y for all x € T.

3¢1.5 Theorem. (Banach's contraction thcorem)
(1) Let (&, a) be a complete semi-metric space. If
T : E——— & .is d continuous mappsuch that ™ is a
contraction map for “sgme positive integer p. Then there exists
at least one point x € E satisfying
d(T(x),x). 3 | o™
Moreover, if y is any point in E satisfying
A(T(y)y y) = O
then d(x, y) = O.
(2) If (Z, a) is a complete metric spoce and T is as in
(1) then T has cxactly one fixed point.

Proof. Since in a metric space, if d(x, y) = O then x = y.
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Therefore (2) follows immediately from (1), we only need to prove (1).
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By the assumption ¥ is a contraction for some positive

integer p. There exists q € [0, 1) such that
ATP(x), Py)) < q alx, y)

for any x, y € E.

First we consider the case p = 1. 1In this case T is a
contraction. Let X be any point in E and definec recursively

X = T(xn_l), then x| = Tn(xo) for all positive

integers n.

If m and n are positive integers. then

alx LGS CI I SEID

m+n? Xn)

n n
</ aA dlon (xo), xo)

il

n
q d (xm, xo).
Since

d(xm,xo) < d(xm,xm_l) * d(xm-l’xm-2) - see * d(xl,xo)

m=1 m-2
£ q d(xl,xo) + q d(xl,xo) E maw b d(xl, xo)

=1 eyl
(AGHYLIALONGKGRN d(xl,xo)

v I"l L

\< (1 + q +t e + qn + (lm+ on.) \‘1(3C1,XO)
1

= —— 3 ~
l-q L(“l’ xo)’

hence
qn
d(xm+n, xn) < f—‘a d(xl, xo).

But the quantity on the right hand side is O when q = 0 and

d-converges to O when 0 <q<l.



21

Therefore { X, } is d-Cauchy in E, Since I is complete, { X

4

G

n
d-converges to a point x € E, Since the sequence {T(xn)] = {xn+1}
is a subsequence of {xn} g hence it is d-convergent to x. DBy the
continuity of T, thec sequcnce { T(xn)} d-converges to T(x).

Since

a(r(x), x) ¢ ar(x), T(xn)) + 'J.(T(xn), x)
and the quantitics on the right converge to O. Therefore
a(r(x), x) = 0.

: , o)
Now we consider.the pgeneral case. Let & = T

e Then,
by the case p = 1, we have’ £0r any x. €., the sequence
{ X, } = { Sn(xO)} d=gonveérges to a point x € B and 4(S(x),x) = C.

By continuity of T,/ the sequcnce { T(xn)] d-converges to

T(x) so that the subscquonce { T(x )} of { T(xn)} d-converges

n+1
to T(x). Since S is_a cohtracticn wap, hence S is continuous, i.e.

{ S(T(xn)) $ d=converzges to to S(T(x)). Since

AT(x), SITGIN AL QUT(x) s Phxprgd) + UT(xy 1), S(T(x))).
We have |
Txpyq) = T(SGx)) = T(IP(x)) = 8(T(x)).
It follows that
a(T(x), s(r(x))) ¢ a(r(x), T(xn+l)) + a(8((x,)),8(T(x))),
since quantities on the right d-converge: to O, hence
d(T(x),s(T(x))) = 0. But

a(T(x), x) ¢ da(P(x), s(T(x))) + a(s(T(x)), s(x)) + als(x), .x)

a(s(mx)), s(x))

< q Ad(T(x), x).
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Therefore d(T(x), x) = 0, since q €[ 0, 1),
For +the final state of (1), suppose that there are
Xy ¥y € E such that

a(T(x)y x) = 0 and d(T(y),y) = 0.

By proposition 2.1.10, T(x) ¢ { X } « Since T is continuous

Ta(x) = T(T(x)) € T{x } o { T(x)} C{‘x } = {x }.
By repetition TF(x) € { x } . Similarly TP(y) € { y'} ;
By proposition 2.1.10, d{T®(x), ¥} = O and a(1P(y), 3 = o,

hence

alx, ) ¢ alrP@y] £Y AP (x), 2 (y)+ a(rP(y), 3)

It

a(TP(x), / 120
£ q d(Xi Y.

Therefore d(x, y) = Oy since g €f0,1). The proof is complete.

3.1.6 Corollary. Ldt (I; d)be & complete semi-metric space.
For any X € E, let

. n T .
x, = f(xn_l) then x =T (xo) for 'all positive integers n.

Then { X, & d-converges to a point x € E and
a(T(x), x) = oO.

In this case if (E,d) is a complete metric space, then x

is a unique fixed point of T,
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