Chapter II

PRINCIPLES OF MEASUREMEN

2.1 Motion of Free Spin under a Static Field

When @ spin with magnetic moment () is placed in en
external magnetic field, H, thc mognetic moment experiences
e torque, p , tending to align it in the direction of the
ficld. The effect of the torque chenges the engulsr momentum,d.,
¥ = T =faxHE.
Since)3==¥33 where ¥ 1s the gyromagnetic ratio, one obteins

the cqustion of notion for the magnetic momant
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The nuclear magnetization M is defined by N<,u> s Where <,¢1>

is the average magnetic moment snd N is the number of nuclei
in a'unit volume ., If only & single isotope 1is important we

consider only & single veluc of ¥ , so that

g—ij = f(M X H . (2.2)

When H = HOQ , in thermal equilibrium ot temperature T the
magnetization will be along z-direction, i.¢.,
Mx =0 3 My = 0 3 Mz = MO =‘K6HD = CHO/T s 1249
¥ £ i ] —3 2
where the Curie constent C = Nu/3kg , B2 i the Boltzisnn

constant. The magnctization of @ system of spins with I = %
is related to the population difference N - N, of the lower
and upper levels in Fig 2,1

M, = (N-N)a ,



where the N's refer to @ unit volume. The population retio in

thermal equilibrium is Jjust given by the Boltzmenn factor
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Fig.2.1 Zeeman levels of spin %
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The populstion difference, n, 1s simply (Ny- N_) and
its rate of change is given by

dn _
. - 2N_W _-2N_ W,
= 2w+]\N_(1+ gﬁHo/1<BT)-N+J . (2.6)
Then to the first order approximetion,
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($6H, /kgTIN_ € (N /2)(¢BE_ /K T) = n, ,(2.7)
where n,g is the population differecnce when thermel equilibrium

between the lattice end spin system exist. We get

dn
with the solution of
nem = (no- ni) exp (-2W_ t)

where nj is the initiel velue for n. The time constant(zwll)

is define€ as the spin-lattice relaxation time, Tl’ which is

also celled the thermal or longitudinel relaxation time,
Alternetively, the spin-lattice recl=xation time can

be written in terms of the megnetization by multiplying



Eg.(2.3) by’ﬁ', onc obteins @

re - 20, p N_(1+;hHO/kBT)-N;}. (2.9)
Since -/u(N+-N_) = S e e M,
and /pN;GxﬁHO/kBT) = iN3
Then we obtain the fundemental egquation,
o= A0 2W(M_-M_) = (M_-M_)/T (2.10)
dt (o R o 'z o - '
“ where T1 = (2wT1', W is the transition probability, end T1 is

the cherscteristic time that magnetizetion returns to equilibrium,

If at t = 0o en unmagnetized specimen is pleced in a
magnetic ficld HDQ, the magnetization will increasec from the
initial veluc Mz = 0 to o final value MZ = MD. By integrating
Eq.(2.10), we obtain 3

Z ‘=ty/T
Mz(t) =

1)
Teking account of Eq.(2.10), the z-componcnt of
cqueation of motion (2.2) becomes,
aM /as =g(M X H) + (M -M,)/T, , (2.118)

where (MO—MZ)/T1 is an extra term in the ecuation of motion,
arising from intersctions not included in the magnetic fileld
H. That is, besides precccssing @bout the magnetic ficld, M
will reléx:ito the equilibrium volue E;.

- EP 12 & stetic ficld“HgﬁLtthtrahsvcrse magnetization

componght M{?is_not zero,'then"mi'wlli decny th :zBroy and

shquilibrian the trrasverse pouponents are zero, We con

mddify the cquotions to provide for transverse rclaxation:



dM_/dt = T (M X ﬁ)x- EX/T2 : (2.11Dp)
aM /at = D(H X H),- M /7, (2.110)

where 'I‘2 1s cnlled the tronsverse reloxotion time or the
spin-spin relexation time. The set of equations(2.11) sre
called the Bloch equations.

In the experiments @#n rf megnetic fleld 1is usuelly
applied slong the x-or y-axis. Our moin interest is in the
behavior nof the magnetization in thg combined rf and static
fields. The Bloch equations are plausible, but not exact;
they do not describe o1l epin phenomens, perticularly in solid.

. In addition, the spin-spin or trensverse reloxation
tinme, Tz, is defined s the charascteristic time required for
the precessing spins to lose phese}s Since locel field
voristions give a ronge of absorption frequencies, @ line
width of the order of Hy ~ 18 obtaincd, Usually the 1line

shepe function gly) is defined such that. T, = L Stanmax

2.2 Motion of Free Spin under an Altcrnoting Magnetic Ficld,

The effect of an slternating magnetic field Hx(t) = He
cos(wt) 18 most resdily onalyzed by bresking it intn two
rotating components, each of amplitude H19 onc rotating
clockwise and the other counterclockwise., We denote the

rotating field by HB and HD‘}

15F0r detail see, €.g. D.P, /imes, Mc Donell Company,

“Nuclear Magnetic Resonance® Handbook of Physics(2nd.ed.

New York : Me Graw-Hill Book Co, 1967).
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Y e &
R Hl[ i1 coswt + J sinwt] ¢
HL = Hi[_li\ cospt - 3\ sin&)‘t} . (2.7)
Since one component will rotate in the same sense os
the precession of the moment, and the other in the opposite
sense, One con show theot near resonsnce the counter-rotating

16

componcnt may be neglected,” Then Eq.(2.7) may be written as
= A : A
Hl(t) = H1[1 cosalt + | sink&f] ) (2.8)
wherebdz i1s the comnponent of &) e2long z-axis end may be positive
or ncgetive,

Considering the equation of aotion »f & spin including

may obtain 3
am/dt = > [HO + Hl(t)]
The time dcpendence »of ﬁlcpn be el minated by using o rotating

conrdinate (x°,y',z2%) that rotsotes obout the z-direction ot
frequcncybdz. In such & rotating fraome of reference, Hl will
be stotic nnd so does Ho” Let us take Hl along x°‘-axis and
with » coordinete transformation, Eq.(2.9) becomes :

Sprt = A ([ ¥ w, +¥E) + 'i"le] ,  (2.10)
where &Eygt representing the time rate of changc of’ﬁ with

16F0r detial see, €.2. C.P, Slichter, Principles of

Megnetic hesonance (New York; Evenston end London: Herper

ond Row, 1963) p.18,



¥l

respect to the conordinste system &, ?, ﬁ. By setting W g =-u,
the sngular frequency of the rotnting fram& is equsl to the
Lermor frequency by in reverse d¥irection, Eq., (2,10) can be

whitten as

e A By O ’\f"
g%—/uX‘F(HO-§Jk+H11~
= W XYH ppy (2.11)
= _ L) %] /
where Hopp = (Hi= Z) k4 Hid

Note that the magnctiec moment in the rototing frame

—

expericnccd cffcectively o static magnhetic field Hfo.

monent therefore precesses in o come of fixcd angle about the

The

direction of H€ff at angulor frequency ‘Heff‘ The situotinn is
1llustreted in Flg., 2.2 for & magnetic momcnt which, at t = 0,

was oricnted along the z-aivection,
z!

Fig. 2.2, Motion of moagnetic moment in rf field,

If H  1s obove resonance (HO>»QVI), the effective field
has © positive z-cozponent, but when H lles below the resonance
Ui(h#%ﬁ, the effective ficld has o negative z-conmponent.,

When the resonsnce condifion is fulfilled exactly (b)==31ﬁ3),
the effective field is then simply H{?ﬁ H mognetic moment thet
1s parallel to stetic field initisally will then precess in the



12

yiz’plane. Iff we were to turn on H1 for ¢ short time (thet is,
apply & rf pulsBe trein of duration quj, the mognetic moment

would precess through ¢n angle © ='xH1qw. If tijere chosen

such that © =T, the pulse would simply invert the moment, Such

o pulse is referred to & "180 degree pulsc ¥, If @ = W}Z (90 degree
pulse), the mognetic woment is turned from the z’direution to

the yidirection. Following the turn-off of Hi, the moment would
then remoin ot rest in the rotating frame and hence precess in

the laboratory frame, pointing normal to the stetic field,

2.3 The Proton Sp;n-Echo}?' 3

We put o sample of metcrisl we wish to study in 2 coll,
the 2xis of which is oricntecd perpendiculer to ﬁg. In thernmal
€equilibrium there will be an excess of monrents pninting @along
Ho. Applying o rfl alternating voltaze to the coll, an

alternating mognetic field, H is pcrformed with a direction

19
perpendicular to ﬁ;. By propcrly adjusting I-I1 and t ,, 8

180° pulse nay be obteilned, That is the mesncetic moment
dnverted to a dircction, onposcd to ﬁa. In this situafion,
there is no induction teil, Like-wisc, ¢ 90O pulse may be
obtained., The totsl net meonetic moment precesses in the -
equotorial plene os shown in Fig, 2.3.C and induces a naximum
rf signol, we cnlled @#n induction tbll. For liquid 2nd gascous
somples this signel deceysy, in a time long compared to Qd.
That 1s corresponding to its re¢laxetion timc,

17E.L. Hohn, “Spin Echoes,"™ Physicol Review, 80(1950)580,
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In fast, it is known that the static fleld 1s not exactly
homoge nenus, Let&HZ be the magnetic field irnhomogeneity over
the sample volume., The incremental moments will precess ot o
slightly different frequencies. Viewcd from the rotating frame
of referenec , the incremental moment vectors appear to fon out
&8 illustrated in Fig. 2.3D,

In ordcr to obtain an echo, = 180° pulse is applicd at a
time T after the 900., 'Z/is chosen lerger thon the ertificial
decay time of the induction toil but smaller than the natural
lifetinc of the nuclenr signol., Neglecting reloxotion, the
incremental vectors rotate 180° about the x-rxis os shown in
Fig., 2.,3E, When the rf field 1s removed ot the end of the
IBOOpulse, all incrementol vectnrs orc ogoin 1in the equatorial
plane, Since it is assumed thot ¢och nuclcus remains in the
some Hz’ ecch will conblnue to precess in the samc sense and
with exoctly thesame angular frequency s it did before the
180° pullse is applied, Because of this memory ond beceuse of
thelr new reletive positions after the 180° pulse, the incremental
mome nt vectors will 21l recluster (sece Fig. 2.3F) tozether in
exactly T units of time aftcr the 180° pulse. This is at time
2T from the first 90° pulsc, there will be & meximum totol

magnetic moment vector (sce Fig., 2.3G) 2nd hence maximum

induced signal or & “Spin echo® (see Fig, 2.4), Following t 27f
the incremental vectors agein fan out ¢nd the e¢cho decays in

the same monner that it is formed.
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(A) (B) : {Q) (»)

(E) (F) (@) (1)

Fige2:3 Motion of magnetic moment periurbed by a 90°~ 180°
pulse in a rotating frame and a spin-echo formation.
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Fig, 2.4 The induccd signal 90°, 180° and eeho.

In providing of a "Spin-echo® as we hove described
ébove, it is known that 1f 1s chosen to be shorter than the
"netural® lifetime of the nuelcor signel, The netursal lifetime
of the nuclear signsl is the time that it tekes the spin to
move out of phase solely by spin-—-spin interaction, neglecting
the fileld inhomogeniety effect. But in fact, the atomic diffusion
in the presence o»f 2n inhomogeneous magnetid; field olso affects
the echo signsl by moving o spin from one mognetic field to

another, 4n cnalytical expression for thc echo smplitude is
12

ELamn by 002032

exp [ -5/T, - ¥° GDt3/12] ,
where t is the time aftexr the 90rJ pulse 1is 2pplicd, T2 is the
tronsverse relaxation time, ¥ 1s the gyromsgnetic rotlo, G is

the fleld gradlent #«nd D is the diffusion constent,
2.4 Method for Meosuring Spin-Spin Reloxation Tinc (T,)

In the measurement of Tz the effect of diffusion D on
the echo amplitude cen Be minimized by «pplying @ serties of
180° pulsms after the 90° pulsc is opplied, This series of

pulses 1s known as the Carr- Purcell (C,.P) serics}z
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M singlc 90° pulse is uscd to obtain an cntire echo
envelope without requiiring the sample to return to thermal
€quilibrium. This is accomplishcd by initistine the measurement
with the usual 90° pulse at t = 0, 5 180° pulsc is then epplied
at timc t =T. The usuel ccoho appcars ot time t = 2CT. Next,
to 1illustrate with o perticularly simple cosc, and additional
180° pulse is applicd at ti=c t = 37 . By reasoning identical
to that previously uscd in connection with the first echo, it
can be scen thet the incrementnl vectors will reocluster ot thime
t = 4T, Thus, © sccond echo is formcd., If this process 1is
continued throughout the natursl lifctime of the nuclear signal,
additional cchoes of decreasing amplitude are formed, The
envelope of thesc echocs indicates the decay 6f the polarization
in the equatorial plane. Then Tz can be measured directly by
plotting the logarithm of the maximum ccho amplitude ot tb =27
versus arbitrery value of 27, The decay tinc constont of the
echo envelope gives the value of T,, since we heve Mz=Mo€xp(-t/T2).

For a spceilol case, whcn Tz((l/bgH, the spin-eccho can
not be formecd, 'I‘2 can be measurcd dircctly from o conductiﬁn
decayed nuclcar signal after o 900 pulsc is capplBed, Measuring
the helf width of this nuclear signal which is defined as T%,
then T, con be obtained by using a relation of T, = T%/lnz.

2.5 Method for Mecssuring Spin-Latticc Reloexetion (T,)

Using the propertics of 180° and 90° pulsc, & null
12
method has been introduced by Cerr-Purcell for the measurement

of the longippudinel of spin-lattice relexation time, This type
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of mesasurement is initisted by = 1800pulse. The total magnetiza-
tion is inverted fron Mz = MO to -MO. If the system obeys the
Bloch equetion, (dMZ/dt) = -(1/T1)(Mz— M_), the negnetizotion
begins to return to its equilibrium position according to Mz(t)

= Mo[l—ZGXp(ut/Tl)} s Mz(t) ot different velues of { can be
determined by messuring the free precessineg signel produccd by
applying o 90°pulsc st » time sfter the 180°pulsc hzs been
epplied. For very short velue of T the 9OOpulse nutates the total
magnetization vector of necarly nmoximum emplitudé from the south
pole ("Mo) of the reference sphere to the cquetorisl plene., &4
toll with nearly maximum emplitude follows the 900 pulse,

For very large veluc of T, compared to the spin-lattice
relaxation timc, the 90°pulse nutates the reformed total megnetic
mome nt vector of necarly moximnum émplitude from the north pole
down torth€ equatorial plone. £zein o 61l of nearly meximum
velue follows thet 90° pulses. For intcrmediste value of 7 the
talls will heve smeller emplitudes. For one velue in particulsr,
which will be¢ desiznatcd i Aull? there will be mo $-il, Since the
system rclexecs or returns to €quilibrium exponentially, with the
timé constant Ty 1t"is <«osily shown thot Ty ney “Be " ealeulated
directly froh €he acosuyred volue of T" 1f ug}ng the'rdlations

- - {.{h‘

- . e J‘,
o

- s
B Capia = Tqln2 \ g\ 553

For on incorrect sctting of the 18@%’ lﬁéi'it could
lead to an ¢rror in deternining Tl' Dcvirtion fron 180° in
¢ither direction would zive a shortcr'thull and hence would

glve too smell & value for Tl'
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